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previous results are recaptured. Applications are also discussed.

1. Introduction
In 1938, Ostrowski [1] established the interesting integral inequality for differentiable mappings with bounded derivative.

Lemma 1.1. Let f: [d,é] — R be continuous on [d,¢] and differentiable on (d,¢) and assume ‘f, (8)| < M for all § € (d,¢). Then the

inequality

S(f:d,0)| < [(dzé)er (f_ 535)2

holds for all § € [d,¢]. The constant } is the best possible.

VM (1.1

a—¢

Then Cerone [2], Dragomir et al. [3] and Sarikaya et al. [4] also worked on this inequality. A. Qayyum et al. [5-9] worked on generalization
of Ostrowski’s type inequalities. Different authors worked on the generalization of Ostrowski’s type inequalities that are [10], [11] and [12].
Some latest work done by S. Fahad et al. [13]. Further works done by Iftikhar et al. [14], Mustafa et al. [15] and J. Amjad et al. [16].

Let the functional S (f; @;d,¢) via weighted version represent the deviation of f () over [d,¢] defined as:

S(fiw;d,é) = f(8) —M(f,w;d,é), (1.2)
where f ($) is continuous function and M (f; @;d,¢) is weighted integral mean defined as:
¢
M0, = —— [ f5)o)a. (13
a

OIS

We suppose a weight function @ : (d,¢) — [0,00) is integrable on [0, o) such that

/m(y)dy < oo, (1.4)
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We define m, m, my and notations y and o as:

m@e)= [0@ds, m@e) = [ o). (1.5)
maad)= [ Patss pla.o) =", (16
62(4,¢) = 'Zf((;;)) —u2(a,¢) (1.7)

2. Main Result

Lemma 2.1. Let f : [d,¢] — R be continuous on [d,¢] and twice differentiable mapping on (4, ¢), then the following weighted Peano kernel,
definek (.,.) : [d,é]z — Ras:

¥y
oty s [ O-Do@di, if a<j<s
a
k(s,9) = ) 2.1
YL Te NN e e s A
WCLSA[(ny)a)(u)du7 if §<y<é,
C

where @, ¥ € R are non negative and both are non zero at the same time, V § € [d,¢], § € [d,¢] and o is weight function as stated in (1.4).
Before we state and prove our main result, we will prove the following identity by using integration by parts techniques, moments and
notations. Then the following weighted integral identity

T(0;8,2,¥) = [ k(5,9)f ()dy (2.2)

=1 6)+ g * | (r @)+ TE 5 6] ) £6) +(OM(/50.0.9) + M (f50.5.6))

P+Y¥ §— c—9§
(2.3)

holds, here

P B GO JIGOAY

P+ \ (§—4d) (é—9)

and M (f; w,d,¢) is weighted integral mean as defined in (1.3).
Proof. From (2.1), we have

¢ o § 9 w ¢ 3

k(5,9)f AdAzi// 9— iy (i)diif (5)d$ 7// p— iy (i)diif (5)d5.

/ $.3)f (9)dy @0 G-a) ) / (P —o@@)dif (9)d+ @0 =9/ ) (Y —w@@)dif (9)dy

a a a s C
After some calculations, we get

é

NP 1 DPm(da,s) Pm($,¢) R DPm(d,s$) .. Lo Pm($0) . R R
k = — - 7 — _ 7 —
Jutess 015 =g |- (T + st ) 76 + (T - maa)+ D - uteo)) £ 9
a
® & é
tiog 00O+ g [0 615
a K
here the integration by parts formula has been utilised on the separate interval [d,$] and (§,¢].
Simlification of the expressions readily produces the identity as stated in (2.2), V § € [d,¢]. O
2

Theorem 2.2. Let f : [d,¢] — R be continuous on [d,é] and twice differentiable mapping on (d,¢) , whose second derivative f : [d,¢]* —
R is bounded on (d,¢), then following weighted integral inequalities

! m(as) (o o o m(38) (1 . A A y 56
sy | Y (- r@aP +02 @) +22850 (- p(3,0P +02(5.0)) | forf €l=lad]
X ()| |1 R A A 1h ,
|7 (@;5:@,%)| < 7L”[@q(ffd)‘”'qu‘Pq(éff)"“]q for f € Lyla,d]
2(2+1) 9 (P+Y)
s d 5 6
Al 1 for f' € L a.dl,
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hold for ¥ § € [d,¢é], § € [d,¢] and @ is weight function as stated in (1.4), and ®,¥ € R are non negative and both are non zero at the same

1 1 _
time. Here »ts= L (p>1),

[P (d,8) (¢ = 3)[§ — p(d,$)] +¥m($,¢) (§—a)[§ — u($,0)l]

and
1 A A A -
0= Ga e g Pm@) - —p@d] - ¥m($.0) (- a)

Proof. Take the modulus of (2.2)

5 (2.4)

¢ ¢
o(@:5:2.9) = | [k(6.5)" (9)a5| < [ I(6.5)
a a
here we use properties of the integral and modulus

(@528 < 1

/ka9|dﬁ

By using (2.1) we prove

/|]k §9)|dy = // — 1) dudy+// — i) o(it)didy

by using the techniques of J. Roummeliotis et al. [17],

// — i) dudy+/c/ —ii) dudy—i/c.(f—ﬁ)zw(f’)dﬁ

a

after some calculation we get

Pm(d,8) 2 2
k(3,9)| d9 —’{H +02(d }+ 2 A[s+ 5.0 +02 (5,0

/| Dl = s [ @R+ 0 @9)] + s s [+ n .o +02(00)
From above, first inequality is obtained.
Further, using Holder’s Inequality, we have for f* € L, [a,¢], from (2.4)

!

7 (0:5:0, %) /|k s9lids|
here%—i—é: L, (p>1),
by using Mean Value Theorem, we get

1
q
1 ; hil i 1 5 5l i
/ﬂk f)ias) = - (#7697 0(9) "+ (W9 0)
2(@+Y¥)(24+1)4 (®+W¥)(2¢+1)4

so the second inequality is obtained.
Finally, for f* € L, [d,¢] we have from (2.4)

IT(0;8,®,¥)| <

yela,e]
By using (2.1), we prove
o 1 Dm(4,5) . o Pm(s,6) A
sup [166.9) = -y mox{ % 15w, 20D fo s
$elddl (d>+‘P) §—a c—§

Hence (2.2) is proved. O
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Remark 2.3. From (2.2) and (1.2)
(@+Y) 7 (0:8P,¥) = DS (f:@;4,5) + VS (f:@;8,0)

and using triangular inequality in (2.2) , we get

Pm(d8) /" ||eo a5

N ¢ m12 205 &
o s—u(a,s)|”"+o°(a,s "
LPmz<;£ﬁﬂ”wM[ Au( A)}A 2 (2 A)A for f € Lo [d,é
)
0@ ||| e gy 5
(e +8)t(@;z€,8)| < e (cw(wl) ) for f* € L,[d,é] =
(D(S\) f 5] (‘Pq(é—j’)%])% P
2 2¢+1
l/ " @ ” I v A
Z)f ]7[a,§]+ 7 Hf Hl,[&,c‘] for f €L[d,e].

Remark 2.4. Since we may write (2.2) as

Thus, the identity

7(0;8;,P,P) =
o " 1 @m(“,f) N ¢ 12 ‘Pm(f,@) N A Av12 PR YA R PA R
alf(S)"‘mK T [§—n(d,8)]"+ - [§—u(s,0)] )f(s) +( —W)M(ﬁ ,flas)‘i‘m (f;@d,6)],
same as [d,¢] and M (f; @;d,¢) is also fixed.
Corollary 2.5. Let the conditions of Theorem 2 hold. Then the results for & =¥
Pl ) (e g e . . -
o M (5-n@oP ) /O +e2@d) o s
+250 (5= uG.OP 1) () +02(5.0))]
|T(;8,D,P)| < @\l . o1 , (2.6)
"ol (=@ 4 @ -9 ]! for f € Lyla,d
4(24+1)@
¢|s "
b [1+ ] for " € L1 [a,d],
here
a _;1 m(a"’f) m(é,f) o 1 m(dvf) o - 12 m(§7€) o & A2 ! A
w0, @) = (T8 TOF ) r@ 5 | (G o n@ar + S el ) £ ©
+({M(f;0,d,8) + M (f;0,5,6)})],
1 oo A oo RN .
= g M9 -9 - H@.9)] +m(5.0) ()6 (5.0
and
M= g @) =) (@) - m(5.0) 6-a) - (5.0,
Proof. The result is readily obtained on allowing @ = ¥ in (2.2) so that the left hand side is 7 (®;§; P, ®) from (2.2). O
Corollary 2.6. According to Theorem 2, then mid point (§:AV = %‘A) , inequality from (2.2)
s dm(a,A v RY . v
2B+P) { ,5(_;1 ) ([A—H(a,Aﬂ +02 (a,A ) , -
wn(dd) /rx o, ) Jor f € Lo d,é]
+ 285 (A= p(d,0) + 02 (A,é))}
|7 (0:4;®,¥)| < o()||f” 2.7)

e [@f (A-a)" 4+ wi (e )T for f e L,la0]

;/(L:r‘yl) |:1 + %] forf// €L [daCAL
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here
V= e (Al_d) o [P @A) ) [ p@ )] +m(3,0) e ~a) |3~ w40
and
. (A_d)l(é_d) [|m (@A) (6 — ) [A—p(@A)] —¥m (A,) (6 —a) [A— p(d,o)]|
Proof. Placing (§=A = %4} in (2.2) and (2.2) produces the results as stated in (2.7). O

Corollary 2.7. When the conditions of Theorem 2 hold and (2.7) is evaluated at ® =¥, then we get

7l {”’A%‘) ([A-n@A)*+0 (@.4)) ) ([A- (o) +0? (A,e))} for f' € L[t
i @[ 1 g NI "
T(0;4;®,®0)| < A T X —ag) It (= )T or a,é
7( )| ey [(A-a)"" + (e-4)"] for ' € Ly [a,¢]
YL [1+1] for f € Ly [a,e],
2.8)
here
v= G—ae—a [m(a,A) (¢—a) [A—p(aA)]+m(A,e)(6—a)[A—u(d,e)]]
and
= (A_a)l(e_a) [m(a,A) (¢6—a) [A—u(a,A)] —m(A,é)(¢—a)[A—u(4,o)]]
Proof. Putting ® =¥; in (2.7) we get (2.8). O

Remark 2.8. For @ (§) =1in (2.2), (2.5), (2.6), (2.7), and in (2.8) we get A. Qayyum et al.’s result [7].
2.1. Applications for some special means:

Now we discuss applications for some special means by taking different weight.
Remark 2.9. For Uniform (legendre) mean:

Let @ (§) = 1 putin (2.2) and in (2.2), we get A. Qayyum et al.’s results [7].
Remark 2.10. For Logarithm mean:

Let

putin (1.7), we get

J5in(1/5)ds

1
pO.1)="—— =
[In(1/9)ds
0
and
[P n(1/5)ds .
o (0.1)="* — (0.0 = 1
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put in (2.2), then the inequalities are

e (fd T fs) (jln(l/ﬁ)f@)dﬁ—f(m (f— i) f (f))

% (f?d + clils) [(SA* %)2+147T4] for ' € L [d,é
1

In(1/5)||f" A _ N gl p
| | P [¢q(§fd)q+l+‘l’q(éf§)q“]" for f € Lyla,é
2024+1)7 (O1¥)

IN

"

2(;;”5) [@In(1/5) (5= 1) +¥In(1/9) (5— 1) |@In(1/5) (5= 1) —®ln(1/9) (s 1)[] forf €Lalad].

The mid point reflecting if the optimum point § = y (0,1) = } is near to the origin.

Remark 2.11. For Jacobi mean:

Let
o) =1/V3 a=0, e¢=1,
we have
1
({ﬂdﬁ
pO.1)=F—— =7
gl/ﬁdﬁ
and
1
S 3V3dy N2 4
2 0
.Ofl/ﬁdy‘
Then

13| " .,

ﬁ (f& + é—.f) [1 +(- 1)2] for f" € L [a, ]
<¢ 2L [@(5- )T+ wi (e -] for f' € Ly,

224+1)7 (D+P)

swdy [O/VF(E- 1) +2/F (-4 o/ Vi 1) - /3 (-4 oS Elilad.

The optimum point § = u (0,1) = % is moved to the left of midpoint.

Remark 2.12. For Chebyshev mean:

Let

0@ =1/\/1-3% a=-1¢=1,
mean

u(-1,1)=0
and
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Hence, Chebyshev weighted inequalities are

1 <<I> +A‘PA> 1/1 IO 45— £ (5)+31 5)
1

P+ \s—ad ¢—5)\n =3
% (.fC—Da + efe) 8+ 3] for ' € L[, ]
< ﬂ [d)‘?(f—d)‘ﬂl%—‘l’q(é—s‘)q“}é for [ €Ly a7
2024+1)7 (@)
Z(qf: 5 [fd)/ﬂ—i—f‘l’/\/l—yz ‘@f/\/l—y‘z—‘l’f/\/l—y*H for f" € Li[ad].

The optimum point § = pt (—1,1) = 0 is at the midpoint of the interval.

Remark 2.13. For Laguerre mean:

Let

w@)=e7; d=0, é=o,
such that

1 (0,00) =1
and

62 (0,00) = 1

then inequalities are

1 o ¥ T
o (ot o) [ [ rmas—ro+6-07 6
0
| .,
7z<<ﬂ+qu)“ (.e?aﬂ‘fe) [1+(f —1)2] for f € Lo [, é]
<’ f” g 7t G 7] i "

= — [@q(ffd)"“qu(@—f)‘”‘}q for £ € Lya,¢]
2(2G+1)7 (P+¥)
2(£+.15> [@e 7 (5= 1)+ We (1) |e (5 1) — WeF (5 1)]] for " e Ly [a,e].

The optimum sample point is deduced § = 1.

Remark 2.14. For Hermite mean:

Let
oF) = d=—c, c=e,
then
H(=o0,0) =0
and
1
62 (—o0,00) = o

Then inequalities are

o

1 P ¥ 1 @ /
[ B, - —y N R A ~
stw (s es) (5 ) r0s-s0 57 0
e )«2 f/r ,
2(¢+\P)m (gipd + %5) [% +§2] for f € Loc [(lu,d

52

"
—$ X
e

ESE

IN

— [cpc? §fa)‘7+‘+lyé(57§)‘?+‘y for f € L[d,é)
224+1)7 (@+9)

—

z‘éqﬁ\lﬂ) [cbfe*y”z + e’ ‘cbfe*f’z — P’

} for f" € Ly [4,].

An optimum sampling point is § = 0.
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1. Introduction

Singular perturbations arise in all areas of dynamical systems from ODSs to discrete dynamical systems. There is a wide range of examples
of singular perturbations in these areas [1-3]. For a simple example, suppose that we are applying Newton’s method to find the roots
2 — ¢. The Newton iteration function is given by Np(z) =z — lf,((i)) =5+ 5. when ¢ =0, the
polynomial P has multiple roots at 0 and Newton iteration function is Np(z) = 5. In this case, of course, all orbits of Np(z) = 5 tend to be
the unique root at 0. However, when ¢ # 0, the degree of Np jumps from 1 to 2, and dynamical behavior of Np become excited. Moreover,
instead of a fixed point at the origin, after perturbation, there is a pole at the origin, most orbits of Np still do convergence to one of the
two roots of P, that is ++/c but points on the straight line passing through the origin perpendicular to the line segment connecting ++/c
have orbits that do not convergence to these roots. Rather all orbits on these lines behave chaotically, so the dynamical behavior is more

complicated in this case.

of a complex polynomial equation P(z) =z

In recent years, much attention has been paid to families of rational maps that arise as singular perturbation of polynomials. These are
families of rational maps that depend on a parameter A and have the property that, when A = 0, the map involved is a polynomial of degree
n, but for all other parameters, the maps are rational with a higher degree. When the parameter A becomes non-zero, the dynamics of these
maps are explored. Most of the studies of these singular perturbed rational maps have centered on families of the form F (z) = 2" + zi“
where A € C, n, and d are positive integers [4]. A singular perturbation means that we have a complex analytic map which is the new ma{p
F)y. obtained by multiplying Multibrot set polynomial M. (z) = z" + ¢ and a simple polynomial P(z) =z — 1 so that Fj7.(z) = (z" +¢)(z— 1)
where c is a complex parameter and n > 2. In this study, specifically we consider the case when Newton’s method is applied to the polynomial
family Fy () = (23 +¢)(z—1). The dynamics of such a perturbation are very exciting for the following reasons:

1. they are non-polynomial examples,
2. their dynamical behavior is changed dramatically when the parameter ¢ is non-zero quite small.

This article has been prepared by expanding the results of the presentation at the “The First International Karatekin Science and Technology Conference”.
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Figure 1.1: How the dynamics is explodes when the degree is changed. For more detail [4].

In complex dynamics, the most important object in the dynamical plane is the Julia ser of F, which we denote by J(F). From an analytic
viewpoint, the Julia set is the set of points at which the family of iterates on the map fails to be a normal family in the sense of Montel.
There are many other equivalent definitions of the Julia set such as the Julia set is the closure of the set of repelling periodic points of F.
Equivalently, the Julia set is also the boundary of the set of points whose orbits escape to co. From a dynamic point of view, the Julia set is
the set of points on which the map is chaotic. The complement of the Julia set is called the Fatou set. This is where the dynamical behavior
is relatively tame [2, 3,5, 6].

The aim of this paper is to investigate the dynamics and the Julia sets of Newton iteration function, N, (z), applied to the polynomial
Fuy,(z) = (2" +¢)(z—1). We shall pay attention to one special critical point and see how the orbit of this point affects the dynamics of the

Newton iteration map.

Newton’s method is the best known iterative method for finding roots(real or complex) of a function f. It is the iterating function

N¢(z) =z— J{;((ZZ)) by starting with some initial approximation zo and defining the n + 1 approximation by z,1 = Ny(z,). Whether the
p(2)

function f(z) is a polynomial or a rational function, then the iteration function Ny will be a rational map of the form N(z) = N¢(z) = F ol
where p and g are polynomials. So the dynamics of Newton’s method become more difficult even when applied to polynomials in one
variable. Iteration of Newton’s method function often allows one to find the roots of the corresponding polynomial, but this is not always the
case. The orbit of a point zg is the set of iterates of the function f which gives the sequence {z9,N f(zo),Nj%(zo),N} (z0),...}. This sequence
hopefully converges to a root, §, of f. That certainly happens most of the time but other things might happen. For instance, if a function is
not differentiable at the root such as considering the function f(x) = x'/3, this function is not differentiable at the root x=0 and |N}(O)| >1,
then all sequences tend to . Thus we may have no convergence if there is no differentiability. In some cases, the convergence of Newton’s
method is guaranteed by Kantorovitch theorem [7].

We shall think of Newton’s iterating function as being defined on the whole the Riemann sphere, i.e. the complex numbers with the point at
infinity adjoined, Co. = C U {eo}. The orbit of a point § could converge to a cycle, or it could wander chaotically about Riemann sphere, or it
could behave in other ways. A point § € C is called a periodic point of period n if N}(C) = ¢ and N}(C) # ¢ for all k < n, where k,n € N.
The least such integer n is called the period and the orbit of { is then an n-cycle. If n = 1, we say that { is a fixed point of Ny and, as is well
known, such points correspond to the roots of f. A point § is eventually periodic if N"({) = N"T¥({) for positive integers n and k. If {
is a periodic point of period n, then the derivative A = (N’;)/ (&) is called the eigenvalue of the periodic point . It follows from the chain
rule that 4 is the product of the derivatives of Ny at each point on the orbit of {. Hence A is an invariant of the orbit. A periodic orbit is
called attracting if |A| < 1, super-attracting if |A| = 0, repelling if |A| > 1, and neutral if || = 1. Using Taylor’s series for N¢({), it can be
shown that N () will be linearly convergent at an attracting fixed point and at least quadratically convergent at a super-attracting fixed point.
Recall that the sequence {,} convergence linearly to w if, for sufficiently large n, |§, 1 —w| < |, — w]|, where 0 < ¢ < 1, where 0 <7 < 1,
and convergence quadratically if, for sufficiently large n, |, 11 —w| <&, — w|2, for some constant 7. The point at o is always a repelling
fixed point with derivative d/(d — 1), where d is the degree of f, so large values of { will tend to move away from infinity under iteration [3].
A point is a critical point if the derivative of the map vanishes at this point. Critical points of Ny are solutions of N}(C ) =0, i.e., zeroes

and inflection points of f. The critical point is non-degenerate if N}(C ) # 0 and it is degenerate if N}(C ) = 0. For example, f(x) = x" has
a degenerate critical point at 0 when n > 2, but has a non-degenerate when n = 2. Note that degenerate critical points may be maxima,
minima, or saddle points as in the case of f(x) = x> [4,6].

Theorem 1.1 (Julia). For any holomorphic map of the extended complex plane to itself, an attracting periodic cycle must attract at least one
critical point [8].

Theorem 1.2 (P. Fatou). Every attracting cycle for a polynomial or a rational function attracts at least one critical point [4].

Theorem 1.3 (By The Riemann Hurtwitz Relation). A non-constant rational map with degree d has exactly 2d — 2 critical points in C.,
counted with multiplicity [8].
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The critical points play a dominant role in determining the structure of the Julia set of rational iteration. In this paper, we will point out the
case where the value of parameter ¢ becomes non-zero, and when it happens, how the dynamical behavior changes strikingly.

We are interested in the dynamics of Newton’s iteration map, Ny on the Riemann sphere. We can always conjugate Ny by an invertible
linear(M&bius) transformation 7', so the orbits of Ny will be essentially the same as the orbits of T o Ny o T~!. On the Riemann sphere, the
point at infinity is like any other point. In order to determine whether infinity is a fixed point of Ny and to find its eigenvalue there, we can

conjugate Ny by the transformation z — % that interchanges 0 and eo. Therefore the behavior of Ny (z) at oo is the same as the behavior of

Nif(ll/z) at 0.

The basin of attraction of a fixed point v of the map Ny is the set {z| limy,—se0 N?(z) = v}, i.e., the set of all points whose orbits converge
to v under the iteration of Ny. This basin may have infinitely many components, and the immediate basin of attraction is the connected
component containing the fixed point v. The rational map N divides the Riemann sphere into two invariant sets, the Julia set, J(Ny), and its
complement. As mentioned earlier, the Julia set consists of points for which the dynamical behavior under iteration of Ny is complicated.
Points in the complement of the Julia set will normally converge to a fixed point or an attracting cycle. This complement could also contain a
Siegel disk or Herman ring in which the iterations are locally like an irrational rotation of a disk or an annulus.

A few basic facts about the Newton basin:

* The rational map Ny divides the Riemann sphere into two invariant sets, the Julia set, J(Ny), and its complement.

* The points in the complement of the Julia set will normally converge to a fixed point, that could be infinity, or to an attractive cycle.

* J(Ny) is the closure of the repelling periodic points.

* J(Ny) is non-empty.

* J(Ny) is completely invariant under Ny; i.e. Ny(J(Ny)) = J(Ny) = Njfl (J(Np)).

* J(Ny) is the boundary of the basin of attraction of each fixed point or attractive cycle: this guarantees that if there are more than two
roots, J(Ny) will be a fractal set.

* If v € J(Ny), then the closure of {z|NJ’£(z) = v for some non-negative integern}, the backward iterates of v, is the whole of J(Ny).

It is well known that the Julia set is an unstable set. Iterates of points close to the Julia set will move away from that set. Hence Newton’s
method is very sensitive to initial conditions when the initial point is near the Julia set. Nearby points could converge to different roots or
might not converge at all. If you start with a point actually on the Julia set, the iterates will also be on the Julia set because Julia set is a
completely invariant set. As it is mentioned above, unfortunately, Newton’s map does not converge to a root for every initial point. But the
orbit could converge to an attractive cycle, rather than to a root.

2. The Dynamics of the Rational Map

In this section we consider the dynamics of the perturbed map which is a special class of rational functions, namely those obtained from
Newton’s method as applied to a polynomial of the form Fy; () = (z34¢)(z—1). We are interested in the collection of Newton iteration
maps given by N, as their dynamical properties are related to the non-degenerate free critical point.

Proposition 2.1. Infinity is a repelling fixed point for Newton’s method applied to Fy,(z) = (23 4 ¢)P(z) where P(z) = z— | and c is any
constant.

Proof. Newton’s method function is the rational map:

MC(Z)P(Z) N 324 — 223 +c
M.()PR)+ M ()P (z) 422 —32+c’

N, (2) =z~

oo is a fixed point, since lim; . NF,, (z) = . To determine its nature, we map o to 0 via g(z) = %(: v): the conjugate function G is given
by goNpg, = Gog thus we obtain

1)) R S TR M

G(v)=g| N, )| = = .

v

oo is a repelling fixed point, since G(0) = 0 and |G’ (0)| > 1. O

Before examining the dynamics of Fj;, when c is small, we will consider the dynamics of the case ¢ = 0.
2.1. The dynamics of Fy;, = 2> (z— 1)

The Newton iterating function of Fjy, is a rational map of the form Np, (z) = i?:%ﬁ; - The finite fixed points of Nf,, (z) are 0 and 1 which
are an attracting fixed point and a super-attracting fixed point, respectively. In addition,  is a repelling fixed point. In Figures 2.1a and 2.1b,
the computer graphics pictures illustrate NE,, (z) on the dynamical plane. Each color in the picture belongs to a finite root of NFy, (2). In
Figure 2.1a, the area from blue to turquoise is the basin of attraction for the attracting fixed point 0 and the white area is the attracting basin
for the super-attracting fixed point 1 of NEy, (z). In Figure 2.1b, the same basins are shown when viewed from infinity. It is the simple case
¢ = 0 for Newton iteration that has decorations on the Julia set on the boundary of the basin; rather this boundary is a simple closed curve
passing through oo.
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(a) (b)

Figure 2.1

One of the most important goals of Newton’s method is to approximate the roots of a function - for which the convergence of the initial
values is an important matter in dynamical systems. In Figure 2.1a and 2.1b, the speed of convergence for Newton’s map of the function
I (z—1) is clearly observed. The critical orbits play a dominant role in determining the structure of the Julia sets in dynamical systems.
Points 0,1 and 1/2 are critical points of NFM0~

The aim of this paper is to draw attention to the case where the value of the parameter ¢ becomes non-zero but quite small. When this
happens, the dynamical behavior changes dramatically. We will now describe those changes.

2.2. The dynamics of Fy,(z) = (2> +¢)(z— 1) for ¢ # 0

We will deal with the value of ¢ being different from zero but rather small. When we applied Newton’s method to the polynomial
Fiy,(z) = (23 +0.001)(z— 1) obtained the rational map,

3z* —223+0.001
NG =N, () = 353270001 °

oo is a repelling fixed point and the real roots —0.1 and 1 are super-attracting fixed points of N. In addition to this, the complex roots are
0.05 £ 0.0866025i for the rational maps N with the parameter ¢ = 0.001. The points 0.05 +0.0866025i,—0.1,0, 1 and 1/2 are critical points
for N. Critical points 0,1/2 and 1 are common critical points for the maps NEivo o0 and Ngy, with different critical values and also they are
non-degenerate critical points. In addition to this, the common critical point 1 is a super-attracting fixed point for the maps NEo oo1 and NEy,-

Figure 2.2: A =0.05—0.0866025i and B = 0.05 4 0.0866025i.

In Figure 2.2, the computer graphics picture illustrates how points behave under iteration of N(z) in a dynamical plane. First of all, we
will make clear the fact that we are considering the complex plane, the x-axis is the real direction and the y-axis is the imaginary direction.
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Newton’s map, N, for the polynomial Fiy, ., (z) = #-2+ (0.001)z—0.001 has degree 4. Since the function has four roots, the graph of
the complex plane is divided into four parts, each of which is a basin of attraction for a root. Colors indicate to which of the four roots a
given starting point converges to the finite roots of Newton’s map which are contained in the Fatou set. The turquoise area is the basin of
super-attracting fixed point for the map N, @y (1) = {z € C: N"(z) — 1,n — oo}. The boundary of the Newton basin including decorations
is the Julia set, @y (1) = _# (NF), on which the dynamics of Newton iteration map are chaotic. The free critical point 1/2 lies in the real
axis and in a pre-image of the immediate basin of 1. Every root can be connected e within its basin of attraction. Note importantly that
there are no black regions in the basins, so Newton’s map does not fail anywhere on that basin. The decorations on the boundary of the four
immediate basins correspond to their pre-images. In addition, the immediate basin of attraction is a connected component containing the
fixed points of N. It is no longer just a simple closed curve as in the case ¢ = 0.

(a) (b)

Figure 2.3: The parameter plane pictures for the view from 0 and o for the parameter ¢ = 0.001.

Theorem 2.2 (P. Fatou). The immediate basin of an attracting fixed point or cycle of N contains at least one critical point of N.

In this paper, Newton’s iteration map has free critical points that determine the fate of orbit in the complex dynamical behavior of N.
The vital effect in the formation of this situation is in parameter c. When the parameter ¢ takes a non-zero value, which is quite small, a
dramatical change in the dynamics of the iteration map is observed. The importance of the periodic point in this change is seen in Figure
2.4. The parameter value of ¢ after changing the parameter from O to any constant on a circle in a complex plane we see the periodic
channels leading to c. In order to explain this situation, we change the parameter ¢ from real to complex. For instance, in Figures 2.4-2.5,
the value of parameter ¢ = 0.001 +0.001i. In Figure 2.4, the four roots of the function Fi .o : 2 — (2> +0.001 +0.001i)(z — 1) are
—0.100008 — 0.00303118i, 0.0471496 — 0.0845998i, 0.0528568 4-0.08863:, 1. —0.000998994i. These are finite fixed points of Newton’s
iteration which are contained in the Fatou set. Since the function has four roots, the graph of the complex plane is divided into four parts,
each of which is a basin for a root. The boundary of the basin is the chaotic part of Newton’s fractal which is the Julia set. By the definition
of Julia set, Newton’s method does not converge on the boundary points, but it is chaotic. The Newton iteration functions for the values ¢
have critical points 1 and 1/2. In Figure 2.4, the green area goes to infinity and contains the free critical point. In Figure 2.5 the same area
view from the point oo.

Figure 2.4: Dynamical plane view from 0.
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Figure 2.5: Dynamical plane view from oco.

Corollary 2.3. The non-degenerate free critical point plays a vital role in determining the dynamics of the rational map which arising in
complex Newton’s method is applied to polynomial family Fy,(z) = (2> +¢)(z— 1), where c is a complex (or non-complex) parameter.
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1. Introduction

In [1], the authors determined the forbidden set, introduced an explicit formula for the solutions and discussed the global behavior of the
solutions of the difference equation

AXnXn—k+1

—— , n€Np,
Dxp—p41 + Cxp—y

Xn+1 =

where a, b, c are positive real numbers and the initial conditions x_z,x_g41,- -+ ,X_1,Xo are real numbers.
In [2], the second author studied the global behavior and introduced an explicit formula for the solutions of the difference equation

AXnXn—k
Xn+1 = , ne N07
—bxn + Xy g1
where a, b, ¢ are positive real numbers and the initial conditions x_j_1,x_g,---,x_1,xq are real numbers.

In [3], the author determined the forbidden set, introduced an explicit formula for the solutions and discussed the global behavior of solutions
of the difference equation
AXnXn—k
Xpy1 = ——, neN
n+1 bxn Xy, g ) 0
where a, b, ¢ are positive real numbers and the initial conditions x_j_1,x_g,---,X_1,X are real numbers.
In [4], Abo-Zeid determined the forbidden set and studied the global behavior of the solutions of the difference equation

AXnXn—k
Xn+1 = b , ne N07
X+ CXp—f—1
where a, b, ¢ are positive real numbers and the initial conditions x_j_1,x_g,---,x_1,xq are real numbers.

For more on difference equations, one can see [5—28] and the references therein.

In this paper we generalize the solutions of the nonlinear rational difference equations presented in [5] and [10], which were established
through a mere application of the induction principle.

Email addresses and ORCID numbers: mb299 @gcloud.ua.es, 0000-0002-4768-8442 (M. Berkal), abuzead73@yahoo.com, 0000-0002-1858-5583
(R. Abo-Zeid)
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2. Main Results

In this section, we investigate the solutions of the difference equation

XnXn—p

T A HGNO,
ax, (p—1) +bxn—p

Xn+1 =

where the parameters a and b are real numbers, p is a positive integer and the initial conditions x—p, x_py1, -+,

The transformation

withu_;="""1 i=0,(p—1),

Xn X

Xn—1

Uy =

reduces equation (2.1) into the difference equation
a

Up+1 = +b, }’lEN().

Un—p+1
Suppose that
Ml(ri) = Upm+j ]:H and m > —1.
Then, we can write

() __¢@
Uy = (j) +b, meNy.

Let

j e
uﬁj): mH, m>—1.
Zm

Then, equation (2.3) becomes
Zmg1 —bzm —azy—1 =0, meNy.

()

with initial condition z_; = 1, zo = u’}.
Throughout this paper, we denote b + 4a by A.

2.1. Case A>0

In this subsection, we have that 5> > —4a. Suppose that

ALl

0;= m7 J € No,
where A, and A_ are the roots of the equation A2 —bA —a =0
Let

Y-i(j) = ax—i@j+x_i-19j41, i=0,(p—1).
Using equalities (2.2) and (2.4), we can write

RIS S—— i 225 IC

H, 1 Upm+i i=1 77p+i(m+ 1)
- v m € Ny,

H{'J:1 Yopri(m+1) ’

where v =TTV_x_;.
It follows that

1 v I_E:] Y-pti(m)

Xpm+t =

\%

Xpm = .
H?:l Upm-+i b H,‘pzl Y-p+i(m) H§:1 Yopri(m+1)

= ,meNg, andt=1,p.

Hz 17~ P+l(m+1)nl t+1y P+1( )

Using the above arguments, we obtain the following result:

Theorem 2.1. Let {x, }

-P
—— n=1,p+1,..
77p+l(n+[ I)Hf P~ p+j(%l)’ P ’
n p ) n:27 +27"'7
H, 1 Y- p+t( +p 2)1]1 3 Y- p+j(%2) p
X, = :
n=p—1,2p—

v

\4
l_[',?;ll 77p+t(%)70<n ptl )
)’

l_L 1 7= p+l(

n=p,2p,..,

be a well defined solution for equation (2.1). Then

1o,

»
where v =T1V_ox_i, Y—j(m) = ax_j@m +x_j—1@m+1, j=0,(p—1) and m > —1.

2.1

X_1, Xq are real numbers.

(2.2)

(2.3)

2.4)

(2.5)
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Consider the two sets

— ey L. Y0 = V1 = Ul =v
Dl_{(VO7v17 ) p)ngJ’_ : (_])p(l+/(l)p (71)p71(l+/a)(p71) _i’+/a P}v
. Vo o v _ _ Vp—1
= {(VO’”""' O e Vo Ty e w7 _v”}‘

Theorem 2.2. The two sets D and D, are invariant sets for equation (2.1).

Proof. Let (xp,x—1,--+,x—p) € Dp. We show that (x,,X,—1,-*,Xa—p) € Dy for each n € N. The proof is by induction on n. The point
(x0,x_1,--,x_p) € Dy implies

X0 _ X_ N el (.l
(—I)Plf/al’ (_1)p—l)l’£1’*1)/a(p71) (* )l,/(l P
Now for n = 1, we have
oy (DA e (af A )
ax_,_1)+bx_) ax_(p—1y+b(—=a/A-)x_(,_1
(-1)P lfizx_(p_l) (—l)p)Lf
= a1 1*% T -y
Then we have
X1 _ X0 e i) B
(=1)PALjar — (_1yp=12071 sqlo-1) (—DA-fa 71
This implies that (x1,xp, - ,x_p,+1) € 2. Suppose now that (x,,x,_1, -+ ,X,—p) € Dy. Thatis
Xn = Kn—1 — ”:7)611—([)—1) =X
(=1)PAL far (71)[;717&17*1)/“(1771) (-DA_ja "7
Then
i St (=07 AP fa oy (/A Py
L= =
w ax,_(p—1) +bxn—p ax,_(p—1) +b(=a/A-)x,_(p_1)
WA ey (CD)PAT
= Tl 1— % T n(p-1)
This implies that
Xn+1 Xn Xn—(p=2)

= —_— = X _ _ .
(=1)PAZ fa? ~ (Z1yp-12.07D) g(p-1) (—DA_ja 7D
That is (Xp4-1,%n, -, X—p+1) € Da. Then (xp,%,—1,-- ,X4—p) € Dy for each n € N. Therefore, D, is an invariant set for equation (2.1).
By similar way, we can show that D; is an invariant set for equation (2.1). This completes the proof. O

Theorem 2.3. Assume that {x,}__, is a well defined solution of equation (2.1). Then the following statements are true:

-p
1. Ifa+b > 1, then the solution {x,};;__, converges to zero.
2. Ifa+b <1, then the solution {x,};;_ _, is unbounded.
(1-(5))

Proof. We can write ¢; = )L‘{W'

1. fa+b>1,then A, > 1. Thatis ¢, — oo as m — co. Then | y_;(m)| = |ax_;j¢; +x_j_(@p41 | = 0 asm— oo, j=0,(p—1). This
implies that for each t = 1, p, we have

%
[Ty Y=pi(m+ DT 4 Y=peri(m)

[ Xpmte |=] |— 0as m — co.

Therefore, the solution {x, };~__, converges to zero. For (2), it is enough to note that A} < 1 whena+b < 1.

—-p

This completes the proof. O

Theorem 2.4. Assume that a+ b = 1, then every well defined solution {x, }__ p» of equation (2.1) converges to a finite limit.
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Proof. Whena+b =1, we have A, = 1. Then

aX—ptjtXptj-1

+a asm—oo, j=0,(p—1).

Vopti(m) = ax_pi jOm +X—pij1Pmi1 —

This implies that for each 7 = 1, p, we have
\Y 1+a)Pv
. (1+a)

ot Veprilm+ DT Yoprj(m) T (@X—poj+X—pj1)

Xpm+t = as m — oo,

Therefore, the solution {x, }—_, of equation (2.1) converges to

-P
(1+a)’v
H?:l (ax—pij+x_ptj-1)

as m — oo,

This completes the proof. O
2.2. Case A=0

During this subsection, we assume that b% = —4a. When b? = —4aq, the solution of equation (2.5) is

1

b m
n =5 (E) (2z0 (1+m) —bm), m > —1.

It follows that

(m+1)b—2u_p,;(2+m)
mb—2u_py i(14+m)

(m+1)bx_pyj—2x_pyi1(2+m)
mbx_p i j—2x_pi i1 (1+m)

Upm+j =

, 1<j<p.

b
2
b
2

If we set B_py j(m) =mbx_py j —2x_py;_1(14m), then we can write

éﬁprrj(er 1)

= 1<j<p. 2.6
Upm+j 2 prJ,»j (m) SJxp ( )

Using equalities (2.2) and (2.6), we obtain the following result:

Theorem 2.5. Let {x,}°__ be a well defined solution of equation (2.1). If b*> +4a = 0, then

P

—2)P(2)n __ v ’ n=1,p+1,..,
( ) (z) ﬁ—p-H (n+Z 1 )Hizz ﬁprrj(%) p
=2)P(3)" - . n=2,p+2,..,
( ) (b) Hizzlﬁ—[’-%—i(%)l—[?:g,ﬁ—pfi(nl;;z) " p
tn = : : 2.7)
—-2)P(3)" - ) =p—12p—1,...,
=2 (g) T (1) BT TEPT AP
_oVy(2yn___ v _
( 2) (h) H,'p:|ﬁ—p+i(7j)’ n p,2p,...,

where v =T1"_qx_i, B—j(m) =mbx_;—2x_;_1(14m), j=0,(p—1) and m > —1.
Theorem 2.6. Assume that {x, }r__ p is a well defined solution of equation (2.1). The following statements are true:

1. If b > 2 then the solution {x,};;__,, converges to zero.
2. If b <2 then the solution {x,},;__, is unbounded.

Proof. The solution formula (2.7) can be written in the form

2 pm-+t v
Xpmir = (—2)P (7) , t=1,p. (2.8)
pm b H?:l pr+i(m+ 1) H?:l+l ﬁ*ﬁﬂ'(m)
Clear that 8_,,;(m) are unbounded, i = 1, p.
1. If b > 2, then % < 1 and the result follows.
2. If b <2, then (3)P"* — coasm — oo forallt =1, p.
Using formula (2.8), we can write for = 1
2 1 \
| xpm+1 | =] (=2)P ()P |
b b ﬁ,p+1 (m+1) H?:2 ﬁ*[H’j (m)
(%)perl v
= (=2)"| p(1+ L x| b — 2y 2ZEmYTTP () _9 o 14m K

mP(1450) (% pit = 20 p ) Iy (BXptj = 20 ot =)
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Using L’Hospital’s rule we can show that

(g)pm-‘rl
bil — 00 a8 m — oo,
This implies that | xp,41 |— o as m — oo. Similarly, | xpu 4, |— o0 as m — o0, 2 <t < p. Therefore, the solution {x,l};’;’:_p is
unbounded.
This completes the proof. O

2.3. Case A< O

During this subsection, we assume that 5> < —4a. When b> < —4a, the solution of equation (2.5) is

(=4

sin 6

m

]

Im —

(zosin(m+1)8 —/—asinmb), m>—1.

It follows that

Oc_p+]-(m+1) 3
Upm+j =V —a——————, j=1p, 2.9
)
where 6 = arctan (7V_b;_4a>, sin@ = ¥ 2_\1}2_;04“ and &t_py j(m) = x_py jv/—asinm@ —x_p, ;_ysin(m+1)6, j=1,p, and m > —1. Using

equalities (2.2) and (2.9), we obtain the following result:

Theorem 2.7. Let {x, }r—_, be a well defined solution of equation (2.1). If b% +4a <0, then

-P
(=1)Psin” 6 v n—1 1
R ) LR
—1)Psin v
, n=2 2.
(\/Ta)n 1_[12:1 a—p+i<n+§72)l—[?:3 aiﬁj(%) P + 9 9
Kn = : : (2.10)

(—=1)Psin” 0 v o B

VoA T e ) n=p=12p=l
(—1)Psin” 6 v n=p,2p

V=ar T, ‘LPH(%)’ Y

where v =T1"_yx_;, o_j(m) = x_j\/—asinm@ —x_;_ysin(m+1)6, j=0,(p—1) and m > —1.

=)

Theorem 2.8. Assume that (x,);-_,

is a well defined solution of equation (2.1). The following statements are true:

1. Leta=—1andif 0 = ﬁﬂ? is a rational multiple of © (with 0 <1 < %), then {x,};_
even) or prime period 2pM (if Ip is odd).

2. If =1 <a <0, then the solution {x,};__, is unbounded.

3. Ifa < —1, then the solution {x, },.__, converges to zero.

_p is periodic with prime period pM (if Ip is

Proof. We can write the solution (2.10) as

(—1)Psin” 0 v
Xpm+t = )
pm (V=a)Pm+t Ty o pyi(m+ DTy 0 pej(m)

@2.11)

wheret =1,pandm > —1.

1. Suppose thata = —1 and let 8 = ﬁﬂ: be a rational multiple of 7 (with 0 <[ < %). Then for each i = 1, p, we have

o_im+M)=x_;sin(m+M)0 —x_;_ysin(m+M+1)0,
(mO+M0)—x_;_;sin((m+1)0+M0),
=x_;sin(mO +Imw) —x_;_ysin((m+1)0 +Ix),

— (=)l a_i(m).

=Xx_;sin

Then for each ¢ = 1, p, we have

\
XpmipM+e = (—1)Psin” 6 — 5
[Tiey O—pti(m+M+ 1)Hj:;+1 optj(m+M)

=(- l)plxpm-‘rr-

Therefore, if /p is even, then the solution {x, };__, is periodic with prime period pM and if /p is odd, then the solution {xnto_ pis
periodic with prime period 2pM. (2) and (3) are directly obtained using (2.11).

This completes the proof. O
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2.4. The forbidden sets

In this subsection, we introduce the forbidden sets of equation (2.1).
Theorem 2.9. The following statements are true:
1. If B> 4 4a > 0, then the forbidden set of equation (2.1) can be written as

p
Fl = U {(M()7M717...7M_p) € R‘”+l U :O}U
i=0

« 1
(ug,u_1,..yu—p) € RPT TU_pt :77¢'"+1u_p U
a Om

—_

3 3
1 Cs

—_

1 Pmst
{(uo,u_l,,..7u_p)€Rp+] Huopra = o ’(;m U_pyi U

” 1
U {(uo,u_],...,u_p) € RPH! :u0:77¢m+1u }
1

-1
et @ fm

2. Ifb* +4a =0, then the forbidden set of equation (2.1) can be written as

p
P = U {(uo,u,l,...,u,p) eRPHy; ZO}U
i=0
2(1+m)

+1 . _
{(uo,u,l,...,u,p) ERP tu_pyy = Tu,p}u

—

ﬁCsﬁCS

—_

2(1+m
{(uo,ufl,...,u,p) € Rp+1 CU_pi2 = %uflﬂrl } U

“ 2(14+m)
e U RPH =22 L
U {(Mom lseyll_p) € uo o 1}

m=1
3. Ifb* +4a < 0, then the forbidden set of equation (2.1) can be written as

p
F; :U {(uo,u_l,...m_p) eRPH y =O}U

i=0
~ - sin(m+1)0
{01y R sy = SR, L

B sin(m+1)9u U
~ /—asinm6 A

—_

3 3
1 C sl

+1 .
{(Mo,u,h...,u,p)ERP U_py2
1

U {(uo,u,l,...,u,p) eRPH

m=1

sin(m+1)6
=——u_q,.
v/ —asinm6 !

3. Illustrative Examples

Example 3.1. Figure 3.1 shows that, if p="7,a=0.2and b=1(A>0anda+b > 1), then a solution {x,};__5 of equation (2.1) with
X 7=—4x_g=-5x_5=-3,x_4=—-82,x_3=5x_=3, x_1 =6.2and xyg = —7 converges to zero.

Example 3.2. Figure 3.2 shows that, if p=4, a= 0.1 and b =0.7(A > Oanda+b < 1), then a solution {x,}__, of equation (2.1) with
X 4=—-1,x_3=-3,x_p=-59,x_1 =3 and xyg = —12.2 is unbounded.

Example 3.3. Figure 3.3 shows that, if p =1, a = —1 and b = 2(A = 0), then a solution {x,};__- of equation (2.1) with x_7 = =2,
X_g=—-5x_5=-3,x_4=—122,x_3=5x_ =3, x_1 =6.2 and xg = —5 converges to zero.

Example 3.4. Figure 3.4 shows that, if p="1, a=—1/4 and b =1(A = 0andb < 2), then a solution {x,}__- of equation (2.1) with
X 7=—4x ¢=—-53x5=—13x4=-92,x 3=6x_ =13 x_| =6.2 and xo = —5 is unbounded.
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Example 3.5. Figure 3.5 shows that, if p=4, a= —1 and b= /3 (A < Oand I piseven), then a solution {x,}"__, of equation (2.1) with

X_g=-2,x_3=-5x_=3,x_1=2.2andxg =15 is periodic with prime period 24.
Example 3.6. Figure 3.6 shows that, if p="7, a= —1 and b =1(A < Oandlpisodd), then a solution {x,};__- of equation (2.1) with
x7=—lLx ¢g=—T7x_5=—4,x_4=—122,x_3=5x_p=3,x_1 =6.2 and xg = —5 is periodic with prime period 42.
6 15
X(n) X(n)
4 10
ol
sl
ol
g g o0
o}
-5
-4
6 -10
-8 -15
-20 0 20 40 60 80 100 -20 0 20 40 60 80 100 120 140

XnXp—7
—Xp—6TXn-7"

XnXp—4

Y T Figure 3.6: Equation x,,+| =

Figure 3.5: Equation x| =

Example 3.7. Figure 3.7 shows that, if p=3,a=0.3 and b=0.7(A > Oanda+b = 1), then a solution {x,};__5 of equation (2.1) with
initial conditions x_3 =1, x_p = —2, x_| = 1 and x9 = 0.7 converges to

13 ((EDOOD)

3 ~3.738.

15 (0.3x_34 j +x_44;)
Example 3.8. Figure 3.8 shows that, if p=5,a=0.2and b =0.8(A> 0anda+b = 1), then a solution {x,};__s of equation (2.1) with
initial conditions x_s = —2, x_4 = —1,x_3=0.5, x_» = 0.8, x_1 = 0.7 and xo = —0.8 converges to

(12°(=2)(-DOS)OHON08) _ | of

H§:1 (0.2x_54 j+x_6+))
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Conclusion

In this study, we mainly obtained the solutions and introduced the forbidden sets of the difference equation that contains a quadratic term

XnXn—p
X1 = P n € Ny,
X (p—1) T D¥n—p
where the parameters a and b are real numbers, p is a positive integer and the initial conditions x_p, x_ p+1s + 5 X_1, X are real numbers.

Also, we showed that the behavior of the solutions depends on the relation between a and b. That is if {x, };;__, is a solution of that equation,
it may be converge to finite limit, unbounded or periodic with a certain period that depends on p. The mentioned difference equation may be
generalized to a more complicated one that may has a complicated behavior.
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1. Introduction

Number sequences such as Fibonacci, Pell, quadra Fibona-Pell, and their generalized versions are widely used in the literature. Fibonacci
numbers form a sequence defined by the following recurrence relation: Fy =0,F; =1 and F,, = F,,_| + F,,_ for all n > 2. The first Fibonacci
numbers are 0,1,1,2,3,5,8,13,21,34,55,89,144,233, ... . The characteristic equation of F, is x2 —x—1=0 and hence the roots of it are
o= HT‘E and f = %.It has become known as Binet’s formula F;, = O‘;:gn for n > 0. The Pell numbers are defined by the recurrence
relation Py =0, Py =1 and P, = 2P,_| + P,_, for n > 2. The first few terms of the sequence are 0, 1,2,5,12,29,70,169,408, 985,2378---.
See [1] for detailed information on Fibonacci and Pell number sequences.

In [2], the author examined sequence with fourth-order recurrence relation and discussed a new sequence of fourth-order formed by the roots
of the characteristic equation of both Fibonacci and Pell number sequences. Later, different authors worked with similar integer sequences
with the same logic, see [3,4]. In addition, we can come across many studies on integer sequences with fourth-order recurrence relation in
the literature, see [5]. Quadra Fibona-Pell sequence as follows in [2]:

Wy =3W,_1 — 3W,_3+W,_4 (1.1)

for n > 4, with initial values Wy = W; = 0,W, = 1,W3 = 3 and W,, is n—th quadra Fibona-Pell sequence. Note that here, the roots of the
characteristic equation of W,, are the roots of the characteristic equations of both Fibonacci and Pell sequences, so & = %, B= #,
y=1++v2and § =1—+/2 (o, B are the roots of the characteristic equation of Fibonacci numbers and ¥, 8 are the roots of the characteristic
equation of Pell numbers). The Binet formula for the quadra Fibona-Pell sequence is given by

_W*En aniﬁn

y—96 a—fB

for n > 0. Besides that generating function for the quadra Fibona-Pell sequence is

Wa

2

Wkx)=————F——.
(x) x*4+3x3 —3x+1

Email addresses and ORCID numbers: arzuozkoc@edu.tr, 0000-0002-2196-3725 (A. Ozko¢ Oztiirk ), eda.gunduz.97 @gmail.com, 0000-0003-
1985-6506 (E. Giindiiz)



https://orcid.org/0000-0002-2196-3725
https://orcid.org/0000-0003-1985-6506
https://orcid.org/0000-0003-1985-6506

146 Universal Journal of Mathematics and Applications

Normed division algebra, nowadays which is so important topic consists of the real numbers R, complex numbers C, quaternions H.
Quaternions are non-commutative normed division algebra over the real numbers, even it looks like things are going to be done with
quaternions. For ag, a1 ay a3 € R, a quaternion is defined by

e=ag+aji+ayj+azk
where i, j and k are unit vectors which verifies the following rules

P==k=ijk=—1. (1.2)
From equation (1.2), we get

ij=—ji=k, jk=—kj=i, jk=—kj=i.

You can find detailed information about quaternions from [6-8].

2. Binomial Transform of Quadra Fibona-Pell Sequence

It is possible to find different articles in the literature on binomial transforms of sequences as [9]. Actually, one of these was studied by
Chen [10] and later was studied by Falcon in [11]. In [12], given a sequence A = {ay,ay,--- }, its binomial transform B is the sequence
B(A) = {b,} defined as follows:

by = ;)(’:)a, @1

Also, detailed information about binomial transform can be found in [13, 14]. Some authors considered special binomial sequences which
are based on fourth-order recurrence relations, for example binomial transform of quadrapell sequences in [15].

In this part of the study, with similar logic, we apply the binomial transform of quadra Fibona-Pell sequence. When the binomial transform of
the quadra Fibona-Pell sequence, which has a fourth-order recurrence relation, is made, some additional identities, especially the generating
function, Binet formula and sum formulas, will be found for the new sequence obtained.

Definition 2.1. Let W), be the n—th Quadra Fibona-Pell sequence. Then the binomial transform of quadra Fibona-Pell sequence is
" n
bu=1), <)W 22
i=0 \!
Lemma 2.2. Let b, be the binomial transform of quadra Fibona-Pell sequence. Then
" n
byy1 =Y, () (W; +W;).
i=0 \!
Proof. By the help of (2.2), we get
n+1 n+1
n+1 n+1
UTEDY ( ; )W,-: Yy ( ; )Wi+Wo~
i=0 i=1

Also (;"1)+ () =

e E[(2) (e

Thus we obtain that

(”71) and (nil) =0, we get

n n
bn+l = Z (l) (W/i+u/i+l)v
i=0
This completes the proof. O

From Lemma 2.2, we can give the following result for the binomial transform of quadra Fibona-Pell sequence.

Corollary 2.3. Let b, be the binomial transform of quadra Fibona-Pell sequence. Then

" n
bpp1 =bn+Y. (JW,»H.
=0

The recurrence relation of the binomial transforms of quadra Fibona-Pell sequence is obtained below.

Theorem 2.4. Let b, is the binomial transform of quadra Fibona-Pell sequence. b, states the following recurrence relation
bn+3 = 7bn+2 - 15bn-H +10b, —2b,,_ (2.3)

forn >4 where by =b; =0,bp =1and b3 =6.
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Proof. Using Lemma 2.2 we get,
bnys = Kibyto +Libpt1 +Miby +Niby—1.
Then, if we solve the system of equations
n=1= by =K\b3+Liby+M;b; +Niby,
n=2=bs=K\bs+Lib3+M;by +Nby,
n=3= bg=Kibs+Liby+Mb3+Nby,
n=4= by = Kibg+L1bs+Mbs+ N1b3,
by considering Definition 2.1, we deduce
Ky=17,Ly =—15M; =10, N; = 2.
which is completed the proof. O

The generating function of the new binomial transform is found below.

Theorem 2.5. Let b, be the binomial transform of quadra Fibona-Pell sequence. The generating function of the related binomial transform
is

B 23

1= Tx+ 1522 — 10x3 244

where by = by =0,by = 1 and by = 6.

b(x)

Proof. Assume that
b(x) = i bix'
i=0
is the generating function of the binomial transform for W,,. Then
b(x) = b+ byx+byx* +b3x> + - --

Txb(x) = Thox + Th1x* + Thyx® + Thax* + - --
15x%b(x) = 15bgx® + 15b1x> + 15byx* + 15b3x° + - --
103b(x) = 10bgx> + 1051 x* + 10622 4 106328 + - - -

2x*b(x) = 2box* 4 2b1x° 4+ 2b9x° + 2b3x” + - - -.
Since, from equation (2.3), we obtain
(1 —7x+ 152 — 103 + 2x*)b(x) = 2 —x°

and hence, the generating function for the binomial transform of the b, is

2.3
bx) = i .
1—7x+15x2 — 10x3 +2x*
O
Another formula that is essential to find other results of the binomial transform is the Binet formula, which is provided below.
Theorem 2.6. Let by, be the binomial transform of quadra Fibona-Pell sequence. The Binet formula for by, is
+D) (81" o
2 ) o

y—96 a-—p
forn = 0.

243

It is easily seen that 1 — 7x + 15x2 — 10x° + 2x* =

Proof. Note that the generating function is W(x) = ;757" 002
(2x* —4x+1)(x* — 3x+ 1). So we can rewrite W (x) as

x2 —X3 X X

1 —7x+15x2 — 10x3 +2x* :2x274x+1 _x273x+1
b (’)’+1)”—(5+1)"7 oo a2n_ﬁ2n

)

n=0 Y=o n=0 a-p
v () =+ o B
7;( Y-8 o—p )

where a0 = 5=, B = 1%6, y=14+/2and § = 1 — /2. Using roots in quadra Fibona-Pell sequence, we get

y—8 a—p
the result. O
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In the most general case, the following result was found for the series expansions.

Theorem 2.7. Let by, be the binomial transform of quadra Fibona-Pell sequence. Then

— 1 1 2m 1
S (L )7b<_< L )x+c
ngomn-H (A Bl s—m Al B 1

foralln e Nand m,s € N, s > m,

A== (y+1)"0)(1 = (8+1)"x),
By =(1-o®"x)(1 - p*"x),

C]:A%<yzs_5%) a2 (a“mﬁ“"’>x+1((y+1>”"—(6+1>sm)x.

Y—96 B Y—96

Proof. Again from equation (2.4), we get

oo oo (Y+ 1)17m+s _ (5 4 1)mn+s o 2(mn+s) _ BZ(mn+s)
byngsx = - X"
Lpwse - L (M55 =
_ 1) § (6+1) & o

=5 ZE)((H 1)"x)" — =5 ngo((fH 1)"x)" — a B Py

with the help of sum formula, we get

;bmnﬂﬂ :(7;:? (1* (71+ 1)’”X> - (it 13)5 (1* (51+ 1)"’X> - aajsﬁ (1 —tlxz’"X) i aﬁjxﬁ (1—1132’”X)

s s—m_ s—m 25 R2s 2(s—m) _ B2(s—m)
7(y+1) () ((,},+1)(6+1))m<(}/+1) (6+1) )x a®—B _(aﬁ)2m<%>x

Y- a—p a—p
—((r+ )"+ S+ )M+ ((r+ D@+ 1))a2 1= (a2 +B2m)x+ (af)2ma
_ 1 ((YH) *(5+1)‘) _((r+D+ )™ ((Hl) (5+1)’ ’”)x
A Y-8 Aj Y-

a25 BZs (aB)Zm a25 m) ﬁZs m
Bl(aﬁ)+ Bl< a-p )x7

if necessary arrangements are made, then we get
v _(@=B) ((r+1) = (8+1)°\ _ (y=8) ( a*—p>
L bme = (o) 5 (apo-s)
_<<y+1><6+1>>m<aﬁ)((m)sm<6+1>Sm)x+<aﬁ>2m<y6>< 2o B“’”)x

A (y=98)(a—B) By (a—B)(r—9)
_1 (bx((7+ D-(@+D)(a=p)+({(r+1)—-(5+ 1))(062“—[32S)>
Ay (a—=B)(r—9)
((06 B)((YH)“*(5+1)S)*bs((7+1)*(5+1))(0¢*ﬁ))
B (a—B)(r—9)
B ((y+1)(8+1))m( bs-m((y+1) = (8 +1) (@ =B) +((y+1) = (8 + 1)) (a2~ — p2l=m)) )x

A1 (afﬁ)(yfs)

(aB)™™ ((a—PB) ((y+ 1) "= (8+1)"™) = by m((y+1)—(8+1))(a—B) N
B (¢—p)(r—9)

1 1 m 1
by [ —+— ) by [ —+— )x+C.
S(A1+Bl) Sm(AlJrBl)XJr !

Hence the result is obvious. O

+

Now let’s get a grand total formula that includes all the sum results that deal with the sum formulas of mk + s terms.

Theorem 2.8. Let by, be the binomial transform of quadra Fibona-Pell sequence. Then

1 1
Z bmk+s bmn—H bs—m) + FZ (bmn+s + bs—m + bm11+m+s - bs) +—

A (bs - bmn+m+s) +G
2
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foralln e Nand m,s € Z,s > m, where

Ay =(y+ 1)+ 1D)"—((yv+1)"+(6+1)")+1
BZ :aZmﬁZm _ <a2m+ﬁ2m) +1

c 727m 062 mn-+s) ﬁZ mn-+s) Y+ 1 mn-+s (6 4 1)mn+s B g 062 s—m) ﬁZ s—m)
2T A, 75 Ay a—p
1 s—m 2(mn+m+s) _ R2(mn+m+s) mn+m-+s _ mn+m-+s
L ()T =)y 1 (a B L1 (D) (5+1)
By '] Az a—p By Y-8
_~_L aZS_BZS _L (y+1)s_(5+1)s
Ay a—pf B> Y—96 '

Proof. From (2.4), we get

= y—§ o—f

iy (T =) (G401 sy (@0 =) (-1
Ty A enGHT-n )T y=s (G D)

e (o )omo) e (((ﬁ%)"“l) e

n n 4 1)mkEs _(§ 4 )Mkt o 2(mk—+s) _ g2(mk+s)
memz((y Jr - (8 41) p

o\ (@D - a—pB |\ B
mn—+s __ mn—+s Ss—m
(Y+1)m(6+l)m<(7+1) y_(55+1) 1y m<y+1 - 6+1 )
_<(7+1)’"”+’"” (5+1)’””+’”“)+( Y1) — 6+1 )
Y-
- (y+1)m@E+1)" 5+1m)+1

o 2(mn-+s) ﬁZ mn+s)

a2sm s—m)
o—p

—((r+
. <a2(mn+m+s B2 mn-+m+s ) <(a2s ﬁ25>
)+

a2mﬁ2m (aZm + B2m

(ap)™

1

As a result of calculations, we obtained

ib = _(r+p"E+ D" ( Buns (74 1) = (8 +1)) (@ —B) + ((y+1) = (§ + 1)) (0?0 +) — g2l >

Ay (—PB)(y—9)
_(ap)™ ((a*ﬁ)((w1)”‘”“*(5+1)’””+“)*bmn+s((7+l)*(5+1))(0¢*ﬁ))
Bz (a,B)(Y,S)
D"+ )" [ by 1) = (S D) (@) +((r+ 1) = (5 +1)) (02 — g2
Ay (¢—PB)(y—9)
N (aB)™ ((a*ﬁ)((w1)“’"*(5+1)“m)fbs7m((7+1)*(5+1))(06*l3)>
Bz (afﬁ)(’yfé)
1 s (r+ 1) = (84 1))(0 = )+ (7 1) — (84 1)) (o2l 4m+) — g2mnmes))
Ay (a—B)(y—9)
1 (W—B)((Hl)’”’”’"“ (8 +1)’””*’““)—bmn+m+s((7+1)—(5+1))(06—B))
B, (¢—PB)(y—9)
+i(bs((y+l)—(5+l))(a B)+((y+1) - (5+1))(azs—ﬁ2‘))
Ay (a—B)(y=9) '
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Note that if we substitute the roots of the characteristic equation,

om <a2(mn+s BZ mn-+s ) 1 ,},+ ])mn+s _ (5 + ])mn+s> om 1
—(

1
Z bmk+s bmn—H + 5

32 bmn+s +

— — —b,_ —b,_
Ay By y—4 Ay m+32 o

om s—m) _ B2(s—m) 1 +1 §+1 1 1
%(J)*m((y = =5 = )‘szb"’”*’"*”B*zbm”*m“

B i o2 (mn-+m-+s) ﬁZ (mn+m-+s) L 1 (,},_’_ 1)mn+m+s _ (5 + 1)mn+m+s 1 1, 1 1,
Az a—p By y—9 TR TR
L aZS ﬁZS L () = (541
A2 By Y— 5
2m 1 1
:A72 ( mn+s — ) + BTZ ( mn-+s + ba m + bmn+m+s bs) + 1T2 (bs - bmn+m+s) + C2-
We get the result. O

3. Binomial Transform of Quadra Fibona-Pell Quaternions

In this section, we give the binomial transform of quadra Fibona-Pell quaternion sequence and obtain some certain identities related to this
binomial transform. In [16], quaternion state of the Fibonacci-Pell sequence was investigated and here, Binet Formula, generating function,
sum formulas are obtained. In [17], the results for the new sequence obtained by applying binomial transform to the quaternion sequence of
the Horadam sequence, which is an integer sequence with a quadratic recurrence relation, are found. In [18], both quaternion and binomial
transform are examined simultaneously for the first time.
In [16], let W, be the quadra Fibona-Pell sequence, then
OW, = Wy + Wy 1i+ Wi j+ Wi sk
is called a quadra Fibona-Pell quaternion, containing the initial values of
OWo =j + 3k,
OW =i+3j+ 9k,
OW, =1+3i+9j + 24k,
OW3 =3+ 9i+24j 4 62k.
Let OW,, be the n — th quadra Fibona-Pell quaternion. Then the binomial transform of quadra Fibona-Pell sequence is
" n
bgn =Y (.)Qsz (3.1)
i=0 \!
Let us give a Lemma as a first step to find the recurrence relation of the binomial transform.

Lemma 3.1. Let b, be the binomial transform of quadra Fibona-Pell quaternion. Then

n

bgn+1 = Z (Vll) (OW; + QWi 1).

i=0
Proof. Notice that the equation (2.1)

bgn =Y (’:) ow;,

i=0
n+1
n+1
Tow,

bgn+1 = Z

>
S
=
x
Il
™

S ~
Il
RN

n+1
(’,’) Wi+ .fl)QWi+QWo

Il
—

Il
™=

Il
o

I
™M=

Il
o
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Theorem 3.2. The binomial transform of quadra Fibona-Pell quaternion states following recurrence relation
bqu+3 =Tbqu+2 — 15bgqy 11+ 10bgy, — 2bg,—1 (3.2)
forn >4, where

bqo =j+ 3k,
bqy =i+4j+12,
by =1+ 5i+ 16+ 45k,

and

bgz = 6+21i+ 61+ 164k.
Proof. Using Lemma 3.1 we get,

bgn+3 = Kabgni2 + Lobgnt1 + Mabgn + Nobgy—1 -
If we take n = 1,2,3,4 we take the system,

n=1= bqy = K2bq3 + Lbq> + Mabqy + N2bq,
n=2= bqs = Kabqs + Lybq3 + Mabqs + Nabqy,
n =3 = bqes = Kabqs + Lybqs + Mrbgs + Nrbgq,
n=4= bq; = Kabqe + Lrbqs + Mabqs + N2bgs3.

By considering Cramer’s rule for the system, we obtain
Ky=7,Lp=—15M; =10, N, = -2
which is completed the proof. O

Theorem 3.3. Let bg, be the binomial transform of quadra Fibona-Pell quaternion sequences. The generating function of the related
binomial transform is

bqo + (bqi — Tbqo) x+ (bqs — Tbqi + 15bqo) x* + (bgs — Tbgy + 15bg; — 10bg) x°
1 —7x+15x2 — 10x3 4+ 224

bq(x) =

where bqy = j+ 3k, bqy = i+4j+12, bgy = 1 +5i+ 16+ 45k and bgy = 6 +21i + 61 j + 164k .

Proof. Assume that
bq(x) =Y bgix'
i=0

is the generating function of the binomial transform for QW,,.Then

bq(x) = bqo +bq1x + bq2x2 +bq3x3 + -

(x)

Txbg(x) = Thqox + Tbqi x> 4 Thgrx® + Tbqzx* + - -
15x2bq(x) = 15bqox” + 15bq x> + 15bgox* + 15bgzx + - - -
10x°bg(x) = 10bgox® + 10bg 1 x* + 10bgy x> + 10bg3x5 + - - -

2x4bq(x) = 2bgox* +2bq1X° + 2bgax® + 2bg3x’ + -

Since from equation (3.2), we obtain
(1 —7x+15x% — 10x° 4+ 2x*)bg(x) = j+3k+ (i —3j — k) x+ (1 = 2i + 3+ 6k) x> + (=1 +1— j— k) x°
and hence the generating function for the binomial transform of the bg,, is

bgo + (bq1 — Thqo) x + (bgs — Thqy + 15bqg) x* + (bgz — Thqy + 15bg; — 10bgg) x>

ba(x) =
9() 1—7x+ 15x2 — 103 + 244

Finally, we can give the following result. O
Now let’s find the Binet formula, which we will use for the identities. For this, let the following equations be given

A =—10bqo + 15bgy — 7bgqy + bg3, (3.3)
B =—3bqo+ 10bg; — 6bgr + bg3,

C =—10bgo +24bq; — 13bqs + 2bg3,

D =4bqo — 10bq; + 6bg; — bg3.
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Theorem 3.4. Let bq, be the binomial transform of quadra Fibona-Pell quaternion sequences. Binet formula for the related binomial
transform is

P(y+1)"—R(8+1)" N Sa* — T

bg, = 34
n T o (.4
forn >0, where
A+B(y+1) =P,
A+B(8+1)=R,
C+D(a2) s,
C+D([32) ~T.
Proof. Assume that, from the previous theorem
ba(x) = Ax+B n Cx+D
7= 22 —4x+1  x2-3x+1"
When the denominator is equal
B+D =bqy,
A+2C =bg3 —1bqr + 15bq; — 10bqy,
B—3A—4C+2D =bgy —7bq + 15bqy,
A—3B+C—4D =bq, —Tbqy.
the equation is obtained (3.3). When the values are replaced, we get
A=—10(j+3k)+ 15(i+4j+ 12k) —7(1 4+ 5i+ 16+ 45k) + 6 +21i + 61 j + 164k
=i—j—k—1,
B=—3(j+3k)+10(i+4j+12k) —6(1+5i+ 16+ 45k) + 6 +21i+61j + 164k
=i+2j+ 5k,
C=—10(j+3k)+24(i+4j+ 12k) — 13(1 +5i + 16+ 45k) +2(6 + 21i + 61 j + 164k)
=—14i+k,
D =4(j+3k)—10(i+4j+12k) + 6(1 +5i+ 16/ +45k) — (6 +21i + 61 + 164k)
=—i—j—2k
Finally, when necessary calculations are taken
ba(x) Ax+B Cx+D
X)) =
7 22 —4x+1  x2—3x+1
_ Ax n B " Cx n D
S22 —dx+1 0 22 —dx+1 0 x2-3x+1 x2-3x+1
7A()/+ D"—A(8+1)"+B(y+ 1)n+1 —B(6+ 1)n+1 N Co?n _Cﬁ2/z+Da2n+2 —Dﬁ2”+2
a y—39 oa—B
(YD) (A+B(y+1))—(6+1)"(A+B(5+1)) N a?' (C+Da?) — B> (C+DB?)
a v—39 a—p
we find the result
P(y+1)"—R(§+1)"  Sa*' —TB>
by POHI =R p
y—46 a—p
where
A+B(y+1)=P,
A+B(6+1)=R,
C+Da? =S,
C+Dp? =T.
O

Now, we can give the following result.
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Theorem 3.5. Let bg, be the binomial transform of quadra Fibona-Pell quaternion sequences. Then
5 bt = (L L) b (2 D)
= dmn+sX = Ds El Fl s—m El Gl 1

foralln € Nandm,s € N;s > m,

Ep=(1=(y+1)"0)(1=(8+1)"x),
G =(1—a?"x)(1 - p*"x),

g LSy oTE L L (PO1P —RE1Y 2" Sa2tmm A 4 P(}/+1)X*’"—R(6+1)S*’")x
"B\ y=s Gy y—38 E, a—B Gi y—38 '

Proof. Again from equation (3.4), we get

oo = [ P(y4+ 1)+ _R(S + 1)mn+s So2(mnts) _ 7 g2(mn+ts)
Z bgmn+sx" = Z < (r+1) y— 5( ) + a—ﬁﬁ x"

n=0 n=0

_PUED § g RO

25 oo

6+1)m n 7/32 2m n - Z ﬁZm n
1

)/75 n=0 =i

7—5
S () s _<3+1>mx)+§"_‘2;<1*azmx) T‘*zs(lfﬁzm,{)

L (P(y+1)°=R(+1)°) = (P(r+ 1’6+ )" =R+ 1)*(y+1)")x
Y-8 I—((y+ D)+ (8+1)M)x+ ((y+1)(8 +1))mx2
1 (Sazs—Tﬁzs)—(Sazsﬁz’"—Tﬁzsaz’”)x
a—p 1— (o + B2m)x + (af)?mx?
1(a—B) (P(y+ 1) —R(E+1)*\  1(y—38) [ Sa* —TB*
E, < (r—=35)(a—P) )* Gi ((a—ﬁ)(Y— >)

(YO @op) (R, @R d) Sa2lm g2
E (=) (a—P) Gy @pr-9 )"

;«
y (]

If necessary arrangements are made, then we get

v o 1 (DY) =8+ 1) (=) +((y+1) = (8 +1))(Sa* —TB>)
E s = ( (@—B)(r—9) )

+L<(oc—ﬁ)(P(7+1)S— (8+1)")— x((y+1)—(5+1))(a_ﬁ))
G (a—P)(r—9)

()@ ( by (74 1) = (8-+ 1))@= B)+ ((y-+1) — (84 1)) (520~ —p2) )

E (¢—p)(r—9)

_(ap) [ (a=PB) (P(y+ 1) —R(E+1)"") —bym((y+1)— (6 + 1)) (e~ B) .
G (a_ﬁ)(’y_é)

b 1 1 2m 1 H
= —_— | = X
s E G s—m El Gl 1-

Hence the result is obvious.

Theorem 3.6. Let bg,, be the binomial transform of quadra Fibona-Pell quaternion sequences. Then
L 2m 1 1
Z quk+.y - = (bmn+s - bsfm) I (bmn+s - bsfm - bmn+m+s + bs) I (bmn+m+s + bs) + H2
= E; G, E,
foralln e Nandm,s € Z, s > m,
E=y+D)"6+D)"—((y+1)"+(6+1)")+1,
Gy :aZmﬁZm _ <a2m +ﬁ2m) +1,

- 7% So2(mnts) _ Tﬁz(anrs) N L P(’}/+ 1)mn+s _ R(8 + ])mn+s B g So2(s—m) _ TﬁZ(sfm)
2_E2 a—-pf Gy Yy—96 E, oa—p

- L P(Y+ 1)s—m 7R(5 + 1)s—m B L SaZ(mn+m+s) _ TﬁZ(mn+m+s) - L P(Y+ 1)mn+m+s _ T(6 + 1)mn+m+s>
G, y—90 E, a—p G, y—96

() g (e,
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Proof. From (3.4), we get

n n(P(y+ 1)mk+s —R(6+ 1)mk+s So2(mk+s) _ TﬁZ(mk+s)
/gbqukJrs_k_ZE)( -5 + o—B )
_ P+ )M (S 4 )" = Py + )M — P(y+ 18 + )"+ P(y+ 1)
a (r=8)((r+ 1)@+ 1" =((y+1)"+(8+1)")+1)
CR(SH )M (y+ 1) —R( + )™M — RS+ 1) (y+ )" +R(8+1)°
(y=8)((r+ )M+ )" = ((y+1)"+(6+1)") +1)
SaZ(mn+m+x)ﬁ2m _ So2(mntmts) _ SaZxﬁZm +Sa?s
(o= B)(a?mB2m — (o™ + B27) +1)
TﬁZ(anrers) olm — TBZ(mn+m+s) _ TﬁZx o2 4 Tﬁ2s
(a—B)(a2mB2m — (a2 + p2m) +1)

As a result of calculations, we obtained

+

£ sy D" ( banisl (1) = B+ 1)@= )+ ()= 8+ 1)(sa2+) — 7204
oy mits Ey (@—B)(y-9)
L (@B ( (@ B)(P(-+ 1™ —RE+ /™) —bunrs((+1) = (34 1)) (= B)
G (@ B)(r—9)
) )" (b)) = (B4 1)(@— B)+ (y+ 1) = (§+ 1) (Sa2—m) —7p2s—m)
A (@—B)(r—9)
(aB)™" ((a—ﬁ)(P(H1)“’”—R(5+1)S’m)—bxfm((7/+1)—(5+1))(06—B))
G (@—B)(7-9)
1 a7+ D) = (8 + 1)@= B) + (r+ 1) = (3+ D) (Sa2mims) g ants))
E; (@—B)(r—9)
1 ((a By 1) CR(S 4 1)) by (1) — (54 1))(0«43))
G (@—B)(r—9)
i (m((m)—<6+1>><a—ﬁ>+<(y+1>—<6+1>><Sazs—w2s>
Es (@—B)(y—9)
+L((a—ﬁ)(P(7+I)S—R(5+1)s)—bs((7+1)—(5+1))(a—ﬁ)>
G2 (oc—ﬁ)(y—ﬁ)
m 1

1
e (bmn+s - bsfm) - Giz (bmn+s - bsfm - bmn+m+s + bs) - EZ (bmn+m+s + bs) +H2-

4. Conclusion

Our aim in this study is to study the binomial transform for quadra Fibona-Pell sequence and its binomial transform of quaternion sequence.
In the article, the binomial transform of the sequence is found in the first part, and then the results related to this transform are mentioned. In
the second part, similar results were obtained by binomial transform of quadra Fibona-Pell quaternion sequence, which was found before.
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1. Introduction and Preliminaries Notations

Before starting with the presentation of the definitions which will be used to prove approximation theorems, we recall the well-known
notions.

A double sequence x = (x,- j) is convergent to L in Pringsheim’s sense if, for every € > 0, there exists N = N(&) € N such that ‘xi i L’ <e&
whenever i, j > N and denoted by P — l}rjnxi j =L (see [1]). A double sequence is bounded if there exists a positive number M such that

‘x,- j] <M forall (i,j) € N2 = N x N. As it is known that every single convergent sequence (in the usual sense) is bounded, while a convergent
double sequence need not to be bounded.

Let us turn our attention to statistical convergence and power series method for double sequences.

Moricz [2] proposed and investigated the idea of statistical convergence for double sequences, which may be restated in terms of natural
density. Let E C N2 be a two-dimensional subset of positive integers and let Emn=A{(i,j) € E:i<m, j<n}. Then the two-dimensional
analogue of natural density can be defined as follows:

L1
& (E) :=P—lim— |E;|
m,n mn

if it exists. The number sequence x = (x,- j) is statistically convergent to L provided that for every € > 0, the set E := Eyp,(€) :=
{i <m, j<n: ‘xi = L| > 8} has natural density zero; in that case we write st — limx;; = L. For all that a statistically convergent sequence
i,

need not be convergent in light of the above.

It is obvious that a double sequence that is P-convergent statistically converges to the same value, but the opposite is not always true.

Additionally, Moricz [2] characterized the statistical convergence for double sequences as follows:

A double sequence x = (xi j) is statistically convergent to L if and only if there exists a set E C N? such that the natural density of E is 1 and
pP— . ljm Xij = L.

i,j—reo
and (i,j)€E

Let ( Di j) be a double sequence of nonnegative numbers with poo > 0 and such that the following power series

8

plt,s) = pijt's!
i,j=0
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has radius of convergence R with R € (0,e0] and #,s € (0,R). If forall 7,s € (0,R),

Zp,jtsx,J—L

lim
15—k~ p(t,s) o

then we say that the double sequence x = (xi j) is convergent to L in the sense of power series method and denoted by Pg —limx;; = L ([3]).
Keep in mind that the method is regular if and only if

.iopivli Eopujsj
lﬁsgr}r‘;(m) :Oandlﬁ}ij}rm =0, for any {1, v, (1.1
hold [3].
Remark 1.1. In case of R =1, if p;j = 1 and p;; = m, the power series methods coincide with Abel summability method and
logarithmic summability method, respectively. In the case of R = oo and p;j = j, , the power series method coincides with Borel summability

method.

Here and throughout the paper power series method is always assumed to be regular.

Unver and Orhan [4] have recently introduced Py-density of E C Ny and the definition of P,-statistical convergence for single sequences.
A natural question is what about statistical convergence or P,-statistical convergence of the sequence. Hence, they showed that statistical
convergence and Py-statistical convergence are incompatible. In view of their work, Yildiz, Demirci and Dirik [5] have introduced the
definitions of Pg—density of F C N(z) = Np x Ny and P]%—statistical convergence for double sequences:

Definition 1.2 ([5]). Let F C N(z,. If the limit

Z pijlisj

iJ)eF

2 1
)= I

exists, then 5}% (F) is called the Pg—density of F. Note that, from the definition of a power series method and Pg—density it can be established
that 0 < 51_-2,1) (F) < 1 whenever it exists.

Definition 1.3 ( [5]). Letx = (x,- j) be a double sequence. Then x is said to be statistically convergent with respect to power series method
(P]%-statistically convergent) to L if for any € >0

Z pijt's! =

( J)EFe

t,s—R~ p

where Fe = { (i, j) € N : |xij—L| > e}, that is 512’,, (F¢) =0 for any € > 0. In this case we write sl,%p —limyx;; = L.
Let A = [agmn], k,1,m,n € N, be a four-dimensional infinite matrix. The A-transform of a given double sequence x = (X, is given by

(A‘x)kl = Z AklmnXmn, kal € Na
(m,n)eN?

provided the double series converges in Pringsheim’s sense for every (k,I) € N? and denoted by Ax := ((Ax)y) . If the A-transform of x
exists for all k,/ € N and convergent in the Pringsheim’s sense i.e.,

u Mw

q
Z AtmnXmn =Yg and P — lli{r?)’kl =L

then we say that a sequence x is A-summable to L. A two-dimensional matrix transformation is referred to as regular in summability theory if
it converts each convergent sequence into one with the same limit.

Now consider a sequence of four-dimensional infinite matrices with non-negative real elements %7 := (A(i’j)) = (a,(d,fl)n) . For a given

double sequence of real numbers, x = (X, is said to be &7 -summable to L if
: (i)
pP— lll(I}’l Z A tmnmn = L
" (mn)eN?

uniformly in i and j.

o/ -summability is the A-summability for four-dimensional infinite matrix if Al)) = A, four-dimensional infinite matrix. Some results
regarding matrix summability method for double sequences may be found in the papers [6,7]. C* (Rz) stands for the space of all continuous
functions on R? that are real valued and have a period of 27. If a function i € C* (Rz) , then

h(x,y) = h(x+2km,y) = h(x,y+2kn), forall (x,y) € R?,

holds for k = 0,£1,+£2,.... In what follows, this space is equipped with the supremum norm

£l = swp [ny)l. (nec (R?)).

(x,y)€R?
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A sequence L := (L,,y,) of positive linear operators from C* (Rz) into itself is referred to as an .o7-summation process on C* (Rz) if (Linh)
is o7-summable to h for every h € C* (R?) , i.e.,

P—lli(r}lHS%lijh—hH =0, uniformly in i, j
5 *
where for all k,1,i, j e N, h € C* (Rz) the series

Stihi= Y aim Lunh (12)
(m,n)eN?

and it is assumed that the series in (1.2) absolutely convergent for each i, j,k,/ € N and h.

For the rate of convergence, we need to recall the following modulus of continuity of /. Let h € C* (Rz) , then

wwwﬁﬂw{mmﬂ—h@WMww%&wGWmm w—m%wwwfs@

for y > 0. This definition yields the following basic property for h € C* (Rz) .
For any a > 0,

w(h;ay) < (1+[a])w(h;y)

where [a] is defined to be the greatest integer less than or equal to a.

The paper of Korovkin [8] is an important issue. It can help us to understand the nature of approximation of sequences. This approximation
problem has a rich history associated with the names of the different convergence methods on some spaces in the theory. For some recent
research works in this direction, see [9-21]. In this paper, we investigate and establish Korovkin-type approximation theorems for linear
operators defined on the space of all 27-periodic and real valued continuous functions on R? by means of .27-summation process via
statistical convergence with respect to power series method. We demonstrate with an example how our theory is more strong than previously
studied. Additionally, we research the rate of convergence of positive linear operators defined on this space.

2. The Second Theorem of Korovkin Type

The aim of this section is to deal with approximation of all 27z-periodic and real valued continuous functions on R? by means of ./-summation
process via statistical convergence with respect to power series method.

Our main result is the following.

Theorem 2.1. Let o = (A(i‘j)> be a sequence of four-dimensional infinite matrices. Let L = (L) be a sequence of positive linear

operators acting from C* (Rz) into itself. Assume that (1.2) holds. Then, for all h € C* (Rz)
st3, — lim HS%Z,. - hH —0 uniformly iniand j .1
*
if and only if

st3, — lim Hs%l,. s

=0 wuniformlyiniand j (r=0,1,2,3,4) 2.2)
*

where hy(x,y) = 1, hy(x,y) = sinx, hy(x,y) = siny, h3(x,y) = cosx and h4(x,y) = cosy.

Proof. Since 1, sinx, siny, cosx and cosy belong to C* (]Rz) , the necessity is clear. Suppose now that (2.2) holds. Let & € C* (Rz) and /,J
be closed subinterval of length 27 of R. Fix (x,y) € I X J. As in the proof of Theorem 2.1 in [22], it follows from the continuity of / that

M,

2
[ (10,9) —h(x,3)] < €+ 5" @ (u,v)
sin 5
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which gives,

Y Al L (hx,y) = h(x,y)] <

(m,n)eN? (m,n)eN?
< Y a/(d’,ﬁ)ann (8 + g ¢ (uaV) ;x,y) + My,
(m,n)eN? 2
< ele )| E gl (o) —ho(x)
m,n)e
2(§W¢muu%w—mmw
m,n)e
+ |sinx| ( %eNz A Ly (hy3x,y) —
mn
M : (i.4) .
+ Sinzhg +|[siny| m r§eN2 g Lmn (h2:x,y) —
+lcosx|| ¥ al (h33x,y) —
(magen? Klmntmn (135X, Y
+ |cosy]| ( Z)ZENZ a,(d’,Zlen (hasx,y) —
mn
< 8+NZ¢: ( X):N a](dmLLmn (hry ) hr(X,y)
mn)e
2

where M, = | f|,, @ (u,v) = sin® “5* +sin? *52 and N := & + M), +

"S,Ibl]h hH <e+NZHsHU —h|,

Now given r > 0, choose € > 0 such that € < r, and define

p:={(kD): HSk,Uh hH >r},

D,: _{kl Hskh/ —hy >?7N£},r:0,1,2,374.

It is easy see that from (2.3)

4
DC UDr.

r=0

Hence, we may write

4
2 2
D)<Y 83 (Dy).
r=0
Then, according to (2.2), we have
2 —
83, (D) =0,
and hence
stf, —tim iz — k| =0 uniformly in i and j

which is the desired result.

3. An example

Y d) L (| () —

h(x,y):x,y) + |k (x,y)]

Now, we give an example that our theorem (Theorem 2.1) is stronger than Theorem 9 in [23].

Example 3.1. Now assume that </ = (A(i‘j)) is a sequence of four-dimensional infinite matrices defined by a

j<n<l+j—1land a]((llrfl)n = 0 otherwise. Let us consider the double sequence of Fejer operators on C* (Rz) where

Ly (h X y

T T
/ /h u,v) Fy (u) F, (v) dudv
—nT—T

(m,n)e

h](X,y)

hZ(xvy)

h3(x7y)

h4(x7y)

,Mh Then, taking supremum over (x,y) € R?, we obtain

(irj

Z - (&7 7h0(xay)

( X)“GNZ a/(;[‘,memn —ho (x,y)
m,n

klmn - kl

(2.3)

fi<m<k+i—1,

3.1
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sin? ’"(" )

where F, (u) = Ermr=o u — and 1 j Fn(u)du=1. Let (pij) be defined as follows

’

) 0, iand jeven
pij = 1, iorjodd

and take the sequence (x[ j) defined by

~_J ij, iandjeven
Yij = { 0, iorjodd 3.2)
It is easy to see that

sr,%l, —limx;; = 0. (3.3)

However, the sequence (x,- j) neither statistically convergent to O nor Pringsheim convergent. Now using (3.1) and (3.2), we define the
following double positive linear operators T = (T,y,) on C* (]RZ) as follows:

Tinn (f;x>y) = (1 +xmn)Lmn (f;xJ) . 34
We now claim that

st3, — lim HSEZ,. s

=0 uniformlyiniand j, (r=0,1,2,3,4). (3.5)
*

Observe  that Lmn(ho;an) = ho(x,y), Lmn(hl;x7Y) = mT_lhl(xvy)v Lm,,(hz;x,y) = nn;th(xvy)v Lmn(hl’v;x»y) = mT_lh3(x7y)7
Linn (hg3x,y) = ”;—lh4(x,y). So, we can see,

T i+k—1j+1—1 1 1 i+k—1j+—1
sl = £7E g e 1| < L L
m=i % m=i n=j

It is well known that if a sequence is convergent, its arithmetic mean will also converge to the same value. Thus, by virtue of sz—statistical
convergence and thanks to (3.3) it is clear that

lz+k 1j+I-1
stP —1lim supkl Z men =0, 3.6)

m=i n=j

and hence
stp, —lim Hngijho *hoH* =0, wuniformly iniand j,

which guarantees that (3.5) holds true for r = 0. Also, we compute

T i+k—1j+=1 m—1 | k= 11+k AT . )
|sEm | = )y G0 +am) ™ = | < | XX s Y Y
m=i % =i m=i n=j

) , it B
Since Stp, —lim sup | Z' Z' a1 = 0 and from (3.6) we have,
i,j m=i n=j
st,%p —lim HSleijhl - H =0, uniformlyiniand j.
*
So (3.5) valid for r = 1. Likewise, we have
st,zpp —lim HSg]ijhz fhzu =0, uniformly iniand j,
*
st,zgp —lim Hsglijh3 fhgu =0, uniformly iniand j,
*

Stlz?,, —lim HSEH/M —h4H =0, uniformly iniand j.
*

So, our claim (3.5) is valid for each r = 0,1,2,3,4. Then, observe that the double sequence T = (T,,y,) defined by (3.4) satisfy all hypotheses
of Theorem 2.1. Hence, we have, for all f € C* (Rz) ,

stf, — lim HS,(T,ijh—hH* -

Also, since (x, j) is not statistically convergent t0 0, (T,n,) does not satisfy Theorem 9 in [23].
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4. Rates of Convergence

In this section, via 2/ -summation process via statistical convergence with respect to power series method, we study the rates of convergence
of a double sequence of positive linear operators mapping acting from C* (Rz) into C* (Rz) by means of the modulus of continuity.
We have the following result.
Theorem 4.1. Let o/ = (A(i*j )) be a sequence of four-dimensional infinite matrices. Let L = (L) be a double sequence of positive linear
operators moving from C* (Rz) into C* (Rz). Suppose that (1.2) and the following conditions provided:
(@) st,%p —lim Hs%lijh() —hy = 0, uniformly in i and j,
(@) stl%p —limw (h;y) = 0, uniformly in i and j,
where y:= )/((l Z)) HS%Z”(/)H with ¢ (u,v) = sin’ =4 sin® =2, Then we have, for all h € C* (Rz)
*

St12>p —lim HS%[Uh —hH =0, uniformly ini and j.
*

Proof. To prove this, we firstly suppose that (x,y) € [—m, ] X [—7, 7] and h € C* (Rz) be fixed, and that Let (i) and (ii) be provided.. Let ¥
be a positive number. As in the proof of Theorem 9 in [23], since the function % is continious, the following inequality is obtained:

281[1 ——i—sm -5

2 u—x )
|l (u,v) —h(x,y)| < <1+77: y2>w(h;y).

Using the definition of modulus of continuity and since the operators L,,, is linear and the positive, we have

Stipx) = h )| = ¥ i Lun(ix,9) ~ h(x,)
(m,n)eN?

< Y ) L (R ) =R ) x) | Y @l L (hosx, y) — ho(x,)
(m,n)eN? (m,n)eN?

wty) ¥ ali L)+ 2D L gy
(m,n)eN? Y mmew

| X @) L (hoix.y) = ho(x,y)
(m,n)eN?

where ¢ (u,v) = smZu + sin? 2y . If supremum over (x,y) is taken on both sides of the above inequality and is chosen

then we obtain

= 7((;,113) = HSIHJU(P’ '

<W <h ’)/ll)> HSklljhO h()

| skiish - (1472w (sf53)) + M|k o — o @.1)

where M}, := ||h||,.. Now, given € > 0, define the following sets:
D:= { (k1) HS,dUh hH > s}

(1) st = 5}

={(k
{ h ij))> > 3(16_'_7:2)}:
{ k1) ‘Sk“fho hOH = 3Mh}

Then, it follows from (4.1) that D C Dy U D, U D3. Also, defining

Dy:= {(k,l) ‘W (hy((;lk))) 2 \/g}’
os:= k]2 5}

we have D| C D4 U D5, which yields
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Hence, we may write

5
8, (D)< Y. 8 (D).
r=0

Using the hypothesis (i) and (ii) , we get

53, (D) =0,

and hence

st,zgp —lim HS%‘Zijhth* =0, uniformly in i and j.

Therefore, the proof is completed. O

5. Conclusion

The paper contains Korovkin-type approximation theorem and the rate of convergence for linear operators defined on the space of all
27-periodic and real valued continuous functions on R? by means of ./-summation process via statistical convergence with respect to power
series method. Also, it is demonstrated with an example how the new theory is more stronger than previously studied.
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