COMMUNICATIONS

FACULTY OF SCIENCES DE LA FACULTE DES SCIENCES
UNIVERSITY OF ANKARA DE L'UNIVERSITE D’ANKARA

Series Al: Mathematics and Statistics

VOLUME: 72 Number: 1 YEAR: 2023

Faculty of Sciences, Ankara University
06100 Besevler, Ankara-Turkey

ISSN 1303-5991 e-ISSN 2618-6470



C OMMUNI

FACULTY OF SCIENCES
UNIVERSITY OF ANKARA

Volume: 72

C AT

O NS

DE LA FACULTE DES SCIENCES
DE L'UNIVERSITE D’ANKARA

Series Al: Mathematics and Statistics

Number: 1

Year: 2023

Owner (Sahibi)
Sait HALICIOGLU, Dean of Faculty of Sciences

Editor in Chief (Yaz: isleri Miidiirii)
Fatma KARAKOC (Ankara University)

Associate Editor

Arzu UNAL (Ankara University)

Nuri OZALP (Applied Mathematics)

Arzu UNAL (Partial Differential Equations)

Elif DEMIRCI (Mathematical Modelling-
Comout. Mathematics)

Gizem SEYHAN OZTEPE (Differential
Eauations)

Abdullah OZBEKLER (Differential Equations
and Ineaualities)

Hijaz AHMAD (Numerical Analysis-
Mathematical Techniaues)

Shengda ZENG (Mathematical modeling of
physical systems, Applications of PDEs)

P. AGARWAL
Anand Int. College of Eng., INDIA

A. AYTUNA
METU, retired, TURKEY

C.Y.CHAN
University of Louisiana, USA

V. GREGORI

Universitat Politécnica de Valéncia,
SPAIN

K. ILARSLAN

Kirikkkale University, TURKEY

A. M. KRALL
The Pennsylvania State University, USA

M. PITUK
University of Pannonia, HUNGARY

S. YARDIMCI
Ankara University, TURKEY

Managing Editor

Elif DEMIRCI (Ankara University)

Area Editors

Murat OLGUN (Functional Analysis,
Fuzzv Set Theorv. Decision Makina)

Giilen TUNCA (Analysis-Operator
Theorv)

Mehmet UNVER (Analysis, Fuzzy Set
Theorv. Decision Makina)

Oktay DUMAN (Summability and
Approximation Theorv)

ishak ALTUN (Topology)

Sevda SAGIROGLU PEKER (Topology)

Burcu UNGOR (Module Theory)
Elif TAN (Number Theory,
Combinatorics)

Ahmet ARIKAN (GroupTheory)
Tugee CALCI (Ring Theory)

Ismail GOK (Geometry)

ibrahim Unal (Differential Geometry,
Differential Toooloav)

Editors

R. P. AGARWAL
Texas A&M University, USA

E. BAIRAMOV
Ankara University, TURKEY

A. EDEN
Bogazici University, retired, TURKEY

V. S. GULIYEV
Nat. Acad. of Sciences, AZERBAIJAN

A. KABASINSKAS
Kaunas Univ. of Tech. LITHUANIA

H.T.LIU
Tatung University, TAIWAN

S. ROMAGUERA
Universitat Politécnica de Valéncia,
SPAIN

M. AKHMET
METU, TURKEY

H. BEREKETOGLU
Ankara University, TURKEY

A. B. EKIN
Ankara University, TURKEY

A. HARMANCI
Hacettepe University, TURKEY

V. KALANTAROV
Kog University, TURKEY

V. N. MISHRA

Indira Gandhi National Tribal University,
INDIA

H. M. SRIVASTAVA

University of Victoria, CANADA

Halil AYDOGDU (Stochastic Process-
Probabilitv)

Olcay ARSLAN (Robust Statistics-
Rearession-Distribution Theorv)

Birdal SENOGLU (Theory of Statistics
& Applied Statistics)

Yilmaz AKDI (Econometrics-
Mathematical Statistics)

Mehmet YILMAZ (Computational
Statistics)

Cemal ATAKAN (Multivariate
Analvsis)

A. ATANGANA

University of the Free State,
SOUTH AFRICA

H. BOZDOGAN

University of Tennessee, USA

D. GEORGIOU
University of Patras, GREECE

F. HATHOUT
Université de Saida, ALGERIA

Sandi KLAVZAR
University of Ljubljana, SLOVENIA

C. ORHAN
Ankara University, retired, TURKEY

I. P. STAVROULAKIS
Univ. of loannina, GREECE

This Journal is published four issues in a year by the Faculty of Sciences, University of Ankara. Articles and any other material published in this journal
represent the opinions of the author(s) and should not be construed to reflect the opinions of the Editor(s) and the Publisher(s).

Correspondence Address:

COMMUNICATIONS EDITORIAL OFFICE
Ankara University, Faculty of Sciences,

06100 Tandogan, ANKARA — TURKEY

Tel: (90) 312-2126720 Fax: (90) 312-2235000
e-mail: commun@science.ankara.edu.tr

http://communications.science.ankara.edu.tr/index.php?series=Al

Print:

Ankara University Press
incitag Sokak No:10 06510 Besevler

ANKARA - TURKEY
Tel: (90) 312-2136655

©Ankara University Press, Ankara 2023


mailto:commun@science.ankara.edu.tr
http://communications.science.ankara.edu.tr/index.php?series=A1
http://cv.ankara.edu.tr/kisi.php?id=nozalp@science.ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/olgun@ankara.edu.tr
http://cv.ankara.edu.tr/olgun@ankara.edu.tr
http://cv.ankara.edu.tr/bungor@science.ankara.edu.tr
http://cv.ankara.edu.tr/kisi.php?id=aydogdu@ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=aydogdu@ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/aogun@science.ankara.edu.tr
http://cv.ankara.edu.tr/tunca@science.ankara.edu.tr
http://cv.ankara.edu.tr/tunca@science.ankara.edu.tr
http://cv.ankara.edu.tr/etan@ankara.edu.tr
http://cv.ankara.edu.tr/etan@ankara.edu.tr
http://cv.ankara.edu.tr/kisi.php?id=oarslan@ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=oarslan@ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=edemirci@ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=edemirci@ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=munver@ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=munver@ankara.edu.tr&deger=2
https://avesis.gazi.edu.tr/arikan
http://cv.ankara.edu.tr/kisi.php?id=senoglu@science.ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=senoglu@science.ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=gseyhan@ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=gseyhan@ankara.edu.tr&deger=2
http://oduman.etu.edu.tr/
http://oduman.etu.edu.tr/
http://cv.ankara.edu.tr/tcalci@ankara.edu.tr
http://cv.ankara.edu.tr/kisi.php?id=akdi@ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=akdi@ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=gseyhan@ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=gseyhan@ankara.edu.tr&deger=2
https://kariyer.kku.edu.tr/akademik/default.aspx?sicil=A-1178
http://cv.ankara.edu.tr/kisi.php?id=igok@science.ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=mehmetyilmaz@ankara.edu.tr&deger=2
http://cv.ankara.edu.tr/kisi.php?id=mehmetyilmaz@ankara.edu.tr&deger=2
mailto:hijaz555@gmail.com
mailto:hijaz555@gmail.com
http://cv.ankara.edu.tr/kisi.php?id=ssagir@science.ankara.edu.tr&deger=2
https://abs.ankara.edu.tr/cemal-atakan
https://abs.ankara.edu.tr/cemal-atakan

COMMUNICATTIONS

FACULTY OF SCIENCES DE LA FACULTE DES SCIENCES DE

UNIVERSITY OF ANKARA L'UNIVERSITE D’ANKARA

Series A1l: Mathematics and Statistics

Volume: 72 Number: 1 Year: 2023

Research Articles

Cansu ERGENC, Birdal SENOGLU, Comparison of estimation methods for the Kumaraswamy Weibull distribution...........
Semih PiRI, Oktay OLMEZ, Murat SAHIN, Constructing directed strongly regular graphs by using semidirect products
and semidihedral groups
Suna SALTAN, Nazli BASKAN, Some refinements of Berezin number inequalities via convex functions..
Giilsiim Yeliz SENTURK, Nurten GURSES, Salim YUCE, New insight into quaternions and their matrices.....

Esra KIR ARPAT, Turhan KOPRUBASI, Uniqueness of the solution to the inverse problem of scattering theory for
spectral parameter dependent KIein-Gordon S-Wave eQUALION..............c.creiriiiiniieiie e
Meryem  SENOCAK, Erdal GUNER,  Fixed-point  theorems in  extended fuzzy  metric  spaces
via a—¢—MC and B—y—MO fUzzy CONLTACIVE MAPPINGS. .....vrverrersrereseresessrssasssseessesssssssessssssssssesssess e ss s sssssssesssesss sssssnssnnes
Coskun YAKAR, Hazm TALAB, Lagrange stability in terms of two measures with initial time difference for set
differential equations iNVOIVING CAUSAI OPEIALOTS.............ceuiiieiriieieiet ettt sttt
Syed Zakar HUSSAIN BUKHARI, Aamir SHAHZAD, Hadamard product of holomorphic mappings associated with the
CONIC SNAPEA GOMAIN. ...ttt bbb 26t
Roohi BHAT, Mukhtar Ahmad KHANDAY, A mathematical analysis of cooperativity and fractional saturation of oxygen
in hemoglobin
Nil SAHIN, Free resolutions for the tangent cones of some homogeneous pseudo symmetric monomial curves
Djavvat KHADJIEV, Gayrat BESHIMOV, idris OREN, Invariants of a mapping of a set to the two-dimensional Euclldean

Anil ALTINKAYA, Mustafa CALISKAN, B-Lift curves and its ruled surfaces...
Gonca KIZILASLAN, The linear algebra of a generalized Tribonacci matrix
Verda GURDAL, Mualla Birgiil HUBAN, A-Davis-Wielandt-Berezin radius inequalities....
Hani KHASHAN, Ece YETKIN CELIKEL, S-n-ideals of commutative rings
Zehra ISBILIR, Kahraman Esen OZEN, Murat TOSUN, Bertrand partner P-trajectories in the Euclidean 3-space E®..
Nisa ASLAN, Mustafa SALTAN, Biinyamin DEMIR, Comparison of some dynamical systems on the quotient space of the
Sierpinski tetrahedron
Efruz Ozlem MERSIN, Mustafa BAHSI, Hybrinomials related to hyper-Leonardo numbers
Meltem SERTBAS, Coskun SARAL, g-Difference Operator on L24(0,+o0)
Ferit YALAZ, Aynur KESKIN KAYMAKCI, New types of connectedness and intermediate value theorem in ideal

TOPOIOGICAI SPACES. ...ttt bbb bttt

©Ankara University Press, Ankara 2023

84

105

118
129

137
159
169
182
199
216

229
240
247

259


https://dergipark.org.tr/en/pub/@cansuergenc
https://dergipark.org.tr/en/pub/@birdalsenoglu
https://dergipark.org.tr/en/pub/@semihpiri
https://dergipark.org.tr/en/pub/cfsuasmas/issue/76131/1062880#article-authors-list
https://dergipark.org.tr/en/pub/@msahin@ankara.edu.tr
https://dergipark.org.tr/en/pub/@sunasaltan
https://dergipark.org.tr/en/pub/@A08218-C372CC-8340B2-905D21-000688-771647-621883-130862-34B6FB-1FF029-659445-60
https://dergipark.org.tr/en/pub/@gysenturk
https://dergipark.org.tr/en/pub/@nurtengurses
https://dergipark.org.tr/en/pub/@sayuce
https://dergipark.org.tr/en/pub/@esrakir
https://dergipark.org.tr/en/pub/@tkoprubasi@kastamonu.edu.tr
https://dergipark.org.tr/en/pub/@621933-A13CA9-B48F43-45D5AE-E2F1F2-7B1639-821398-977761-BDB056-EEB060-533993-96
https://dergipark.org.tr/en/pub/@egner
https://dergipark.org.tr/en/pub/@cyakar
https://dergipark.org.tr/en/pub/@h.talab
https://dergipark.org.tr/en/pub/@bukhari
https://dergipark.org.tr/en/pub/@15394C-8B6C40-20FA3E-934D85-B24A01-A51619-601179-327360-89271B-4FE909-920569-41
https://dergipark.org.tr/en/pub/cfsuasmas/issue/76131/1029614#article-authors-list
https://dergipark.org.tr/en/pub/@F25EA2-E9FD7F-DF047C-E02AF0-ACE1C0-BD1638-117574-772561-A3B0C6-BC97A8-836779-64
https://dergipark.org.tr/en/pub/@sahinnil
https://dergipark.org.tr/en/pub/@6E9566-91357F-3039A6-F93CD2-FC4BFA-0F1587-818421-35245E-A42FB5-560A23-118568-35
https://dergipark.org.tr/en/pub/cfsuasmas/issue/76131/1003511#article-authors-list
https://dergipark.org.tr/en/pub/@oren@ktu.edu.tr
https://dergipark.org.tr/en/pub/@anlaltnkaya
https://dergipark.org.tr/en/pub/@M_Caliskan
https://dergipark.org.tr/en/pub/@D92416-16AA76-4A5776-772E98-7C0B98-9E1638-436016-334461-A88CB0-51A267-914400-98
https://dergipark.org.tr/en/pub/@vgurdal
https://dergipark.org.tr/en/pub/@mbhuban.
https://dergipark.org.tr/en/pub/@hakhashan
https://dergipark.org.tr/en/pub/@eceyetkincelikel
https://dergipark.org.tr/en/pub/@zehra.isbilir
https://dergipark.org.tr/en/pub/@kesen
https://dergipark.org.tr/en/pub/@sfbemurattosun
https://dergipark.org.tr/en/pub/@nisakucuk
https://dergipark.org.tr/en/pub/@mustafasaltan26
https://dergipark.org.tr/en/pub/@bdemir@eskisehir.edu.tr
https://dergipark.org.tr/en/pub/@efruzozlemmersin
https://dergipark.org.tr/en/pub/@mbahu015fi
https://dergipark.org.tr/en/pub/@meltemat
https://dergipark.org.tr/en/pub/@09A7C9-FFF6F3-C96E1B-D4AA03-C5B34E-451653-480502-999628-E1C36F-3E3065-240009-2
https://dergipark.org.tr/en/pub/@ferityalaz
https://dergipark.org.tr/en/pub/@akeskinkaymakci

©Ankara University Press, Ankara 2023



http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 72, Number 1, Pages 1 (2023)
DOI:10.31801 /cfsuasmas.1086966

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received: March 23, 2022; Accepted:June 9, 2022 SERIES Al

COMPARISON OF ESTIMATION METHODS FOR THE
KUMARASWAMY WEIBULL DISTRIBUTION

Cansu ERGENC! and Birdal SENOGLU2
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06760 Ankara, TURKIYE )
2Department of Statistics, Ankara University, 06100 Ankara, TURKIYE

ABSTRACT. In this study, the performances of the different parameter esti-
mation methods are compared for the Kumaraswamy Weibull distribution via
Monte Carlo simulation study. Maximum Likelihood (ML), Least Squares
(LS), Weighted Least Squares (WLS), Cramer-von Mises (CM) and Anderson
Darling (AD) methods are used in the comparisons. The results of the Monte
Carlo simulation study demonstrate that ML estimators for the parameters
of the Kumaraswamy Weibull distribution are more efficient than the other
estimators. It is followed by AD estimator. At the end of the study, a real
data set taken from the literature is used to illustrate the applicability of the
Kumaraswamy Weibull distribution.

1. INTRODUCTION

The Weibull is one of the most popular and widely used distribution in many fields
of science such as engineering, reliability, biology, ecology and hydrology (see for
example, Calabria and Pulcini [4], Keats et al. [16], Saeed et al. [20], Serban et
al. [22]). However, the Weibull distribution does not provide a good fit to data
sets with bathtub shaped or upside down bathtub shaped failure rates frequently
encountered in engineering and reliability studies (see Cordeiro et al. [6], Akgiil
et al. [2], Maurya et al.[17]). Therefore, many generalized distributions have been
developed for modeling these data sets (see, for example, Mudholkar and Srivastava
[18], Sarhan and Zaindin [21], Elbatal et al. [8]). A new family of generalized
Kumaraswamy (KwQ) distributions obtained by combining the work of Eugene

2020 Mathematics Subject Classification. 62F10, 62P12.

Keywords. KwWeibull distribution, Weibull distribution, estimation methods, Monte Carlo
simulation, efficiency.

18 cansuergenc7@gmail.com-Corresponding author; ©20000-0002-4722-0911
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2 C. ERGENC, B. SENOGLU

et al. [11] and Jones [14] is one of these generalized distributions, (see Cordeiro
and Castro [5]). Probability density function (pdf) and the cumulative distribution
function (cdf) of the KwG distribution for an arbitrary baseline pdf g(z) and cdf
G(z) are given by

f(x) = abg(x)G(x)(a—l){l _ G(l’)a}(b_l) (1)
and

Fz)=1-[1-G()"", ab>0,z¢€R, 2)

respectively. Here, a and b are the shape parameters. KwG is a flexible distribution
for modeling many different data sets including censored data therefore it is widely
used in engineering and biology (see Gomes et al. [12], Elbatal and Elgarhy [9],
Rocha et al.[19]).

The Kumaraswamy Weibull (KwWeibull) distribution is a special case of the KwG
distribution obtained by inserting the pdf g(z) = £ (z — ,u)’F1 exp {—(ﬂ)p}

oP I
and the c¢df G(z) = 1 — exp {—(%)p} of the well known Weibull distribution

into (1). KwWeibull is a better alternative to Weibull distribution since it contains
some well known distributions discussed in the literature as special cases such as
the Weibull (see Cordeiro et al. [6]).

In this study, the estimators of the location and scale parameters of the KwWeibull
distribution are obtained by using Maximum Likelihood (ML), Least Squares (LS),
Weighted Least Squares (WLS), Cramer-von Mises (CM) and Anderson Darling
(AD) estimation methods. Shape parameters are assumed to be known throughout
the study. The most efficient estimators are identified by using an extensive Monte-
Carlo simulation study for the different sample sizes and the parameter settings.

The remainder of this paper is organized as follows: In Section 2, a brief description
of the KwWeibull distribution is given. In Section 3, the parameter estimation
methods are presented. Results of the Monte-Carlo simulation study are given in
Section 4. In Section 5, the KwWeibull distribution is used to model a real data
set taken from the literature. Finally, the concluding remarks are given in Section
6.

2. KuMARASWAMY WEIBULL DISTRIBUTION

The pdf and cdf of KwWeibull distribution are given below:
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@) = ab (o — 0 exp { (252"} [1 - exp {— (552" ]]"

x{l— {1—exp{—(%)p}r}bil w<xr<oo, w,o>0 abp>0
(3)

and

I e R CS S

respectively. Here, u and o represent the location (or threshold) and the scale pa-
rameters, respectively and a, b and p are the shape parameters. For different values
of the shape parameters a,b and p, the plots of the pdf of KwWeibull distribution
are shown in Figure 1.

— a=1b=1p=3
— a=4b=2p=2
| — a=2b=5p=12
N a=1b=4 p=2
— — a=15b=10p=15
o
o 4
o 4
T T T T T T T
0.0 05 1.0 15 20 25 30

FIGURE 1. The pdf plots of the KwWeibull distribution

For better understanding the shape of the KwWeibull distribution, simulated skew-
ness and kurtosis values of the KwWeibull distribution are given for different values
of the shape parameters, see Table 1. It is clear from Table 1 that KwWeibull can
be positively or negatively skewed depending on the values of the shape parame-
ters. It can also be seen that kurtosis values can be less than or greater than that
of Normal distribution subject to the values of shape parameters.
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TABLE 1. Simulated skewness and kurtosis values for the
KwWeibull distribution.

a=b=1
p= 1.5 2 2.5 3 4 6
Skewness 1.062 0.630 0.354 0.168 -0.088 -0.367
Kurtosis  4.368 3.219 2.843 2.722 2.734 2.998
a=b=2
p= 1.5 2 2.5 3 4 6
Skewness 0.709 0.381 0.178 0.041 -0.141 -0.336
Kurtosis  3.617 3.071 2.916 2.889 2964 3.175
a=10and b=2
p= 1.5 2 2.5 3 4 6
Skewness 0.485 0.308 0.202 0.132 0.042 -0.046
Kurtosis  3.431 3.203 3.111 3.076 3.054 3.066
a=1land b=38
= 15 2 2.5 3 1 6
Skewness 1.062 0.624 0.357 0.167 -0.087 -0.370
Kurtosis  4.348 3.226 2.843 2.720 2.739 3.022

3. PARAMETER ESTIMATION METHODS

Parameter estimation methods for estimating the location parameter y and the scale
parameter o of KwWeibull distribution are described in the following subsections.

3.1. The Maximum Likelihood Method. In this subsection, the ML estimators
for the location and scale parameters of the KwWeibull distribution are obtained.
Let x1,x9,...,2, be a random sample from KwWeibull(a, b, p, i1, o), then the log-
likelihood (In L) function of the KwWeibull distribution is expressed as follows:

InL=n(lna+Inb+Inp—1Ino)+ (p —1)2731 (u)_i(u)p
Ha-D S (1-en {-(=2)"}) (5)

(b—l)iln( {l—exp{—( ;“)pHa).

i=1

<

In L function is maximized with respect to the parameters of interest, i.e., u and
o. By taking the derivatives of In L with respect to the parameters p and o and
equating them to zero, the following likelihood equations are obtained
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- i( )_1+§Z(“; o8 ©

and

n n n(p— "S-\’ (a— i (%)pex _(%)p
820L:7;7 (pa 1)+§;< Ulu) - Ul)pi_1 19Xp{p{(m}u)p}}
o1 () e {52} —ep{- (222}

TE ()

0. (7)

Solutions of these likelihood equations are called as the ML estimators of the pa-
rameters. When the likelihood equations for the location and scale parameters are
examined, it is seen that the functions are not linear with respect to the parameters
of interest. Therefore, numerical methods are needed for estimating the location
and scale parameters.

3.2. The Least Squares Method. The LS estimators of the unknown parameters

are obtained by minimizing the following equation

n

SLS:Z<F($(i))_nil>2 (8)

=1

with respect to the parameters of interest (see Swain [23]). Here and in the other
subsections, x1, Zs, ..., T, is a random sample from the dlstrlbutlon functlon F(),
x) <xg) <...< 1’(n) denotes the corresponding order

+17 (Z =
1,...,n) are the expected values of F (J}(l)). From Eq. (8), the LS estimators
for the parameters of the KwWeibull distribution are obtained by minimizing the
following equation with respect to the parameters p and o
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st =5 (-p- o2 Y ) o

3.3. The Weighted Least Squares Method. The WLS estimators of the un-
known parameters are obtained by minimizing the following equation with respect
to the parameters of interest (see Swain [23])

Swis =3, (F @) - o5 1)2 (10)

i=1

where, w; = 1/Var (F (z;))) = (n+1)*(n+2) /i(n—i+1),(i = 1,2,...,n). From
Eq.(10), the WLS estimators for the parameters of the KwWeibull distribution are
obtained by minimizing the following equation with respect to the parameters p
and o

S (N (N E C= DN sy

(11)

3.4. The Cramér—Von Mises Method. The CM estimators of the unknown
parameters are obtained by minimizing the following equation

s —i+§n: Fle) - 271Y (12)
M= Ton e @ on

with respect to the parameters of interest (see Wolfowitz [24]). From Eq. (12), the
CM estimators for the parameters of the KwWeibull distribution are obtained by
minimizing the following equation with respect to the parameters p and o
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3.5. The Anderson-Darling Method. The AD estimators of the unknown pa-
rameters are obtained by minimizing the following equation

n

A%D=—n—%E:@FJNW{Fﬁwﬂl—F@M%HQH (14)

i=1

with respect to the parameters of interest, (see Wolfowitz [25]). From Eq. (14), the
AD estimators for the parameters of the KwWeibull distribution are obtained by
minimizing the following equation with respect to the parameters p and o

Sap (u,0) = —n — % :1 (20 — l)log{l — {1 — [1 — eatp{_(x(i;u)P}}a}

e
(15)

Here it should be noted that similar to ML estimates of parameters, LS, WLS, CM
and AD estimates are obtained iteratively (see, Ergeng [10]).

4. SIMULATION STUDY

In this section, we perform an extensive Monte Carlo simulation study to compare
the performances of the ML, LS, WLS, CM and AD estimators of the location
parameter p and scale parameter o of the KwWeibull distribution. Without loss of
generality, 1 and o are taken to be 0 and 1, respectively. All the simulations were
conducted using R programming language for 10,000 Monte-Carlo runs. We use
small (n = 20), moderate (n = 50,100) and large (n = 200, 500) sample sizes. It is
known that the estimation of the shape parameters along with the other parameters
yields unreliable results when the sample size is not large enough (see, Bowman
and Shenton [3], Kantar and Senoglu [15]). Therefore, it is assumed that the shape
parameters a,b and p are known throughout the study. The performances of the
estimators are compared with respect to the Bias, mean squares error (MSE) and
Deficiency (Def) criteria, see the mathematical expressions given below

10,000

10,1000 Z (éi_e)’

1=
10,000 (16)

MSE:m ; (éi—e))z

Bias =

and
Def(1,06) = MSE(i1) + MSE(6). (17)
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Here, 6; is the ith simulated estimate of the parameter of interest (i.e. p or o)
and 0 is the true value of the parameter. Also, Def criterion is defined as the joint
efficiencies of the estimators i and &. Simulated Bias, MSE and Def values for the
ML, LS, WLS, CM and AD estimators for the location parameter u and the scale
parameter o of the KwWeibull distribution are given in Table 2.

TABLE 2. The simulated Bias, MSE and Def values for the ML,
LS, WLS, CM and AD estimators of the parameters p and o.

(avbap) = (17171'5) (avbvp) = (11173)
it o n o
Methods Bias MSE Bias MSE Def Bias MSE Bias MSE Def
n =20
ML 0,061 0,011 -0,061 0,029 0,040 0,048 0,020 -0,052 0,022 0,043
LS -0,034 0,017 0,056 0,045 0,062 -0,039 0,035 0,042 0,042 0,077
WLS -0,019 0,012 0,036 0,037 0,049 -0,024 0,028 0,026 0,033 0,062
CM 0,010 0,013 -0,011 0,037 0,051 0,025 0,031 -0,033 0,037 0,068
AD -0,005 0,011 0,009 0,033 0,043 -0,007 0,023 0,008 0,026 0,049
n = 50
ML 0,030 0,003 -0,030 0,011 0,014 0,021 0,007 -0,022 0,008 0,016
LS -0,018 0,006 0,026 0,016 0,022 -0,015 0,013 0,016 0,015 0,028
WLS -0,007 0,004 0,012 0,013 0,016 -0,006 0,010 0,005 0,011 0,021
CM -0,002 0,005 0,004 0,015 0,019 0,010 0,012 -0,014 0,014 0,027
AD -0,006 0,003 0,011 0,012 0,016 -0,004 0,009 0,004 0,010 0,019
n =100
ML 0,017 0,001 -0,017 0,005 0,006 0,012 0,003 -0,013 0,004 0,007
LS -0,012 0,003 0,017 0,008 0,010 -0,007 0,006 0,007 0,007 0,013
WLS -0,004 0,001 0,006 0,006 0,008 -0,001 0,005 0,000 0,005 0,010
CM -0,005 0,002 0,007 0,007 0,009 0,006 0,006 -0,008 0,007 0,013
AD -0,006 0,002 0,008 0,006 0,008 -0,002 0,004 0,002 0,005 0,009
n = 200
ML 0,010 0,000 -0,010 0,002 0,003 0,006 0,002 -0,006 0,002 0,004
LS -0,009 0,001 0,012 0,004 0,005 -0,006 0,003 0,004 0,004 0,007
WLS -0,003 0,001 0,005 0,003 0,003 -0,001 0,002 0,000 0,003 0,005
CM -0,005 0,001 0,007 0,004 0,005 0,002 0,003 -0,003 0,004 0,007
AD -0,004 0,001 0,007 0,003 0,004 -0,002 0,002 0,002 0,002 0,005
n = 500
ML 0,005 0,000 -0,005 0,001 0,001 0,003 0,001 -0,003 0,001 0,001
LS -0,006 0,000 0,007 0,001 0,002 -0,002 0,001 0,002 0,001 0,003
WLS -0,002 0,000 0,002 0,001 0,001 0,000 0,001 0,000 0,001 0,002
CM -0,004 0,000 0,005 0,001 0,002 0,000 0,001 -0,001 0,001 0,003
AD -0,002 0,000 0,004 0,001 0,001 -0,001 0,001 0,001 0,001 0,002
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TABLE 2. (continued)

9

(a,b,p) = (1,1,4)

(a,b,p) =(1,1,6)

L o I o
Methods Bias MSE Bias MSE  Def Bias MSE Bias MSE Def
n =20
ML 0,043 0,023 -0,045 0,023 0,046 0,041 0,027 -0,044 0,026 0,054
LS -0,043 0,041 0,046 0,044 0,086 -0,041 0,047 0,042 0,047 0,093
WLS -0,028 0,034 0,030 0,036 0,070 -0,027 0,039 0,027 0,038 0,077
CM 0,025 0,036 -0,030 0,039 0,075 0,032 0,042 -0,035 0,042 0,083
AD -0,010 0,027 0,011 0,027 0,054 -0,008 0,032 0,007 0,031 0,062
n = 50
ML 0,018 0,009 -0,019 0,009 0,018 0,015 0,010 -0,016 0,010 0,020
LS -0,015 0,015 0,016 0,016 0,031 -0,019 0,017 0,019 0,017 0,033
WLS -0,006 0,012 0,006 0,012 0,024 -0,008 0,013 0,008 0,013 0,026
CM 0,012 0,015 -0,014 0,015 0,030 0,010 0,016 -0,011 0,016 0,032
AD -0,004 0,011 0,004 0,011 0,022 -0,006 0,012 0,006 0,012 0,024
n = 100
ML 0,010 0,004 -0,010 0,004 0,009 0,009 0,005 -0,010 0,005 0,010
LS -0,008 0,007 0,008 0,007 0,015 -0,007 0,008 0,008 0,008 0,016
WLS -0,002 0,006 0,002 0,006 0,011 -0,001 0,006 0,001 0,006 0,012
CM 0,006 0,007 -0,007 0,007 0,014 0,007 0,008 -0,007 0,008 0,016
AD -0,002 0,005 0,002 0,005 0,011 -0,001 0,006 0,001 0,006 0,012
n = 200
ML 0,004 0,002 -0,004 0,002 0,004 0,004 0,002 -0,005 0,002 0,005
LS -0,006 0,004 0,006 0,004 0,007 -0,004 0,004 0,004 0,004 0,008
WLS -0,002 0,003 0,002 0,003 0,006 0,000 0,003 0,000 0,003 0,006
CM 0,001 0,003 -0,001 0,004 0,007 0,003 0,004 -0,003 0,004 0,008
AD -0,003 0,003 0,003 0,003 0,005 -0,001 0,003 0,001 0,003 0,006
n = 500
ML 0,002 0,001 -0,002 0,001 0,002 0,002 0,001 -0,002 0,001 0,003
LS -0,002 0,001 0,002 0,001 0,003 -0,003 0,002 0,003 0,002 0,004
WLS 0,000 0,001 0,000 0,001 0,002 0,000 0,002 0,000 0,002 0,003
CM 0,001 0,001 -0,001 0,001 0,003 0,001 0,002 -0,001 0,002 0,004
AD -0,001 0,001 0,001 0,001 0,002 -0,001 0,002 0,001 0,002 0,003
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TABLE 2. (continued)

(a,b,p) = (1,2,1.5)

(a,b,p) =(1,2,3)

L o
Methods Bias MSE Bias MSE  Def Bias MSE Bias MSE Def
n =20
ML 0,039 0,004 -0,063 0,029 0,033 0,039 0,013 -0,052 0,022 0,035
LS -0,021 0,007 0,054 0,046 0,053 -0,029 0,023 0,040 0,042 0,064
WLS -0,012 0,005 0,034 0,038 0,043 -0,018 0,018 0,026 0,033 0,051
CM 0,006 0,005 -0,006 0,038 0,044 0,022 0,020 -0,034 0,037 0,057
AD -0,003 0,004 0,015 0,033 0,037 -0,004 0,015 0,007 0,025 0,040
n = 50
ML 0,019 0,001 -0,028 0,011 0,012 0,017 0,005 -0,023 0,008 0,013
LS -0,011 0,002 0,029 0,016 0,018 -0,013 0,008 0,017 0,015 0,023
WLS -0,004 0,001 0,014 0,013 0,014 -0,004 0,006 0,005 0,012 0,018
CM -0,001 0,002 0,006 0,014 0,016 0,007 0,008 -0,013 0,015 0,022
AD -0,004 0,001 0,013 0,012 0,014 -0,003 0,006 0,004 0,010 0,016
n = 100
ML 0,011 0,000 -0,017 0,005 0,005 0,008 0,002 -0,011 0,004 0,006
LS -0,007 0,001 0,017 0,008 0,008 -0,007 0,004 0,009 0,007 0,011
WLS -0,002 0,001 0,005 0,006 0,006 -0,002 0,003 0,002 0,005 0,008
CM -0,003 0,001 0,006 0,007 0,008 0,003 0,004 -0,006 0,007 0,011
AD -0,003 0,001 0,008 0,006 0,006 -0,003 0,003 0,004 0,005 0,008
n = 200
ML 0,007 0,000 -0,009 0,002 0,003 0,006 0,001 -0,006 0,002 0,003
LS -0,005 0,000 0,013 0,004 0,004 -0,004 0,002 0,005 0,003 0,005
WLS -0,002 0,000 0,005 0,003 0,003 -0,001 0,001 0,001 0,003 0,004
CM -0,003 0,000 0,007 0,004 0,004 0,001 0,002 -0,002 0,003 0,005
AD -0,003 0,000 0,007 0,003 0,003 -0,001 0,001 0,002 0,002 0,004
n = 500
ML 0,003 0,000 -0,006 0,001 0,001 0,002 0,000 -0,003 0,001 0,001
LS -0,004 0,000 0,007 0,001 0,002 -0,001 0,001 0,002 0,001 0,002
WLS -0,001 0,000 0,002 0,001 0,001 0,000 0,001 0,000 0,001 0,002
CM -0,003 0,000 0,005 0,001 0,002 0,001 0,001 -0,001 0,001 0,002
AD -0,002 0,000 0,003 0,001 0,001 0,000 0,001 0,001 0,001 0,002
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TABLE 2. (continued)

(a,b,p) = (1,2,4) (a,b,p) = (1,2,6)

it & L o

Methods Bias MSE Bias MSE  Def Bias MSE Bias MSE Def

n =20

ML 0,036 0,016 -0,045 0,023 0,039 0,034 0,021 -0,041 0,025 0,045
LS  -0,035 0,028 0,045 0,043 0,071 -0,040 0,037 0,046 0,047 0,084
WLS  -0,024 0,023 0,030 0,034 0,057 -0,027 0,031 0,032 0,038 0,069
CM 0,022 0025 -0,031 0,038 0,063 0025 0,033 -0,031 0,041 0,074
AD  -0,008 0,019 0,010 0,026 0,045 -0,010 0,024 0,011 0,030 0,054

n = 50
ML 0,013 0,006 -0,017 0,009 0,015 0,016 0,008 -0,018 0,010 0,018
LS -0,015 0,010 0,019 0,015 0,026 -0,015 0,013 0,017 0,017 0,030

WLS  -0,007 0,008 0,009 0,012 0,020 -0,005 0,011 0,006 0,013 0,024
CM 0,008 0,010 -0,011 0015 0,024 0,011 0,013 -0,013 0,016 0,029
AD  -0,005 0,008 0,006 0,011 0,018 -0,003 0,010 0,003 0,012 0,022

n = 100

ML 0,008 0,003 -0,010 0,004 0,007 0,008 0,004 -0,009 0,005 0,009
LS -0,007 0,005 0,009 0,008 0,013 -0,007 0,006 0,008 0,008 0,014
WLS  -0,002 0,004 0,002 0,006 0,010 -0,001 0,005 0,002 0,006 0,011
CM 0,005 0,005 -0,006 0,007 0,013 0,006 0,006 -0,007 0,008 0,014
AD -0,002 0,004 0,002 0,005 0,009 -0,001 0,006 0,002 0,006 0,010

n = 200

ML 0,004 0,001 -0,005 0,002 0,004 0,006 0,003 -0,006 0,004 0,007
LS -0,003 0,003 0,004 0,004 0,006 -0,006 0,005 0,007 0,006 0,011
WLS 0,000 0,002 0,000 0,003 0,005 -0,001 0,004 0,001 0,005 0,008
CM 0,002 0,002 -0,003 0,004 0,006 0,003 0,006 -0,004 0,006 0,010
AD -0,001 0,002 0,001 0,003 0,006 -0,002 0,004 0,002 0,004 0,008

n = 500

ML 0,002 0,00 -0,002 0,001 0,001 0,005 0,002 -0,006 0,003 0,005
LS  -0,001 0,001 0,002 0,002 0,003 -0,004 0,004 0,005 0,005 0,009
WLS 0,000 0,001 0,000 0,001 0,002 -0,001 0,003 0,001 0,004 0,007
CM 0,001 0,001 -0,001 0,002 0,003 0,003 0,004 -0,004 0,005 0,008
AD 0,000 0,001 0,000 0,001 0,002 -0,001 0,003 0,001 0,004 0,006
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TABLE 2. (continued)

(a,b,p) = (6,4.5,1.5)

(a,b,p) = (6,4.5,3)

Methods Bias MSE Bias MSE  Def Bias MSE Bias MSE Def
n =20
ML 0,050 0,038 -0,042 0,027 0,064 0,046 0,033 -0,042 0,027 0,060
LS -0,055 0,067 0,047 0,047 0,114 -0,046 0,056 0,043 0,046 0,102
WLS -0,035 0,054 0,030 0,038 0,093 -0,030 0,046 0,027 0,038 0,084
CM 0,035 0,059 -0,030 0,041 0,100 0,037 0,050 -0,034 0,041 0,090
AD -0,010 0,043 0,009 0,031 0,074 -0,006 0,037 0,005 0,030 0,068
n = 50
ML 0,017 0,014 -0,014 0,010 0,025 0,017 0,013 -0,015 0,010 0,023
LS -0,024 0,024 0,021 0,017 0,041 -0,020 0,020 0,018 0,016 0,036
WLS -0,011 0,019 0,010 0,013 0,032 -0,009 0,016 0,008 0,013 0,029
CM 0,011 0,023 -0,009 0,016 0,038 0,013 0,019 -0,012 0,015 0,034
AD -0,007 0,017 0,006 0,012 0,029 -0,004 0,014 0,004 0,012 0,026
n = 100
ML 0,009 0,007 -0,008 0,005 0,012 0,007 0,006 -0,007 0,005 0,012
LS -0,011 0,011 0,010 0,008 0,019 -0,011 0,010 0,010 0,008 0,018
WLS -0,003 0,009 0,003 0,006 0,015 -0,003 0,008 0,003 0,006 0,014
CM 0,006 0,011 -0,005 0,008 0,019 0,006 0,010 -0,005 0,008 0,018
AD -0,003 0,008 0,002 0,006 0,014 -0,003 0,008 0,002 0,006 0,014
n = 200
ML 0,005 0,004 -0,004 0,002 0,006 0,004 0,003 -0,004 0,003 0,006
LS -0,005 0,006 0,005 0,004 0,010 -0,006 0,005 0,005 0,004 0,009
WLS 0,000 0,004 0,000 0,003 0,007 -0,001 0,004 0,001 0,003 0,007
CM 0,003 0,006 -0,003 0,004 0,010 0,002 0,006 -0,002 0,004 0,009
AD -0,001 0,004 0,001 0,003 0,007 -0,002 0,004 0,001 0,003 0,007
n = 500
ML 0,002 0,001 -0,002 0,001 0,002 0,001 0,001 -0,001 0,001 0,002
LS -0,002 0,002 0,001 0,002 0,004 -0,003 0,002 0,002 0,002 0,004
WLS 0,000 0,002 0,000 0,001 0,003 0,000 0,002 0,000 0,001 0,003
CM 0,002 0,002 -0,002 0,002 0,004 0,001 0,002 -0,001 0,002 0,004
AD 0,000 0,002 0,000 0,001 0,003 -0,001 0,002 0,001 0,001 0,003
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TABLE 2. (continued)

(a,b,p) = (6,4.5,4)

(a,b,p) = (6,4.5,6)

L o I o
Methods Bias MSE Bias MSE  Def Bias MSE Bias MSE Def
n =20
ML 0,039 0,031 -0,037 0,027 0,058 0,038 0,031 -0,037 0,028 0,059
LS -0,051 0,055 0,047 0,047 0,102 -0,051 0,054 0,049 0,049 0,103
WLS -0,034 0,045 0,031 0,039 0,084 -0,035 0,045 0,033 0,040 0,085
CM 0,032 0,048 -0,030 0,041 0,089 0,029 0,047 -0,028 0,042 0,089
AD -0,010 0,036 0,009 0,031 0,067 -0,011 0,036 0,010 0,032 0,069
n = 50
ML 0,017 0,012 -0,016 0,010 0,023 0,016 0,012 -0,015 0,011 0,022
LS -0,019 0,019 0,018 0,017 0,036 -0,018 0,019 0,018 0,017 0,036
WLS -0,007 0,015 0,007 0,013 0,029 -0,008 0,015 0,008 0,013 0,028
CM 0,013 0,018 -0,013 0,016 0,034 0,013 0,018 -0,013 0,016 0,034
AD -0,003 0,014 0,003 0,012 0,026 -0,003 0,014 0,003 0,012 0,026
n = 100
ML 0,006 0,006 -0,006 0,005 0,011 0,008 0,006 -0,008 0,005 0,011
LS -0,012 0,010 0,012 0,008 0,018 -0,009 0,009 0,009 0,008 0,017
WLS -0,005 0,008 0,005 0,006 0,014 -0,002 0,007 0,002 0,006 0,014
CM 0,004 0,009 -0,004 0,008 0,017 0,007 0,009 -0,006 0,008 0,017
AD -0,005 0,007 0,004 0,006 0,013 -0,002 0,007 0,001 0,006 0,013
n = 200
ML 0,004 0,003 -0,003 0,003 0,006 0,004 0,003 -0,004 0,003 0,006
LS -0,006 0,005 0,006 0,004 0,009 -0,006 0,004 0,005 0,004 0,008
WLS -0,001 0,004 0,001 0,003 0,007 -0,001 0,003 0,001 0,003 0,007
CM 0,002 0,005 -0,002 0,004 0,009 0,003 0,004 -0,003 0,004 0,008
AD -0,002 0,004 0,002 0,003 0,007 -0,001 0,003 0,001 0,003 0,006
n = 500
ML 0,001 0,001 -0,001 0,001 0,002 0,002 0,001 -0,002 0,001 0,002
LS -0,002 0,002 0,002 0,002 0,003 -0,001 0,002 0,001 0,002 0,003
WLS 0,000 0,001 0,000 0,001 0,003 0,001 0,001 -0,001 0,001 0,003
CM 0,001 0,002 -0,001 0,002 0,003 0,002 0,002 -0,002 0,002 0,003
AD -0,001 0,001 0,001 0,001 0,003 0,000 0,001 0,000 0,001 0,003
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TABLE 2. (continued)

(a,b,p) = (15,5,1.5)

(a,b,p) = (15,5,3)

Methods Bias MSE Bias MSE  Def Bias MSE Bias MSE Def
n =20
ML 0,064 0,070 -0,039 0,026 0,097 0,046 0,044 -0,036 0,026 0,070
LS -0,077 0,123 0,048 0,047 0,170 -0,066 0,078 0,052 0,048 0,126
WLS -0,051 0,101 0,032 0,038 0,139 -0,045 0,064 0,036 0,039 0,103
CM 0,048 0,108 -0,029 0,041 0,148 0,033 0,067 -0,026 0,041 0,108
AD -0,014 0,081 0,009 0,031 0,112 -0,015 0,051 0,012 0,031 0,082
n = 50
ML 0,024 0,028 -0,015 0,011 0,039 0,018 0,017 -0,014 0,010 0,028
LS -0,030 0,045 0,018 0,017 0,063 -0,024 0,028 0,019 0,017 0,045
WLS -0,013 0,036 0,008 0,014 0,050 -0,011 0,022 0,008 0,013 0,035
CM 0,019 0,043 -0,012 0,016 0,059 0,015 0,026 -0,012 0,016 0,042
AD -0,007 0,033 0,004 0,012 0,045 -0,005 0,020 0,004 0,012 0,032
n = 100
ML 0,010 0,014 -0,006 0,005 0,019 0,008 0,008 -0,007 0,005 0,014
LS -0,018 0,022 0,011 0,008 0,030 -0,013 0,013 0,011 0,008 0,021
WLS -0,007 0,017 0,004 0,006 0,024 -0,005 0,010 0,004 0,006 0,016
CM 0,006 0,021 -0,004 0,008 0,029 0,006 0,013 -0,005 0,008 0,020
AD -0,006 0,016 0,004 0,006 0,023 -0,004 0,010 0,003 0,006 0,016
n = 200
ML 0,006 0,007 -0,004 0,003 0,009 0,006 0,004 -0,004 0,003 0,007
LS -0,008 0,010 0,005 0,004 0,014 -0,006 0,006 0,005 0,004 0,010
WLS -0,001 0,008 0,001 0,003 0,011 -0,001 0,005 0,001 0,003 0,008
CM 0,004 0,010 -0,003 0,004 0,014 0,004 0,006 -0,003 0,004 0,010
AD -0,002 0,008 0,001 0,003 0,011 -0,001 0,006 0,001 0,003 0,008
n = 500
ML 0,003 0,003 -0,002 0,001 0,004 0,001 0,002 -0,001 0,001 0,003
LS -0,003 0,004 0,002 0,002 0,006 -0,003 0,003 0,002 0,002 0,004
WLS 0,000 0,003 0,000 0,001 0,004 -0,001 0,002 0,000 0,001 0,003
CM 0,002 0,004 -0,001 0,002 0,006 0,001 0,003 -0,001 0,002 0,004
AD 0,000 0,003 0,000 0,001 0,004 -0,001 0,002 0,001 0,001 0,003
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TABLE 2. (continued)

(a,b,p) = (15,5,4)

(a,b,p) = (15,5,6)

(e

Methods Bias MSE Bias MSE  Def Bias MSE Bias MSE Def
n =20
ML 0,046 0,040 -0,038 0,027 0,067 0,044 0,035 -0,039 0,027 0,061
LS -0,056 0,069 0,047 0,047 0,116 -0,054 0,060 0,048 0,047 0,107
WLS -0,036 0,057 0,030 0,039 0,096 -0,035 0,050 0,031 0,039 0,089
CM 0,036 0,060 -0,030 0,041 0,101 0,033 0,053 -0,030 0,041 0,093
AD -0,009 0,046 0,008 0,031 0,077 -0,010 0,040 0,008 0,031 0,070
n = 50
ML 0,016 0,015 -0,014 0,011 0,026 0,017 0,014 -0,015 0,011 0,024
LS -0,024 0,024 0,020 0,017 0,041 -0,022 0,021 0,019 0,017 0,038
WLS -0,011 0,020 0,009 0,013 0,033 -0,010 0,017 0,009 0,013 0,031
CM 0,013 0,023 -0,011 0,016 0,039 0,013 0,020 -0,011 0,016 0,036
AD -0,006 0,018 0,005 0,012 0,030 -0,004 0,016 0,004 0,012 0,028
n = 100
ML 0,011 0,008 -0,009 0,005 0,013 0,009 0,007 -0,008 0,005 0,012
LS -0,010 0,012 0,008 0,008 0,020 -0,010 0,011 0,008 0,008 0,019
WLS -0,001 0,009 0,001 0,006 0,016 -0,002 0,008 0,002 0,007 0,015
CM 0,008 0,012 -0,007 0,008 0,019 0,008 0,010 -0,007 0,008 0,019
AD -0,001 0,009 0,001 0,006 0,015 -0,001 0,008 0,001 0,006 0,014
n = 200
ML 0,005 0,004 -0,004 0,003 0,006 0,004 0,003 -0,004 0,003 0,006
LS -0,005 0,006 0,004 0,004 0,010 -0,006 0,005 0,004 0,004 0,009
WLS 0,000 0,005 0,000 0,003 0,008 -0,001 0,004 0,000 0,003 0,007
CM 0,004 0,006 -0,003 0,004 0,010 0,004 0,006 -0,003 0,004 0,009
AD -0,001 0,004 0,001 0,003 0,007 -0,001 0,004 0,001 0,003 0,007
n = 500
ML 0,002 0,002 -0,002 0,001 0,003 0,002 0,001 -0,002 0,001 0,002
LS -0,002 0,002 0,002 0,002 0,004 -0,002 0,002 0,002 0,002 0,004
WLS 0,000 0,002 0,000 0,001 0,003 0,000 0,002 0,000 0,001 0,003
CM 0,001 0,002 -0,001 0,002 0,004 0,001 0,002 -0,001 0,002 0,004
AD 0,000 0,002 0,000 0,001 0,003 -0,001 0,002 0,000 0,001 0,003

4.1. Comparisons for the biases. In this subsection, the biases of the estimators
i1 and & obtained from the ML, LS, WLS, CM and AD methodologies are compared.
For the estimators of the location parameter y and the scale parameter o, in general,
the AD has the smallest bias among the other estimators for all values of the shape
parameters and the sample sizes except for the sample size n = 50 and shape
parameters a = 1, b =1, p =15 and a = 1, b = 2, p = 1.5 in which case CM
provides the smallest bias. When the sample size n=100 and shape parameters
a=1,b=1,p=15,a=1,b=1,p=3,a=1,b=2 p=15and a =1,
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b =2, p =3, WLS provides the smallest biases. AD is followed by the WLS and
CM estimators for the small and moderate sample sizes in most of the cases. ML
and LS estimators have larger biases than the other estimators for the small and
moderate sample sizes. For the large sample sizes, all the estimators have negligible
biases.

4.2. Comparisons for the efficiencies. Discussions about the efficiencies of the
estimators of 1 and o with respect to the MSE criterion are given as follows. For the
estimators of the location parameter u, ML estimator shows the best performance
among the others with respect to the MSE criterion in all cases. It is followed by
the AD and WLS estimators for the sample sizes n = 20 and 50. It should also
be pointed out that the LS estimator has shown the worst performance among the
others for the sample sizes n = 20 and 50. For the sample sizes n > 100, ML is
the most efficient estimator among the others in general and it is followed by the
AD and WLS estimators. For the estimators of the scale parameter o, the ML
is the most efficient among the others for all values of the shape parameters and
the sample sizes. It is followed by the AD and WLS estimators for the small and
moderate sample sizes. The LS estimator of o shows the worst performance among
the other estimators in almost all cases.

4.3. Comparisons for the joint efficiencies. According to the simulation re-
sults, the ML estimator shows the highest performance among the others for all
values of the shapes parameters and the sample sizes. It is seen that the ML esti-
mator is followed by AD estimator. On the other hand, the LS estimator has the
worst performance among the other estimators in almost all cases.

5. APPLICATION

In this section, the KwWeibull distribution is used to model the relative humidity
data set taken from Cortez and Morais [7]. Table 3 shows the descriptive statistics
for the relative humidity data.

TABLE 3. Descriptive statistics for the relative humidity data.

n Min Max Mean Variance Skewness Kurtosis
517 15.0 100.0 44.29 266.3 0.85 2.59

Before analyzing the relative humidity data, profile likelihood method is used to
identify the plausible values of the shape parameters a,b and p of the KwWeibull
distribution (see for example, Islam and Tiku [13] and Acitag and Senoglu [1]). The
steps of the profile likelihood procedure are given as follows:
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Step 1. Calculate 1 and ¢ for the given a,b and p values.

Step 2. Calculate In Lvalue by incorporating (i and & into InL.

Step 3. Repeat Steps 1 and 2 for a serious values of a, b and p. Find a, b and p values
maximizing the In L function among the others and choose them as conceivable
values of the shape parameters.

Following the steps of profile likelihood procedure, the values of shape parameters
a,b and p are obtained as 5.637, 6.133 and 0.681, respectively. We also use QQ
plot which is a well known and widely used graphical technique to identify the
distribution of the relative humidity data set, see Figure 2. It can be seen from
Figure 2 that KwWeibull distribution provides a good fit for the relative humidity
data.

QQ-plot

100
1

N
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L

Expected Values

20
1

1 1 T 1 1 T
00 05 10 15 20 25
Observed Values

F1GURE 2. KwWeibull QQ plot for the relative humidity data

Based on the estimate values of the shape parameters, the ML estimates of location
parameter p and scale parameter o are obtained as given in the Table 4. Estimates
of the parameters p, o and p of Weibull distribution are also given for the relative
humidity data to make the comparisons complete in Table 4. The Akaike infor-
mation criterion (AIC), Bayesian information criterion (BIC) and Corrected AIC
(AICc) values along with the Kolmogorov-Smirnov (KS) test statistic and associ-
ated p — values are also given in Table 4.

The equalities for the AIC, BIC, AICc and KS are given by

AIC = —21In L + 2k,
BIC = —-2InL + kin(n), (18)
AICe= AIC + (2K* + k)/(n —k —1)
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and

KS = max |F(X(;)) — (19)

i
|
respectively. Here, F is the estimated cdf, X(;) is the i — th order statistics, k is
the number of the unknown parameters and n is the sample size.

TABLE 4. The estimates of the parameters of the KwWeibull and
Weibull distributions for the relative humidity data

a b p it o KS p-value AIC BIC AlCc
KwWeibull 5.637 6.133 0.681 25.466 11.763 0.043 0.273 4273.80 4295.05 4273.88
Weibull - - 1.924 33.662 14.485 0.097 0.063 4337.76 4346.27 4337.81

The smaller AIC, BIC and AICc values imply the better fitting performance. It
is clear from Table 4 that the KwWeibull distribution is more preferable than
the Weibull distribution in terms of these criteria. See also Figure 3 in which
the histogram and the fitted densities based on the KwWeibull and the Weibull
distributions are plotted. Here, it should be noted that the ML estimates of the
parameters are used in obtaining the fitted densities.

T | — KwWeibul
. Weibull

0020 0.030
1 1

0,010
Il

N

0 20 40 60 80 100

0,000
Il

FIGURE 3. The histogram and the fitted densities based on the
KwWeibull and Weibull distributions for the relative humidity data

It is seen from Figure 3 that KwWeibull distribution shows better fitting perfor-
mance than the Weibull distribution. Then, we obtain the estimates of location
parameter p and scale parameter o of the KwWeibull distribution when a =5.637,
b =6.133 and p=0.681 by using ML, LS, WLS, CM and AD methods to see the
fitting performance of KwWeibull distribution for each estimation methods. Es-
timates of the location and scale parameters of KwWeibull distribution for each
estimation methods are given in Table 5.
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TABLE 5. Estimates of the location and scale parameters of the
KwWeibull distribution for relative humidity data

Estimation Methods it o AIC BIC AICc

ML 25.466 11.763 4273.80 4295.05 4273.88
LS 19.712 14.327 4883.75 4904.99 4883.86
WLS 28.322 12.365 4646.50 4649.39 4646.53
CcM 24.553 14.680 4675.32 4696.56 4675.43
AD 18.859 13.140 4622.33 4643.57 4622.44

The histogram and fitted densities based on different estimation methods are given
in Figure 4 for the KwWeibull distribution.

002
I

0.01
!

0.00
!

T T T T T T
0 20 40 60 80 100

FIGURE 4. The histogram and the fitted densities based on ML,
LS, WLS, CM and AD estimates for the KwWeibull distribution

It can easily be seen from both Table 5 and the Figure 4 that ML method shows
the best performance among the others with respect to the fitting performance for
the relative humidity data.

6. CONCLUSIONS

In this study, we obtain the estimators of location and scale parameters of KwWeibull
distribution using the ML, LS, WLS, CM and AD methods. We perform an exten-
sive Monte Carlo simulation study to compare the efficiencies of these estimators.
It is concluded that ML estimator shows the best performance among the others
and it is followed by AD estimator. The LS estimator demonstrates the worst per-
formance in almost all cases. At the end of the study, we use relative humidity data
taken from the literature. Modelling performances of the KwWeibull distribution
and the well known and widely used Weibull distribution are compared for this
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data. It is concluded that KwWeibull distribution shows better fitting performance
than the Weibull distribution for modeling the relative humidity data.
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ABSTRACT. In this paper, directed strongly regular graphs (DSRGs) are con-
structed by using semidirect products. The orbit condition in [3| has been
weakened and this gives rise to the construction of DSRGs. Moreover, a dif-
ferent construction is given for DSRG by using semidihedral groups.

1. INTRODUCTION

Directed strongly regular graphs have attracted the attention of many mathe-
maticians and many studies have been done on them. It was first discussed by
Duval as the directed form of strongly regular graphs |2]. Duval also presented
several construction methods in his work. The main problem today is to con-
struct unknown ones by their parameters. For this purpose, many mathematical
structures have been used. Some of these are designs [ [5], |[L1]], coherent algebras
[ 5], |7], |10]], finite geometries [ |4], |5], [6]], matrices [ 2], [4], [6], [8]] and dihedral
groups [10]. Some non-existence results are given by Jorgensen [9]. Duval [3] con-
structed directed strongly regular graphs by using semidirect products with an orbit
condition. We change this condition with a weaker condition and give a construc-
tion of the directed strongly regular graphs. We also provide give a construction by
using semidihedral groups. Our construction methods using semidirect product and
semidihedral groups are new, however they do not give new parameters for small
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examples. Also, they are simple to use for finding larger parameters. Uniqueness
and enumeration studies can be found in [1].

This paper is designed as follows. In Section 2, necessary background information
on the graph is given and the notations we will use are introduced, in Section 3
the semidirect construction of DSRG of Cayley graphs are given, and finally, in
Section 4, DSRG is constructed from semidihedral groups which is an example of
semidirect products.

2. PRELIMINARIES

A directed graph T' = (V, E) consists of a vertex set V' and an edge set F, where
an edge is an ordered pair of distinct vertices of I'. Writing (x,y) € F means that
there is a directed edge from x to y and that is shown by x — y. Throughout the
paper, the edges of the form (y,y) for some y € V, i.e., loops, are not allowed.
However, we allow bidirected edge, that is having edges + — y and y — x for
the vertices x and y, simultaneously. The indegree (outdegree) of a vertex y in a
directed graph T is the number of vertices x such that © — y (y — z), respectively.
A graph I is called k-regular if every vertex in I' has indegree and outdegree k. A
path of length [ from x to y is a sequence of [ + 1 distinct vertices starting with x
and ending with y such that consecutive vertices are adjacent. A directed graph I
is called directed strongly reqular with parameters (n, k, t, A, ) if it is k-regular and
satisfies the following condition on the number of paths of length 2. The number
of directed paths of length 2 between two vertices, say from = to y, of the graph
I" is A if there is an edge from z to y, p if there is not and ¢ if z = y. Let G be a
group and S C G be a subset of G without the identity element. Directed Cayley
graph Cay(G,S) is a directed graph whose vertex set is G and for any two vertices
x,y, there is a directed edge from x to y if zy~* € S.

Example 1. Let G be a symmetric group of order six with elements {e, a, a?, b, ab, a®b}
and the subset S C G be the set {a?,a?b}. Then the directed graph Cay(G,S)

is shown as in Figure 1. The Cayley table of the elements of symmetric group of
order 6 is shown as in Table 1.

a®b

FiGure 1. Cayley graph of symmetric group of order 6
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* e a | a b ab | b
e e a a? b ab | a®b
a a | a2 e ab [a®b| b
a® | a? e a |a®b| b ab
b b | a?b]| ab e a? a
ab | ab b | a?b e a?
a?b | a?b | ab b a? a e

TABLE 1. The Cayley table of the symmetric group of order 6

When studying directed strongly regular graphs adjacency matrix and group
ring are advantageous tools. Let G be a finite group then the group ring Z[G] is a
ring with identity element e and defined as the set of all formal sums of elements
of G. The addition and multiplication are given by

Z agg + Z beg = Z(ag +bg)g

geG geG geG
and

Z agg <Z brr> = Z aghy(g+1)
geG reG g,7r€G

Let G be a group and Z[G] = {3 csag9la, € Z}. If S C G, the group
ring element S will then be defined using the abuse of notation as S = > _¢s.
Furthermore, the group ring elements S and G will be defined as SV =
Yoses s~1and G := deG g.

Let S be a subset of a group G. In [2] they showed that Cay(G, S) corresponds
to a DSRG with parameters (n,k,t, A, u) if and only if |S| = k, |G| = n and it
satisfies the following group ring equation:

S% =te+ AS+ u(G —e — 9).

Let " be a directed graph with n vertices, then the adjacency matrix M of T is
an n X n matrix with entries a;; where a;; = 1 if v; = v;. Otherwise a;; = 0. Since
we disallow loops, the diagonal entries of M are all 0. Let I and J denote the n x n
identity matrix and the all-one matrix, respectively. Then I' is a directed strongly
regular graph if and only if

i) MJ=JM =kJ
i) M2 =tI+AM + pu(J —1— M).

3. SEMIDIRECT CONSTRUCTION OF CAYLEY DSRG

In this section, we give some definitions and lemmas related to the semidirect
product of two groups. We will also proceed in a similar way to that of Duval and
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Dmitri [3] by modifying the orbit setup they used. They proved that for a finite
group A of order m and the cyclic group B of order ¢ if some 8 € Aut(A) has the
g-orbit condition, that is, each orbit of 8 contains only ¢ elements, then the graph
Cay(A xg B, A’ x B) is a DSRG with parameters

(mg,m —1,(m —1)/q,((m —1)/q) = 1,(m —1)/q))

where 6 : B — Aut(A) by 6(b") = 8" and A’ is the set of representatives of the
nontrivial orbits of 3.

Definition 1. (see |3]) Let A and B be two groups and 6 : B — Aut(A) be an action
of B on A. Then the semidirect product Ax¢B for the set {(a,b) : a € A and b € B}
is defined as follows:

(a,b)(a’V") = (a[0y(a’)], V).
For groups A and B, A xy B forms a group of order |A||B| with the identity
element (e4,ep) and inverse (a,b)™! = (0,1 (a"1),b71).
Let A and B be the additive groups of finite fields IF,,> and 5 respectively, where
p is a prime number. The Frobenius automorphism is defined as follows:

[3 : Fp2 — sz
Blx) = =*

We will use the following notation in the rest of the paper: P is the set of
elements of [F,, R is the set of representatives of orbits of 8 and RP is the set as
{zP :x € R}.

The orbits of the action 3 on Fy2 consists of p orbits of size one and ”QT_” orbits
of size two.

Let A x B be the direct product of the sets A and B and define the operation
X as the product of two elements as follows:

(a1 + az, by), if by =0,

,b b)) =
(a1, b1) ¢ (a2, ) {(a1+ag,b2+1), i by = 1.

Lemma 1. (G, x) forms a group of order 2p* where G = A x B.

Proof. Let us start the proof by showing that G is closed under the operation .
For any (ai,b1), (az,b2) € G,
(a1+a2,b2) EG, if by =0,

,b1) X ,bo) =
(al 1) (QQ 2) {(al + a12)7b2 + 1) c G’ if bl =1.

Hence, G is closed under x. It is easy to see that (0,0) is the identity element of
the group. Indeed for any element (a,b) the following is true,

(a,b) x (0,0) = (0,0) x (a,b) = (a,b).
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Next, the inverse of any element (a,b) € G is given by

(a.b)! = (—a,—b), if by =0,
’ (—aP,—b), if by = 1.

Finally, we will show the associative property. For (a1,b1), (a2, b2), (a3, b3) € G we
have the following;:

(a1 + as + ag, b3), if by =0,by =0,
(a1 +ag+ab,bg+1), ifby =0,by=1,
(a1 +ab +af, b3+ 1), ifby =1,b0=0,
(a1 + ab + a3, b3), ifby =1,bp = 1.

((a1,b1) X (a2,b2)) X (a3, bs) =

= (a1,b1) x ((az,b2) x (as,bs3))
and we are done. (]
We say that a group automorphism g has the g¢-orbit condition if each of its
orbits contains either ¢ elements or one element (including the trivial orbit that

contains only identity element). We change (weakened) the g-orbit condition that
is defined in [3]. Before giving our main theorem, we need the following lemma.

Lemma 2. The following equations hold in the group ring Z[G].
(a) (Px{1})*=|P|(P x{0})
(b) (Bx B)(P x {1}) = |P|(R x B)
(c) (P x{1})(Rx B) = |P|(R’ x B)
(d) (Rx B)* = 52 (R x B) + E52(R? x B) + P52 (P x B)
Proof. We will only prove (b). We know that P is the set of elements of the obvious

orbits of 8 which are in F, and R is the set of representatives of orbits of 3. We
also know that B = F5. Then we have the following:

(B x B)(P x {1}) = (B x {0}) + (R x {1}))(P x {1})
= (B> {0p(Px{1}) + (R x {1})(P x {1})
={(c+7,1):0c € Rand v € P})
+ {(c+97,1):0c € Rand v € P})
= |PI(Rx{0}) +[P|(R x {1})
= [P|(R x B).
The proof of (a), (¢) and (d) are similar. O

Theorem 1. Let A = Fp2 and B = Fy be two additive finite fields where p is
an odd prime. If some € Aut(A) has the g-orbit condition (for instance, Frobe-
nius automorphism), then we may construct a directed strongly reqular graph with
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parameters

(n=2pk=p*t =" +p)/2, A= (p* = p)/2,p = v* +p)/2)
as follows: Let us define 0 : B — Aut(A) with 0y = Id and 6, = B(x) = 2P for the
additive group B = Fy. Let R be the set representatives of orbits with two elements
and P be the set of orbits with one element (only base field elements). Note that
RN—R =0 where —R ={—r:7 € R}. Then, for the set S = (Rx B)U (P x {1})
the Cayley graph

Cay(A x¢ B, S)

is a DSRG with parameters above.
Proof. Let the set S be (R x B)U (P x {1}). Then |S| = k = 2|R| + |P| =
2. [(p?> —p)/2] +p = p?. Our goal is to show that the graph Cay(G, S) is a DSRG

with parameters (n, k, ¢, \, u). So, we need to show that the summation S = Z S
ses
is valid in the following equation in Z[G],

S =te+AS+u(G—-e—S).
To do that it will be enough to show that S satisfies the equation
S?+|P|S = uG.
By Lemma 1 and Lemma 2 we get,
5%+ |P|S = (R x B) U (P x {1}))* +|P|((R x B) U (P x {1}))
=(RxB)xg(RxB)+ (P x{1})xg (Px{1})+ (Rx B) xg (P x {1})+
(P x{1}) xg (R x B) + |P|(R x B) + |P|(P x {1})
= ((P* = 3p)/2)(R x B) + ((0” = p)/2)(R” x B) + ((p° = p)/2)(P x B)+

p(P x {0}) + p(R x B) + p(R? x B) +p(R x B) +p(P x {1})
=pG+ ((p* —p)/2)G
=((p*+p)/2)G = paG

as required. [

Example 2. Let p =3, A =TF,2, B =TF,. Consider the Frobenius automorphism
B:Fp — Fpe
B(x) = zP.
For G = A x B, (G, x) forms a group of order 2p?. The product of (a1, b;) and
(az, by) is given by

(a1 + az, be), if by =0,
,01) X (ag,be) =
(CL1 1) (612 2) {(CL1 i a1237b2 4 1)’ i by = 1.

Similarly, the inverse of (a, b) is given by
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0 f(ma-b), =0,
(a,0)7 = {((—a)p,—b), ith=1.

Thus the orbits of 8 are {0}, {a,2a + 1},{a + 1,2a + 2},{2},{a + 2,2a},{1}.

From Theorem 1, multiplying one-element orbits by {1} and two-element orbits
by the set B, we construct the set S = {(a,0),(a,1),(a + 1,0),(a + 1,1), (a +
2,0),(a +2,1),(0,1),(1,1),(2,1)}. Then the Cayley graph Cay(A x B,S) is a
directed strongly regular graph with parameters (18,9,6,3,6).

4. SEMIDIHEDRAL CONSTRUCTION OF CAYLEY DSRG

In this section, we will construct directed strongly regular graphs from semidi-
hedral groups by using Cayley graphs. The method of producing DSRG’s using
semidihedral groups in this section is different from the semidirect method given
in Section 3. The choice of our generator set S here is independent of the g-orbit
condition. A semidihedral group SD(m) is also an example of the semidirect prod-
uct of cyclic group Cy with the dihedral group. But in this construction Cy acts on
Com-1 by x — 22" "1 instead of z — 2~ . Before we give the main theorem, we
need the following lemma.

Lemma 3. Let G = SD(m) = (a,z]a?” = 2% = e,zax = a2" 1) be the
semidihedral group of order m > 4. Let P = P, U Py where P; = {a'** . |k =
0,1,...,2m=3 —1}. Then

P = P'x where P = P, U P;.
Proof. Let P = P; U P,. By multiplying both sides of this equality by =, we get
P =xzP, UzxP,
={za™ : k=0,1,...2" 3 — 1} U {za®™ : k=0,1,...273 — 1}
= {a(1+4k)'(2m7271)x k=0,1,...,2m73 — 1}
U {a(2+4k)'(2m*2_1)x ck=0,1,..,2m7% —1}.

(1)

ceey

Since the power of @ in P; and P> is 1 mod 4, 2 mod 4 respectively and m > 4, if
we multiply the powers of a by 272 — 1 we will have

1+4k=1( mod4)
(14+4k)- (2™ 2 -1)=2""2—1( mod 4)
= —1( mod 4)
=3( mod 4)

and
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244k =2( mod 4)
(24+4k)- (2™ 2 —1)=2""1 —2( mod 4)
= —2( mod 4)
=2( mod 4).

3)

Therefore, using Equations (2) and (3) in Equation (1), we will have the following

{aOH4C" D = 0,1, ., 23 — 11U {a@HR @ T D g = 0,1, 278 — 1)
={a***z: k=0,1,..,2"% — 1} U{a*™* 2 : k=0,1,..,2m 3 — 1}

= P3x U Pyr = (P, U P3)x = P'z.

This completes the proof. ([

Note that we also have the equations x P, = Psz (Pixz = P3) and z P, = Pax.

Theorem 2. Let G = SD(m) = (a,z[a?" " = 22 = e,zax = a®" ~1) be the
semidihedral group of order m > 4. Let P = P, U Py where P; = {a'™ : k =
0,1,...,2m=3 —1}. Then Cay(G, PUxP) is a DSRG with parameters

(n=2m k=2m"1 1 =32m"3 \=92m3 = 32m3)

Proof. Let S = PUxzP. Then the parameter k = |S| = 2|P| = 2-2m~2 = 2m~1,
Our goal is to show that Cay(G, S) is a DSRG with parameters (n, k, t, \, ). Thus

the formal sum S = Z s should satisfy the equation
ses

S? =te+AS+ u(G —e—5)
in the group ring Z[G]. Therefore, we need to show that the equation
S§*+2m28 =3.2m73G
holds. So,

S%+2"728 = (P +aP)* + 2" *(P + zP)
=P’ +P-2P+aP -P+aP 2P +2"*(P+zP)  (4)
=P°>+zP -P+zP -P+P -P+2"?P+2zP)

where P’ = P, U P3 by Lemma, 3.

In order to complete the proof let us compute P;P; and P;P;. Since Fy is a
subgroup of order 2™ 3 and P, = aPy, P, = a>P, and P3 = a>P, are its cosets, we
have

PP, = a*PyPy = |Po| Py

&Pj = aiJrjPoPO = ‘P0|Pi+j.
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It follows that
P?=P\P, + PP+ PP + PPy

= |Po|Py + |Po| P3 + | Po|Ps + | Po| Py
= |Ro| P2 + 2 |Ry| 5 + | Pyl Po,

and

P'P = PP, + PyPy + P3P, + P3P
= |Po|Ps + | Po| P + | Pol Py + [Po| 1
= |Po|Ps + 2 |Po| Py + |Po| Pr.

Now it only remains to write them in Equation (4) :

S§? 427728 = (P + zP)* + 2" *(P + zP)

= P? 4 PzP + 2PP + zPxP + 2™ %(P + 2P)
= P?> 4+ 2P'P+xPP+ P'P+ 2™ 2P + zP)
= P>+ PP+ (2-|P|)P+z(P?>+ PP+ (2-|P|)P)
= |Po| By + 2 |PolPs + | Pol Po + [ Pol Ps + 2 - [ Po| By + [ Pol Py
+2-|Po|Py+ 2+ |PolPy + (| Po| Py + 2 | Po| Py + [ Po| Py + | Pol Ps
+2-|PolBo+ |Pol P+ 2 [Po| PL+2 - [Po| P)
=3 |Ro|(Po+ P+ Py + Py+aPo+oPy+aPy + 2P)
—3.2"%). G.

This completes the proof. O

Example 3. Let G = SD(4) be the semidihedral group of order 4 for m = 4 with el-
ements {e,a,aQ,a3,a4,a5,a6,a7,x,xa,maQ,xa3,xa4,xa5,xa6,xa7}. Construct the
subset S according to Theorem 2 as {P U xP} where P = {a,a? a® a®}. Then

Cay(G, S) is a DSRG with parameters (16,8,6,2,06).

Remark 1. The directed strongly reqular graph constructed in the Example 3 has
already been presented in [9] by Duval. The author constructed the DSRG with
parameters (16,8, 2,6,2) from a DSRG with parameters (8,4,1,3,1) known to exist.
This construction is specified as T10 in [1|].
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ABSTRACT. The Berezin transform A and the Berezin number of an operator
A on the reproducing kernel Hilbert space over some set 2 with normalized

reproducing kernel /k\A are defined, respectively, by g()\) = <AE>\,E>\> , AEQ
and ber(A) := supycq ’g(k)‘ . A straightforward comparison between these

characteristics yields the inequalities ber (A) < % (”Allber + ||A2||11)£> In

this paper, we study further inequalities relating them. Namely, we obtained
some refinements of Berezin number inequalities involving convex functions.
In particular, for A € B(#) and r > 1 we show that

ber?” (A) <

1 . 1 .
= Z (”A*A +AA ngr + HA*A - AA*”;er) + 5b6r7 (A2) .

1. INTRODUCTION AND PRELIMINARIES

Recall that the reproducing kernel Hilbert space H = H (2) (shortly, RKHS) is
the Hilbert space of complex-valued functions on some set 2 such that the eval-
uation functional f — f(A) is bounded on H for every A € Q. Then, by Riesz
representation theorem for each A € Q there exists a unique vector k) in H such
that f(\) = (f, k) for all f € H. The function k) is called the reproducing kernel
of the space H. It is well known that (see Aronzajn [2])
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for any orthonormal basis {e, (2)},5, of the space H (€2). The normalized repro-
ducing kernel is defined by EA = Hk’ii*uﬂ For a bounded linear operator A acting
in the RKHS #, its Berezin symbol A (sec Berezin [7]) is defined by the formula

A = <AE,\,EA> (AeQ).

The Berezin symbol is a function that is bounded by norm of the operator. Karaev
[19] defined the Berezin set and the Berezin number of operator A, respectively by

Ber (A) := Range (Av) = {A N :xe Q}

and
ber (A) := sup A()\)‘ .
AEQ
It is clear from definitions that A is a bounded function, Ber (A) lies in the
numerical range W (A4), and so ber (A) does not exceed the numerical radius w (A)
of operator A. Recall that the numerical range and the numerical radius of operator
A are defined, respectively, by

W (A) :={(Az,z) : x € H and ||z|| =1}

and
w(A) = sup |(Az,x)]|
llll=1

(for more information, see [14/9,|10}/15}/21,22}25H28/|31]). Berezin set and Berezin
number of operators are new numerical characteristics of operators on the RKHS
which are introduced by Karaev in [19)].

Suppose that B (H) denotes the C*-algebra of all bounded linear operators on
H. It is well-known that

ber (4) < w(4) < |4 1)
and
AL < a)

for any A € B (H). But, Karaev [20] showed that
A
HQ—H < ber (A4)
is not hold for every A € B (H). Also, Berezin number inequalities were given by

using the other inequalities in [11}{13}[17,/20L32].
Huban et al. [18, Theorem 2.14] improved the inequality by proving that

1
ber (4) < o (Al + [14211122) 2)

for any A € B(H).
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It has been shown in [17] that if A € B(H), then
1 1
7 lATA 4 AA7 < ber? (A) < 5 [A7A+AA%|. (3)

The following estimate of the Berezin numbers has been given in [16],

1
ber (4) < 5/ 4A4% + A% 4], + 2ber (42) < [|All,,. (4)

The inequality also refines the inequality . This can be seen by using the
fact that

* * 2
1AA* + A Alle < [ Allper + 1471y - (5)
In this work, inspired by the numerical radius inequalities in [29], an extension

of the inequality is proved. In particular, for A € B(#) and r > 1 we prove
that

T * * (|7 1 ‘s
ber® (4) < 7 (A" A+ AA™[[,, + [ A*A = AAT[[,,) + Sber” (4%).

B~ =

Other general related results are also established.

2. MAIN RESULTS

In order to achieve our goal, we need the following series of corollaries.

Lemma 1. ( [23]) Let A be an operator in B (H) and x,y € H be any vectors.

(i) 10 < a < 1, then |(Az,y)|* < (JAP* @, 2) (|47 y,y).

(i) If f and g are non-negative continuous functions on [0, 00) satisfying f(t)g(t)
=t, (t > 0),then [(Az,y)| < [|f (|A]) z| llg (|A*]) y| -

Lemma 2. ( [2{]) Let A be a self-adjoint operator in B(H) with the spectrum
contained in the interval J, and let h be convex function on J. Then for any unit
vector ¢ € H,

h((Az,z)) < (h(A)z,z).

In |31, Lemma 2.4], the authors present an improvement of the Young inequality
as follows:

Lemma 3. Let a,b > 0 and min {a,b} < m < M < max{a,b}. Then
2vMma+b

Vab < . 6

w= M+m 2 (©)

In 1941, R.P. Boas [8] and in 1944, independently, R. Bellman [6] proved the
following generalization of Bessel’s inequality.
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Lemma 4. If a,by,...,b, are elements of an inner product space (H,{.,.)), then
the following inequality holds:

2 2 2 2
N < . b
2—1 [{a, 00" < flall™ | max 1b:]" + > (i)

1<i#j<n

In particulary, the case n = 2 in the above reduces to

[, b0+ 1, ba)” < all® (max (I I02]”) + [r02)l) . (7)

We recall the following refinement of the Cauchy-Schwarz inequality obtained by
Dragomir in [9). If a,b, e are vectors in H and ||e|| = 1, then we have

[(a, )| < [{a,e) (e, 0)| + |(a,b) = (a, ) {e,0)] < |a] [|b]| (8)

From the inequality we deduce that
1
[{a, €} (e, )] < 5 (llall Ibll + I{a, b)1) . (9)

Let E)\ Abe a normalized reproducing kernel. Then, by taking e = EA, a= AE)\ and
b = A*k) in the inequality (9)), we get
~ ~\12 1 ~ ~ ~ o~
< = * 2 ‘
(AR )| = 5 ([t {45 B ))) (10
and

~ 2 1 2 PN
sup A()\)‘ < sup = (HA/@\H + ‘<A2kA,k)\>D
AEQ AcQ 2

which is equivalent to
1
ber? (A) < 5 (HAH%er + ber (AQ)) . (11)
In addition to this, we have the following related inequality:

Theorem 1. Let A € B(H), f,g be non-negative continuous functions on [0,00)

satisfying f(t) g(t) =t, (t > 0), and h be a non-negative increasing convex function
on [0,00). If

0< f2(|4%) <m< M < g2 (\(A2)*D,
or O<92<‘(A2)*D§m<M§f2(|A2|)’
then

o/ || 1 (£ ([42))) + h (92 (] (42)°
M4+m 2

)] R

ber

h (ber (A2)) <
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Proof. Let E,\ be a normalized reproducing kernel. Then, we have
h([{4%RR))
<h <\/ (£ 42) T ) (92 (1(42)")) %M)

(by Lemma |1 (ii))

o (m (<f2 (42D B ) + (s <\<A2>*D%»%>))

M+m 2
(by the inequality @)

_ 2/Mm, (<f2 (142]) Fa, o) + (02 (’(A2)*DEA,EA>)

~ M+m 2

- M+m

<%mm(Nw%mm%ﬁwngfO@WD“@»)

o (PR 1))
2

- M+m

(by Lemma [2)

st

- M+m 2
Therefore,
h([(A4%hB)]) < % <h(f2 (141 +Z(92 (’(A2)*D)@A,%A>.

By taking the supremum over A € €2 above inequality, we deduce the desired result

b (ber (A2)) < 2V Mm n( (j42D) + (o ([(42)7]))
(ber (42)) < 22 :
ber
This finalizes the proof. (I

The following result may be stated as well.

Corollary 1. Let A € B(H), f,g be non-negative continuous functions on [0,00)
satisfying f(t)g(t) =t, (t > 0), and r > 1. If

0<s2(|4%) <m <M < g (|(43)7])
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o 0<¢?(|(4)7)) =m<ar< p2(|42)),
then

_ 2T |77 (14%0) + 97 ([ (4
T M+m 2

ber” (AQ)

ber

Remark 1. By takingr =1 in C’omllary then it follows from the inequality
that

ot || 12 (142)) + % (|(42)])
M+m 2

ber? (4) < 5 [ 4%, +
ber

For various operators, the following conclusion is true.

Theorem 2. Let A,B,C € B(H), A,B>0,0<a<1, and h be a non-negative
increasing sub-multiplicative convex function on [0,00). If

0< B21-9) < <« M < A%

or
0< A% <m < M < B>(1-9),
then
« 11—« 2 v M?’TL h (B2(1_a)) + h (AQOC)
h (ber (A CB )) S M + mh(”CHber) D) . (13)

Proof. Let EA be a normalized reproducing kernel. Then, by the Cauchy-Schwarz,
we have

h(|[(amcB ol R )))
(ot 42}

< b (ICher |aka))
(by h sub-multiplicativity)

=h ('CHber \/<Bl_“E,\,Bl_a/k\,\> <AQE>\,AQE,\>>

(by the inequality @)

=h <|C||ber \/ (BT T ) <A2%,EA>>
Sh(IC]per) P <\/<BZ(IQ)E»%> <A2C’EA,EA>>

Bl—ozi%)\ ‘
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2(1 ay~ ~ NP
R(ICllpu) m < k‘k,kA>2+<A kx,k,\>
2(1 )~ s
fﬁh(umber)h (B ’“2><A o)
(by Lemma [2))
< ZYMm (||O|ber)h(< BB )) + b (425 E))

M+m .
2(1 a)
LT G LYY AR U LYY

2
JRaiaty
- mh(”0|ber)<<h< ) h(A )) ka, k)\>7

IN

So,

2(1—a) 20
h(‘<A“CBl_‘X%,@A>Dgmh(||0|ber)< h<B );h(A ) EM%A>,
and

2(1—a) 2a
aup (| (45051 (] < 2/, <||c||ber>sup< (2 );h(A ) wk>

which is equivalent to

2vVMm

2(1—a) 2c
b (ber (4°051)) < 2V, oy | REEET) AT

ber
which proves the desired inequalities. (Il

Corollary 2. Let A,B,C € B(H), A, B>0, and 0 <a <1, andletr > 1. If

0< B*1-%) < < M < A%,

or
0< A% <m< M < B0
then
M A2ra 4 B2r(lfoc)
berr (AozCBl—a) S m H Hb ( ) ( )
M+m er 2 N
er

As a consequence of the above, we can present the following inequality.
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Corollary 3. Suppose that the assumptions of Corollary[g are satisfied. Then

2vM A"+ B"

ber” (4120B'?) < TEER O |55 (14)

ber

We can give the following corollary whose proof can be reached by using similar
techniques from Theorem 3.4 and Lemma 3.5 in [30].

Corollary 4. Let A, B € B(H) be invertible self-adjoint operators and C € B(H).
Then
A" + B

ber” (A1/20B1/2) < ”C”ger 5

(15)

ber
Remark 2. Therefore inequality w essentially gives a refinement of the inequal-

ity of (l) since M+m < 1.

The following result is of interest in itself.

Theorem 3. Let A € B(H), and let h be a non-negative increasing convex function
on [0,00).

1 1
h (ber® (A)) < 7 (AT A+ AA ) + R (AT A = AA|,,)) + 5h (ber (4%)).
In particular, for any r > 1,
ber®” (4) < i (J|JA*A + AA*||L, + |A*A— AA*||L.) + %ber’" (A2) .

Proof. Let A € Q be an arbitrary. Put by = AE,\, by = A*/l%,\, and a = EA in the

inequality @) Since max (a,b) = w , we get
‘<7€\)\,A7€\,\>‘2 + ‘</]€\)\,A*k)\>‘2
2 2 - -
< max (HAI@A k;AH ) n ‘<Akk,A*ky>‘ (16)

- % (KA*A + AA*EA,EA> + ’<A*A _ AA*EA,EA>D + KA%,EQ] .

Applying the AM-GM inequality for the left hand side of the above inequality,
we get

(Ao || (4 )|

< % (KA*A n AA*EA,EAH + ]<A*A - AA*@A,EA>D n % ‘<A2EMEA>‘ .
Whence,
([ (AR | (4R B ) )

<h (i (J(ara+ a4k, )|+ [ (474 - a4k B )|) + % KA%,MD
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. (; ’<A*A " AA*E,\,EAM n ‘<A*A _ AA*EA,EAN n ‘<A2EA,EA>‘)

2

. (‘<A*A+ AA*EA,EAN + ‘<A*A — AA*EA,EAM

: JRR(EEh)

(n(|(ara+aaia®n)|) + 0 ([(474 - a2 B0 R)|)) + %h (|(a%nR)]).

Therefore,

({4 )| [(48 B)))

< % (n(|(ara+aaia®n)|) + 0 ([(4°4 - A2 B B)|)) + %h (|(a%nB)]) -
By taking the supremum over A € {2 above inequality, we have

(ber? (4)) < 5 (A" A+ AA*) + (1A A = AR [,,)) + 5 (ber (42))
This completes the proof. O
Corollary 5. Let A € B(H) be an invertible operator. Then

]_ 2 3 1 _ -2
ber(4) < /S 14, + 2 120, - L 1a-1152.
Proof. By using similar techniques from [22], we get
* * 2 —1(—2

|47 A = AL e < 1Allger = |47 | - (17)
On the other hand, from Theorem [3] we have

1 1

ber?(4) < 7 (1A°A + AR + A4 — AA*],) + Zher(4?)

Hence

1
ber®(4) < 7 (|4 A+ AA" g, + [ 44 — AA"||,,) + Sher(4?)

N R N

- 1

(147 A+ A4 oy + AN = [[A7[,2) + Fber(A?)
(by the inequality (I7))

1
S Z (2 ||A||ier + ||A2||ber
(by the inequality )

1 3 1, . -2
< 5 HAHtQ)er + Z HAQHbcr o Z HA 1Hbcr
(by the inequality )

as required. (Il

<

- 1
A7 a) + Gber(4)
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The following upper bound for the nonnegative difference ber?(A) — ber(A?) can
be obtained:

Corollary 6. Let A€ B(H). Then
ber2(A) — ber(A2) < % (H\A|2 n |A*|2‘

+ |14 - 1P|

ber) '

For more recent results concerning Berezin radius inequalities for operators and
other related results, we suggest |3H5%/12,/144|16L33].

ber
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ABSTRACT. This paper aims to bring together quaternions and generalized
complex numbers. Generalized quaternions with generalized complex number
components are expressed and their algebraic structures are examined. Several
matrix representations and computational results are introduced. An alterna-
tive approach for a generalized quaternion matrix with elliptic number entries
has been developed as a crucial part.

1. INTRODUCTION

Hamilton introduced the Hamiltonian quaternions for representing vectors in
the space, [1;[2]. The real quaternion is written as ¢ = ag + a1i + aaj + ask,
where ag, a1, az,a3 € R are components and i, j,k ¢ R are versors, |3]. The set of
real quaternions, as an extension of complex numbers, is an associative but non-
commutative Clifford algebra used in many fields of applied mathematics. The
associative quaternions will be divided into two classes: in the first class, there
are the non-commutative quaternions (Hamiltonian, hyperbolic, split, generalized
quaternions [4H11] etc.), and in the second class, there are the commutative quater-
nions (generalized Segré quaternions [12,/13], dual quaternions, [14H18| etc.).

The algebra of generalized quaternions as a non-commutative system, denoted
by Q,,g, includes a variety of well-known four-dimensional algebras as special cases.
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The conditions of the versors for them are given by:

i2 = —qQ, j2 = *Ba k2 = *O‘ﬂa (1)

ij=—ji=k, jk=-kj=pi, ki=-ik=qj,
where o, 8 € R. For « = f = 1 Hamiltonian quaternions, a = 1,8 = —1 split
quaternions, « = 1, 8 = 0 semi-quaternions, a = —1, 8 = 0 split semi-quaternions,

and a = 8 = 0 quasi-quaternions are obtained.

Additionally, the general bidimensional hypercomplex systems (namely general-
ized complex numbers (GCN')) over the field of real numbers R are given by the
ring ( |19-24]):

R[X] 2
~fy= I1:1I-=1 R, I ¢R
<h(X)> {Z 1+ x2 q+p7 p,q,21,2T2 € R, ¢ }7
where h(X) = X2 — qX — p is monic quadratic. By denoting this set with Cqp, it
is well known that the sign of A = g2 +4p determines the properties of the general
bidimensional systems. These systems are ring isomorphic with one of the following
three types:

e for A > 0 the hyperbolic system; the canonical system is the system of
hyperbolic (double, split complex, perplex) numbers H = Cy ; with p = 1,
q =0, [25-28|,

e for A < 0 the elliptic system; the canonical system is the system of complex
(ordinary) numbers C = Cy _; with p = —1, g =0, [28,]29),

e for A = 0 the parabolic system; the canonical system is the system of dual
numbers D = Cy o with p =0, g = 0, [28,30L31].

Regarding the value D, = 27 = (x1 + x20) (21 — 221) = 212 — px2? + qu1 29,
which is called the characteristic determinant, z € C, , can be classified into three
types, [20]. Hence z € C ,, is called timelike, spacelike or null where D, < 0, D, > 0
and D, = 0, respectively. Then all of the elements of the set Cy _; are spacelike.
For q = 0, I? = p € R, the generalized complex number system is denoted by C,
and called p-complex plane, [23].

In this paper, we aim to design generalized quaternions by taking the compo-
nents as elements of Cg,. Moreover, the algebraic structures and properties of
these quaternions are investigated, and several types of matrix representations are
introduced. Also, an alternative approach for the generalized quaternion matrix
with elliptic number entries is considered as a further result.

2. GENERALIZED QUATERNIONS WITH Gcn COMPONENTS

In this section, we present mathematical formulations of improved quaternions:
generalized quaternions with GCN and examine special matrix correspondences.

Definition 1. For a, 3 € R, the set of generalized quaternions with GCN compo-
nents are denoted by Q. g and the element of this set is defined as in the form:

(?: ag + a1i+ aoj + ask,
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where ag,a1,az,a3 € Cq, and i,j,k ¢ R are generalized quaternion versors that
satisfy the properties in equations (|1)).

Axiomatically, the generalized complex unit I commutes with the three quater-
nion versors i, j and k, that is il = Ii, jI = Ij and kI = Ik. It is obvious that for
qg=0,p=—1,a =1, the usual complex operator is distinct from quaternion versor
i. Moreover i distinct from the usual hyperbolic unit for g = 0,p = 1, = —1 and
distinct from the usual dual unit for ¢ = 0,p = 0, = 0. This conditions can also
be extended for the other versors. _

Throughout this section, ¢ = ag+a1i+azj+ask and p = bo+b1i+baj+bsk € Qu g
are considered. Due to the generalized quaternions with GCA components are an
extension of generalized quaternions, many properties of them are familiar. For any
q € Qa,8, S5 = ag is the scalar part and V3 = a;i + asj + asgk is the vector part.
Equality of two improved quaternions is as follows: p=¢q & S5 =55V =V
Addition (and hence subtraction) of ¢ to another quaternion p acts in a componen-
twise way:

g+p =(ao+bo)+ (a1 +b1)i+ (az+b2)j+ (az+0b3)k
(2)
=S5+ 5+ Vs + V5
The conjugate of g is the following quaternion:
E:ao—aﬂ—agj—agk:S;j—vaj. (3)
The scalar multiplication of ¢ with a scalar ¢ € Cq , gives another improved quater-
nion as:
cq = cag + cari+ casj + cask = ¢Sz + V. (4)
Multiplication of the two quaternions is carried out as follows:
qp = (aoby — aaiby — Bazby — aBazbs)
+ (apb1 + a1bg + Bagbs — Bazbz) i (5)
—+ (a0b2 — Oéalbg —+ G,Qbo + Olagbl)j
+ (agbs + a1bas — asbi + asby) k.

Proposition 1. éayg is a 4-dimensional module over Cq , with base {1,i,j,k} and
is an 8-dimensional vector space over R with base {1, 1,1, Ii, j, Ij, k, Ik}.

Definition 2. For any ¢,p € @a’g, the scalar and vector products on @aﬁ are,
respectively, defined by:
@ﬁ)g = S5 + (Vg V17>g: agbo + aaiby + Bazbs + aBazbz = 55;57
qxgp = 55V5+ 55Ve — VXV = Vg

where {, >g and X4 represent generalized scalar product and generalized vector prod-

uct:ﬂ for a, B € RT, respectively.

1For a more general description of the generalized inner and cross product, see |7].
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Definition 3. The norm of q is defined as:
N; =47 =qq = a} + aa} + Ba3 + afaj € Cqp. (6)
Definition 4. The inverse of q is calculated by:

@ =5

for non-null Ng that is Dy, # 0.

Proposition 2. For any ¢,p € @aﬁ and ci,ca € Cqp, the conjugate and norm
hold the following properties:

i =4 o iii. §p =74,
ii. c1p + 2 = c1p + 2, iv. Ne,g=c1Ng,

Proof. Taking into account equations , and , items i and ii are obvious.
iii. Considering the conjugate of equation , we have:
qp = (aoby — carby — Bazby — aBasbs)
— (aob1 + a1bo + Bazbs — Bazbs) i
- (aobg — aa1b3 + agbo + aa3b1)j
- (a0b3 + albg — a2b1 + agbo) k.
Using equations , it is easy to check that

]?g: (bo — bli — bgj — bgk)(ao — a1i — agj — Cl,3k) = ﬁ

iv. Having item ii and equation (6]), we get: N7 = (c19) (c19) = ¢} Ng.
v. Using item iii and equation (6]), we obtain:
Ngp = (@p) (qP) = 4PPq = NgNp.
[l

Remark 1. As an another perspective to q € @aﬁ, the following can be calculated:

g =ao+aii+azj+ask
= (zo1 + wo2l) + (z11 + @12d) i+ (w21 + w22l ) j + (v31 + 2320 ) k (7)
=qo+ql,
where a; = x;1 + Tl € (CCMM qj—1 = Zoj + (Elji + (Eij + l’gjk S Qa,ﬁ fO’f‘ 0 <
1<3,1<j<2 Forq=qyo+aql andp = po+p1l € @%5, if p = q, then
Do = qo,p1 = q1- The addition is p+q = (po + qo) + (p1 + q1) I. The conjugate and

anti conjugate are ¢ = qo+qq1 —q1 I and q'2 = q —qol, respectively. Additionally,
cqg=cqo+cqil, c € R and

qp = (qopo + pqip1) + (qop1 + @1po + aqipr) 1.
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It is worthy to note that éa”@ is a 2-dimensional module over Q. g (skew-field)
with base {1,1}. The moduli is

Ny =aq" (8)
and the inverse is (@)71 = % for non-null Nz;fl, The analogue of the scalar product
a

on @aﬁ can also defined by as follows:
<(7? @g = Sqoﬁo + pSQl?1 + (Sq0?1 + SQI?O + qS‘I151)I‘

Proposition 3. The followings hold for q,p € éaﬁ and cq,co € R:

i (q 1)T1 :E]; V. a+§TIZQQO+q91;

ii. (g 2)“ =—q, vi. (5@“ #p" ? L
. _ 2

i, (g c2p)t = 1@ + eoph, vii. Ncga =a TNalT’

iv. (c1q+ CQ@TQ =142 £ eopl2, viil. Nz #* N7 NG

Proof. vi. Let us consider ¢ = (1+i)I and p = j+I. As it is seen the followings:
gp=p(l+i)+(a+aqi+j+k),
@GP =pA+i)+qa+aititk) —(q+qi+j+ k)L,

and
phr gl = (G+q— (g +1i) - (1+1i)])
= (p+a*)+(p+a)i+ai—gk—(q+agi+j—k)I.
It follows that (qN[))Tl £ pit ghe,
viii. From equation (8), we have the following equations:

NE=@panh
and
NENDE = (Gah) (5 1)
On account of the generalized quaternions are non-commutative and item
vi, we find Ng% #+ NalNgl. One can also see this inequality considering
g=1il and p=jas NIt =paf = —NI NI

The proof of the other items is a simple calculation considering Remark O

2.1. Matrix Correspondences. In this subsection, we formulate 2 x 2, 4 x 4 and
8 x 8 matrix correspondences which provide an alternative formulation of multipli-
cation.

Theorem 1. Every generalized quaternion with GCN components can be repre-
sented by a 2 X 2 quaternionic matriz. Qqu g is the subset of Ma(Qy.3)-
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Proof. For ¢ = ag + a1i+ a2j + ask € éaﬂ, L: éa,g — R,q — Ay is linear map,
where

o ~ ~ 4. | aotask aji+azj

is a subset of Mg(éa, 3). So there exists a correspondence between éa, g and R via
the map L. Hence, 2 x 2 quaternionic matrix representation of ¢ is Ajz.

O

Corollary 1. L can be determined as the following representation:

[,(ao + a1i+ asj —|—(13k) = agly + a1l + azd + azK, (10)
where

10 i 10 ] |k O
=[0s]e-5 - [ok]

Thus

|2 = —OZIQ, J2 = _ﬂI27 K2 = _aﬂ-[Qa

J=—-JI=K, JK=-KJ=-pl, Kl=-IK=aJ.

Theorem 2. For q,p € éaﬁ and A € R, then the following identities hold:

ig=pe Az=A;, iii. Axg = AMAg),
ii. Agpp = A+ Az, iv. Agp = AgAz.

Proof. The proof is obvious considering the matrix form given in equation @D
However let us discuss the proof of the item iv for better understanding:

iv. Considering equation , we can write:

aobo — aar1by — ,Bazbg — aﬂagbg (aob1 + arbo + ﬁazbg — ﬁa3b2)i
(aobs + a1b2 — a2b1 + asbo) k + (aob2 — aa1bs + a2bo + aasbi) j
Agp =
(a0b1 + aibg + ﬁagbg, — ﬂagbg)i aobo — aa1by — ﬁagbg — aﬁagbg,
+ (aob2 — awa1bs + a2bo + aasbi)j  + (aobs + aiba — a2b1 + asbo) k

(11)
Computing AzAz as
AA- — ag + ask a1i+ asj bo + bsk  b1i+ boj
P ali —|— agj Qg + a3k bli —|— bgj bo —|— bgk
gives equation quickly. We thus get Az = AzAp.
(I

Theorem 3. Every generalized quaternion with GCN components can be repre-
sented by a 4 x 4 generalized complex matriz. Qo g is the subset of My(Cq,p).
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Proof. For § € Q, , denote K as a subset of M(Cq,) given by:

ag —aay —fay —afag

) pl_ | @ ao  —Paz  Pap
K= B e Mu(Cop):By= | 08 00 TO® PR (12)
as —a9 aq [e))

and define linear the map N : éa,ﬂ = K,q— Bé”' There exists a correspondence

between éa, 5 and K via the map N. Bf7 is the 4 x 4 left generalized complex matrix
representation of ¢ according to the standard base {1,1, j, k}.

4 x 4 right generalized complex matrix representation of ¢ can be calculated
similarlyﬂ Throughout this paper B% will be considered. ([l

Corollary 2. Considering the base {1,1,j,k}, the column matriz representation
of p € Qa, is given by p = [ bp b1 by b3 ]T. Using Bé-, the multiplication of
q,p € éa,g can also be written by: qp = Béfﬁ.

Theorem 4. Let q € Qva,g. Bfi can be determined as:

B;l]v = aply + a11+ axd + a3K,

where
0 —a 0 O 0 0 -8 0 00 0 -—ap
|1 0 0 o0 I 0 g 10 0 -5 0
= 0 0 0 —« I = 1 0 0 0 K = 0 aa O 0
0O 0 1 o0 0 -1 0 O 1 0 O 0

Undoubtedly, 1,J, K satisfy the generalized quaternion versors conditions in equa-
tions (L))

Using q € @aﬁ as ¢ = (ap + a1i) + (a2 + asi)j and considering a different con-
jugate related to this form, we can write the following theorem:

Theorem 5. Letq € @a,g. Then, we have aBéa = Bé* , where o = diag(1,1,—1,—1)
and Z]v* = (ao + a1i) — (CLQ + a3i)j S Qaﬁ.

24 x4 right generalized complex matrix representation of g is:

ap —aa; —faz —afas
Br— | @ ag Bas —pBaz
a az —aas ago aal

as az —ai ao
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Proof. An easy computation shows that

1 0 0 0 agy —aa; —Pay —afag 1 0 0 0
UBLO': 0 1 0 0 aq ao —6@3 50,2 0 1 0 0
q 00 -1 0 as «as ag —aaq 00 -1 0
_O 0 0 -1 as —ag a1 apn 0 0 0 -1

[ a0 —an Baz afaz

_ ay ap  Baz —Bay

—Q9 —Qas aon —Qaq

_—CL3 a9 aq ap

Hence, one can see that the last matrix is Bé*. (I

Theorem 6. Let g,p € éa’g and A € Cq p, the following properties are satisfied:

i g=peBL=5BL,
ii. BL, -

q+p q

; | _ plal
iv. B = BLB5,

V. det(l’)’év) = Ng,
vi. tr(B%) = 455.

Proof. By considering the matrix form given in equation , the proof is clear.

As well let us discuss the proof of the item iv for better understanding:

iv. Using equation 7 we obtain the following matrix for Bévﬁ:

aobo — aq bl
—Bazbs — afaszbs

apby + a1bg
+Bazbs — Bazbz

(aobg — aalbg
+asbg + casby)

(aobs + a1bz
L —azb1 + azbo)

—« (aob1 + a1bg
+Bazbz — Bazbz)

apobg — aa1 by
—PBazbz — aBazbs

« (a0b3 + ai1bs
—azb1 + azbo)

— (a0b2 — xaq b3
+azbo + aasby)

—B (apb2 — aaibs
+azbo + aasby)

=B (aobs + a1b2
—azb1 + azbo)

a()bo — aalbl
—Bazbz — aBazbz

aob1 + aibo
+Bazbs — Bazbz

—af (apbs + a1b2
—azby + azbo)

B (apba — aa1bs
+azbo + aasby)

—a (a0b1 + ai1bg
+Bazbs — Bazbz)

agbo - ozalbl
—PBazba — afasbs

(13)
Multiplying Bg and B% as:
ag —aa; —Paz —afaz bp —ab; —Bby —afBbs
BpL— | @ a —Bas Pa by bo  —pbs  Pby
a-p a2 aas ap —Qaq b2 O[b3 bo —O[bl
as —a9 ay ao bg —b2 b1 b()
gives equation quickly. Hence we get Bﬁﬁ = Bg@%.
|

Theorem 7. Let g € éaﬁ and g1 be the inverse of q. Then,

85771 ==

A /det(Bf?) I

L
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Proof. Taking into account Definition [4] and Theorem [f] items iii and v, the proof
is obvious. O

Theorem 8. Every GCN with generalized quaternion components can be repre-
sented by a 2 x 2 generalized quaternion matriz. Q, g is the subset of Ma(Qa. ).

Proof. For ¢ =qo+ q11 € éa,g, denote T as a subset of My(Qq,3) given by:

T:= {D@E Ma(Qa.p): Dy = [ by qoiqqul ” (14)

and define the linear map M : Qva,g — T, ¢ = Dz It can be concluded that

there exists a correspondence between Q, g and 7 via the map M. Hence, 2 x 2
generalized complex matrix representation of ¢ with respect to the standard base
{1, I} is the matrix Dj. O

By using Dy and p = [ Po  P1 }T, we have: gp = Dgp. Moreover, Dy is also in
the form Dy = gol2 + qi1l, where | = [ (1) E ] is the representation of I. It should

be noted that there are many ways to choose |, for instance: | = [ g (1) } (see
in [32)).
Theorem 9. For any ¢ = qo + q11 and p = pg + p1l € éaﬂ and A € R, the
following properties are satisfied:

i a:5¢>pazpﬁ,

ii. Dgr5 =Dz+ Dy,

ili. Drg = A(Dg),

iv. ’ng}; = 'Dg'Dﬁ,

v. det(Dg) = ¢3 + qq190 — pgi, where the notation det represents the determi-

nant of the quaternion matria’)

Proof. The proof is obvious considering the matrix form given in equation .

iv. Using equation 7 we obtain:
- qopo + Pq1p1 p(qop1 + q1po + qq1p1) . (s)
w qop1 + q1po + aq1p1 - qopo + pqip1 + q(qop1 + ¢1po + qq1p1)

Also, the computation of the following multiplication

qo b1 Do pp1
D;D5 =
o [ @ qo+aq } {pl Po + qp1 }
gives equation . Hence we have Dz = Dz D5.

3The determinant of an arbitrary 2 X 2 quaternion matrix is defined by

det([ i : D =da — cb, [33].
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O
Definition 5. Let ¢ = qo + 11 € éaﬁ. The vector representation of q is defined
as
= T @
q Z[%)T q_l)T] :|:§1)>:|€M8><1<R)a

where qj_1 = xoj + T1ji + x2;j + T3k € Qo g and
— T T
aj—1 = (Toj, T1j, T25, T35) * = [Toj T1j T2y T3]
are vectors (matrices) for 1 < j < 2.

Theorem 10. Let g = qo + 11 € éa”g. Then

= -
Lgh =X, where X = | 19| c v(w).
0 —I
- o
ii. g2 =Y7q, where Y = 0 I € Ms(R).
-1, 0
Proof. N
- — -
i. Computing ¢t and X' ¢ gives the equality as: g1 = [ d0 q_q>q1 } and
—qi
in): Iy qly @i _ %>+_Cl>q_1>
0 - i —qi '
With the same manner the other item can be proved. O
Ti1 P2

By applying the map I'(z;1 + x2l) = { } to Bé, where

Tiz  Til T qT2
a; = x51 + T2l € Cqp, for 0 < 4 < 3, the left real matrix representation Cé of
q (see in equation (7)) with respect to the base {1, 1,1, i, ], Ij, k, Ik} can be easily
found. So, Qg4 is the subset of Mg(R).

Example 1. Take g € @2’1 with GCN' components for p = —1 and q = 1:
g=1+(-1+0i+Ij+(1+2])k.

Then,
1+(1+2Dk (-1+1D)i+1Ij

Ag = (-1+1D)i+1Ij 1+(1+2Dk |’
1 —2(=1+1) -1  —201+2I)
g | 1+1 1 —1-2I I
7= I 2(1+2I) 1 —2(=1+1) |’

1+21 —I —1+1 1
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1 0 2 2 0 1 -2 4
0 1 -2 0 -1 -1 -4 -6
-1 -1 1 0 -1 2 0 -1
oL 1 0 0 1 -2 -3 1 1
q 0 -1 2 -4 1 0 2 2 [
1 1 4 6 0 1 -2 0
1 -2 0 1 -1 -1 1 0
2 3 1 =11 0 0 1 |
po_ | itk —i-j-2k
T i+j+2k 14+j+3k |’
1 2(-1+1) I 2(1+2I)
B 1 1-1 1 1+21 ~1
T /Z1890 + 451 -1 —2(1+2I) 1 2(-1+1)
—1-2I I 1-1 1

Also, the vector representation of git is computed by:

T
ﬁ_qug_{h ]4} [1—101]T
0 —L (001 1 2]

—[1 0130 -1 -1 —2]",

3. FURTHER RESULT: AN ALTERNATIVE MATRIX APPROACH

The questions about numbers, hypercomplex numbers and quaternions included
questions about their matrices. Inspired by matrix forms in the study [34], we
give an answer for the question of the alternative representation of generalized
quaternion matrix with elliptic number entries (see elliptic biquaternions in [35]).
So this matrix is in the form:

Q = Aol + A1 T + Ay T + AsK,

where Ao, A1, A, A3 € C, are elliptic numbers for p < 0. The base elements can
be defined as follows:
Case 1: For o, 3 € RT

o af
s | vmt O j:[ 0 \/B} oo | ol
0o /&1’ -vB 0 ]’ s 1
[p] [p]
Case 2: Fora ¢ R, B e R~
e —ap
0 /&I’ V=5 0] —/=221 0

[p] [p]
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Case 3: Fora e R, B € RT

/L —afB
I[ 0 \/—04}“7 AR 0 o

V—a 0 /B _ [zaB
0 Ip\I [l I 0
Case 4: For o, € R™
—a af
I 0 i j:[ 0 \/—6} oo | Vit 0
_ = ’ V- 0 ’ _ JaB
Yan 0 F 0 Yared

These elements satisfy the following conditions:

2 =—al, IJ=-JI=K,
J?=-pL, JK=-KJ=0pI,
K2 = —afl, KI=-IK=aJ.

Taking into account Case 1, @ is rewritten as
_ Ao+ [ TAr  VBAx+ /%8 1A,
. Ip] Ip]
Q= oy
—V/BAy + il TA3 Ag — ﬁ[/h
One can see this matrix in Tian’s paper [36] related to biquaternions (complexified
quaternion) for « = f=1and p = —1.

The conjugate (same as the adjoint), transpose, the elliptic conjugate, the total
conjugate and determinant @ can be given as follows:

~5 = A0]2 — AlI - A2j - A3K = AdJ @7
QT = AOI2 + AII — AQJ + A3IC7

~ iT
Q% =Agh -~ AT+ AT - A3K=0Q

—=C =~
Q ’ = Agls + A1T — AT + AsK = (QCp)7

and B
detQ = A2+ A2+ BA2 + afA2
= A% + A2detT + A3det J + A3 det K.

For det é # 0, the inverse of @ is defined by:

Q= Q= 1

det Q A%+ aA? + BA + aBA3
Similar calculations can be given for the other cases. Additionally, the relation-
ships between the above operations and some properties of generalized quaternion
matrices with elliptic number entries can be easily proved. We omit them for the
sake of brevity. For Ag, A1, Aa, A3 € C_1, we refer to [37] under the condition that
a=pf=landa=1,=-1.

(Aoly — A\T — Ay T — A3K).
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4. CONCLUDING REMARKS

Our paper is motivated by the question: What happens if the components of
quaternions become GCN? Based on this question, we develop the theory of gen-
eralized quaternions (non-commutative system) with GCN components p,q € R.
Also, we investigate the algebraic structures and properties by considering them as
a GCN and a quaternion. With specific values of o and 3, we obtained different
types of quaternions with GCN components in Section 2. Additionally, we establish
matrix representations and give a numerical example. In Section 3, we also come
up with a different way to deal with a generalized quaternion matrix with elliptic
number entries.

The crucial part of this paper is that one can reduce the calculations to men-
tioned types of quaternions by considering hyperbolic, elliptic and parabolic number
components for A = g2 + 4p (see Table . As a natural consequence of this situ-
ation, taking into account special conditions, the definition of special quaternions
mentioned in the papers [38/47] are generalized via Definition [I} the papers [48-53]
are generalized from the viewpoint of definition, algebraic properties, relations and
matrix representations of quaternions and finally, different matrix forms in the
papers [35H37| are generalized in Section 3. All of these situations can be exam-
ined in Table 2} For instance, all of the obtained calculations agree with complex
quaternions fora = =1,q=0,p = —1.

With this unified method, we believe that these results give rise to ease of calcu-
lation via mathematical concordance, and in future studies, we intend to investigate
other commutative and non-commutative quaternions created with GCN' compo-
nents in this manner. Now, the necessary and sufficient condition for similarity,
co-similarity and semi-similarity for elements of the generalized quaternions with
GCN components for p,q € R is an open problem for researchers.

TABLE 1. Basic classification regarding components

A =qg?+4p Type of components References

A<O elliptic biquaternion [35,/50] (for g = 0)
A=0 parabolic [41,51] (for q = 0)

A>0 hyperbolic




56

G. Y. SENTURK, N. GURSES, S. YUCE

TaBLE 2. Classification considering components with regard to
the value of p,q,a and

Condition o [ Component Quaternion
1 1 complex Hamiltonian
1 -1 complex split
q =0 .
p =1 1 0 complex semi
-10 complex split semi
0 O complex quasi
1 1 dual Hamiltonian E |
—0 -1 dual split ﬁ
9 —0 1 0 dual semi 42/52]
po= -1 0 dual split semi o
0 dual quasi
1 1 hyperbolic  Hamiltonian |40
0 1 -1  hyperbolic split 43
q B 1 1 0  hyperbolic semi
P -1 0 hyperbolic  split semi \\
0 0 hyperbolic  quasi
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PROBLEM OF SCATTERING THEORY FOR SPECTRAL
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ABSTRACT. In the present work, the inverse problem of the scattering theory
for Klein-Gordon s-wave equation with a spectral parameter in the boundary
condition is investigated. We define the scattering data set, and obtain the
main equation of operator. Furthermore, the uniqueness of the solution of the
inverse problem is proved.

1. INTRODUCTION

Scattering problems, which play a role in the structure of matter in Newtonian
mechanics, are an important research topic of mathematical physics. Obtaining the
scattering data by giving the potential function and investigating the properties
of these scattering data is called the direct problem in scattering theory, while
obtaining the potential function according to the scattering data is called the inverse
problem. Therefore, the importance of inverse scattering problems in terms of
natural sciences is an undeniable reality.

The inverse problem of scattering theory for the boundary value problem

—y" +qlx)y = Ny, (1)
y(0) = 0 (2)
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was studied in [13] and the author obtained that the Jost function of (1)-(2) defined
by

e(A):1+/K(O7t)ei’\tdt, AeTy:={A:A€C, ImA>0}.
0

has a finite number of simple zeros in C,.. The scattering data of (1)-(2) is
{SO\), Asm -k =1,2,...,n},

where A\, are the zeros of Jost function, m;l are the norm of the zeros of Jost
function for A = Ay in Ly(0,00) and S(A) is scattering function of (1)-(2) given by

S(A) = : , A€ (—o0,00).

As the potential function ¢ is given, the problem of getting scattering data and inves-
tigating the properties of scattering data is called the direct problem for scattering
theory. Oppositely, finding the potential function ¢q according to the scattering data
is known inverse problem of scattering theory. The direct and inverse scattering
problems for a selfadjoint infinite system second-order difference equations with op-
erator valued coefficients were considered in [11]. The uniqueness of the solution to
the inverse problem of scattering theory for equation (1) with a spectral parameter
in the boundary condition

¥ (0) + (g + a1 X + axA?)y(0) = 0

was studied bh Kh. R. Mamedov ([12]). Also, the solution to the inverse problem
of scattering theory for spectral parameter dependent Sturm-Liouville operator sys-
tem was founded uniquely by G. Bascanbaz Tunca and E. Kir Arpat in [15], and
the scattering analysis of a transmission boundary value problem which consists
of a discrete Schrodinger equation and transmission conditions was investigated
in [5]. Furthermore, the scattering theory of impulsive Sturm-Liouville equations,
impulsive discrete Dirac systems, impulsive Sturm-Liouville equation in Quantum-
Calculus and Dirac operator with impulsive condition on whole axis were investi-
gated in [1,4,8,9]. The scattering function of impulsive matrix difference operators
and scattering properties of eigenparameter dependent discrete impulsive Sturm-
Liouville equations were studied in [2,3,6]. But scattering theory of Klein-Gordon
s-wave equation with boundary condition depends on spectral parameter has not
been investigated yet.

Let L,, denotes the Klein-Gordon s-wave operator of second order with boundary
condition generated by

y' + A —q@)]’y=0, 0<z <o (3)

and
¥ (0,\) + (ag + a1 A+ a2A?)y(0, 1) = 0,
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where A\ = p? is a complex spectral parameter, a; are real numbers for i = 0,1, 2,
a1 <0,as >0, (g + a1 A+ 042)\2) # 0 and ¢ is a non-negative real valued function
satisfying the following condition

z [lg(@)] + 1¢'()|] dz < oc. (4)
0

In this paper, we examine the inverse problem of scattering theory of L, under the
condition (4).

2. PRELIMINARIES

To be able to well defined mapping between A\ and u, we will study on the region
Rep > 0. If the condition (4) is satisfied, equation (3) has the following solutions

FO (@, 1) = f(a,p2) = ello@rie] / K(x, t)e  dt, (5)

FO0Gow) = Tl = e o] o [k ppevar
for p € Ry := {p:Rep >0, Imp =0} and they have analytic continuation to
Cl={ueC:Repu>0, Imu>0}and C; :={p€C:Rep >0, Imp <0}, re-
spectively where a(x) = / q(t)dt and K(z,t) is solution of integral equations of

xr
Volterra type which has continuous derivatives with respect to their arguments
([7])- Moreover, K(z,t), K;(z,t), K;(x,t) satisfy the following inequalities

|K (z,t)] < cw (54) exp (y()),
| Ko (2, t)] [ Ko, )] < e [w? (55E) + 6 (%1)]

where

wie) = [ [la@f + |d @] at

1(@) = [ [tlatof + 2laco)] ar

() = & [2la@)P + |¢ (@)
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and ¢ > 0 is a constant. In addition, the function K(z,t) and potential are related

to
o0

K(z,z) = 2/q(t)dt
([14]). Furthermore, fM)(z, ) and f()(x, u) are respectively analytic in Cf :=
{reC:Repu>0, Impu >0} and C] := {pu€C:Rep >0, Imp <0} and they
are continuous on real and imaginary axes with respect to y. The solutions f() (z, )

and f()(x, u) are called Jost solutions of L, ([10]). From (5), fM) (=, u) satisfies
the asymptotic equalities

FD (2, p) =e"** [14+0(1)] , z — 0o,

)
W@, p) = e [ip? +0(1)] , 2 — 00

(6)

and
B 2
IO (@) = @ o(1) |l = o0 ™)
([14]). From (6), the Wronskian of the solutions of f™)(x, ) and fU)(z, ) is

W[ D@, ), FD ()] = Tim W[ e, 0), FO (0| = 202 (8)

for ;1 € Ry. Hence fM)(z, 1) and fO)(z, 1) are the fundamental solutions of (3) for
4RI = R;\ {0}

Let oM (z, 1) = ¢(x, u?) denotes the solution of (3) satisfying the initial condi-
tions

e (0,p) = (0,4 =1,
<p§51)(0,,u) = ¢,(0,p%) — (ao + arp® + azp?).
Definition 1.
W e (), fO @] = D0, 100 ) = ¢ (0, 1) F (0, )
= FI(0, ) + (a0 + a1p® + aop®) FD(0, )
= F(p?) = Fi(p) (9)

is called Jost function of L, ([10]).

Theorem 1. Under the condition (4), Jost function has following asymptotic equal-

ity
1 (0)

Fu(p) ~ { in? (1 —iaq)e ay #0, |p] = o0 7 (10)

aopt , a1 =0, |p| = o0

where ap < 0 and oy > 0.

Proof. This aymptotic equality can be seen smoothly from (7) and Definition 1. O
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3. MAIN EQUATION OF L,

Definition 2. We can define scattering function using Jost function as follows for
weERy:

TG4 _ Rl

F(p?)  Fi(p)
Theorem 2. Under the condition (4), the scattering function satisfies following
asymptotic equality

~—

(11)

Si0=1+0(5) I o (12)

Proof. The proof can be easily attained using definition of scattering function and
(7). O

Lemma 1. Under the condition (4),
Fi(p) = f0, 1) + (a0 + arp® + aop®) f2(0, 1) # 0
for all p € R.
Proof. Let Fy(py) =0 for any p, € Rf. Then, we obtain
FED(0, o) = —(a0 + anpg + ) f (0, o).

Also,

W | F0 1) f D (w, )| = 200,
for all 4 € R;. So,

FP(0, 116) FO0, 1) = FU0, 1) F(0, 1) = 2isf

and, we get
—(ao+arpgtazig) fO(0, 1) F O (0, pg) +(cotan g +azpg) f D (0, 110) f (0, 1) = 2ipi.

From last equation, we can write

2iu = 0.
But this is a contradiction because of p € R}. O
Lemma 2. The following equation
2ip2oM (z, -
e o) = TG - S0 D) (1)

FV(0, 1) + (00 + a1a® + aop) FO(0, )
holds. Furthermore, S1(p) = [S1 ()] " .
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Proof. Since fM)(z, ) and f()(x, u) are basic solutions of L,,,
oW (@, 1) = er f (@, 1) + e2f O, p). (14)
From (14),

e (1) F(0, 1) + ez (1) FO(0, 1) = 1
and
eSS0 () + ea i) @, 1) = (a0 + onp® + o).
By finding ¢; (p) and cg (1) from last two equations and using (8), we can obtain
(13). In addition, we hold easily

Si(p) = = [S1(w)] ™

from (11). O

Lemma 3. The all zeros of Jost function Fy(u) are finite and on the imaginary
axis. Also, they are simply on the upper imaginary axis.

Proof. Using asymptotic equality (10), Lemma 1, uniqueness theorems for analytic
functions and Bolzano-Weierstrass Theorem we can easily reach finiteness of the
zeros of Jost function. Now, we will show that the zeros of Fj(u) are on the
imaginary axis. Let u, be an arbitrary zero of Fj(u). We can write

0= Fi(po) = f0, o) + (a0 + arpid + czpug) f(0, )

and

P8 @, o) + [176" —2u2q(x) + qz(r)} (@, 10) =0

from (3) and (9). By using the last equalities together the definition of Wronskian
and the partial integration method, we find that

{ F82 (@, 1) + [ — 2020(2) + ()] 1 (@, o) = 0,

0 = (1) { o [FO0m0)| + (i3 + ) a2+7\f<”<z,uo)\2dw
0
-2 7q<x> 1f<1><x,uo>\2 dz
and then ’
0 = (u%—;%) Oél)f(l)(oaﬂo)‘Q"'[(Reﬂo)2_(1mﬂo)2} az+/(f(”(x’uo)‘2dw
0

oo

=2 [ 4(@) |7

0
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The last equality is satisfied if p2 —;73 =0 and (Re uO)Q =0, i.e. Repyy = 0. So, all
zeros of Fy(u) are on the imaginary axis. Finally, to get the simplicity of any zero
Lo = two, wo > 0, we need to prove that

OF 1 (1) 40
o
From equation (3), we have
£ @)+ @) fO () = 22q(2) fD (@, p) — p FO (1) ,

(D)@ + ¢ @ (FV) @n) = 4ug@)fO (e p) +20q(x) (f‘.”)(x,u)

—4p® fO (, p) — p* (f(”) (, 1)

and then
oo 9 . .
i [ fato) = ] |19 )| dx = (00,0750, = (59 0. F D01
0
where %}f’”) T (f1)(0,p) and p = iw, w > 0. Also, we find the following
equation

dr = (f<1>)(o,iw)f§1>(o,m)

‘ 2

4in [q(z) + ] ’f(l)(x, iw)

~(F)(0,i)fDOw). (1)
By the definition of F}(u), we hold

F0.p) = Fi(n) = (a0 + arp? + aop) fO0, )
(7)) = () = (2av+ das®) FO0, 1) = (o + arp? + azu®) (£ (0, -
These derivatives are taken into account in the equation (15) with py = iwg, wo > 0,
7 2 -
tin [ [a(o) + ] [0 (@ iwn)| do = = (F2) ) OO, 2o0)
0

2
+i (210 — dagwf) | £ (0, 7w0) | (16)
and from (3.6)
o - 2
—(F1)(iw0) FD(0,iwo) = i [<—2am> +azd) |00, i)
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+4W(]/ [q(x) +w(2)] ‘f(l)(x,iwo)rdx . (17)
0

If £1)(0,iwg) = 0 in (17), then it is occured that f(1)(x,iwg) = 0 but this can not
be. So, it is clear that the left side of (17) is nonzero. Therefore, it is attained that

(F1)(po) # 0 with Fy(pg) = 0. So, the zeros of Jost function are simply on the

upper imaginary axis. O

Lemma 4. If the function

o0

Fg, (x) = %/u (1= S1 ()] e “dp (18)

0

is Fourier transformation of [l — S1(u)] for all x > 0, it belongs to the L (0,00)
space.

Proof. From (12), we can easily verify that

pli =510 ~0 (1) o lul = .

It follows that p[1 — S1(u)] € L2 (0, 00) and hence the function Fg, (z) also belongs
to the space Ls (0, 00) . O

Definition 3. Fork=1,2,....,n

o) [
’ i f<1> 0.m) "

o0
o + 2a2ui
2

21 (1) 2
— 1z ’f (x,uk)’ dx —

where u;, are zeros of Jost function on the upper imaginary axis.

Lemma 5. The kernel function K (z,t) satisfies the main equation of L,
G +y) + Ky + [K@OGE+dt=0. @<y (19)

where
(2) = Y maei + F, (a). (20)
k=1
Proof. Lets rewrite (13) as follows

2ip*p (z, 1)

i) = fO(z, 1) = S1 () fH (=, ),
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and substitute f(M)(z, 4) in this by its expression (13), we get that

7,2, ,(1 7
20 et / K (z,t)e ™" dt
Fy(p)

— Si(p) |eile@rute] / K (x,t)e" dt

Also, by making the necessary arrangements and using (18), we reach

20 [ o (a, p)ein’y
) Fi(p)

dp = D Fg (a4y)+ K (2, )+ / K(x, t)Fs, (t+y)dt. (21)

By using Jordan Lemma and Residue Theorem,

2i oW (x, p)et’y
T ) Fi(p)

2 —
dp = 27— Res(F
1 m”;; es(F1, i)

B Z": A (, py )iy

= (R

and then .
2 (3o (2, 1) ;2 - L -
= | et =y U () e
0
because of the fact that oM (x, ;) and f)(z, ) are linearly dependent with

oM (z, py) = W since Fy(u;) = 0. If we consider the last equation and (21)
Wk

together, we get

ka [f(l)(x, ,uk)ei”iy =@ Fg (x4 y) + K(z,y) + /K(:I:,t)FS1 (t +y)dt,
k=1 T

and from (20), we obtain the main equation (19). O

Clearly, to form the main equation, it suffices to know the function G(z). On
the other hand, to find the function G(z), it suffices to know only the set of values

{S1(1), (0 < p < 00) s s e, (k = 1,2, ...,m)}
which is called the scattering data for L,. Given the scattering data, we can use
formula (20) to construct the function G(x) and write out the main equation (19)
for the unknown function K (z,y). Solving this equation, we find the Kernel K (z,y)
of the transformation operator, and hence the potential
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Theorem 3. The equation (19) has a unique solution K (z,y) € Ly [z, 00).

Proof. We need to show that the homogeneous equation

/w G(t+y)dt=0

has only the zero solution in Ls (0, 00) .

(22)

We assume that (22) has a nonzero solution. Multiplying 1 (y) both sides of (22)

and integrating,

o0

/1/1( dy+/ /L/J G(t + y)dtdy = 0.

7¢2(y)dy + 7¢(y)7w(t)Fs(t + y)dtdy

+/1/J(y)/¢(t) ’;mkei“i(t”)dtdy

from (20). Using (18) in last equation,

/ 2 (y)dy + / iy /w kaewk“ﬂ)dtdy

After that,

x

+/¢(y)/w(t) % w1 = Sy ()] e )y | dtdy.

0

In (23) interchanging integrals and using the uniform convergence of

n
Z ek T (8),
k=1
(23) can be integrated by terms. So we obtain following equation

00 2

/w dy-i—ka / et dt

xT

oo oo 2

= /u[l—sl(uﬂ /w<t>e”‘2tdt .

0 T
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On the other hand, by using Parseval equation of Fourier transformation in (24),

0 = /M|q> \du+2mk

0
[els)

1
+;/MU—SNWH@WWdM (25)
0
where Parseval equation of

wszmww

oo o

/wz(wdy = %/u ®(p)|* dpa.

x 0

is

Since

arg =0, arg(my) = ny(p), arg [P(u)] = ny(p) and arg[1 — S1(p)] = n5(u),

(25) rewrite as polar form

Z [ | @ (g, )| el () 4202 ()]

/ ] 1@ (1 1 11— Sy ()] ei[2"2(“)+"3(”)]}d,u. (26)
Real part of (26) is

= > Imal (I cos (my (1) + 2m2 (1)
k=1

+% / |l [ () * {1 + |1 — Sy (p)] cos [2m5 (1) + 15 ()]} dpe.

—o0
Therefore, the last equation is equal to zero only situation is
®(u) =0 and so ¥(t) =0

But this is a contradiction. So, the equation (19) has a unique solution for finite
T. ([l
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ABSTRACT. In this article we would like to present a new type of fuzzy contrac-
tive mappings which are called o — ¢ — M9 fuzzy contractive and 8 — ¢ — MO
fuzzy contractive, and then we demonstrate two theorems which ensure the
existence of a fixed point for these two types of mappings. And so we combine
and generalize some existing notions in the literature ([5], [7]). Proved these
theorems in the extended fuzzy metric spaces are in the more general version
than the existing in the literature ones.

1. INTRODUCTION

The attention of fuzzy concept has been growing from the presented by Zadeh [20]
in 1965. The concept of fuzzy was used a lot of fields such as mathematical analysis
and general topology with many applications in economy and engineering. Recently,
it is a paramount development that defining the concept of contractive mapping
in fuzzy metric spaces. After the remarkable Banach [1] contraction principle, a
large amount of mathematicians studied some contractive mappings to proof a fixed
point exists. Afterwards, studies gained popularity with the notion of fuzzy metric
space defined by Kramosil and Michalek [13], and then George and Veeramani [4]
modified the concept of fuzzy metric space.

Contractivity’s role in the fixed point theory is very important. There are a
lot of studies in the literature regarding different versions contractive mappings in
the different spaces ( [2], |3], [5], [6], [8]- |17], [19]). Samet et al. [17] put forward
new notions of contractive mapping and used these mappings to verify some fixed
point theorems in metric spaces. Based on the same perspective, D. Gopal and C.
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Vetro [5] give some contractive mappings, which can be accepted generalizations of
Samet et al. [17].

In this paper, we define new notions which are generalized versions of fuzzy
contractive mappings introduced by D. Gopal and C.Vetro [5|. We study these
contractions in extended fuzzy metric spaces introduced by V. Gregori et al. [7].

The new contractions are called a — ¢ — MO fuzzy contractive mapping and
B — 1 — MO fuzzy contractive mapping. Moreover, we have proved some fixed
point theorems with these mappings in this new space and so we got a generalized
versions.

2. PRELIMINARIES

Now in this section, we recall some definitions and results that will be used in
the sequel.

Definition 1. [1§] A binary operation  : [0,1] x [0,1] — [0, 1] is called a contin-
wous triangular norm (t-norm) if the following conditions hold:

T1 * is associative and commutative;

T2 * 1S continuous;

T3 ax l=a, forall a€ [0,1];

T4 axb<cxd,whenever a <candb<d, forall a,b,e,d € [0,1].

Kramosil and Michalek |13] generalized probabilistic metric space via concept of
fuzzy metric. After then George and Veeramani [4] made slight modification in this
fuzzy metric concept.

Definition 2. [{|/, A fuzzy metric space is a triple (X, M,*), where X is a non-
empty set, * is a continuous t-norm and M is a fuzzy set on X? x (0, 00), satisfying
for allr,y,3 € X and for all t,5 > 0, the following properties:

(GVi) Mz, 1) >0;

(GVs) M(x,n,t) =14if and only if r=v;
(GVs) M(x,,t) = M(,x,t);

(GV,) M(x,9,t) x M(1,3,5) < M(x,3,t+5);

(GVs5) M(x,,-): (0,00) = [0,1] is continuous,
M(x,v,t) could be considered as the degree of closeness between x and y with
regard to t. In the above definition, if we replace (GV;) by (GVZ},V LYy,3€ X and
t,5 > 0;

(GV,): M(r.0,6) x M(9,3,5) < M(r. 3, max {t,5})
then the triple (X, M, *) is said to be non-Archimedean fuzzy metric space [14|].

Definition 3. [§/ A stationary fuzzy metric space is a triple (X, M, x) such that X
is a non-empty set, x is a continuous t-norm and M is a fuzzy set on X? satisfying
the following conditions, for all t,9,3 € X;
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(S1) M) >0;
(S2) M(r,n)=1if and only if r=nm;
(83) M(x,n) = M(n,1);

In other words, a fuzzy metric space (X, M, x) is said to be stationary if M does
not depend on t.

A sequence (¥;);cy in a stationary fuzzy metric space (X, M) is said to be Cauchy
if i}iinooM(Fi’xj) = 1; a sequence (¥;),cy in X converges to g ifiiig/\/l(xi,;) =1/§.

Now we recall a kind of generalized fuzzy metric space introduced by V. Gregori,
J-J Minana and D. Miravet [7]. They study those fuzzy metrics M on X, in the
George and Veeramani’s sense, such that Ao M(x,9,t) > 0.

Definition 4. [% The term (X, M°, %) is called an estended fuzzy metric space if
X is a (non-empty) set, * is a continuous t-norm and MO is a fuzzy set on X2x
[0,00) satisfying the following conditions, for each r,v,3 € X and t,s > 0;

(BEM,) MO(t,n, 1) > 0;

(BEFMz) MO(x,0,8) = 1if and only if t=1;

(ETMf)’) MO(?» U7t) = MO(U?P?O;

(EFM;)  MO(g,,t) * MO(1,3,5) < MO(x, 5, t +5);

(ETM;5) MY, :[0,00) — (0,1] is continuous, where MY (t) = M°(x,,t).

Theorem 1. [7] Let M be a fuzzy set on X% x (0,00), and denote by MO its
extension to , X?x [0,00) given by
MO(5,9,8) = M(x,0,1) for allg,n, € X, t> 0 and
MO(;»‘%O) = /\t>0M(x7 U?t)
Then, (X, MY %) is an extended fuzzy metric space if and only if (X.M,x*) is a
fuzzy metric space satisfying for each r,n € X the condition A¢=oM(z,9,t) > 0.
Proposition 1. [7] Let (X, M,*) be a fuzzy metric space. Define

NM (L U) = /\t>OM(xa y, t)
Then, (N, %) is a stationary fuzzy metric on X if and only if AgsoM(z,9,t) > 0
forally,y € X.
It is clear that

MO(Fa U»O) = /\t>OM(xv th) = Num (Pa U) (1)

Definition 5. [7/ Let (X, M, %) be a fuzzy metric space. M is called extendable
if for each r,n € X the condition N¢soM(x,b,t) > 0 is satisfied. In such a case, we
will say that MO is the (fuzzy metric) extension of M, and that M is the restriction
of M.

Proposition 2. [7] Let (X, M° ) is complete if and only if (X, Naq, *) is com-
plete.
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Samet et al. [17] introduced a new concept of o — )— contractive and o —
admissible mappings in metric spaces. D. Gopal and C. Vetro [5] inspired from
them [17] and introduced the notions of oo — ¢— fuzzy contractive mapping and
B — ¥ — fuzzy contractive mapping. We recall the notions as follows.

Remark 1. [5] Denote by ® the family of all right continuous functions ¢ :
[0,00) — [0, 00),with ¢(r) < r for all r > 0.Note that for every function ¢ € P,
li_>m @"(r) =0 for each r > 0,where ¢"(r) denotes the n — th iterate of ¢.

Definition 6. 5] Let (X, M, x) be a fuzzy metric space. It is said that ¥ : X — X
is an o — ¢ — fuzzy contractive mapping if there exist two functions o : X2 x
(0,00) — [0,00) and ¢ € ® such that

1

a(r,, 4)( -1

forallr,np € X and t > 0.

M(Se,S, 1)

Definition 7. 5] Let (X, M, *) be a fuzzy metric space. It is said that S : X — X
is o — admissible if there exist a function o : X? x (0,00) — [0, 00) such that,

a(r,n,t) = 1= a(Sr,Sy,t) > 1
forally,np € X and t > 0.

Remark 2. [5] Let U be the class of all functions ) : [0,1] — [0
non-decreasing and left continuous and ¥(r) > r for all r € (0,1
(1) =1 and li_}rn " (r) =1 for allr € (0,1].

, 1] such that ) is
). If ¢ € W, then

Definition 8. 5|/ Let (X, M, *) be a fuzzy metric space. It is said that ¥ : X — X
is an B — ¥ — fuzzy contractive mapping if there exist two functions f : X2 x
(0,00) — (0,00) and ¥ € U such that,

M(x,9,4) > 0= B(r, 9, YM(St,8n, ) = P (M(x, 9, 1))
for allt,v € X with x # v and for all t > 0.

Definition 9. [5] Let (X, M, %) be a fuzzy metric space. It is said that S : X — X
is a B — admissible if there exist a function 8 : X2 x (0,00) —» (0,00) such that,

B, 9,1 <1= B(Sr,8n,t) <1 forallp,y,€ X and t > 0.

3. MAIN RESULT

3.1. a« — ¢ — MY— fuzzy contractive mappings. We are ready to introduce
new definitions of a — ¢ — M° — fuzzy contractive and o — M — admissible. We
would like to inform you that use these mappings in the new fuzzy metric space
(introduced in [7]). Then, we prove the theorem (proved in [5]) but in the new fuzzy
metric spaces. And so, we obtain new results that are generalizations of those in
fuzzy metric spaces.
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Definition 10. Let (X, M,x) be an extendable fuzzy metric space. S : X — X
is called o — ¢ — M® — fuzzy contractive mapping if

1 1
— 1)<+ -1 2
MES o = My .
is ensured V r,n,€ X and t > 0. Especially, is called o —¢d—0— fuzzy contractive

if Equation (2) is ensured for t = 0.

o, 9, £)(

Definition 11. Let (X, M, *) be an extendable fuzzy metric space. S : X — X
is called o — M° — admissible mapping if

a(r,y,t) > 1 = o(S1,8y,t) > 1 (3)

is ensured ¥V r,1, € X andt > 0. Especially,S is called «—0—admissible if Equation
(3) is ensured for t = 0.

Theorem 2. Let (X, M,x) be a complete extendable fuzzy metric space and a
mapping S : X — X be an a—¢— MO — fuzzy contractive ensuring the provisions
given below:

(i) S is a — MY — admissible;
(i) I 19 € X such that a(ro,Sto,t) > 1,V t>0;
(ii3) X is continuous;

Then, & has a fized point.

Proof. We will examine the proof in two cases.
Case 1. t > 0;
In this case, since M(x,n,t) = M(x,n,t) ¥V r,n € X, it is same situation in fuzzy
metric spaces and introduced in the proof of the Theorem 3.5. [5].
Case 2. t=0;
Let rp € X such that a(zg, Srp,0) > 1.
Define the squence {r,} in X with r,41 = Stp, Vn €N,
Provided that r,4+1 =, for some n € N, then t* =, is a fixed point of .
Presume that r, # tnt1, Vn € N.
From (i),
a(XOa L, 0) = CV(FO7 %F07 0) >1
and using (i), we have
O[(;(b%zio,o) > 1= a(gx()v%xho) > 1
By induction,
a(Sto, S11,0) 1 = (11, Si2,0)

> 1
O[(‘(\th%vaO) > 1= 04(95?27%?3’0) 1

(A\VARAYS

a(%pﬂffﬂu S3:’1’7,727 0) 2 1 :> a((\\yI’IL*Qu gI:’r7,717 0) 2 1
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and so we get,
a(%xn_g,%xn_l,O) = O[()Zn_l,xyu()) Z 1, Vn S N. (4)

Using (1), implementing (2) with ¢ = r,—1, ¥ = tn, t = 0 and using (4) respectively
we obtain;

1 1
_ 1 = -1
MO(?na?'rH»lvO) NM(%Infl,%I’H)
1
< n—1, n,O -1
- a(x Lt )(NM (%;nfla %In) )
1
< Yl -1
(NM(Fn_laxn) )
1
= -1
¢(NM(%PTL—2; sI:n—l) )
This implies that,
1 1
1< (s 1
Nt (Stn-1, Stn) (NM(F07ZC1) )
as n — 0o
lim ( ! 1) < lim ¢"( ! 1)
im — im _
n—o0" Npq (Stn—1,Stn) oo’ Nay(ro, 1)

Since, as n — oo and ¢"(r) — 0,
1
lim (——-1)=0
n_M)O(NM (}im X7L+1) )
and so, we obtain that
nlingoNM (tn tng1) = L
which implies that for n < m and using (1) with t = 1, § = tm, t = 0;

M°(x,,x,,0) = AesoM(x, 8., 1) = Nulx, . £,,)
Using Definition 3,
Nm(E,,8,) = Naa(e, 5 0) * Nu(E, 008, ) * % Naalr,,o08,,)

and as n — oo,

Jim Na(r,or,) 20 B Na(e,8,) % B0 N, o 8,00) + e x lim Na(r, 5t,)
> 1xlx..x1
>

1

We obtain,
lim Ny(r,,x,,) =1
n—oo



FIXED-POINT THEOREMS IN EXTENDED FUZZY METRIC SPACES s

And so, we solve an important point of the proof that {z, } is a Cauchy squence.
Since X is complete,

I eX : asn—ooandy, —1*
Since ¥ is continuous, as r, — r*we have g, — St* and using (1),
MO(St,,91%,0) = Ao M(St,,, St*,t) = Nu(St,, St'), Vi, € X.

And so we obtain,
lim Na(St,,,Sr") = 1.

n—oo
By the uniqueness of the limit, we get r* = S1*, that is, r* is a fixed point of . O

3.2. B — 1 — M%— fuzzy contractive mappings. We are ready to introduce
new definitions of 8 — ¢ — MY — fuzzy contractive and  — M°— admissible.
We would like to inform you that we use these mappings in the new fuzzy metric
space (introduced in [7]). Then, we prove the theorem (proved in [5]) but in the
new fuzzy metric spaces. And so, we obtain new results that are generalizations of
those in fuzzy metric spaces.

Definition 12. Let (X, M, %) be an extendable fuzzy metric space. S : X — X
is called B — 1 — M°® — fuzzy contractive mapping if

M(x,,t) > 0= B(x,n, ) M(S1,3n, t) > »(M(x, v, ) (5)

is ensured V r,n,€ X and t > 0. Especially, is called 8 —1—0— fuzzy contractive
if Equation (5) is ensured for t = 0.

Definition 13. Let (X, M, ) be an extendable fuzzy metric space. & : X — X
is called B — M° — admissible mapping if

Br,n,t) < 1= B(Sr,9y,t) <1 (6)

is ensured ¥V r, 9, € X andt > 0. Especially,S is called B—0—admissible if Equation
(6) is ensured for t =0

By adding an additional condition, we prove a fixed point theorem introduced
in [5] in extendable fuzzy metric space using these new mappings. This is a new
context that using the new mappings in the extendable fuzzy metric space.

Theorem 3. Let (X, M, ) be an extendable complete non-Archimedean fuzzy met-
ric space and a mapping F: X — X be a B — Y — M® — fuzzy contractive
ensuring the provisions given below:

(i) S is B— M° —admissible;

(i) 3 xo € X such that B(ro, Sto,t) <1V t>0;

(i) for each sequence {rn} in X such that B(tn,tn+1,t) <1V neNandt>0,
3 ko € N such that B(Xm+1,tnt+1,t) <1V mneN withm >n > ky andV t > 0;
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(iv) if {rn} is a sequence in X such that B(tn,tnst1,t) <1V neNandt>0
and x, — x as n — 00, then B(tn,r,t) <1V neNandV t> 0;

(v)VeneX andV t>0,3 3 € X such that 5(x,3,t) <1 and B(y,3,1) <1

Then, < has a unique fized point.

Proof. We will examine the proof in two cases.

Case 1. t > 0;

In this case, since M°(g, p,t) = M(x,9,t), Y,y € X; it is same situation in fuzzy
metric spaces and introduced in the proof of the Theorem 4.4 [5]. It is obtained
that Sr* = ¢* in the [5].

Now we will show that uniqueness of the fixed point.

Presume that & have two different fixed points; r*and n*.

Provided that B(z*,n*,t) < 1,then

M, 9" 1) = B, 0", HM(Sr™,Sn", b).
Since $ is 8 — ¥ — M%— fuzzy contractive, we have
M@, 7,1 2 B, 9", OM(S™,Sy", ) = (M, 07, 1)),
Also, since ¥(r) > r, we obtain that
M@, ") = B, 0", HM(Se",Sy", t) = (M@", 97, 1) > M@, 9", 1).
And so, we get
M@ 9% 1) > M@, 0", )

It is a contradiction.

That is, r*and p* are not different points; t* = p*.
Presume that 8(r*,9*,t) > 1,then from (v),

33¢€ X B(r",3 1) <land B(n*,3,1) <1

From (i), we obtain,

B(x",5,t) < 1= p(S",33,t) = 6", 83,1 <1
BG*, S5t < 1= B(St, 3%, 1) =B, 9%,1) <1
BE*, 8" 151 < 1= B(Sr*, 83,1 = B(*,9",1) < 1
and so we get,
B, 3"3,t) <1,VneNand Vt>0. (7)

Since S is B — 1) — M — fuzzy contractive, using (7), we get,
MO, 35, 1) M(r*, "5, 1) = M(St", (8" 15), 1)
BE*, 8™ 15, HM(SE, (8" 15), 1)
(M@, 3" 5, 1)
(M(Sr*, (3" %), 1))

v v
@@
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And by induction we have,
MOE*, S5, 0) > " (MO (1%, 5,1), YV eN.
as n — oo
lim MO, $"%3,6) > Tim 9" (MO, 3, 1))

Since ¥ (r) — 1,
lim MO(r*,3"3,t) = 1 = Q"3 — 1~ (8)

n—oo

and by similar way, we get

B*.3t) < 1= B(SH,S
Bv*, 33, < 1= (3",

B S, 0 < 1= 539", 8" 15,0 = B, 3" 5, <1
By*, 3" 5.6)<1,VneNandVt>0. (9)
Since $ is B — ¢ — M°— fuzzy contractive, using (9), we get,
MO(y*,3"3,1) M(n*,3"3,8) = M(S9*, (3" 1), 1)
Bly*, " 15, OM(Sp*, S(S"13), 1)
H(M(p*, 3" 15, 1)

(AVANY]

And so, by induction we have,
MO (9", 575,8) > " (MO(n*,5,1),V n € N.

as n — oo

lim M°(p*,$"3,t) > lim " (M°(*,3,1))

n—oo n—oo
Since ¥ (r) — 1,
lim MO(y*,3"5,¢) =1 = "3 — p* (10)

From (8), (10) and the uniqueness of the limit ¢* = y*.

Case 2. t=0;

Let rp € X such that 5(xro, Sto,0) < 1.

Define the sequence g1 = Stp,V n € N If p,41 =, for some n € N,then
" =1, is a fixed point of .

Suppose tn4+1 # tn, VN €N .

From (i),

B(ro,11,0) = B(xo, Sr0,0) < 1
and using (i), we obtain

B(x0, S0, 0) < 1= B(S10, S11,0) < 1.
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By induction,

B(St0,S11,0) < 1= B(Sr1,912,0) <1
B(S11,812,0) < 1= B(Sre,S13,0) <1
B(Stn-3,Stn—2,0) < 1= B(Srn—2,Srn-1,0) <1
and so we get,
B(Stn—2,3tn-1,0) = B(tn-1,8,,0) <1, Vn e N. (11)
Implementing (5) with ¢ = r,—1, § = &n, t = 0 and using (11) respectively, we

obtain;
MO(%anh %Fna O) > 6(?n717 Ln, O)MO((\\S;nfla g?n, O) > 'w(MO(?nflana 0))
Using (1), we get,
Nm(Stn-1,8tn) = BEn—1,10,0)(Na(Stn-1,S10))
> w(NM(Xn—lyxn))
And this implies that,
Nam(Stn-1,810) = " (Nm(ro,11)), V€N
as n — 0o,
Jim Naa(Stn-1,38n) 2 lim " (N (x0,81))
Since ¥"(r) — 1,
nILH;ONM (an?n+1) =1
The important point of the proof is setting that the sequence {r,,} Cauchy in X.

Suppose that it is false; there exists 0 < € < 1 and two subsequences {xp, } and
{1g, } of {rn} such that ¢, is the smallest index for which p,, > ¢, > ng, using (1)

MO(?pnanna 0) = Ao M(xp,,Eq,t) = Nam(Ep, s Tg,) <1 —¢

MO(F;DW,_NF%»O) = /\t>OM(Fpn—1annat) = Nm (Fpn—l,}'qn) >1-¢
and by (#); no € N such that, for each n € N with n > ng,there exist p,,q, € N

B(xpwﬂx‘h? 0) S 1
And we get

1-e 2 NM(Xpn’XQn) 2 NM(xPn—thn) * NM(xpn_17xPn)

as n — oo

lim (1 —¢) > nl_lgéNM (pnr8q,) > 1im Naq(xp,—1,7q,) * nh_{lgoNM (p—1,8p,)

n—oo n—o0

Since nh_)ngoNM (Tpp—1:1p,) =1,

(1 - 6) 2 nILH;ONM(xanxQn) Z (1 - 6)
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we obtain that
lim Na(tp,,5q,) = (1 —¢€).

n—oo
and similarly
(1-¢) N (xp,.,tq,)
(pn> Tpnt1) * N (Ep,+158gn+1) * Na(Eg,+1,2q,)
(¥pn s Tpo+1) * B(Stp,., Stq,., )N (Stp,,, Stq,,) * Na(¥g,+1:2q,)
Nt (@p, ¥pot1) ¥ Y (Nar (5 ¥g0)) * N (g, Egntn)-

as n — 0o, we get

N
N

vV IV IV IV

lim (1-¢) > nIHI;ONM(Fpn’Fanrl) * JLTT;OQP(NM(MMF%)) * HILH;ONM(F%??%+1)

n—oo

(1—¢) > lim &(Nar(xp, . 5,))
(I-¢) = ¥(l-e¢)

It is a contradiction, because of ¥(r) > r.
So we have obtained that {z,} is a Cauchy sequence. Since X is complete,

dr*eX : asm—ooandy, —1*
Using (11) and (iv);
B(tn,r",0) <1,¥neN
from (5) with using (1) and S4,
Nm(Se", 1) Nam(St", Stn) * N (St 1)
B(En: 1, 0)Naa (S, SE) * Nt (Bn41,17)
Y(Nm(En, 1)) * Naa(®ns1,17)

AVARAVARIV]

asm—o0,y(l)=1

lim Nag(St*,r*) > lim p(Nag(kn, &) * lim Nag(tngr, t¥)
n—oo n—oo n—oo
> (1) x1=1

and we obtain,
lim Nag(Sp%,10%) = 1.
n—oo

And so, * = 3¢*.That is, ¢* is a fixed point of .

Now we will show that uniqueness of the fixed point.

Presume that & have two different fixed points; r*and n*.

Provided that 8(z*,n*,0) < 1, then since S is 8 — 1) — 0— fuzzy contractive, using
(1) and ¥(r) > r, we have

MO(x*,9*,0) > B(x*,v*, 0)M°(Sr*,39*, 0) > (MO (r*,v%,0)) > MO(x*,p*,0)
Nam(x*,9%) > Ny (", %)
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s a contradiction. That is, r* = p*.

Assume that 8(r*,9*,0) > 1,then from (v)

d3eX: B(",3,0) <1and B(n*50) <1

From (i), we obtain,

MO, 3"3,0)

B, 3"3,0) < 1 and B(y*,3"3,0) < L,V n € N. (12)
Since § is 8 — ¢ — 0— fuzzy contractive and using (10), we obtain
M@, 3"3,0) = M(S", I(3"715),0) = Ny (Se™, (8" 1))
BE*, 8" 15,00 Na(Se", (3" 13))
> Y(Nm(*, 8" )

Y

And by induction we obtain,

As

Na(Sr",3(3"7 1)) 2 " (N (t*,3)), ¥n € N.

n — 0o, we get "3 — r*.
And by the similary way we obtain 33 — p*.So the uniqueness of the limit

=y -
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ABSTRACT. In this paper, we investigate generalized variational comparison
results aimed to study the stability properties in terms of two measures for so-
lutions of Set Differential Equations (SDEs) involving causal operators, taking
into consideration the difference in initial conditions. Next, we employ these
comparison results in proving the theorems that give sufficient conditions for
equi-boundedness, equi-attractiveness in the large, and Lagrange stability in
terms of two measures with initial time difference for the solutions of perturbed
SDEs involving causal operators in regard to their unperturbed ones.

1. INTRODUCTION

Many researchers were interested in studying set differential equations (SDEs) in
the recent decades [2)3\58H10},1311441820,23\36})47] due to their unifying properties.
Lakshmikantham et al. highlighted these properties in one of the most important
resources on this topic [23]. The comprehensiveness of the SDEs is driven from
the fact that they encompass the conventional differential and integral equations
when the Hukuhara difference and integrals defined on the SDEs are restricted to
R; whereas they give us vector differential equations when the restriction is done
to R™ [4,/19,26].

On the other hand, many well-known differential equations such as integro differ-
ential equations 28], impulsive differential equations |22], and differential equations
with delay [35], are examples of differential equations involving causal operators.
Many research papers dealt with those types of equations. |1L{7H10},21L[43]
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SDEs with causal operators unifies the fundamental theory of SDEs, including
various corresponding dynamical systems. Some relevant works can be found in

Although it is never feasible to know the exact solutions of all dynamical systems
in practice, their attributes may be determined through a variety of qualitative
studies such as stability analysis [2/[5l[15l[19}[20}[24}/36], initial time difference ( ITD)
stablhty analysis @....@,, practical stability analysis |1 .
. boundedness [2 '@.,.,..,, ete.

Many techniques have been used in this process, including the Lyapunov second
method , variation of parameters 7 ”in terms of two
measures” methodology , and so on.

In this manuscript, we develop generalized variational comparison results aimed
to assess a combination of two concepts of stability and other qualitative aspects for
SDEs with causal operators that unifies the conceptual framework behind SDEs.
Furthermore, we give adequate criteria for equi-boundedness, equi-attractiveness
in the large, and Lagrange stability in terms of two measures with ITD for the
solutions of the perturbed forms of these types equations in comparison to their
un-perturbed counterparts.

2. PRELIMINARIES

In what follows, we denote the set of all compact non-empty subsets of R™ by
K (R™), and the set of all compact and convex non-empty subsets of R” by K. (R™).
The Hausdorff metric between any bounded sets A and B in R™ is defined as

D (A, B)=max |supd(z,A) , supd(y, B) (1)
r€EB yeA
where
d(z,A)=inf {d(z,y) : yeA} (2)

Each of (K (R"),D) and (K. (R™),D) forms a complete metric space. The
space K. (R™) equipped with the natural addition and non-negative scalar multi-
plication becomes a semi-linear metric space which can be embedded as a cone into
a corresponding Banach space.

The Hausdorff metric satisfies the following properties:

(1) D(A,B) =D (B, A)
(2) D(A+C,B+C)=D(A,B) 3
(3) D(kA, kB)=k D (A, B) 3)
(4) D(4,B) < D(A,C)+ D (C, B)
for any A, B,CeK,.(R™) and k€R,, where Minkowski addition of any two non-
empty subsets A and B of R™ is defined by A+B={a+b : a€A, beB} and where

scalar multiplication of a value k€R and a non-empty subset A of R™ is defined by
kA={ka :a€A}. If k= —1, we get —A=(—1) A={—a :a€A}.
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In general, A+ (—A) # {0} (unless A= {a} is a singleton). To overcome with this
implication of Minkowski difference, i.e.
A-B=A+(-1)B={a—b :a€ A, be B} (4)
Hukuhara difference between two sets A, BEK, (R™) is defined as follows:

If there exists a set Ce K, (R™) such that C+B=A, then Hukuhara difference ex-
ists and we denote it by A©B, or simply A—B when there is no confusion with
Minkowski difference. i.e. A0B=C <C+B=A.

An important property of Hukuhara difference is A—A= {0} for Ac K. (R").

Let U :I— K. (R™) be a given multifunction, where I is an interval of real numbers.
U is said to be Hukuhara differentiable at a point tg€1, if there exists an element
DyU (to) €K, (R™) such that the limits
U(o+h)—U(t Uto) —U(to—h
lim (bo +h) (to) and lim (fo) (to = 1) (5)
h—0+ h h—0+ h
both exist in the topology of K. (R™) and are equal to DU (¢o) .

It is implicit in the definition of DgU (tp) the exitance of the two differences
U (to+h) —U (to) and U (to) —U (to—h), for sufficiently small h> 0.

By embedding K. (R™) as a complete cone in a corresponding Banach space and
taking into account the result on differentiation of Bochner integral, we find that if

G(t):G(to)+/ttF(s)ds, tel (6)

where F' :I— K. (R"™) is integrable in the sense of Bochner, then G is Hukuhara
differentiable, i. e. DyG (t) exits, and the equality DG (t) =F (¢t), a. e. on I,
holds.

Also, the Hukuhara integral

/ F (s)ds = [/ f(s)ds : fis a continuous selector of F (7)
I I

for any compact set ITCR,.

Let E=C [[tg,00) , K. (R™)] with norm

D[U(),0
sup DU®,0 < o0 (8)
t€[to,00) h (t)
where UEFE, 0 is the zero element of R™, which is regarded as a point set; and
h :[to,00) =Ry is a continuous map. F equipped with such a norm is a Banach
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space.

Let QeC [E, E]. Q is said to be a causal map if U (s) =V (s), tog<s<t<oo, and
U,VeFE then
(QU) (5) =(QV)(s), to<s<t<oo. (9)

Let us consider the following differential equations
DpU =(QU) (), Ul(tg) =Uy for Uye€ K.(R") and t>1ty >0, (10)
DyU=(QU) (), Ul(ro) =W for Vo e K.(R") and t>719>0 (11)
DyV =(PV)(t), V(rg)=Vo for Vo e K.(R") and t> 19 (12)

DygW = (SW) (t), W(To) =Vy— Uy fO’I“ W(TQ) =Wy e KC(RR) and t > 19

(13)
where @, P, S :E—FE are causal operators, and satisfy a local Lipschitz condition
on Ry x S, where S,={U€K, (R") :D [U,0] <p<oco}.

It is clear that (10f) and are different in the initial time and position. More-
over, if (PV) (t) i is written as (PV)(t) = (QV)(t) + (RV) (t); Then, we
consider as the perturbed form corresponding to the unperturbed equation
with the perturbation term (RV) (t).

Assuming that (Q()) (t) =0 for t>0, and assuming the necessary smoothness of
P, @Q and R to guarantee the existence and uniqueness of the solution U (t) =U (¢, to, Up)
of (10) through (tg,Up) for all t>ty, and those of the solution V (¢) =V (¢, 79, W)
of through (7¢, Vp) for all t>7¢, in addition to their continuous dependence on
the initial conditions.

IfU € C'[J1,K.(R™)] on J; = [tg,to + T1], then it is said to be a solution
of (10) on Jy if it satisfies on Ji. If U,V and W € C'[ Jo, K. (R™)] on
Jo = [to,to + T2], then these are said to be solutions of , , on Jo
provided that they satisfy 7 , on Jo, respectively.

Now let us define a partial order in the metric space (K. (R™), D). First, we
start by defining a cone in K, (R™).

Definition 1. The subfamily K C K. (R™) is said to be a cone in K. (R™) if it
consists of sets U € K. (R™) such that any u € U is a non-negative n-component

vector u = (uy,us,...,Uy,) satisfying u; > 0 for i = 1...n. The subfamily K° C
K. (R™), that consists of sets U € K. (R™) such that any u € U is a positive
n-component vector u = (uy,Us,...,Uy,) satisfying u; > 0 for i = 1...n, is the

nonempty interior of the cone K.

Definition 2. For any U, V € K.(R"), if there exists Z € K. (R™) such that
Z € K andU =V + Z then we say that U >V or V < U. Similarly, if there exists
Z € K. (R™) such that Z € K° and U =V + Z then we say that U >V or V < U.

We present below some needed classes to develop the stability results in terms
of two measures.
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K={aecC[R:,Ry] : a(u) is strictly increasing in u and a (0) =0}  (14)

L= {0’ € CRy,Ry] :o(u) is strictly decreasing in u and lim o (u) =0 }

U— 00
(15)
[ aeC[R2,Ry] : a(t,s) €K for eacht
CK = { and a (t,s) is continuous for each s (16)
I'= {h € CRy x K. (R"),R4] :(ing)h t,U)=0 } (17)
t,
FO:{hEF:iri}f h(t,U)=0, foreachtER+} (18)

Next, to introduce a Lyapunov-like function, we present some definitions needed
in the qualitative analysis in terms of two measures.

Definition 3. Let L € C'[R; x K. (R"),R.], then L is said to be
(i) h-positive definite if there exists a p > 0 and a b € K such that

h(t,U) < p implies b(h(t,U)) < L(t,U) (19)
(i1) h-decrescent if there exists a p > 0 and a function a € K such that
h(t,U) < p implies L(t,U) <a(h(t,U)) (20)
(iii) h-weakly decrescent if there exists a p > 0 and a function a € CK such that
h(t,U) < p implies L(t,U) <al(t, h(t,U)) (21)

Definition 4. Let hg,h € T', then we say that hg is finer than h if there exists a
p >0 and a function ¢ € CK such that

ho (£,U) < p implies h(t,U) < ¢ (t,ho (¢,U)) (22)

ho is uniformly finer than h if the function ¢ in the above definition is independent

of t.
Now, let us introduce the definitions of generalized Dini-like derivatives of L.

Definition 5. We define the generalized derivative (Dini-like derivatives) for a
real-valued function LEC [Ryx K. (R™),R4] as follows:

DI L(t,sU)

= hlirg+sup% [L (s—l—h,V (t,s+h,U+h (QU) (s))) —L(s,V(tsU))
(23)
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D._L(ts,U)

= hlﬁ(?f mf% {L (s—f—h,V (t,s—i—h,U—l—h (Qﬁ) (5))) —L(s,V (t,s, U))}
(24)
fort,seR; and UK, (R™).

Next, let us introduce the definitions of initial time difference (ITD) equi-boundedness,
equi-attractiveness in the large, and Lagrange stability in terms of two measures,
before proceeding with our main results.

Definition 6. Let U (t,to,Uy) be any solution of (I() for t > to > 0, and let

U (t,10,Up) = U (t —m,to,Up), for n = 79 — to. The solution V (t,70, Vo) of
fort > 7q is said to be

(i) ITD (ho, h)-equi-bounded with respect to the solution U, if and only if given any
a >0 and 79 € Ry, there exists B = f(a, 7o) > 0 such that ho (19, Vo — Up) < S
implies

h(t,V(t,To,Vb)*U(t*ﬁ,to,Ug))<Oz, t>7To (25)
(ii) ITD (ho, h)-uniformly equi-bounded with respect to the solution U if the previ-
ous implication in (i) holds for every 7o € Ry, or in otherwords, 8 = 8 («,79) > 0
is independent of Tg.

It is worth pointing out that if B in (ii) satisfy that B (-, 79) € K, then the solution
V (t, 70, Vo) of is ITD (hg, h)-stable with respect to the solution U. In fact, for
e > 0 there exists a continuous function 6 = 6 (g,79) > 0 in T¢, such that whenever
a < 8, we have § = B (a,7g) < €.

(iii) ITD (ho, h)-equi-attractive in the large with respect to the solution U, if and
only if given any e, a > 0 and 79 € Ry, there exists a T = T (1¢,,) > 0 such
that hg (10, Vo — Up) < « implies

h(t7V(t,T0,V0) — U(t—?’},to,Uo)) <e, t>Tg +T(To,<€7a) (26)
(jv) ITD (hg, h)-uniform equi-attractive in the large with respect to the solution

U, if the previous implication in (iii) holds for every 7o € Ry, or in otherwords,
T =T (70,&,a) > 0 is independent of T¢.

(v) ITD (ho, h)-Lagrange stable with respect to the solution U, if and only if it is
ITD (ho,h)—equg—bounded and ITD (hg, h)-equi-attractive in the large with respect
to the solution U.

(vi) ITD (hg,h)-uniform Lagrange stable with respect to the solution U, if and
only if it is ITD (hg, h)-Lagrange stable and both 8 = B (a,79) > 0 in (i) and
T =T (79,&,a) >0 in (i) are independent of Tg.
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3. ITD StABILITY RESULTS IN TERMS OF TWO MEASURES

3.1. ITD Variational Comparison Results. In what follows, let us present
generalized variational comparison results aimed to study the stability properties
in terms of two measures for solutions of SDEs involving causal operators, taking
into consideration the difference in the initial conditions.

Before that, in order to study the stability properties for the SDEs with causal
operators, let us assume that the solutions of the SDEs , , , and
exist and that they are unique; additionally, that all the Hukuhara differences exist,
so the problem is well-posed.

Theorem 1. Assume that (i) Both L (¢,Q) € C [Ry x K. (R™),RY] and |W (t,s, Q)]
satisfy a local Lipschitz condition in  for any t, s; where W (t) = W (t, 70, Vo — Up)

is the solution of fort > 1¢, U(t,70,Uy) = U (t —n,to,Up), for n = 1o — to,

U (t,to,Up) is any solution of (@) fort >tg, and V (t) =V (t, 79, Vo) is the solu-
tion of fort > 7o; and let Q (t) =V (t) =U (t).

(i)

D,._L(t,s,Q)<g(t,s,L(s,W(tsN))) (27)
wherg*,L (t,s,9Q)
~ lim inf - (L (s (ns+5.245 (PV) () - (@0) ) o,

—L(s,W(t,s,Q)))

(iii) g € C [R+ X ]R_IX,RN] , g(t,s,u) is quasi-monotone non-decreasing in u for
any t,s; [i.e., if u <wv, u; =wv; for some i such that 1 <i < N, then g; (t,s,u) <
gi (t,8,v), fort,s € Ry (In this context, the inequality symbol used in the vectorial
inequalities is understood to denote component-wise inequality [39])];

and r (t,s,70, Vo) is the mazimal solution of
du (s)
ds
ezisting for 79 < s <t < o0.

=g (t,s,u(s)), u(ro)=up>0 (29)

Then, L (1o, W (t,70, Vo — Up)) = ug implies
L(t,Q(t, 70, Vo — Up)) <ro(t,70, L (10, W (t,70, Vo — Up))) (30)
where ro (t, 7o, u0) =7 (¢, t, 70, up)
Proof. Let us set
m(t,s) =L (s,W(t,s,Q2(s))) for 79 <s<t. (31)
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Then, we have
m(t,70) = L (70, W (t,70,2(70))) :L(TO;W(t»TO»V(TO)_U(TO)>> (32)
=L (1o, W (t,70, Vo — Up)) = uo
For a sufficiently small positive value §, we have
m(t,s+06) —m(t,s)
=L(s+6,W(t,s+9,Q(s+9))) — L(s,W(t,s,Q(s)))
=L(s+6W(ts,Q(s)+(SW(t,592(5)))(s)+e(5) — L(s,W (t,5,2(5)))

where ¢ stands for error and limg_,q- 5(55) =0.

Taking into consideration the assumptions in (i) regarding the locally Lipschitz
property of L (¢,Q) and |[W (¢, s, Q)| in Q, it is seen that

m(t,s+0) —m(t,s) < k(e1(0) —ez(0))
+L(s+5,W<t s,V (s)— U (s )>+5<(PV)(3)— (QU) (s)))

—L(s,W(tsV ))

where €1, €5 stand for errors, k stands for Lipschitz constant.
The inequality in the assumption (ii) gives us the following estimation regarding
the Dini derivative of m(t, s)

D._m(t,s)

1
< ] 1 - K _
61“0“* inf 5 (51 (5) D] (6))

+ lim inf% L(s+0,W (t5,V(s) = U(s)) +3 ((PV) () - (QU) () (35)

—613(1)1_ inf% L(s W(t 5,V (s) —U(S)))

Sg(t,s,L(s,W(t,s,V(s)—ﬁ(s)) )
=g (t,s,L(s,W (t,5,9(s))) =g(t,s,m(t,s))

for 7o < s <t < o0.

A comparison result [Theorem 1.7.1] from [26] gives us the following inequality

m(t,s) <r(t s, 1o, L (10, W (t,70,Vo — Up))) for 79 <s<t (36)
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Choosing s =t in the right-hand side of the previous inequality, we get
m (tv 8) S r (tv ta To, L (TOa w (t7 To, ‘/O - UO)))

37
=To (ta7_07L(TOaW(t7TO7VO7U0))) ( )
which yields the desired estimation in completing the proof. ([

Theorem 2. Under the assumptions of Theorem with N =1 and g (t,s,u) =0,
we have

L(£,Q(t, 70, Vo — Up)) < L (r0, W (t,70, Vo — Up)), t > 0. (38)
Furthermore, we assume
D, L(t,s,Q) <—c(h(s,W(t,s,RQ)), To<s<t<oo (39)
where ¢ € K and h € C'[R; x K. (R™),R4].

Then, fort > T

L (t,Q (th()a ‘/0 - UO)) S L (TOa w (t7T07 Vb - UO)) - / C(h (53 w (t7 S7Q (S)))) ds.

T0o
(40)
Proof. Starting from the statement in the proof of Theorem
D._m(t,s) <g(t,s,m(t,s)) for 70 <s<t< 0. (41)
Then, since g (t,s,u) = 0, we get by integrating the two sides of the previous

inequality , for s € [19,1],
t
/ D._m(t,s)ds =L, W (t,t,2(t))) — L (10, W (t,70,2(70))) < 0. (42)

Hence, we have
L (t7 Q (taTOa Vb - UO)) S L (T07 w (t7T07VO - UO)) fO’/‘ t 2 To- (43)

Now, let us set

S

M(S»W(t’s,Q(S)))EL(&W(LS’Q(S))H/ c(h(&W(t€,Q(E))))ds.  (44)

Then, by taking Dini derivatives of both sides and by assumption , we have
D,_M(t,s,Q(s)) =D._L(t,5,2(s)) +c(h(s,W(t,5,2(s))))
—c(h(ro, W (t,70,2(70))))
< Di_L(t,s,92(s))+c(h(s,W (t,5,2(s))))
< —c(h(s,W (t,5,92(s)))) +c(h(s,W(t,5,Q2(s)))) =0.
Thus, D,_M (t,s,8(s)) <0, in view of , gives us for ¢ > 7,
M (t,Q(t,70,Vo — Up)) < M (10, W (t, 70, Vo — Up)) - (46)

(45)
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By the definition of M, this implies, for ¢ > 7¢,
t
L0 (0 Vo— U + [ c(h(&W (-.&R()) de
- (47)

< L(ro, W (t,70, Vo — Un)) + / ¢ (h (6, W (1,6,9(6))) de

To

t

L(t,Q (t,To, VO - UO)) +/ C(h (f, W(t,f,Q (f)))) df < L(To, W(t,TQ,VO — U())) .

To

(48)
Moving the integral term to the right-hand side gives us the desired estimation
and this completes the proof. O

3.2. Main ITD Stability Results in Terms of Two Measures. Now, let us
employ the comparison results in section 3.1 to prove the following theorems giv-
ing sufficient conditions for equi-boundedness, equi-attractiveness in the large, and
Lagrange stability in terms of two measures for the solutions of perturbed SDEs
involving causal operators in regard to their unperturbed ones.

The next theorem gives sufficient conditions to the ITD (hg, h)-equi-boundedness
of the solution V (¢, 79, Vp) of through (79, Vp) for ¢t > 7¢ with respect to the
solution U (t, 7o, Up) = U (t — n,t0,Uy) , for 1= 79—tg, where U (t) = U (t, to, Up)
is the solution of through (to,Up) for t > to; providing that the solution
V (t, 70, Vo) of (12) is ITD (hg, ho)-equi-bounded with respect to U.

Theorem 3. Assume that
(i) Both L (t,Q) € C'[Ry x K. (R™),Ry] and ||W (¢, s,Q)| satisfy a local Lipschitz

condition in Q for any t, s; where W (t) = W (¢, 79, Vo — Up) is the solution of
fort > 7y and

Qt,70,Vo—Ug) =V ()= U(t) for t>r1g (49)
(i)
D, _L(t,5,9) < —c(h(s,W(t,s,8(s)))) in S (h, M) (50)
where
S (hyM)={(t,Q) :h(t,Q) <M for some h € I" and M > 0} (51)
and
D,_L(t,s,9Q)
= lim. inf% (L (s oW (t, s+6,0+6 ((PV) (s) — (QU) (s)))) (52)

—L(s,W(t,s,Q)))
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(i4i) For b € K and ay, a9 € CK,

b(h(t,)) —|—/ c(h(s,W(t,s,2(s))))ds <L(tQ) in S(h,M) and (53)

L(t,Q) <ay(t,h(t,Q))+ao(t,ho (t,2)) in S(h,M)NS (hg, M)
(iv) ho is finer that h, that is, there exists a function ¢ € K such that
ho (£,9) < My implies h(t,92) < ¢ (ho (¢t,9)) (54)

for some My with ¢ (My) < M;
(v) The solution V (t,70, Vo) of (12) for t > 7o is ITD (hg, ho)-equi-bounded with
respect to the solution U (t,79,Uy) = U (t — n,to,Up), for n =719 — to.

Then, this implies the ITD (ho, h)-equi-boundedness of the solution V (t,79, Vo) of
for t > ¢, with respect to the solution U

Proof. We shall show that the solution V' (tlTo, Vo) of fort > 79 is ITD (hg, h)-
equi-bounded with respect to the solution U, that is, given any a > 0 and for some
7o € Ry, there exists 8 = 8 (a, 79) > 0 such that hg (79, Vo — Up) < § implies

h(t, V(t, 7o, Vo) = U (t—mn, to, Up)) <a fort > 7 (55)

Assume that is not true, then there exist solutions U (t) = U (t — 1, to, Up),
where U (t, to, Up) is the solution of for t > to; and V (t) = V (¢, 70, Vo) of
for t > 7¢, and t; > 7¢ such that

ho (To,VO — Uo) < 6, h(tl,Q(tl)) = o and h(t,Q(t)) < «, fOT' To <t<t (56)
where Q (t) = V (t) — U (t) for t > 7.
By Theorem [2| we have, for 79 <t <,

L(t,Q(t)) < L(7o, W (¢, 70, Vo — Vo)) —/ c(h(s,W(t,s,92(s))))ds  (57)

To
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Then, using the assumptions (iii), and (57), we obtain when ¢ = ¢y,

b(a)+/T:1c(h(s,W(tl,s,Q(s))))ds
=b(h(t1,Q(t1))) + /: c(h(s,W(t1,5,Q(s))))ds < L (t1,2(t1))
< L0, W (0,70 Vo = V)= [ (5 (11,5.9(0) s

< L (o, W (t1,70, Vo — Un)) + /tl ¢ (h (5, W (11,5, (s)))) ds

To

< ay (1o, h (10, W (t1,70, Vo — Uo))) + ao (10, ho (To, W (t1,70, Vo — Up)))

/ 1 c(h(s,W (t1,s,2(s))))ds

0

+

(58)

We aim to reach a contradiction to conclude the proof of the theorem. We will use
the assumption (v) for this purpose.

Given 0 < a < M and that there exists a My with ¢ (My) < M.

Choosing N1 = Np (79, @) such that 0 < Ny (19, ) < My, and

ho (£, Q2(t)) < N1 implies ag (t,ho (t,2(t))) < # fort> g (59)

By assumption (v), corresponding to this Ny, there exists a 8; = 8; (79, N1) > 0
such that

ho (10, Vo — Up) < By implies hq (t,Q2(t)) < Ny for t > 79 (60)
Thus and give us
ho (10, Vo — Up) < B, implies ag (t, ho (t,Q2(1))) < # fort>Tg (61)
Similarly, we choose Ny = Nj (79, @) such that 0 < Ny (19, &) < My and
h(t,82(t)) < Ny implies aq (¢, h(¢,Q(2))) < @ fort>mg (62)

By the assumptions (iv) and (v) also, corresponding to gb_l (N3), there exists a
By = By (10, N2) > 0 such that
ho (0, Vo — Up) < By implies ho (t,Q(t)) < ¢~ ' (N2) for t > 19 (63)

Since ¢ € K is strictly monotone increasing; then, we have by taking the com-
position of ¢ of both sides of the inequality ho (t,Q (t)) < ¢~ ' (Na) in , with
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considering (54)),
ho (10, Vo — Up) < By implies
R(EQ(0) < 6 ho (69 (1) < 6 (67 (V) = Ny for ¢ 2 7

(64)
So, and give us, for t > 7¢,
b
o (r0.Vo — Ua) < Ay implies ay (1.5 (.(1)) < o2 (65)
Let 8 = min {8, 85}, then with this 8 the following statement holds.
ho (10, Vo — Up) < B implies
b () (66)

ag (t, ho (1,2 (1)) < @ and a1 (t,h(t, Q1)) < ——— fort > 19

Hence, when t = ¢, using , the statement can be written as

b(a)+/1c(h(s,W(t1,s,Q(s))))ds

o]

=0b(h(t1,9Q(t1))) +/ 1 c(h(s,W(t1,s,2(s))))ds < L(t1,9Q(t1))

To

< L (79, W (t1,70, Vo — Up)) — / ' c(h(s,W (t1,5,2(s))))ds

To

< L (7o, W (t1,70, Vo — Ua)) +/ (b (s, W (5,0 (s)))) ds o

< ay (10, h (10, W (t1,70, Vo — Up))) + ao (70, ho (1o, W (t1, 70, Vo — Up)))

/ 1 c(h(s,W (t1,s,8(s))))ds

0

_|_

< @+@+/1c(h(s,W(t1,s,Q(s))))ds

t1
—b(@)+ [ elh(sW (5, 2(9) ds
To
This contradiction proves that the solution V (¢, 7¢, Vg) of through (70, V) for
t > 79 is ITD (hg, h)-equi-bounded with respect to the solution U.
O

The next theorem gives sufficient conditions to the I'TD equi-attractiveness in
the large of the solution V' (¢, ¢, Vo) of through (79, Vp) for t > 7o with respect
to the solution U (t,79,Up) = U (t —n,to,Uy), for n = 79 — to, where U (t) =
U (t,to,Up) is the solution of through (to,Uy) for t > to; providing that the
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solution V' (¢, 79, Vo) of is ITD (hg, ho)- equi-attractive in the large with respect
to U.

Theorem 4. Assume that
(i) Both L (t,Q) € C'[Ry x K. (R™),Ry] and ||W (¢, s,Q)| satisfy a local Lipschitz

condition in Q for any t, s; where W (t) = W (¢, 79, Vo — Up) is the solution of
fort > 7y and

Qt,70,Vo—Up) =V (t) = U (t) fort>g (68)

" Do L(t,5,Q) < —c(h(s, W (t,5,Q(s)))) in S (h, M) (69)

e S (h M) ={(t,9) :h(t,Q) < M for some he T and M >0} (70)
CmdD*_L(t,s,Q)

= Jim. inf% (L (s 6. (15 +6.9+5 ((PV) (5) - (@0) )))) -

L(s,W(t,s,Q))>

(#ii) For b € K and a1, a0 € CK,
b(h(t,Q)) +/ c(h(s,W(t,s,8(s))))ds < L(t,Q) in S(h,M) and (72)

L(t,Q) <ay(t,h(t,Q)+ao(t, ho(t,Q)) in S (h,M)NS (ho, M)
(iv) hq is finer that h, that is, there exists a function ¢ € K such that
ho (t,82) < My implies h(t,92) < ¢ (ho (¢,2)) (73)
for some My with ¢ (My) < M,

(v) The solution V (t, 79, Vo) of @ fort > 7¢ is ITD (hg, ho)-equi-attractive in the
large with respect to the solution U (t,7¢,Up) = U (t — n,t0,Up), for n =19 — to.

Then, this implies the ITD (hg, h)-equi-attractiveness in the large of the solution
V (t,70, Vo) of with respect to the solution U.

Proof. We shall show that the solution V' (¢, 7o, Vo) of fort > 79 is ITD (ho, h)-
equi-attractive in the large with respect to the solution U, that is, given any e, o > 0
and 79 € Ry, there exists a T = T (79,&,a) > 0 such that hg (79, Vo —Upy) < «
implies

h(t,V (t,70,Vo) — U (t —n,to,Up)) <&, t>79+T(10,¢,) (74)
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Assume that is not true, then there exist solutions U (t) = U (t — n, to, Up),
where U (t, to, Up) is the solution of for t > to; and V (t) = V (¢,70, Vo) of
for t > 70, and a sequence {tx}, tx > 70 + T and limg_,o tx = oo such that

ho(To,Vo*Uo)<Oé, h(tk,Q(tk))Zé‘fOT tp>710+ T (75)

where Q (t) =V (t) — U (t) for t > 7.

By Theorem [2| we have, for t > 7o,
¢

L(t,Q(1) < L (ro0, W (£, 70, Vi — Uy)) — / c(h(s,W (t,5,9(s)ds  (76)

To

Then, using the assumptions (iii), and , we obtain

b(e) + / c(h(s, W (tx,s,2(s))))ds

< b(h (b, 2 () + / ¢ (h (s, W (th,5,2(5)))) ds < L (b, 2 (1))

To
t

< L(ro, W (t4, 70, Vo — U)) —/ e (h (5, W (b, 5,(5)))) ds

7o

< L(ro,W (ty 70, Vo — Uy)) + / ¢ (h (5, W (t, 5,2 (s)))) ds

To

< ay (1o, h (10, W (tr, 70, Vo — Up))) + ao (7o, ho (1o, W (tx, 70, Vo — Uh)))

/c(h(s,W(tk,s,Q(s))))ds

0

_|_

(77)
We aim to reach a contradiction to conclude the proof of the theorem. We will use
the assumption (v) for this purpose.

Given 0 < ¢ < M and that there exists a My with ¢ (M) < M.

Choosing N1 = Ny (79, €) such that 0 < Ny (79,¢) < My, and

ho (t,2(t)) < Ny implies ag (t,ho (£, (t))) < % fort>mg (78)

By assumption (v), corresponding to this Ny, there exists a a; and a
Ty =T (10, N1, @1) > 0 such that

ho (10, Vo — Up) < a1 implies ho (¢, (t)) < Ny fort > 719+ Ty (79)
Thus and give us
b(e)

ho (To, VO — U()) < o zmplzes ag (t, ho (t, Q (t))) < T fOT' t> To + T1 (80)
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Similarly, we choose Na = Ny (¢, €) such that 0 < Ny (19,¢) < My and

h(t, Q1) < Na implies ar (t,h(t,Q(1)) < b(;) fort>7o  (81)

By the assumptions (iv) and (v) also, corresponding to o1 (N3), there exists a as
and a To = Ty (7'0, NQ,O[Q) > 0 such that

ho (T(),Vo — Uo) < Qg implies ho (t,Q (t)) < ¢_1 (NQ) fO’/’ t>70+ 15 (82)

Since ¢ € K is strictly monotone increasing; then, we have by taking the com-
position of ¢ of both sides of the inequality ho (t,Q(t)) < ¢~ * (N3) in , with
considering ,

ho (70, Vo — Up) < aa implies

h(t,Q(t) < ¢ (ho(t, (1) < (¢~ (N2)) = No for t > 7+ To (83)
So, and give us, for t > 19 + 1o,
ho (7o, Vo — Up) < an implies ay (£, h (L, (1)) < b(;) (84)
Let & = min {ay, a0} , and T'= max {T1,T>} , then,
T=T (T1,T>) =T (10, N1, a1, Na, ) = T (70, &, &) (85)
Therefore, with these a;, T the following statement holds.
ho (10, Vo — Up) < a implies
(86)

ag (t, ho (£,2(1))) < ) and ay (t,h (t,2(¢))) < ) fort>19+T
2 2
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Hence, when ¢ = t1, using (86), the statement can be written as

b(e)—i—/lc(h(s,W(tk,s,Q(s))))ds

o
ty

<b(h(tr, Q(tr))) +/ c(h(s,W (tx,5,Q(s)))) ds < L (t, Q(tx))

7o

< L(ro, W (tg, 70, Vo — Uo)) — /tl e (h (5, W (b 5,9 (5)))) ds

To

< L(ro,W (ty 70, Vo — Uy)) + / L (h (5, W (14, 5,2 () ds n

< ay (70, h (10, W (tr, 70, Vo — Up))) + ao (7o, ho (0, W (tr, 70, Vo — Ud)))

n / (s, W (th, 5,9 (5)))) ds
< b(? + bf) +/t1c(h(s,Wuk,s,Q(sm)ds

—b(e)+ [ el Wt () ds

0

This contradiction proves the ITD (hg, h)-equi-attractiveness in the large of the
solution V (¢, 79, V) of for t > 79 + T (70, ¢, ) with respect to the solution
U. 0

The next theorem gives sufficient conditions to the ITD (hg, h)-Lagrange stability
of the solution V (¢, 79, Vp) of through (79, Vy) for ¢t > 7¢ with respect to the
solution U (t,70,Up) =U (t — m,t0,Up) , for n=719—to, where U (t) = U (¢, 0, Up)
is the solution of through (tg,Up) for t > to; providing that the solution
V (t,70, Vo) of (12)) is ITD (ho, ho)- Lagrange stable with respect to U.

Theorem 5. Assume that
(i) Both L (t,2) € C[Ry x K. (R™),R] and |W (t,s,Q)| satisfy a local Lipschitz

condition in Q for any t,s; where W (t) = W (¢, 19, Vo — Up) is the solution of
fort > 7y and

Q(t,70,Vo = Uo) =V (1) = U (t) fort>mg (88)
(i1)
D, _L(t,5,9) < —c(h(s,W(t,s,2(s)))) in S (h, M) (89)

where

S(h,M)={(t,Q) :h(t,Q) <M for some h € I" and M > 0} (90)
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i D._L(ts,9Q)
= lim inf% <L (s 18w (t, s+35,Q46 ((PV) (s) = (QU) (5))» (91)

—L(s,W(t,s,Q)))

(iii) For b € K and ay,ao € CK,
t

b(h(t,Q)) —I—/ c(h(s,W(t,s,2(s))))ds <L) in S(h,M)and (92)

L(t,Q) <ay(t,h(t,Q)+ao (t,ho (t,Q)) in S (h,M)NS (ho, M)
(iv) ho is finer that h, that is, there exists a function ¢ € K such that
ho (t,Q) < My implies h(t,Q) < ¢ (ho(t,92)) (93)
for some My with ¢ (My) < M;

(v) The solution V (t, 79, Vo) of (29 fort > 7¢ is ITD (ho, ho)-Lagrange stable with
respect to the solution U (t,79,Uy) = U (t — n,to,Up), for n =10 — to.

Then, this implies the ITD (hy, h)—Lagmnge~stability of the solution V (t, 70, Vo) of
for t > 1o with respect to the solution U.

Proof. The ITD (hg, hg)-Lagrange stability of the solution V (¢, 70, Vy) of for
t > 7¢ with respect to the solution U gives us by definition the ITD (ho, ho)-equi-
boundedness and the ITD (hg, hg)-equi-attractiveness in the large of the solution
V (t,70, Vo) of for t > 7o with respect to the solution U. Hence, by applying
Theorem and Theoremrespectively, we obtain the ITD (hg, h)-equi-boundedness
and the ITD (hg, h)-equi-attractiveness in the large of the solution V (¢, 79, Vy) of
with respect to the solution U. That is to say it is ITD (ho, h)-Lagrange stable
with respect to the solution U, by definition. O

4. CONCLUSIONS

In this manuscript, we have presented sufficient conditions for ITD equibound-
edness, equi-attractiveness in the large, and Lagrange stability in terms of two
measures for the solutions of perturbed SDEs involving causal operators in regard
to their unperturbed ones, and proved the sufficiency of these conditions using ITD
variational comparison results.
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ABSTRACT. We define certain subclasses 6—UM (¢, 1, m5) and §—UMg (£, 11, 13)
of holomorphic mappings involving some differential inequalities. These func-
tions are actually generalizations of some basic families of starlike and convex
mappings. We study sufficient conditions for f € 6 — UM(¢,n;,n5). We also
discuss the characterization for f € § — UMg(4,m,,n4) along with the coef-
ficient bounds and other problems. Using certain conditions for functions in
the class 6 — UM(L,ny,7n5), we also define another class 6 — UM™ (¢, n,,m3)
and study some subordination related result.

1. INTRODUCTORY CONCEPT

Let H = H(U) denote the family of mappings f holomorphic in the open unit
discU:={z€Cand |z|] <1}.Form e Nand a € C,let f € Hla,m] CH : f(z) =
a+> > amz™and f€ACH[a,m]:

flz)=z+ Zamzm,zeU (1)
m=2
Let P denote the family of Carathéodory mappings ¢ with R (¢(z)) > 0 and

q(z) =1+ Z gmz™",z € U.
m=1

The Mobius transformation lo(z) = ifi,z € U is an extremal mapping for the

family P. For f,¢ € H, we say the mapping f is subordinate to £ and mathe-
matically write f(z) < {(z), if for w € H(U) : w(0) = 0 and |w(z)| < 1, we have
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f(2) = £(w(z)). For reference, see [10]. Applying subordination, Janowski |8] in-

troduced the family P[n;,n,] for =1 < n, < n; < 1. A mapping q¢ € P[n,1,],
if

1+m,2 1+nw(z)

z) < o z) = ————=

q(z) T 11,2 q(2) T+ nyw(2)

where w is a Schwarz mapping. For detail of some work related to subordination,

we refer, [2H6L8,(10]). Clearly, P[ny,7n5] is contained in P (}:—Z;) . This family is

related with the class P. A mappings ¢q € P iff

(m+1Daz) =0 -1

(2 +1)q(z) = (2 = 1)

The simplest representation of a conic domain Ag, § > 0 is given in the following:

A(;:{w:u+iv:u>5\/(u—1)2+v2}.

A mapping f € § —US(P) if the following inequality holds:
2f'(2) 2f'(2)
US e RIS
where —1 < 8 <1 and d > 0.
A mapping f € § —UC(B) iff zf € 6 —US(B).
The above families are studied by Goodman [7] and Rénning [13]. For mappings
f,£ € A, the convolution f * £ is defined by

,2 €U,

€ P[’hﬂ?z]-

- 1’ (z € ), (2)

FE)#l(2) =2+ Y amV,2" =L(2)x f(2)  (z€T),
m=2
where the mapping f is given by (I}) and
(=24 S (ze) )
m=2

In 2008, Raina [12] introduced the family § — US(¢, 8) which may be defined as
follows:
Definition 1. Let £ be given by with v, > 0, we say that f € 6 —US(L,B) if
f(z)x£€(z) #£0 and
w{ZL0
f(2) % €(2)

2(fx0) (2)

‘B}” T

— 1' (z €U),
where
(f * e) (Z) =z+ Z am’}/mzm (er >0,z € [U) ’ (4)
m=2

—1<pB<1landé>0.
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Generally this family consists of uniformly §-starlike mappings f * £ of order S
in U.

In 2011, Noor and Malik |11] introduced the family § — UM (n;,n,) which is
defined as:

Definition 2. A mapping f € A given by , is in the family 6 — UM (ny,n)
provided that f(z) #0 and

(ny — 1) L& — (g, - 1) 5| S (g, — 1)
(2 + 1) 205+ (= 1) (o + 1) 2L+ (n, = 1)
where —1 <y <n; <1 and d > 0.

-1 (z €U),

This family consists of mappings f which are associated with uniformly J-starlike
mappings in U. Extending the idea of Noor and Malik [11], we define a new family
0 —UM(¢,my,7n5) of holomorphic mappings.

Definition 3. Let f € A. Then f € 6 —UM(L,ny,n,), if it satisfies the condition:

. (n, — 1) 2T, 1) s <n2—1>2<ff§§7>—<m—1>
1) 2F@)=E) 1 1) 2=
(ne +1) F(2)*(z) + (m ) (e +1) f(z*

7(Z€[U),

(5)

vV \—/v

2Dy (1, — 1)

where f * £ is given by ,71§n2<n1<1 and § > 0.

The mapping f * ¢ converges as a convolution of holomorphic mappings defined
in U. Clearly f £ is associated with uniformly J-starlike mappings in U.

Let & be the family of holomorphic mappings f of positive coefficients and having
the series representation of the form:

z):szamzm, am >0,z U. (6)

For details of this family, we refer [14].
Let f be given by (I). Then f € 6 —UMg(¢,11,m5), if and only if

f € 0 7UM(637713772) N Sa

where —1 <1y <n; <1,6 >0 and J is given by (@
For some special choices, we obtain the following known classes:

i. §—UM (ﬁ,m,%) = 0 —US (11,1p) and § — UM (ﬁ’l”h’%) -
6 —UC (n1,m;).

i 5—14/\4(&71,— ) —§—US and § — UM< ,1,—1):5—@{(3..

jii. §-UM (22,1 -28,-1) = 5 -US (8) and 5 - UM( 7. 1-28,-1) =
§—UC(B).

v, 0=UM (£22,m1,m5) = S* (m1,12) and 0—UM (Z52,m1m) = € (3, 1ma).
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The class § — UM (L, n;,m,) also reduces to the families mentioned in (2)), see
[13]. For detail of the above classes and various other cases related to the earlier
contributions, see [1L3L|8L[9L|11}[15] with references therein.

2. PRELIMINARIES
Subsequently, we define the subordinating factor sequence.

Definition 4. A sequence (¢, : m = 1,2,3,...) is termed as a subordinating factor
sequence for some mappings in C, if for each f € C, we have

iamcmzm =< f(2) (a1 =1,z € U). (7)
m=1

Lemma 1. The sequence (¢, : m = 1,2,3,...) is a subordinating factor sequence,

iff
oo
§R{1 — QZcmzm} > 0.
m=2
For detail, see |9,[16]. Throughout, we assume 6 > 0 and —1 <7, <n; < 1.

3. MAIN DISCUSSION

Theorem 1. For a given mapping £ defined by with ~v,, > 0, if a mapping
f € A satisfies the inequality

o

Y 3 +28+ 0o} (m — 1) + 0y — m]lam| Ve < 01— 12y (8)

m=2

then f € § —UM(L,ny,1n5), where m > ﬂ—Z; for =1 <ny<n; <1andd >0.

Proof. To have the desired proof, we only show that

z(f(2)%0(2))’ z(f(2)xl(2))
5| (=D Yo — -1 | @1 s —m -1 ,
1) 2 2)x(=)) _1 1) 2U 2)#(=))" 1
(ne +1) F(2)*(z) + (m ) (ng +1) F(2)+0(2) + (m )

where f x £ is given by ,—1 <ny <my <landé>0. For f«/ given by , we
see that

()R =2+ Y mlan| v

Consider that

(ny — 1) ME=EE — (5, — 1) (ny — 1) ME=E — (5, — 1)

0 2(f(2)*£(2))’ —L=R 2(f(2)*£(2))’ -1
e+ 1) = — (m+1) (e +1) =5z — (m +1)

< (1+49) (e =D z(f(2)*L(2) = (0, — 1) f (2) x£(2) 1

B My + 1) 2(f (2) % £(2)) = (n +1) f (2) x £ (2)
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=2(1+96) Z(f(z>*f(z)):—f(2)*f(2)
(e +1)2(f(2) % £(2)) — (m + 1) f(2) x£(2)
25 (146 (m—1) |am|vm ( 1+771)
< m=2 m>
n =y~ ZIQ{mnz—erm—l}\amwm L+,

The last expression is bounded by 1 if

oo

(3420 4 15) (m — 1) + 0y — n1] || v < 11 — 15

m=2

We next prove the characterization of the mapping f as below.

Theorem 2. A mapping [ given by @ belongs to the family 6 — UM (€,11,m5)
if and only if

> {m—1) (1426 = 1) + 01 = 02} WYy < 11 — N 9)

m=2

where =1 <ny <ny < 1,7, >0 and 6 > 0.
Proof. Suppose that f € § — UM (4,17, 75). Then, making use of the fact that

Rw > 6w — 1] < R{w(l+ ) — de’} > 0
and taking

2(f(2)x0(2))’
(2 = 1) 2F57E — (= 1)

*0(2)) ’
(2 + 1) A — O +1)
where f * £ is given by @ with o > 0,—-1 <1y <n; <1,and 6 > 0 in , we
obtain

wl(z) =

2(f(2)x€(2))’
(2 = 1) 2FFF — (m - 1)

E34 !
(2 + 1) GG — (m + 1)

R (14 e — e 3 >0,

or equivalently

%{(1_‘_561‘9)(772 — 1)Z(f(2) *6(2))’ _ ("71 — l)f(z) *5(2) _5619} -0,

(1 + 1) 2 (f (2) x£(2)) = ( +1) f (2) % £ (2)

which on simple manipulation yields

(n —n9) + > {mny —m —26me™ +1 —ny +26e } apnry,, 2™
m=2

R > 0.

(m1 —m2) + 22 {mme+1) = 1=} amy,zm?
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This result holds true for all z € U. Taking the limit z — 1~ through real values,
we thus obtain that

S . .
(m —m2) + X2 {mmy —m —26me™ + 1 —ny + 26e" }
R m=2 _____ > 0,
(m=me)+ 20 {m Oy +1) =1 =m} ¥,

which further implies that

{771—772— > {1425 —ny) (m—1)+n1—n2}am7m} >0,
m=2
so we have
oo
Z {(1+25 —n3) (m = 1) + 11 — 0o} mYym <11 — 12
m=2

Conversely, we let the inequality @D hold true. Then, in view of the fact that
R (w(2)) > 0if and only if |w(z) — 1] < |w(z) + 1|, where

z z 2(f(2)*(2))

- DHEEE ) - DA -
w(z) = (1 + 1) GG (1) | (g 1) RO Ty [
2 F2)*0(2) G M2 F(2)#(2) h

(10)
we consider
lw(z) + 1|
z(fxL) z(fx£)’
_ (o — 1) 3 — (g = 1) s (1o — 1) g — (g = 1) b
z(fx0) (2 z(f*l) (2
e+ 1) 3G E — i +1) [+ 1) 2 E — (i + 1)
2 |Z| > m—1
m=2
2 oo
m=2

where G = (N, + 1) 2 (f % £) (2) — (9, + 1) f (2) x £(2) . Also for |w(z) — 1| = W

z(f*£) (= 2(fx) (=
0 (no = 1) Y=g & — 1 L (e = 1) g & — (g, = 1) .
(my+1) 7zz(((];*f>)£((;) —m—1 (ny +1) Z((]{:lg))(,(zi) —n—1
0 (=
_ 20 (2) _ 250 (2)
_y o L o L

x£)’ o ) (2
(no +1) g S =y -1 (o +1) g & =y -1
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2 (oo}
<|G'Z||Z(m+m6—1—5)am’ym. (12)
m=2
where G = (ny + 1) 2 (f (2) x £(2))" — (1, + 1) f (2) * £ (2) . From the condition (9)
and the inequalities and , we deduce that
lw(z) + 1] = |w(z) = 1] > 0,
where w is defined by . This completes the proof of Theorem O

We next provide coefficient bound for a given mapping f to belong to the family

o — UMS(£777177]2)~
Corollary 1. A mapping [ belongs to the family 6 — UM (£, n1,15) if

- "2
Oy < ;Yo > 0.
mz::Q {1+25—2n, + 11} 2

where —1 <ny <n; <1, and § > 0.

Corollary 2. For a mapping f belonging to the family 6 —UMs (4,11, 15), we have
< T — 172

{1+26 =2y +m},
where —1 <ny <n; <1 and § > 0.

(677 s Yo > 0.

The subsequent theorem deals with the integral representation for a given map-
plng f €0— UMg(gv M1s 772)

Theorem 3. If a mapping [ given by (@ belongs to the family § —UMs(€,m1,15),
then f has the following representation:

o Z20my — Q(t)(n, — 1)
J(z) =t (@) xexp (Jt{% + Q) (1, - 1>}dt> ’

where —1 <ny, <n; <1 and § > 0.

Proof. For 6 = 0, the assertion of the Theorem [3]is obvious. Let § > 0. Then, for
f €6~ UM%(&nla 772) and

2(f(2)x€(2))’
(2 = 1) 2F57E — (m — 1)

w(z) = TP
(g + 1) 24EZE 4 (3, — 1)

we have
Re(w) > §lw — 1],

which implies that
|w - 1| < 1
w 5
We suppose that
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and 5
w(z) = ,
G =5—am
which yields
(= DHEZEE — (-1
(np = DEEL — (g, +1) - Q)

Thus on simplification, we have

2(f(2)*L(2)) _ 20m — Q(z)(my — 1)
f(z)L(2) 204+ Q(2)(ny—1)

which proves that

F(2)%£(2) = exp (Of 201, — Q(t)(m, — 1) dt)

t{20 + Q) (ny — 1)}

_ (-1 7 20m — Q(t)(n, — 1)
J&) =670 () xexp <0ft{25 +Q(t)(n, — 1)}dt> '

This finishes the proof of Theorem [3] O
Theorem 4. If f; is such that

or

f](Z) =z Z Oém»jzm €9 7Z/IM%(£37713772)’ (j = 1,272 € U)a
m=2

then
f(z) =1 =X filz) + AMfa(2) € 6 —UMs(L,m1,m2), (0<A<1,z€D).

Proof. For the mappings f; such that f;(z) = 2=~ _, am ;2™ € 6—UMs(€,17,15),
by using Theorem [2] we write

> {426 —ny) (m = 1)+ 01 = Do} 1V < 1 — M (13)
m=2

and -
> LA +20=ny) (m = 1)+ 11 = 02} On 2V < 11— 7o (14)
m=2

In view of and , we have

(L= > {1426 —m) (m — 1) + 10y — 02} @17,

m=2

FAD {1 +20—ny) (m—1) + 1, = 0y} A2V,

m=2
<@=A)( —m2) + A —n2) =n1 —na.
Again by using Theorem [2| we reach the conclusion. (Il



HADAMARD PRODUCT OF HOLOMORPHIC MAPPINGS 113

In the following, we define the family 6 —UM™(¢,1,,15) of holomorphic mappings
f satisfying the coefficient conditions . Assume that

fl)=z+ ) amz™ €A

m=2
Then f € § —UM™(¢,ny,7n5), if it satisfies the condition:
D B +20+m5) (m— 1) + 0y — ] lam| YV < 11 — 12,
m=2

for some 7,, > 0,6 >0 and —1 <ny <n; <1.
For special choices of 1y, 75,0 and the mapping ¢, we refer the study of Aouf and
Mostafa [2] and others. Clearly

6 — UM*(& M1s 772) Co-— UM(& M1s 772)
Adopting the required procedure found in |2,/3}(15], we have:
Theorem 5. If f € 6 — UM ({,n,,n,) and

= 0y + (3+ 20 + 20y — 1)
R(f(z)) > —
(f(2) (3420 4 215 — 7)Y

(z €U, (15)

then
(1426 — 219 +11)72
2y — g + (1426 — 2n5 +11)] 72

(1+26—2n,5+n,)y ;
for all h € C. The constant factor 2[7717772“1”;72771#%1)]% n cannot be re-

f(z)xh(2) < h(z) (z €U), (16)

placed by a larger one.

Proof. Let f € 6§ —UM*(£,m1,m5) and let h(2) =24+ Y ¢pnz™. Then

m=2

(3425 + 210y —n1)72 (Z + > amcmzm>

m=2

(3425 + 21y —n1)72f (2) x h(2) _
2[m —ma + (3425 + 2, —my)] 72 2[ny — 0y + (3+26 4 20y — 1)) 72
In view of Definition 4| and Lemma will hold true if

< (3426 4 2ny — 11)720m
2[n —m2 + (3425 +2n5 — 1) 72
is a subordinating factor sequence. Using Lemma we observe that is equiv-

alent to
(o]
3 + 26 + 2772 771)7204mzm
1+ > 0. 18)
{ Z (3426 + 2n5 — )72 (

,m=1,2,...>7a1:1 (17)

The mapping
o (m) ={(B+20+mn) (m—1)+m =11} Vs Y = V2 > 0.
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is an increasing mapping for m > 2. Considering this fact along with (L8)), we can
write

(3420 + 295 — my)yp0mz™
1+
{ z:l N + (3426 + 205 — 11)72)

S P (3+25+2772 m)ver i (3426 + 20y — my)yp0mz™
[ =na+ (3+25 420y —my)val A= [m — 12+ (3420 + 25 — 11)7,]
22 (34204 2y — 1)y lom| 2™
>1_ (3426 4+ 2n5 —m1)72 |2 m=2 2 T
T et G20+ 2n —m)ye]l =+ (34204 205 —11)7o]
(o]
3+ 20420y — 1)y lam| ™
>1_ (3420 + 2my — ny)7,r _ mzzjz( 12 = )72 o
- [ =m2+ B+25+2n, —n)va] [ —na+ (3420 + 2my — 11)72)]
oo
3420420y — )V lm| T
>1_ (3420 + 2ny —11)7,7 B mzzjz( 112 = 11T [

- [ = n2+ (3+20+2ny —n)m)v2] [ —n2 + (3420 + 2m5 — 11)75)]
On using , we see that

> 3—|—2(5+2 | 2™
{1+Z Na — 1M1)72 | | }

+ (3420 + 215 — 11)72]

(3420 +2ny —my)7,r B (m —mg)T
[ = M2+ (3+20 420y —n1)va] 71 — 02 + (3425 + 215 —17)72] -
=1—r>0,r—1.
This leads to (18). Thus we have (16). Also is obtained from for the
mapping

>1-

h(z)= , (z €U).

For the sharpness of

(3425 + 215 —11)72
2[(ny —ng) + (3420 + 21y — 1))’

we consider the mapping fy such that

- (n —77> 2
folz) =z - 3+ 251+ 27}2 — 771)2 ' (19)

Combining and , we write

(3425 + 2109 —n1)7s
2[n1 = mg + (3 + 26 + 21y — m1)72)

z
fQ(Z) < E, z € U.
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Consider
(3425 + 2109 —n1)72 }
9?{ z
2[n1 — Mg + (3 + 20 + 21y — 11)72) o2)
(3425 + 215 —11)72
= R z
2[ny — ng + (3426 + 2ny — 11)7,) (olz))
B (3+25+ 20y —m1)72) ([771 _772+(3+25+2’72_771))72}> .
2[(m = m2) + (3 +26 + 21y — 11)72) (3425 + 215 —11)72

Thus, we have

min R
|z|<r

{ (3425 + 2105 —11)72 0(2’)}
2[ny — g + (3425 + 21y — ny)72]

(34254215 =11 )72
2[n; —na+(3+20+2n,—11)72]

This proves that the constant is the best possible. O

4. CONCLUDING REMARKS

In this research, we have used convolution between holomorphic mappings in
defining some subfamilies § — UM (¢, n,,n,) and § —UMg (€, 1,1, 15) of holomorphic
mappings involving starlike and convex mappings and associated with the conic
domains. We derived sufficient conditions for the mappings to be in the family
§—UM(¢,ny,n5). We also discussed the characterization of mappings in the family
0 —UMg(€,m1,m,) along with the coefficient bounds, integral representation and
convex combination. Using the sufficient conditions for mappings belonging to the
family § — UM(€,1,,7n5), we also defined a family &6 — UM™(¢,n,,7n5) and then
making use of a particular sequence, we discussed some subordination result. Our
findings can be related with the existing known results.

5. RESEARCH BACKGROUND AND SIGNIFICANCE

Goodman studied the uniformly convex and starlike functions, whereas, Kanas
and Wisniowska explored k-uniformly convex and k-uniformly starlike functions.
While using the convolution technique, Raina introduced the similar family of an-
alytic functions. In view of Janowski functions, Noor and Malik extended their
results for the petal like domains. Using Hadamard product used by Raina and in
contaxt of Noor and Malik work, we defined new classes of analytic functions and
studied them in various aspects.

Functions with positive real part as well as function with certain assumptions
on the arguments are of funcdamental importance in the study of starlike, con-
vex, close-to-convex and Bazilevic functions which are related with the Kufarev
differential equation. We study the characterization and bounds on the functions
from the differential and integral ineqalities. Same study for the complex valued
function is carried out using the idea of differential subordination. The study of
the geometric properties of various types of image domains is still a prime focus
of the theorists. Techniques of convolutions and other classical methods are still
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in progress in studying these images of compex analytic univalent and multivalent
functions In this research, we have used convolution between holomorphic map-
pings in defining some subfamilies 6 — UM(¢,n,,n5) and § — UM (€, 1, 15) of
holomorphic mappings involving starlike and convex mappings and associated with
the conic domains. We derived sufficient conditions for the mappings to be in the
family § —UM (¢, n1,m,). We also discussed the characterization of mappings in the
family § —U Mg (¢, 11, 1,) along with the coefficient bounds, integral representation
and convex combination. Using the sufficient conditions for mappings belonging
to the family 6 — UM(€,n,,n,), we also defined a family § — UM* (¢, 7,,n5) and
then making use of a subordinating factor sequence, we discuss some subordination
result. Our findings can be related with the existing literature of subject. Various
problems like radius of convexity, starlikeness and close-to-convexity are still open.
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ABSTRACT. Hemoglobin (Hb) possesses good properties of cooperative system
and it normally executes oxygen and other essential items via erythrocytes in
the body. The chemical action of Hb is to combine with oxygen (O2) in the
lungs to form oxyhemoglobin (HbO2). Binding of oxygen with a hemoglobin is
one of the important cooperative mechanism and is an emerging mathematical
research area with wide range of applications in biomedical engineering and
medical physiology. To this end, a mathematical model is proposed to study
the fractional saturation of oxygen in hemoglobin to understand the binding ef-
fect and its stability at various stages. The mathematical formulation is based
on the system of ordinary differential equations together with rate equations
under different association and dissociation rate constants. The five states of
the cooperative systems Hb, HbO2, Hb(O2)2, Hb(O2)3 and Hb(O2)4 are mod-
elled and the Hill’s function has been used to approximate the binding effect
and saturation of ligand (O2) with respect to various rate constants. Also, the
Adair equation has been employed to interpret the saturation concentrations
of oxygen in hemoglobin.

1. INTRODUCTION

In a biological system the interaction and intricate association between macro-
molecules is an established fact. This meticulous interaction between different
ligands with their respective receptor molecules determine the fate of most cellular
processes which decides reaction, adjustment and conduct of basic functions in all
living organisms [12}/13]. The well known example in biological system is interac-
tion between hemoglobin with its four binding sites for oxygen [2}3L{17]. The ligand
oxygen binds to the four binding sites of hemoglobin molecule and the interaction
can be seen on the overall binding curve |18|. This is a striking example of allosteric
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binding. The binding curve of hemoglobin when associated with oxygen molecules
gives sharp sigmoidal curve which indicates influence of oxygen molecules over the
functionality of hemoglobin. The inference which could be drawn from the sig-
moid binding curve indicates that the extremal states of full and zero saturation
are more stable than the intermediate states of partial saturation [2,|17,/31]. A
general kinetic model, presages an unanticipated multiplicative boost in affinity as
a function of ligand sites. Modeling of this interaction by a foremost depart time
approach denotes that the probability of ligand rebinding increases exponentially
with the number of sites [30]. A few small single-dentate molecules when bind to
a large polydentate molecule such that affinity of oxygen for binding interactions
increases, it arises the cooperativity [14423]. In cooperative enzymes, low and high
affinity substrate binding sites are present, and the cooperative binding of substrate
to enzyme can take place. The binding of one substrate molecule induces structural
and/or electronic changes that result in altered substance binding affinities in the
remaining vacant site. As there is no straightforward relationship between macro-
scopic and microscopic binding behavior, a mathematical model has been developed
to create a bridge between them. The model considered the minimal interaction
essential to produce fixed overall binding curve [20]. The whole binding cascade
of human hemoglobin corresponds of a series of partly ligated intermediates. The
discrete intervening constants cannot be differentiated in Os binding curves. The
characterization of these O, binding constants has shown the Hb cascade to be
unbalanced in nature, with binding dependent upon the particular distribution of
Oy among the four heme sites. The kinetic constant noticed for the dissociation
of this intervening Os binding constant confirms the value for its equilibrium [19)].
The rationale behind the current study was primarily to understand the fractional
saturation of oxygen in hemoglobin under various rate constants. Moreover, the
cooperative property of hemoglobin has been exhaustively discussed using basic
mathematical tools.

2. MATERIALS AND METHODS

Cooperativity is a fundamental specificity of various biochemical systems [24]. It
was Archibald Hill [1,[16] who first analysed the cooperativity binding of oxygen by
hemoglobin and postulated that several (n) oxygen molecules bind simultaneously
to a hemoglobin molecule:

Hb4 +n02 = Hb402n (1)
The expression for the association constant becomes
[HbyO2,,]
K,=——-"""-, 2
(50" .

and the binding equilibrium from the stand point of the fraction, Y, of oxygen
binding sites on the hemoglobin that are occupied by ligand:
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[O2]"

Y= O]+ K4 ®)

This Hill equation delineates the sigmoidal binding curves for hemoglobin as shown
in Figure 1. The value of n is known as the Hill coefficient. The value of n is not
always an integer. Among binding sites, for cooperative binding, the Hill coefficients
settled provide a fertile measure of the Gibbs free energy of interaction and their
values are independent of the free energy of association for empty sites |5]. The
values of the Hill equation parameters also depend on hemoglobin concentration
and shows that at high concentration of hemoglobin, the visible Hill coefficient,
n, decreases and the binding affinity, k, increases [27]. The Hill’s equation has
been used to approximate binding effect and saturation of oxygen under various
rate constants. The utility of Adair equation helped us to illustrate the saturation
of oxygen concentration in hemoglobin. Many enzymes are composed of distinct
subunits (oligomers), each bearing an equivalent catalytic site. If the sites are
identical and dependent of each other, the presence of substrate at one site effects
on substrate binding and catalytic properties at other sites, this process is known
as cooperative system. [21]. We considered an oligomeric cooperative system, a
cooperative tetramer (hemoglobin) in which we have discussed fractional saturation
of hemoglobin at various states under variable rate constants.

2.1. Some Basic Definitions.

Definition 1. A ligand is a substance that binds to a target molecule to serve a
given purpose.

Definition 2. Allosteric enzymes are the enzymes that change their conformational
ensemble upon binding of an effector which results in an apparent change in binding
affinity at a different ligand binding site.

Definition 3. An oligomer is a protein consisting of many sub-units. It may be
dimer, trimer, tetramer and so on, according to the number of subunits.

Definition 4. The fractional saturation of Os is defined as Y (Oz) = number of
occupied binding sites/total number of binding sites.

2.2. Mathematical Formulation.

We shall first consider the theory for a hemoglobin molecule consisting of four pro-
tomers, each containing one active centre. Active sites are assumed to be indepen-
dent of each other in their interaction with the molecule of an oxygen (substrate).
The individual reactions of oxygen with hemoglobin are as follows,
ki1 .
03 +¢; Tg ci+1; 3=0,1,2,3. (4)

—1
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FiGUreE 1. Sigmoid- Shaped hemoglobin oxygen- binding curve.
These data were measured at pH 7.4 , 21.5° , 0.1 M NaCl, 0.1
M Tris, 1.0 mM NasEDTA, and a hemoglobin A concentration
of 382.5u M (heme). Also shown is the least-squares estimated
hyperbola based on the Hufer model.

where ¢; are the complex of the hemoglobin combined with oxygen molecules (j
runs from 0 to 4) and the rate constant for binding the oxygen to a particular
site of the hemoglobin are denoted by k,; for association and k_; for dissociation,
i=1,234.

Alternative representation of (4) of the reactions [21], we shall introduce Figure
2 below which has a one - one correspondence with the rate equations for the
concentrations of c;.

k-1 k-2 k-3 k-4

k+10;, k+20, k+30; k+40,

FIGURE 2. Schematic graphical representation of hemoglobin states.
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From the Figure 2, it is obvious to see that, there are four unoccupied sites in the
state ¢ and the rate constant from cg to ¢ is k1. Also from ¢; to ¢ , dissociation
rate constant is k_;. Similarly, the rate constant from cs to ¢4 is ky4 and from cy4
to c3, the dissociation rate constant is k_4.

By deriving the above process, the rate equations (in lower case letters) are
defined as:

k
02 + ¢o \—ﬁ‘ c1, (5)
-1

k
09 + C1 \—% C2, (6)
2

k
02 + C2 ﬁ% c3, (7)
°—3

k
09 + C3 k;—Al\ Cq. (8)
—4

The differential equations corresponding to the above reactions are as follows:

dc
7dt0 = —k‘+10260 + k_lcl, (9)
dCl
E = kj109c0 — k_1¢1 — ki202c1 + k_2c2, (10)
dCQ
E = k+20261 — k_QCQ — k+30262 + k'_363, (11)
dC3
E = k4309co — k_sc3 — kiq09c3 + k_yc4, (12)
dc
d7t4 = k+40263 - k_4C4. (13)

2.3. Solution of the Model.

To estimate the concentration of Oy at various states and subsequent changes
of complexes in different states, it is important to compute the values of Eq.(9) -
Eq.(13) at steady state points. Now the steady state values of Eq.(13) are given by

dC4
dt

In the equilibrium model, the substrate-binding step is considered to be rapid
comparative to the rate of breakdown of the ES complex. Therefore, the sub-
strate binding reaction is considered to be at equilibrium and depends on rate
constants [22,/25]. Similarly, in this case, oxygen binding reaction is assumed to be
at equilibrium.
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k_; . .
* the dissociation constant.

Define the equilibrium constant as kg; = "

It follows that

ki403c3 = k_4c4,

k
= Cq4 = 4 02C3. (14)
k_y4
Note that kg; has dimensions of oxygen concentration, so 1:72 is dimensionless.

Going next to (12) and setting % =0, it follows that

k
C3 = 730262. (15)
k_3
Proceeding in this fashion, we find that
k
Cy = 720201, (16)
k_o
and
k
Cc1 — 710260. (17)
k_1

By combining the equations(14), (15), (16)and (17) we see that all the equilibrium
values of ¢;; 7 > 1 may be expressed in terms of ¢y in a regular fashion.
Thus,

1
1 = ]{Tﬂ[oz] [CO]v (18)
1 2
Cy = m[oﬂ [col, (19)
- [osf"e (20)
@ ka1kazkas o2l 1eol:
— (21)
Cp — ——— |0 Col.
* 7 karkagkaskas - > 10

The complexes ¢y, cs,c3 and ¢4 occupy oxygen sites partially with an ascending
behaviour until they fully saturate, therefore the saturation function Y (02) can be
computed as [21},25]:

1+ 2¢c9 + 3c3 + 4ey

Y = 22
(02) 4(60 “+c1+co+c3+ C4) ( )
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using the concentration levels obtained in equations (18)-(21) and from Eq.(22), we
have

] J*

[02] [02 [02]? [02
Y(O ) _ ka1 + 2kd1kd2 + Skdlkd2kd3 + 4kd1kd2kd3kd4 (23)
o 02]2 053 0o]4
4(1+%+k[2] + [02] + [o2] )

k d1kaz kaikazkas kairkazkaszkaa

Eq.(23) is known as Adair equation for 4 sites.

The graphs of Y with respect to Oy gives a sharp sigmoidal curve (see Fig.3)
which indicates influence of oxygen molecules over the functionality of hemoglobin
i.e; it increases the affinity for oxygen molecules. When the affinities of the later
binding events are fundamentally greater than those of the previous events. This
is called as positive cooperativity. For positive cooperativity (k4 < ks, k2, k1), the
concentration of ¢y, ca, ¢z are small compared to the concentration of ¢4. Thus, if
these terms are omitted from Eq.(22), so Eq.(23) becomes,

[o2]*

41921
Y(02 — kaikazkazkaa 24)
) A0+ el ) (

az2kazkaa

_ o]
" ait ot 25)

where  a? = kg1kaokaskaa

The Eq.(25) is formalised in the Hill function as in Eq.(3),

oo
V= (26)

Eq.(26) is utilized to depict measures that include multiple near-simultaneous bind-
ing events. The constant « is the half-saturating concentration of ligand, and thus
can be interpreted as an averaged dissociation constant.

It is trivial that in hemoglobin, the partial pressure of oxygen, pOs is the con-
centration of free oxygen [Os] . Then a* = (ps0)*, where pso is the value of poy
when half of the oxygen-binding sites are occupied. Making these replacements and
taking logarithms, Eq.(25) may be revised to yield,

Y(02)
1-— Y(Og)

So, if hemoglobin bound all four oxygen molecules in a single step, then a plot
of log % versus log[pos] would be a straight line with a slope of n = 4 ( called
a Hill plot) and an intercept on the log[pos] axis of log psg (see Figure 4). We can
also write, if n = 1 in Eq. (26), then it becomes the same result, if the protein
is a monomer and Hill function reduces to hyperbolic function [4]. There are few

log = 4log[pos] — 41og pso. (27)
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examples like Ribonuclease, hexokinase, glucokinase in which a single monomeric
enzyme show sigmoidal behavior, but cooperativity of these enzymes could not have
been generated by the interaction of subunits. This mechanism is known as Kinetic
cooperativity . However, the Hill plot exhibits a sigmoidal shape (as shown in
Fig.3), indicating that binding occurs in stages, such that the oxygen affinity of
hemoglobin depends on the number of subunits in the tetramer that are already
oxygenated.
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3. DiscussioN AND CONCLUSION

A mathematical model has been established that describes the interaction be-
tween an oxygen molecule and the hemoglobin molecule. Hemoglobin is a tetrameric
protein and shows cooperativity i.e; consisting of four subunits and each subunit
binds with one oxygen molecule. Cooperativity is a fundamental specificity of var-
ious biochemical systems [24]. Different biochemical mechanisms can create ultra
sensitivity, including zero-order kinetics, second- and higher-order dependence on
enzyme concentration, positive feedback and protein translocation [9,[10]. In this
work, we have more focused on the role of mathematics on fractional saturation of
oxygen in hemoglobin. A number of simplifying hypothesis are available to explore
binding processes. In this case, we have introduced steady state hypothesis and
then setting time derivatives (eq.13) equal to zero and solve for the steady state
process. Although, this model provides a basis for understanding the S-shaped or
sigmoidal character binding curve but it also confirms that the nature of individual
binding sites (five binding states discussed above) does not account for sigmoid
behaviour. In Figure 3 plots of the free oxygen concentration (partial pressure of
oxygen) versus saturation (Y) exhibit a sigmoidal character and indicates that the
affinity of hemoglobin for the first oxygen molecule is less than the subsequent ones.
Figure 4 represents the Lineweaver Burk plot of hemoglobin. Furthermore, our the-
oretical results are a step towards understanding the role of differential equations
in cooperativity in relation with empirical models. A simple, straightforward and
a new method of estimating the fractional saturation of oxygen in haemoglobin is
derived in this paper. The role of mathematical tools have made the estimation
of oxygen transition from one state to another more realistic and reasonable. The
proposed model can be further extended by incorporating other parameters like
temperature dependent rate constants, flux of diffusion at various binding sites etc.
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ABSTRACT. In this article, we study minimal graded free resolutions of Cohen
-Macaulay tangent cones of some monomial curves associated to 4-generated
pseudo symmetric numerical semigroups. We explicitly give the matrices in
these minimal free resolutions.

1. INTRODUCTION

Minimal graded free resolutions are very nice objects to study the modules over
finitely generated graded algebras . It carries out the information about the Hilbert
series, the Castelnuovo-Mumford regularity and many other geometrical invariants
of the module, which makes these resolutions very important for algebrebraic geom-
etry and commutative algebra. Construction of an explicit minimal free resolution
of a finitely generated algebra is a difficult problem in general. This problem has
been studied by many mathematicans, in particular for the homogeneous coordinate
ring of an affine monomial curve in |1}[5|6}/1TH13}{15].

“Describing the Betti numbers and the minimal resolution of the tangent cone
of S when S is a 4-generated semigroup which is (almost) symmetric or nearly
Gorenstein ” was an open problem (See |16], Problem 9.9). Symmetric numerical
semigroup case is studied by Mete and Zengin in |11] and in [12]. They computed the
Betti numbers by explicitly computing the minimal graded free resolution. Pseudo
symmetric semigroup case is studied in [15] by showing that being homogeneous and
being homogeneous type are equivalent for 4 generated pseudo symmetric mono-
mial curves with Cohen-Macaulay tangent cones by computing the Betti sequences
for nonhomogeneous case. Though in the homogeneous case the Betti sequence is
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already known as (1,5, 6,2), an explicit computation of minimal graded free reso-
lutions were not given. In this paper, we focus on 4 generated pseudo symmetric
semigroups with Cohen-Macaulay tangent cones that are homogeneous ( and hence
homogeneous type) and calculate the explicit minimal graded free resolutions when
ny is the smallest among ny,ns, n3, ng.

2. PRELIMINARIES

Let n1,ns,n3, ng be positive integers with ged(nq,...,ng) = 1. Consider the nu-

k
merical semigroup S =< n1,ng, ..., N >= {Z uini|u; € N} . Let A = K[X3, Xo, ..., Xi]
i=1
be the coordinate ring over the field K and K[S] be the semigroup ring K[t"*,t"2, ..., t"*]
of S. If we denote the kernel of the surjection

¢o: A — KI[5]
X; =t
by Is, then K[S] ~ A/Is. If we denote the affine curve with parametrization
Xy =1, Xo=1", ..., X ={™

corresponding to S by Cg, then the local ring corresponding to S is Rg = K|[[t"!, ..., t"*]].
The Hilbert function of the local ring Rg is the Hilbert function of the associated
graded ring grm(Rs) = @je,m’/mT1. It is known that

grm(Rs) = K[S]/Is.,

where Is, =< f.|f € Is > is the defining ideal of the tangent cone with f, denoting
the initial form of f.
s being an element of the semi-group S, the apery set of S with respect to s is
defined to be AP(S,s) = {x € S|z —s ¢ S} and the set of lengths of s in S is
k k

L(s) = {Z u|s = Zumi,ui > 0}. A subset T C S is said to be homogeneous
i=1 i=1

if either it is empty or L(s) is a singleton for all 0 # s € T'. n; being the smallest

among ni,na, ..., Nk, the numerical semigroup S is said to be homogeneous if the

apery set AP(S,n;) is homogeneous. It has been shown in [9] that AP(S,n;) is

homogeneous if and only if there is a minimal set of generators G of Is such that

X; belongs to the support of all nonhomogeneous elements of E.

A semigroup S is said to be of homogeneous type if the Betti numbers of the
semigroup ring K[S] and the Betti numbers of the associated graded ring (tangent
cone) coincide, [8]. It is known that if a semigroup is of homogeneous type then
the corresponding tangent cone is Cohen-Macaulay. Furthermore, if the semigroup
S is homogeneous and the tangent cone is Cohen-Macaulay then S is also of ho-
mogeneous type. Converse is not true in general: there are numerical semigroups
which are of homogeneous type but not homogeneous. Some counter examples are
given in embedding dimension 4 , see [9).
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In |10] the generators of Ig corresponding to a 4-generated pseudo symmetric
numerical semigroup are given as < f1, fa, f3, f4, f5 > where

A= XXX L =X - XXy, fy= X XTI,
fro= XM XXX fy= XIS - X X!

where here ; > 1,1 < i <4, and 0 < ag1 < 1, such that ny = asas(as — 1) + 1,
ng = agrazay + (a1 — agy — 1)(az — 1) + a3, n3 = arag + (o — a1 — 1)(a2 —
D(as—1) —as+1, ng = araz(as — 1) + asr(ag — 1) + as.

Barucci, Froberg and Sahin in [1] showed that the Betti sequence of K[S] is
(1,5,6,2) for 4 generated pseudo symmetric monomial curves but Ig, or the Betti
numbers of the tangent cone were not known. In [14], we described the Co-
hen—Macaulay property of the tangent cone in terms of Komeda’s parametrization
for 4-generated pseudo symmetric monomial curves.

3. FREE RESOLUTIONS

When n; is the smallest among {ni,ns, n3,n4}, since the semigroup is always
homogeneous, it is known that the Betti sequence is (1, 5,6, 2). It is also known from
[14] that the tangent cone is Cohen-Macaulay iff ay < as+ a3 < as+az—1 < ay.
To compute these homogeneous summands, we will use:

Lemma 1 ( [14], page 16). When ny is the smallest and the tangent cone is Cohen-
Macaulay, {f1, f2, f3, fa, 5} forms a standard basis for Ig.

Since the homogeneous summands change when there are equalities, there are 8
different possibilities for the tangent cone that should be considered:

(1) g <agtaz—1<ag+az3 <o
Jay=as+as—1<an+ag<a
) as<astaz—1=ag +a3 <o
)a4=a2+a3—1:a21+a3<a1
)a4<a2+a3—1<az1+agza1
)044:O£2+04371<0421+0l31041
)a4<a2+a3—1:a21+a3=a1
()a4:a2+a3—1:a21+a3:a1

However, case [8|is irredundant as can be seen from the next proposition.
Proposition 1. Ifay =as + a3 — 1= a1 + a3 = a1 then ny =ny

Proof. ny = agaz(ag — 1)+ 1 = (a1 + Las(ag +az — 1) + 1 = agaz(ag +az —
1) +az(az +az —1) + 1.

On the other hand,

ng = agrazoy + (ap —agy — 1) (a3 — 1) + ag = ag1az(az; + az) + (a3 — 1)(az —
1) + a3 = asraz(ag + az — 1) + asras + (a3 — 1)? + a3 = asiaz(ag + a3 — 1) +
a3(a21+a3—1)+1:n1 O
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There is a general form of the minimal graded free resolution of the tangent cone
in possibilities (1) and (3), (2) and (4), (5) and (7). We will list these and the
minimal graded free resolution in case (6) respectively.

The content of the rest of the paper will be as follows: for each of these four
possibilities, we will give the generators of Ig, as a corollary of lemma 3.4 of [14]
and give our main theorems to compute the minimal graded free resolutions. To
find the generators of Ig,, since we only take the homogeneous summands of the
elements in G in Lemma 1 in respective cases, we will not write the proofs of
corollaries. To prove the given complexes in our theorems are exact, we will use
Buchsbaum-Eisenbud criterion, see |2| for the details. 6 being a matrix, we will
denote the minor obtained from 6 by erasing its ith row , jth column with [0],, ., .

31 Ifayu <ag+as—1<ag +a3 < aj.

Corollary 1. Ig, is generated by G, = {Xg,Xff“_l,X, X§37Xf47X2Xf4_1} where
,Xz)(él2 fas<arstaz—1<agtaz<ag and X = foifag<as+az—1=
91 + ag < .

Theorem 1. If S is a 4-generated pseudo symmetric semigroup, then minimal
graded free resolution of the tangent cone is

0—s A2 23, 46 P20 45 21 4

where

¢y = [X3 X9 X Xge XY XX
-X, 0 X' 0 Xy 0
0 —Xg 0 0 0 —xpt

b= 1 0 X Xt 0 0 0
0 0 0 X, —Xj Y
| X 0 0 X4 0 X5t
[ X,  Xgrlxge!
0 Xgat
0 -X

¢3* —X3 0
X, Z
0 — X5

with (X,{/', Z) = (X52,0,0) if ag # aa1+1 and (X, Y, Z) = (fg,—Xf21,Xf21X§‘3_l)
ifOéQ = a9 + 1.

Proof. It is easy to see that ¢, ¢y = o5 so that we have a complex. To show the
complex is exact, rank¢,; = 1, rank¢, = 4 and ranke¢s; = 2 and hence ranke¢, +
rank¢, = rankA®, rank¢d, + rank¢; = rankAS. Then by Buchsbaum- Eisenbud
criterion, it is enough to check that I(¢,;) has a regular sequence of length ¢ for
1 = 1,2,3. There is nothing to show for i = 1. A regular sequence of length 2
can be obtained as —X3°* from the minor [¢y],.c,.c; and X2 X? from the minor
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[D2]rs,c5,c5 for I(dy). A regular sequence of length 3 can be obtained for ¢4 as X
from the minor [@slry,ryrs.r6 5 X?3+1 from the minor [@g]ry ry 15,05 and —X2X from
the minor [@g]ry ryra.re- O

32. If ay = s+ a3 —1 < a9 + a3 < ai.
Corollary 2. Ig, is generated by
G = {XXM X, X5, X9 - X X2 ' X§e Y}

where (X,Y) = (fa, f5) if cu =g+ a3 — 1 = a9 + as < aq,
(X,Y) = (X532, - Xo X N ifau =z +az — 1 < ag +a3 < a;

Theorem 2. In this case, minimal graded free resolution of the tangent cone is
2 ®3. 46 P2 45 P
0— A" — 4" =4 —A—0

where
¢y = [XsX{h X XS XQ - XiXPTIXST Y

[ X, 0 X, Xget 0 0
0 —X; x5t 0 0 . SR ¢
by = |-X1Z 0 —X Xt X! 0 -X
0 - X, —X3 0 -Z 0
| X3 —X, 0 0 D G |
[ X4 Xgrtxge!
X3 0
bo = Xy (=Xo XM -Y)/X)
3 0 -X
0 Xgs
X, xget

where
(X7Y7Z) = (f27f5aX1a21) Z‘fOé4 = (g +043 —-1= Q21 +043 < aq
(X,Y,Z) = (X532, = Xo X3 1 0) ifas =ag + a3 — 1 < g + a3 < oy

Proof. ¢,¢5 = ¢9¢5 so that we have a complex. Similarly to the previous case, it
is easy to see that rank¢, = 1, rank¢, = 4 and rank¢,; = 2 and hence ranke¢, +
rankg, = rankA®, rankeg, + rank¢; = rankAS. A regular sequence of length 2
is X% from the minor [@o]rs ces » Xo®* T if g — 1 < g1 + a3 and — X, f3
if @ —1 = ag1 + a3 from the minor [¢o]r, cs.c, for I(¢py). A regular sequence of
length 3 can be obtained as f; from the minor (@3], rs.rars » X5+ from the minor
22 P— ng+1 if ag — 1 <y +az and Xofs if ag — 1 = apy + a3 from the

minor [¢3]T1,7‘2,T5,7‘6 for I(d)?)) H

33. Ifas <as+ag—1<as +az=a;.
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Corollary 3. Ig, is generated by
G = { XXM X, X — X o 7l X X X'}

where X = fo if oy < s tas—1=a+ag=a; and X3? ifoy < s +az—1<
o1 + a3 = Q1.

Theorem 3. In this case, minimal graded free resolution of the tangent cone is
00— A2 25 48 %2 45 P4 44 g

where
¢y = [X3X97h X XP XD TIX, XM XX

[ x5! 0 X2 X4 0 0
0 0 0 0 —fs Xyt
by = | X071 0 0 0 X 0
0 X, 0 X3 0 Y
(xprrenTl X, X3 0 0 —xg!
[0 X
—X3 Z
oo | B g
X, Y Xge
0 D S
0 —f3

where (X-,Y, Z) equals to (fa, X7, —Xlal_l) if oy <oag+oaz—1=a9 +a3=a;
and (XSZ,O,O) ifa4 <astaz—1<as +az3=a;

Proof. ¢1¢5 = @95 is obvious and rank¢; = 1, rank¢, = 4 and rank¢; = 2
and hence rankg, + rankg, = rankA®, rankg, + rankg; = rankA®. I(¢,) has a
regular sequence of length 2 as X;“* from the minor [@y),, rs.cs » X2X? from the
minor [@glry,cr.c,- A regular sequence of length 3 can be obtained as X3 fs from
the minor [@s]ry ry,rars, —X4 " from the minor [@s]y, ry.ry.re, —X2X from the minor
[¢3}T27"‘377’577‘6 for I(¢3) U

Finally, minimal graded free resolution of the tangent cone in (6) is:
34. If ag = s+ a3 — 1 < a9 + ag = ag.
Corollary 4. In this case Ig, is generated by
G = {XP7 7 X, — X§° X592, Xa XS XS - X0 Xo X XX}

Theorem 4. If ay = ao + a3 — 1 < a9 + ag = a1, then minimal graded free
resolution of the tangent cone is

0—s A2 23, 46 P20 45 21 4y

where
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Gy = [XP 77X, - X$0 X5 XaXPTIXPT XY XXM XX
[0 0 DD ¢ ¢ ¢ 0
0 —X Xt _xmoen 0 —fs =Xt
Pp=1 0 Xo X3 0 0 0
—X; X4 0 Xomen—l o x5t
| X, 0 X4 —Xxgs! 0 0
(X, —Xg2lxgs—!
—X; 0
| X 0
¢3_ 0 7X2012
X, Xgat
L 0 —f3

Proof. ¢y = ¢o¢5 and ranke, = 1, rank¢p, = 4, rank¢, = 2. Thus, rankeo; +
rank¢, = rankA®, rankg, + rank¢s; = rankA®. I(¢,) has a regular sequence of
length 2 as X2X9 ! fy from the minor [¢glrs cp.ce » —Xa°2t" from the minor
[P2]ra.cs,ca for I(py). A regular sequence of length 3 can be obtained as f4 from
the mMinor [@g]ry s rare » X3f3 from the minor [ds]e, s> Xo2 T from the minor

[¢3}T177‘277’577‘6 for I(¢3) U

4. CONCLUSION

Since we investigated 4-generated pseudo symmetric semigroups that are homo-
geneous with Cohen-Macaulay tangent cones when n is the smallest, and since
these semigroups are of homogeneous type automatically, in addition to the known
Betti sequence (1,5,6,2) of the tangent cone, which Barucci, Fréberg and Sahin
obtained in [1], using the standard basis found in |14], we computed the generators
of I's, and we have given a complete characterization to the minimal graded-free
resolution of the tangent cone in all possible situations.
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ABSTRACT. Let FEs be the 2-dimensional Euclidean space and T' be a set such
that it has at least two elements. A mapping o : T — FE2 will be called a
T-figure in E>. Let R be the field of real numbers and O(2,R) be the group of
all orthogonal transformations of Eo. Put SO(2,R) = {g € O(2,R)|detg = 1},
MO(2,R)={F :Ey —» Ex | Ft =gx +b,g € O(2,R),b € Ex},

MSO(2,R) = {F € MO(2,R)|detg = 1}. The present paper is devoted to
solutions of problems of G-equivalence of T-figures in Eg for groups G =
0O(2,R),SO(2,R), MO(2,R), MSO(2,R). Complete systems of G-invariants
of T-figures in F» for these groups are obtained. Complete systems of relations
between elements of the obtained complete systems of G-invariants are given
for these groups.

1. INTRODUCTION

Let R be the field of real numbers, and let E5 be the 2-dimensional Euclidean
space.

The present paper is devoted to solution of problems of G-equivalence of T-
figures in Es for groups G = O(2,R),SO(2,R), MO(2,R), MSO(2,R) in terms
of G-invariants of a T-figure. We have obtain complete systems of G-invariants
of T-figures for these groups and describe complete systems of relations between
elements of the obtained complete systems of G-invariants.
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Let V be a finite dimensional vector space over a field K and g be a non-
degenerate bilinear form on V. Denote by O(8, K) the group of all S-orthogonal
(that is the form g preserving) transformations of V. Let M O(S, K) be the group
generated by the group O(8, K) and all translations of V. In the paper [6], for
the orthogonal group O(8, K) in the Euclidean, spherical, hyperbolic and de-Sitter
geometries, the orbit of m vectors is characterized by their Gram matrix and an
additional subspace. In the book [2, Proposition 9.7.1], for the group MO(S, K)
in the Euclidean geometry, the orbit of m-vectors is characterized by distances be-
tween m-vectors. A complete system of relations between elements of this complete
system is also given in |2, Theorem 9.7.3.4]. In the paper [13], a complete system
of invariants of m-tuples in the two-dimensional pseudo-Euclidean geometry of in-
dex 1 and a complete system relations between the obtained complete system of
invariants are given. In the paper |15], a complete system of invariants of m-tuples
in the one-dimensional projective space and a complete system relations between
the obtained complete system of invariants are given. Invariants of m-points in
Lorentzian geometry investigated in the paper [23]. Invariants of m-points appear
also in the theory of invariants of Bezier curves ( [5,22]), in Computer vision theory
([19427]), in Computational Geometry ( |21]). General theory of m-point invariants
considered in the invariant theory (see [3,8}/20%/30L31]).

Complete systems of global invariants of paths and curves are investigated in
papers [1,/719},/12,/14,/24-26]. Complete systems of global invariants of surfaces and
vector fields are investigated in papers [10,]11;28]. Complete systems of global
invariants of T-figures in the affine geometry are investigated in the paper [17}(18].

This paper is organized as follows. In Section 1, some known results (Propo-
sitions [IH4]) on the linear representation of the field of complex numbers in two-
dimensional real space are given. Definitions of T-figures in the field C of com-
plex numbers and in the two-dimensional linear space R? are given. Put S(C*) =
{z € C||z| = 1}. A definition of S(C*)-equivalence of T-figures in C with respect
to the group S(C*) is given. A definition of A(S(C*))-equivalence of T-figures in
R? with respect to the group A(S(C*)) of linear transformation of R? is given.
It is proved Theorem [l on a relation between the S(C*)-equivalence of T-figures
in C and A(S(C*))-equivalence of T-figures in R2. In Section 2, evident forms of
elements of groups SO(2,R) and O(2,R) are given. In Section 3, a complete sys-
tem of G-invariants of a T-figure in the two-dimensional linear space R? over the
field R of real numbers for the group G = SO(2,R) is given. A complete system
of relations between elements of the obtained complete system of invariants are
given. In Section 4, a complete system of G-invariants of a T-figure in R? for the
group G = O(2,R) is given. A complete system of relations between elements of
the obtained complete system of G-invariants is given. In Section 5, a complete
system of G-invariants of a T-figure in R? for the group G = M SO(2,R) is given. A
complete system of relations between elements of the obtained complete system of
G-invariants is given. In Section 6, a complete system of G-invariants of a T-figure
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in R? for the group G = MO(2,R) is given. A complete system of relations between
elements of the obtained complete system of G-invariants is given.

2. SOME PROPERTIES OF A LINEAR REPRESENTATION OF THE FIELD OF
COMPLEX NUMBERS IN TWO-DIMENSIONAL REAL SPACE

A part of results of this section is known (see [16]).
Denote the field of complex numbers by C. Let ¢ = ¢; +ico € C. Denote by A, the

a e ) Denote by A(C) the set {A.|c € C}. We consider

matrix of the form
C2 C1

on the set A(C) following matrix operations: the component-wise addition and the
multiplication of matrices. Then A(C) is a field with respect to these operations.
In it the unit element is the unit matrix.

Proposition 1. The mapping A : C — A(C), where A : ¢ — A.,Ve € C, is an
isomorphism of the fields C and A(C).

Proof. It is obvious. O

Let a = a1 +ias € C,b =0y +iby € C. Put (a,b) = a1by + azbs. Then (a,bd) is a
bilinear form on R? and (a, a) = a2+ a3 is a quadratic form on R?. For convenience,
we denote by Q(a) the quadratic form (a, a).

The following propositions and [4] are known.

Proposition 2. The following equalities Q(x) = det(A;) and Q(zy) = Q(x)Q(y)
hold for all v = x1 + ix2,y = y1 +1y2 € C.

For x = 21 +ixo € C, we set T = 21 — ixo.

Proposition 3. The mapping x — T is an involution of the field C and the fol-
lowing equalities x + T = 2x1, (z,x) = 2T = Tx = 23 + 23, Q(x) = Q(T) hold for
all x = x1 + iz € C.

Proposition 4. Let x € C. Then the element 2~ ewists if and only if Q(x) # 0.

In the case Q(x) # 0, the equalities z=1 = % and Q(z71) = Q(lx) hold.

Put C* = {z € C| Q(z) # 0}. C* is a group with respect to the multiplication
operation in the field C. Denote by A(C*) the set of all matrices A, where a € C*.
For a € C*, we have Q(a) = a? + a3 # 0 and Q(a) = det(A,) # 0.

Below everywhere we will consider every element x € R? and x € E, as a
T
)

column vector x = Denote by T' the following mapping I' : C — R2,

where T'(x1 + izg) = ( il ) It is obvious that the mapping I" is an isomorphism
2

of linear spaces C and R?. Hence there exists the converse isomorphism I'"'of I'
and I71(z) = 21 + ix2, V2 € R%
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1 0

0 -1

linear operator on C: L,(z) = a-x,Vz € C, a € C*. Then the following equalities
are obvious:

(ay + iag) = WT'(a) = ( (1) _01 )( a ) - ( “ ) = I'(a@),Ya = a; +iay €
.

Denote by W the following matrix Denote by L, the following

as —a9

(La(e)) = Tava) = (05 70 )= (o 7 ) (0 ), (e

a1T2 + asxq as ay T2

Va € C*,Va € C, where A, - I'(x) is the multiplication of matrices A, and I'(z).

Hence A, € A(C*) and the mapping A : C* — A(C*), where A(a) = A,, is a
linear representation of the groups.

Put S(C*) = {x € C| Q(x) = 1}. It is a subgroup of the group C*. A(S(C*))
is a subgroup of the group A(C*) and the mapping A : S(C*) — A(C*), where
A(a) = A,, is a linear representation of the group S(C*) in R%. A(C*) is a group
with respect to the multiplication of matrices. Let T be a set such that it has at
least two elements. Denote by C” the set of all mappings of the set 7' to the field
C. An element of a € CT will be called a T-figure in the field C. For the figure
a, we also use the notation a(t), considering a as a function on T' with values in
C. Denote by EZ the set of all mappings of the set T to Eo. An element v € ET
will be called a T-figure in the space Fy. For the figure v, we also use the notation
v(t), considering 7 as a function on T with values in Es.

Let G be a subgroup of the group C*.

Definition 1. Two T-figures a € CT and B € CT is called G-equivalent if there
exists g € G such that B(t) = g-«(t),Vt € T. In this case, we also write as follows:

af B or a(t) < Bt),vteT.
Let G be a subgroup of the group C*.

Definition 2. Two T-figures v € EX andn € E¥ is called A(G)-equivalent if there
exists a € G such that n(t) = Agy(t),Vt € T. In this case, we also write as follows:
7 8 ory(t) M mit), Ve e T

Theorem 1. Let a(t) = ai(t) + iasa(t) and S(t) = B1(t) + iBy(t) be two T-
figures in C. Then T-figures a(t) = ai(t) + ias(t) and B(t) = B1(t) + iB5(t) are
S(C*)-equivalent if and only if T-figures T'(«(t)) and F( (t)) in Ey are A(S(C*))-
equivalent.

Proof. Assume that T-figures a(t) = a1 +ias(t) and B(t) = a1 +i84(t) are S(C*)-
equivalent. Then there exists a = aq +iaz € S(C*) such that S(¢t) = a-a(t),Vt € T.
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Using this equality and the equality , we obtain following equality:

. o alal(t) — a9 (t) o a; —a al(t)
F(ﬁ(t)) _F(a a(t)) o ( al()(g(t) +a2a1(t) ) o ( as a1 ) < O(g(t) )
=AJ(a¥),VteT.

This equality means that T-figures I'(a(t)) and T'(3(¢)) are A(S(C*))-equivalent .

Conversely, assume that T-figures I'(a(t)) and T'(5(¢)) are A(S(C*))-equivalent.
Since T is an isomorphism, I'"! exists. Then the above equality implies that 3(¢) =
r—YT(B®) =T T(a-at)) =a-a(t),Vt € T. Hence T-figures a(t) = a1 (t) +
iag(t) and S(t) = B, (t) + iB4(t) are S(C*)-equivalent. O

3. FUNDAMENTAL GROUPS OF TRANSFORMATIONS OF THE 2-DIMENSIONAL
EUCLIDEAN SPACE

Let E5 be the 2-dimensional Euclidean space with the scalar product {(a,b) =

a1by 4 asbs, where a = ( Z; >7 b= ( Z; ) € FEs.

Definition 3. A mapping F : Es — Es is called orthogonal if (Fx, Fy) = (z,y)
for all x,y € Es.

Denote the set of all orthogonal transformations of Ey by O(2,R).
The following propositions are well known.

Proposition 5. ( [4], p.221) Every orthogonal transformation of Es is linear.

Proposition 6. O(2,R) is a group with respect to the multiplication operation of
matrices.

Let a = a1 + ia2,b = by + iby € C. Denote the identity matrix of the bilinear
form (a,b) = a1b1 + a2b2 by I = ||6ij||i,j:1,2’ where (511 = 622 = 1,(512 = (521 = 0.
By Proposition we can consider every element of O(2,R) as a 2 x 2-matrix. Let
H € O(2,R), where H = |[hijl; ;_; 5 Let HT be the transpose matrix of H. It

is known that the equality (Hx, Hy) = (z,y) for all z,y € Fs is equivalent to the
equality

HTH =1. (2)
This equality implies the following
Proposition 7. Let H € O(2,R). Then det(H) =1 or det(H) = —1.

We denote by SO(2,R) the set {H € O(2,R) : det(H) = 1}. SO(2,R) is a sub-
group of O(2,R). O(2,R) = SO(2,R)U{HW | H € SO(2,R)}, where HW is the

multiplication of matrices H and W, where W = ( (1) _01 >

Theorem 2. The equality SO(2,R) = A(S(C*)) holds.
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Proof. <. We assume that H € A(S(C*)). Then it has the following form H =

[hijll; j=1 0> Where hiy = has = ¢,hor = d,hiz = —d, ¢,d € R and det(H) =

¢+ d?> = 1. We prove that H € SO(2,R). Let x = ( ;1 ) Y = ( v ) € Fs.
2

Y2
‘We have
cx1 — dxo cy1 — dys
H = H == .
(@) ( dzy + cxo ) H(y) ( dy1 + cya )
Using the equality ¢? 4+ d? = 1, we obtain
(H(x),H(y)) = (cxy — dxo)(cyr — dyz) + (dx1 + cx2)(dyr + cye) =
(& + d*)(z1y1 + T2y2) = (7, 9) -

Hence H € SO(2,R).

=. We assume that H € SO(2,R), where H = ||hy;||, ;_, ,- Then det(H) =
hi1hog —hisho; = 1 and the equality ([2]) holds. These equalities imply the following
system of equalities

hi +h3 =1 (3)
hithia + hothos =0 (4)
his + b3y =1 (5)
hi1hag — hi2ha1 = 1 (6)

We consider two cases h1o = 0 and hyo # 0.

Let hio = 0. Then (5] implies h3, = 1. Hence hgs = 1 or hgy = —1. Let hoy = 1.
Then the equalities hos = 1,h12 = 0 and @ imply ho; = 0. Using equalities
hg1 = 0 and , we obtain h%l = 1. Hence h1; =1 or h;; = —1. Thus, in the case
hio = 0 and hgs = 1, we obtain hg; = 0 and hy; = 1 or hy; = —1. Hence, in this
case, we obtain only the following two matrices:

Ay ={hi1 =hgo =1, h12 = ho1 =0}, Ay = {h11 = —1,h12 = ha1 = 0, hge = 1}.

It is obviously that A; € A(S(C*)) and Ay ¢ SO(2,R).

Let hop = —1. Then the equalities hos = —1,h12 = 0 and @ imply ho; = 0.
Using equalities ho; = 0 and , we obtain h%l = 1. Hence hj; =1 or hy; = —1.
Thus, in the case his = 0 and hoy = —1, we obtain hy; = 0 and hy; = 1 or
h11 = —1. Hence, in this case, we obtain only the following two matrices:

A3 = {hll = 13 h12 = h21 = Oa h22 = 71}7A4 = {hll = h22 = 713 th = th = 0} .

It is obviously that A4 € A(S(C*)) and Az ¢ SO(2,R).
Let h1s # 0. Using @, we obtain
ha1hao

hiz

hi1 = —
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Using this equality and equalities (3), (5]), we obtain:
hoihoo

( h1o )? + h3; = 1= h3,h3y + hish3, = hiy = hi (h3, + hiy) =

his = h3, = hiy = hiy — b3, = 0.
Hence we obtain 12 —hoy = 0 or his+ho1 = 0. We consider two cases his —ho1 =0
and h12 + h21 =0.

Let h12 — h21 = 0. Then h12 = hgl. Since h12 7é O, we obtain hgl 7& 0.
Using the equality his = ho; and @, we obtain hyi1ho; — horhos = 0. Hence
ha1(h11 + he2) = 0. Since hoy # 0, this equality implies h11 = —haa. Thus we have
obtained the following equalities: his = ho1; and hij; = —hga. Using @, we obtain
—h%, — h3, = 1. Since hi2 # 0 and —(h}; + h?,) = 1, we have a contradiction.
Hence this case is not possible.

Consider the case his + hoy = 0. This equality implies the equality his =
—hs1. Using this equality and the equality : hi1hia + ho1hos = 0, we obtain
h11h12 — h12h22 = 0. Hence hlg(hu — h22> = 0. Since h12 7’5 O, this equality implies
hi1 = hss. Hence the equalities his = —ho1, hi1 = hog hold. These equalities

Iy —han )7 where det(H) = 1.

and (3)) imply that the matrix H has the form
ha1 h11

Hence H € A(S(CY)).

Corollary 1. Let a(t) = ai(t) +iaz(t) and 5(t) = B,(t) +if5(t) be T-figures in C.
Then T-figures a(t) = aq(t) +iaz(t) and B(t) = B1(t) +iBy(t) are S(C*)-equivalent
if and only if T-figures I'(a(t)) and T'(B(t)) in Es are SO(2,R)-equivalent.

Proof. It follows from Theorems [T] and O

Denote by MO(2,R) the group of all transformations of Es generated by the
group O(2,R) and all translations of E2. Elements of the group M O(2,R) has the
following form F : Fy — Es, where F(z) = g(z)+a, g € O(2,R),a € R%. Denote by
MSO(2,R) the group of all transformations of F5 generated by the group SO(2,R)
and all translations of E. Elements of the group M .SO(2,R) has the following form
F : Ey — E», where F(x) = g(z) + a, g € SO(2,R),a € R

4. COMPLETE SYSTEMS OF GG-INVARIANTS OF A T-FIGURE IN FE5 FOR THE
GROUP G = SO(2,R)
Let G be a subgroup of the group MO(2,R).
Definition 4. Two T-figures a and 8 in Es are called G-equivalent if there exists

g € G such that o = gB. In this case, we also write as follows: « < B or a(t) <
B(t),vteT.

Definition 5. A function f(a(t),5(t),...,v(t)) of a finite number of T-figures
a(t),B(t),...,v(t) is called G-invariant function if
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f(Fa(t), FB(t),...,Fy(t)) = f(al(t),8(t),...,y(t)) for all F € G, all T-figures
a(t),B(t),...,v(t) and all t € T.

Example 1. By the definitions of the groups O(2,R) and SO(2,R), we obtain that

the quadratic form Q : E; — R ,Q(z) = (x,z) is O(2,R)-invariant function on

E5 and the bilinear form f : Es X By —» R, f(z,y) = (x,y) are O(2,R)-invariant
functions on the set Fo X Fs.

_ 1 _

ora = (1) =

( n ) € FEs. Consider the function h : Es X Ey — R, h(z,y) = [zy]. Using the

1 U

Example 2. Denote by [zy] the determinant ’ -
2

Y2
equality det(g) = 1,Vg € SO(2,R), we obtain [(gx) (gy)] = det(g)[xy] = [z y], Vg €
SO(2,R),Vx,y € Ey. This means that [xy] is an SO(2,R)-invariant function on
the set Eo x Eo. Clearly, h(x,y) is not an O(2,R)-invariant function on the set
E2 X EQ.

Example 3. By definitions of the groups G = MO(2,R), MSO(2,R) we obtain
that function f : Ea x Ea = R, f(x,y) = (x —y,x — y) is an G-invariant function
on the set Fy X Es.

Definition 6. A system {f1, fo,..., fm} of G-invariant functions f1, fa,..., fm of
a T-figure o in ET will be called a complete system of G-invariant functions of

T-figure if equalities f;(a) = f;(B),Vj € 1,2,...,m imply 5 3.

0
0
note by Z(«) the set {t € T|a(t) = 0}. Denote by Or(t) the T-figure such that
QT(t) =0,vteT.

Denote by 6 the vector 8 = € Es. Let a be a T-figure in Ey. De-

Denote by 27 the set of all subsets of the set T.

Proposition 8. (1) Let G be a subgroup of C*. Assume that o, 3 € CT such

that o & B. Then Z(a) = Z(B). This means that the function Z : CT — 2T
is a G-invariant function on CT.

(2) Let G be a subgroup of O(2,R). Assume that a, 3 € EX such that « £ 8.
Then Z(a) = Z(B) that is the function Z : EY — 2T is a G-invariant
function on EY.

Proof. Tt is obvious. O

Proposition 9. Let C be the field of complex numbers and x = x1 + ixq,y =
y1 + iy2 € C such that x # 0. Then,
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(1) the element yz~? exists, the equality yx ="' = g(i’; —l—ig(z]) and the following
equality hold
s -6
A= | B @ (7)
Q@) Q)

where (x,y) = T1y1 + T2y2 and [T y] = T1Y2 — Ta2y1.

(2) det(Ay,-1) # 0 if and only if Q(y) # 0.
Proof. Tt is given in |16, Proposition 4. 9]. d

Now we consider the G-equivalence problem of T-figures in the field C for the
group S(C*).

Let a and 8 be T-figures in C such that «(t) = B(t) = 0,Vt € T, that is
Z(a) = Z(B) = T. In this case, it is obvious that « =S B.
Theorem 3. Let o be a T-figure in the field C such that Z(a) # T, and tg €
T\ Z(a).

(i) Suppose that a T-figure § in C such that « s B. Then the following
equalities hold:

Z(a) = Z(B)
(alto), a(t)) = (B(to), B(1)),Vt € T'\ Z(c) (8)
[a(to)a(t)] = [B(to) B()],VE € T\ Z(av).

(i) Conversely, assume that a T-figure 8 in C such that the equalities hold.
Then there exists a single element g € S(C*) such that 8 = g - «. In this
case, it has the following form g = B(to)(a(te)) "

Proof. Assume that o SR B. Then there exists a € S(C*) such that B(t) =
a-a(t),Vt € T. By Proposition [8}(1), we obtain the equality Z(a) = Z(8). Hence
the equality Z(a) = Z () in is proved.

The equality Z(a) = Z(f) and the inequality Z(«) # T imply inequality
Z(B) # T. Since to € T\ Z(a) = T\ Z(B), we obtain that a(ty) # 0 and
B(to) # 0. The inequality a(tg) # 0 implies an existence of (a(ty))~!. Con-
sider following functions «a(t) - (a(tp))™! and B(t) - (B(te))~! on T. The above
equality 8(t) = a - a(t),Vt € T, implies following equality: B(t) - (B(to))™! =
a-at) (a-aty) ™ =(a-at)-at) (alty) = at) - (a(ty)) ™, Vt € T. Hence
following equality holds:8(¢)-(B(to)) ™! = a(t)- (a(to)) ™1, V¢t € T. Using Proposition
[9 we obtain followmg equalities:

_ {afto),a(t) alto) aft) (to),B(¢ - [B(to) B(t)
a(t) (ato)) ™ = LG + il A1) - (B(to) ™ = LGt + il
These equalities and the equality 3(¢) - (B(to)) ™! = a(t) - (a(ty))~1,Vt € T, imply
)

; v, {alte),a(®)) | qlalto) a(t)] _ (B(to),B(¢ - [B(to) B(1)] :
following equality: “Zrew=s* +i“5ramen = “aten T L aaey » vt € T+ This




146 D. KHADJIEV, G. BESHIMOV, i. OREN

equality imply following equalities:

(alto),a(D)) _ (Blto).8
{ RSEO [5(t([)3(/§(t))] Lyer 9)
a(lp) 0
Qo) = Qo *TLET

The equality 8(t) = a - a(t),Vt € T, implies following equality Q(S(to)) = Q(a -
a(t)). Using Proposition[2] we obtain following equality Q(B(to)) = Q(a)-Q(a(to)).
Since a € S(C*), we have Q(a) = 1. This equality and previous equality Q(B8(to)) =
Q(a) - Q(a(ty)) imply following equality Q(B(to)) = Q(a(to)). This equality and
@I) imply following equalities:

{ (alto),o() _ (BU0)AW) vy o

Qalto)) Qalt))
[lio) (D] _ 8(i0) B
Q) = Q) tET

These equalities imply following equalities in :

{ (alto), a(t)) = (B(to), B(E), Wt € T
[alto) a(t)] = [B(to) BH)] ¥t € T.

Hence equalities is proved.

Conversely, assume that T-figures o and § in C such that the equalities hold.
By the supposition in the present theorem toy € T'\ Z(«(t)). This implies a(tg) # 0.
This inequality and the equality Z(«(t)) = Z(B(t)) in imply the inequality
B(to) # 0. In the equality {«a(to), a(t)) = (B(to), B(t)),Vt € T, in (8)) we put t = tg.
Then we obtain following equality («(tg), a(to)) = {B(to), B(to)). This equality and
the following equalities Q(a(ts)) = {a(to), a(to)), Q(B(to)) = (B(to), B(to)) imply
following equality Q(a(tp)) = Q(B(tg)). The inequality a(ty) # 0 implies following
inequality Q(a(tg)) # 0. This inequality, the equality Q(a(to)) = Q(8(to)) and the
equalities in imply following equality:

Qi)
(ot ald] _ (80 B
Q) = Q@) teT

These equalities imply following equalities:

(alto).o(®) _ (Blt)B(1)
{ g &3( t)) V€T

(alto), a(t)) | [a(to)a(t)]  (B(to), B(t)) Z.[ﬂ(lfo)ﬂ(lﬁ)]
Qi) Q)  QBw) | Quwy WY

By Proposition [0] we obtain following equalities:

o fatt).a®) | folts)alt)
o) (o)™ = 00 T Qlat) | 4D

(B(to).B(1) , [Blto) B(1)]

Q(B(to)) Q(B(to))

Bt) - (Bto) ! = VteT. (12)
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Equalities , and imply following equality:

Bt) - (Bto)) ™" = alt) - (alty)) "Vt € T. (13)
This equality implies following equality:
B(t) = Blto) - (alto)) - alt), ¥t € T. (14)

Since Q(a(to)) = Q(B(to)), using this equality and Propositions we obtain
following equality: Q(B(to) - (a(te))™1) = Q(B(to)) - (Q(a(to)))™t = Q(B(to)) -
(Q(B(to)))~r = 1. This means that S(to)(a(te))~ € S(C*). Hence implies

that a(t) °'<” B(t),vt € T.

Prove the uniqueness of h € S(C*) satisfying the conditions 8(t) = ha(t),Vt € T.
Assume that h € S(C*) such that 8(t) = ha(t),Vt € T. In particularly, for ¢ = ¢,
the equality 5(t) = ha(t) implies following equality: 5(t9) = ha(tp). This equality
and the inequality a(ty) # 0 imply following equality B(to)(a(to))~! = h. Hence
the uniqueness of h is proved. [l

Theorem 4. Let a be a T-figure in Ey such that Z(a) # T, and to € T \ Z(«).

(1) Suppose that a T-figure B in E2 such that « SO2R) B. Then the following

equalities hold:
Z(o) = Z(PB)
(alto), a(t)) = (B(to), B(1)),Vt € T'\ Z(c) (15)
[a(to)a(t)] = [B(to) B(1)], Yt € T\ Z(e).
(i) Conversely, assume that a T-figure B in Eo such that the equalities (|15))
hold. Then there exists a single matrix H € SO(2,R) such that 8 = Ha.
In this case, H has the following form

(a(to),B(to))  _ [e(to) B(to)]
H = (a(to),a(to),) (a(to),a(to)) , (16)

[a(to) B(to)] (a(t0),B(to))
(a(to),a(to)) (a(to),a(to))

where det(H) = (<a(t0)’ﬁ(t0)>)2 + ( [a(tO)ﬁ(to)]>)2 -1

(a(to),a(to)) (a(to),a(to)

Proof. We consider T-figures o and 8 in Fy as column vector functions: «(t) =

g;gg )7 Bt) = ( g;gg ) Assume that « SOZK) B. Then, by Proposition
(2)7 Z(a) = Z(B). This equality and the inequality Z(«) # T imply inequality
Z(B) # T. Since functions (a(tg), «(t)) and [a(to)a(t)] are SO(2, R)-invariant, the

SO(2,R)-equivalence « SOLEH) B, and the equality Z(a) = Z(8) imply equalities

().

Conversely, assume that a T-figures o and 3 in E5 such that the equalities
hold. Consider following T-figures in the field C: T~ (a(t)) = aq () +iao(t),Vt € T,
T=YB(t)) = By(t) +iB4(t),Vt € T. For these T-figures in C the equalities also
hold. Then, by Theorem |3} these T-figures are S(C*)-equivalent and there exists a
single element g € S(C*) such that 5, (t) +if5(t) = g - (1 (t) +ias(t)),Vt € T. In
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this case by Theorem [3] g has the following form:
By (t)+iBs(t) _ (By(to)+iBs(t0))-(an (to)—iaa (to))

9= Oél(to)ﬂaz(to) " (aa(to)+iaz(to)) (a1 (to) —icz(to))

— (o (t)By (fo)+aa(to) By (to)) +i(aa (to) By (to) —a2(to) Br (to)) _ (a(to).B(t))+ilalto) B(to)]

(a1 (to))?+(2(to))? Q(a(to))

The S(C*)-equivalence of the T-figures I' " (), and T=1(5(t)) = B, (t)+iB5(t),Vt €
T in C, by Theorem implies SO(2, R)-equivalence of T-figures @ and § in Fs. In
this case there exists a single element H € SO(2,R) such that H = A, and 3(t) =
H - af),Vt e T. By Proposition@ the above form of g = {alto): ﬁ(é;)iz[’);gt“)ﬁ(t")]

(a(to
implies that H has the form (16), where det(H) = 1.

Remark 1. Assume that T be a set such that it has at least two elements. By
Theorem [, the system

{Z(a), (alto), (1)), [a(to) (D)} (17)

is a complete system of SO(2,R)-invariant functions on the set of all T-figures a
in By such that Z(a) # T, and to € T \ Z(«).

Now let us find a complete system of relations between elements of this complete
system.

Theorem 5. Let be the complete system of SO(2,R)-invariants of a T-figure
o in Ey. Assume that:
(1.1) U is a subset of T such that U # T
( ) toeT \ U
(1.3) r be a real number such that r >0
(1.4) a(t) = (a1(t),az2(t)) be a mapping a : T — Es such that following two proper-
ties hold:
(141) al(t) = O,Vt € U, and al(to) =T
(1.4.2) az(t) = 0,Vt € U, and az(ty) = 0.
Then there exists a T-figure o in Eo such that following equalities hold:
(2.1) Z(a) =U
(2.2) {alto), (t)) = a1 (t), vt € T
(2.3) [a(to) a(t)] = ax(t), vt € T.

Proof. Assume that « is a T-figure in E» such that Z(a) # T and to € T'\ Z(«).

(2.1) — (2.3) We choose a T-figure « as follows. Put a(tg) = (v/7,0). Then
we obtain («(tg), a(to)) = r. This equality implies Q(a(tg)) = {(a(to), alty)) = r.
Hence (a(to),a(ty)) = a1(to) = r. We choose o on the set U as follows. We put
aft) = ( 8 >Vt € U. This equality implies (a(t), a(t)) = a(t) =0,Vt € U.

For fixed t € T, we consider a(t) and «(t) as elements of the field C of complex
numbers: a(t) = a1 (t) +iaz(t), a(t) = a1(t) + iaz(t). We put a(t) = M,W €
T\ (UU{tg}). Since a(ty) = /7 # 0, (a(to))™! exists. Then the equalities
at) = M,Vt € T\ (UU{ty}), imply equalities (a(tp)) ta(t) = @,Vt €
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T\ (UU{t}). By Proposition|§|7 (a(to))ta(t) = %Ei)(ﬁ(ﬁ)) +i %Eg{gﬁkw eT.
The equality Q(a(to)) = (a(tg), a(te)) = 7, the last two equalities (a(to)) ta(t) =

A vt € T\ (U U {to}), (alte) ta(t) = L&l 4 jlaoroll v ¢ 7, and

equalities (a(t),a(t)) = a(t) = 0,V € U, imply equalities {2kt 4 ;[o(to) o] _
@Nzﬁ € T. These equalities imply Z(a) = U, (a(to), a(t)) = a1(t),Vt € T, and
[a(to) a(t)] = aza(t), Vt € T. The statements (2.1)-(2.3) are proved. O

5. COMPLETE SYSTEMS OF G-INVARIANTS OF A T-FIGURE IN E3 FOR THE
GROUP G = O(2,R)

By Proposition [7] the following equality holds:
O(2,R) = SO(2,R) U {HW | H € SO(2,R)}, where HW is the multiplication
of matrices H and W, where W = (1) _01
{HW | H € SO(2,R)} by SO(2,R)-W. We note that SO(2,R)NSO(2,R)-W = 0.

Let o« and 8 be T-figures in Fy. Assume that « O2R) B. Then there exists

F € O(2,R) such that B(t) = Fa(t),Vt € T. Denote by Equ(a, 3) the set of all
F € O(2,R) such that 5(t) = Fa(t),Vt € T.

For shortness, denote the set

Proposition 10. Let a and 8 be T-figures in Es such that o O2R) B. Then there

exist only following three possibilities for the set Equ(a, 8):

(I) Equ(a, B) = {F}, where F € SO(2,R).

(I1) Equ(a, B) = {F}, where F € SO(2,R) - W.

(I1I) Equ(a, B) = {F1, Fo}, where Fy € SO(2,R), F» € SO(2,R) - W.
Proof. Assume that « B B. Then there exists F € O(2,R) such that F €
Equ(a, B). Since F € O(2,R)and F € O(2,R) = SO(2,R)U{HW | H € SO(2,R)},
then F' € SO(2,R) or F € {HW | H € SO(2,R)}.

(I) Let F € Equ(w,B), where F' € SO(2,R). By Theorem H] in this case
there exists only one F' € SO(2,R) such that following equalities 8(t) =
Fa(t),vt € T, hold. Hence, in this case, the set Equ(a, 3) has a only one
element of SO(2,R). Assume that the set Equ(c,3) has not elements of
SO(2,R)-W. Then, in this case, the set Equ(«, ) has only a single element
F € O(2,R) and it is such that F' € SO(2,R).

(II) Let F € Equ(o,B), where F € {HW | H € SO(2,R)}. Then following
equality 8(t) = Fa(t),Vt € T, holds. Since F € {HW | H € SO(2,R)},
there exists H € SO(2,R) such that F = HW. Then we have following
equality 5(t) = HWa(t),Vt € T. By Theorem [} in this case there exists
only one H € SO(2,R) such that following equalities 5(t) = HWa(t),Vt €
T, hold. Hence, in this case, the set Equ(ca, ) has only one element
of {HW | H € SO(2,R)}. Assume that the set Equ(a, ) has not ele-
ments of SO(2,R). Then, in this case, the set Equ(a, ) has only one



150 D. KHADJIEV, G. BESHIMOV, i. OREN

element of {HW | H € SO(2,R)} such that Equ(«, 8) = {F}, where F €
{HW | H € SO(2,R)}.

(I1I) Let Equ(a, ) be such that Fy € Equ(w, ) and Fy € Equ(a, ), where
F € SO(2,R) and Fy, € {HW | H € SO(2,R)}. Then following equali-
ties hold: B(t) = Fia(t),Vt € T, and B(t) = Fea(t) = HWa(t),Vt € T,
where H € SO(2,R). By Theorem [4] in the case B(t) = Fia(t),Vt €
T , there exists only one F; € SO(2,R) such that following equalities
B(t) = Fra(t),Vt € T, hold. Hence, in this case, the set Equ(a, §) has only
one element of SO(2,R). By Theorem {4} in the case 5(t) = Fha(t) =
HWal(t),Vt € T, where H € SO(2,R), there exists only one element
F, e {HW | H € SO(2,R)} such that following equalities 8(t) = Faa(t) =
HWal(t),Vt € T hold, where H € SO(2,R). Then, in this case, the set
Equ(a, §) have only two elements: only one element of SO(2,R) and only
one element of SO(2,R) - W.

O

Theorem 6. Let « be a T-figure in Ey such that Z(a) #T and to € T \ Z(«).

(i) Suppose that a T-figure 8 in Eo such that the following equalities B(t) =
HWa(t),Vt € T, hold for some H € SO(2,R). Then following equalities
hold:

Z(o) = Z(B)
(alto), a(t)) = (B(to), B(t)),Vt € T'\ Z(c) (18)
= [a(to)a(t)] = [B(to) B(t)], VT \ Z(a).

(ii) Conversely, assume that a T-figure B in Ey such that the equalities (|18))
hold. Then there exists only one matrix U € SO(2,R) such that B(t) =
UWa(t),Vt € T. In this case, U has the following form

<‘?’?(t;))7?(t;)>)> _[‘(’V?(t)o)?(tt)))]
a(to),a(t a(to),a(t
U= (witarstn orateste) | (19)
(a(to),(to)) (a(to),ex(to))

ahere det(U) = (Elehdliaye 1 (Battulouglys

Proof. Suppose that a T-figure 5 in Es such that the following equalities 8(t) =
HWal(t),Vt € T, hold for some H € SO(2,R). This means T-figures Wa and S
are SO(2,R)-equivalent. Then, by T heoremE[, we obtain following equalities:

Z(Wa) = Z(p)
(Walto), Wa(t)) = (B(to), (1)), vt € T\ Z(«) (20)
[Wa(to)Walt)] = [B(to) B(1)],Vt € T'\ Z(a).

These equalities and equalities Z(Wa) = Z(«), (Wal(to), Wa(t)) = (a(ty), a(t)),
[Walto)Wa(t)] = — [a(to)a(t)] imply equalities (T8).

Conversely, assume that a T-figure 8 in Fs such that the equalities hold.
Then equalities and equalities Z(Wa) = Z(a), (Wa(ty), Wa(t)) = {a(ty), a(t)),
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[Wa(to)Wal(t)] = — [a(to)(t)] imply equalities (20). By Theorem[4] equalities
and Propositionimply an existence of only one U € SO(2,R) such that following
equalities §(t) = UW«a(t),Vt € T, hold. By Theorem the matrix U has the form

[19). O

Remark 2. Assume that T be a set such that it has at least two elements. By
Theorem[B], the system {Z(c), {(a(to), a(t)), [Wal(to) Wa(t)]} is a complete system
of SO(2,R)-invariant functions on the set of all T-figures Wa such that Z(a)) £ T,
and to € T\ Z(«a). Complete system of relations between elements of this system
follows easy from Theorem [f]

Theorem 7. Let o and 8 be T-figures in Ey. Assume that Z(a) # T and ty €
T\ Z(a).
(i) Suppose that matrices Hy, Hy € SO(2,R) exist such that 5(t) = Hia(t),Vt €
T, and B(t) = HoWa(t),Vt € T. Then following equalities hold:

Z(a) = Z(B)
{a(to), a(t)) = (B(t0), B(1)) (21)
rank(a) = rank(g) =1

forallt € T\ Z(a(t)).

(i) Conversely, assume that the equalities hold. Then only two matrices
H, € SO(2,R) and Hy € SO(2,R) exist such that following equalities
B(t) = Hia(t),Vt € T, B(t) = HoWal(t),Vt € T, hold. Here the matriz Hy
has the following form:

<06(Eog B(io)) _ <[0t((§o)) 5((@0))]>
Hy= | @Edstel &ty ) (22)

(a(to), (to)> (a(to),e(to))

where det(Hy) = ({5{232623)” + ({5 S )* = 1.

Here the matriz Hy € SO(2,R) has the following form

(olio)ptie) _[Welts) o)
— a(tp),a(t a(to),a(t
Hy = < Pstassiny  watesin) ) (23)
(atto),alto))  {alto),alte))

where det(Hs) = (”Z(i?‘t(j?)aft(j%» )2+ ([g?t?%@(ﬁ?))] 21,

Proof. (i) Suppose that there exist H; € SO(2,R) such that 5(t) = Hia(t),Vt € T.
Then, by Theorem [4] the following equalities hold:

Z(a) = Z(p)
{alto), a(t)) = (B(to), B(t)), VL € T \ Z(a) (24)
[a(to)a(®)] = [B(t0) BB, VT \ Z().
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Suppose that there exist Hy € SO(2,R) such that 5(t) = HaWal(t),vt € T.
Then, by Theorem [6] the following equalities hold:

Z(o) = Z(P)
{alto), a(t)) = (B(to), B(1)),Vt € T'\ Z(c) (25)
[a(to)a(t)] = = [B(to) B(t)] ,VT'\ Z(a).
Equalities and imply the following equalities:

(alto), a(t)) = (B(to), B(1)),Vt € T'\ Z(av).
Equalities implies the following equalities:
[a(to)a(t)] = [B(to) B1)], VT \ Z(c). (27)
Equalities implies the following equalities:
[a(to)e(t)] = — [B(to) BI)], VT \ Z(e). (28)
Equalities and imply following equalities:
[B(t0) B(t)] = — [B(to) BE)] YT\ Z(v). (29)
These equalities imply following equalities:
[B(to) B()] = 0,YT'\ Z(v). (30)
These equalities and the equalities imply following equalities
[a(to)e(t)] = 0,VT \ Z(e). (31)

The equalities imply that there exists a real function a(t) on T such that
a(t) = 0,Vt € Z(w), a(t) # 0,YT \ Z(«) and equalities a(t) = a(t)a(ty),Vt € T
hold.

Similarly, equalities imply that there exists a real function b(t) on T such
that b(t) = 0,Vt € Z(«), b(t) # 0,VT \ Z(«) and equalities 5(t) = b(t)S(tg),Vt € T
hold.

The above equalities a(t) = a(t)a(ty), vt € T and 5(t) = b(t)B(to), Vt € T imply
the equality rank(a) = rank(f) = 1 in the equalities . This equality and the
equalities imply the equalities .

Conversely, assume that the equalities hold. Then the equality rank(a) =1
in implies an existence of a real function a(t) on T such that a(t) = 0,Vt €
Z(a), a(t) # 0,VT \ Z(«) and «a(t) = a(t)a(ty),Vt € T.

Similarly, the equality rank(s) = 1 in implies an existence of a real func-
tion b(t) on T such that b(t) = 0,Vt € Z(«a), b(t) # 0,VT \ Z(«), and B(t) =
b(t)B(to), Vvt € T. The equalities Z(a) = Z(8), and {(«a(to), a(t)) = (B(to), B(t)),Vt €
T\ Z(«a), imply following equality a(t) = b(¢),Vt € T. Hence we obtain following
equalities a(t) = a(t)a(ty),Vt € T, and B(t) = a(t)B(to),Vt € T.

Since tg € T\ Z(a), we have a(tg) # 0. By the equality Z(a) = Z(5), we
obtain B(ty) # 0. By [16, Theorem 5.1], only two matrices H; € SO(2,R) and
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Hs € SO(Q,R) exist such that ,B(to) = Hla(to) and ,@(to) = HQWOZ(tO). By [16,
Theorem 5.1.], H; has the form and H> has the form .

The above equalities 5(t) = a(t)B(to),Vt € T, B(to) = Hia(to), B(to) = HaWa(to)
imply following equalities: 8(t) = Hia(t),Vt € T, and 5(t) = HoWa(t),Vt e T. O

Remark 3. Assume that T be a set such that it has at least two elements. By Theo-
rem[7] the system {Z(a), (a(to), a(t)) ,rank(a)} is a complete system of SO(2,R)-
invariant functions on the set of all T-figures « such that Z(«) # T, rank(a) =1
and ty € T\ Z(«). Complete system of relations between elements of this system
follows easy from Theorem [B]

Corollary 2. Let « and 3 be a T-figures in Ey such that Z(a) # T and Z(B) #T.
Assume that there exists a single matriz F' € O(2,R) such that 5(t) = Fa(t),Vt €

T. Then rank(a) = rank(B) = 2.

Conwversely, assume that o O2R) B, and rank(a) = rank(B) = 2. Then there

exists a single matriz F € O(2,R)such that 8(t) = Fa(t),Vt € T.
Proof. Tt follows from Theorems [4][6] and [7} O

6. COMPLETE SYSTEMS OF INVARIANTS OF A T-FIGURE IN Eg FOR THE GROUP
MSO(2,R)

Let G = O(2,R) or G = SO(2,R). Denote by G x Tr(2,R) the group of all
transformations of Fy generated by elements of G and all translations of Fy. In
particularly, MO(2,R) = O(2,R)xTr(2,R) and MSO(2,R) = SO(2,R)xTr(2,R).

Assume that the set T has only one element. Let a and S be T-figures. Then
they are Tr(2,R)-equivalent. Hence they are G x Tr(2,R)-equivalent. Below we
assume that T has at last two elements.

Proposition 11. Let G = O(2,R) or G = SO(2,R) and T be a set such that it
has at last two elements.

(1) Assume that o IR

a(to)) < (B(t) = A(to), vt € T.
(2) Assume that (a(t) — a(toy)) < (B(t) — B(to)),Vt € T, for some element tog € T.

Then o GxTr(2R) 5.

Proof. = Assume that « B. Then there exists F' € G and a € FE»
such that 3(t) = Fa(t) + a,Vt € T. In particularly, for ¢t = tg, we have 8(ty) =
Fa(tp) + a. This equality implies a = 8(tg) — Fa(tp). This equality and equalities
B(t) = Fa(t) + a,Vt € T, imply equalities 8(t) = Fa(t) + B(to) — Fa(ty),Vt € T.

These equalities imply equalities 5(t) — B(to) = F(a(t) — alto)),Vt € T, that is
a

(alt) — a(to)) € (8(t) — Blto)), Wt € T
< Assume that (a(t) — a(to)) < (B(t) — B(to)),Vt € T. Then there exists
F € G such that 8(t) — B(to) = F(a(t) — a(ty)),Vt € T. Put a = S(to) — Falty).

B, and ty is a fized element of T. Then (a(t) —

GXTr(2,R)
~J
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This equality implies 8(t9) = Fa(to) + a. The equality a = B(tg) — Fa(to) and
equalities 5(t) —B(to) = F(a(t)—a(ty)),Vt € T, f(to) = Fa(ty)+a imply equalities
B(t) = Fa(t) + a,Vt € T. Hence « IR B. O
Proposition 12. Let G = SO(2,R) or G = O(2,R). Assume that « and 8 are T-
ALY 5 and to € T Then Z(alt) —alto)) = Z(B(t) — B(t)).-
Proof. This statement follows from Propositions [§ and O

figures such that o

This proposition means that the function Z(«(t) — a(to)) is a G x Tr(2,R)-
invariant function of a T-figure «(t) for any ¢, € T.

Proposition 13. Let G = SO(2,R) or G = O(2,R). Assume that to € T and
GXTr(2,R

Z(alt) - alto)) = Z(B(t) — Blto) = T. Then o~ g,

Proof. In this case, we have «a(t) = a(ty),Vt € T, and 5(t) = B(t),Vt € T. These

equalities imply S(t) = a(t) + (B(to) — a(to)), Vt € T. Hence T-figures o and S are
G x Tr(2,R)-equivalent. O

Theorem 8. Let tyg € T, a be a T-figure in Ey such that Z(a(t) —a(ty)) # T, and
t1 €T\ Z(a(t) — a(to)) be fized.

(i) Suppose that a T-figure 5 in Eo such that a
equalities hold:

MSOER) B. Then following

Z(a(t) — alte)) = Z(B(t) — B(to)
(a(t1) — alto), a(t) — alte)) = (B(t1) — B(to), B(t) — B(to)) (32)
[(a(t1) — alto)) (a(t) — a(to))] = [(B(t1) — B(to))
forallt € T\ Z(a(t) — alto)).

(i4) Conversely, assume that a T-figure B in Es such that the equalities (32))
hold. Then there exists only one element F € MSO(2,R) such that 8 =
Fa. The evident form of F as follows:Fa(t) = Ha(t) 4+ a,Vt € T, where
H e SO(2,R), a € Ey. Here evident form of H as follows

(a(t)—a(to), BN —B(t)) _ [(a(ty)—alto)) (B(t1)—B(t))]
H=1 J

a(to),a(t a(ty)—a(to),x(t1)—al(t
ol —olto)) (BB (b1} alte). B~ Alle))
(a(t1)—a(to),a(t1)—a(to)) (a(tr)—a(to),a(t1)—alto))
_ ({a(tr)=a(to), B(t1)=B(to)) \2 [(a(t1)—a(to)) (B(t1)=B(to))]\2 _
where det(H) = (G =atm)atn)—atn)) T (la-atto).alt)—atw)) ) =
1. The element a has the following form: a = (ty) — Ha(to).

Proof. Tt follows from Proposition [I1] and Theorem [] O

(33)

Corollary 3. Let a and 8 be T-figures in Eo. Assume that o and tg € T are such
that Z(a(t) — alto)) # T. Assume that Fy € SO(2,R), a1 € Ea, F» € SO(2,R),
a, € Ey such that:

].) ﬁ(t) = Fla(t) + al,Vt eT,

2) B(t) = FQOé(t) 4+ ao,Vt € T.
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Then F1 = Fg,al = a.
Proof. Tt follows easy from Proposition [[Thnd Theorem O
Remark 4. Let ty € T. By Theorem[8], the system

{Z(a(t) — alt)), (a(tr) — a(to), a(t) — alto)), [(a(tr) — a(to)) (a(t) — alt))]}

is a complete system of M SO(2,R)-invariant functions on the set of all T-figures
a in By such that Z(a(t) — alty)) # T, where t1 € T\ Z(a(t) — alto)) be fized. A
complete system of relations between elements of this complete system is obtained
as in Theorem Bl

7. COMPLETE SYSTEMS OF INVARIANTS OF A T-FIGURE IN EQ FOR THE GROUP
MO(2,R)

Let o and 8 be T-figures in Fs. Assume that « and to € T such that Z(a(t) —

a(tp)) # T. Then, by Proposition |11| MOGH) B if and only if («(t) — a(to)) o%®
(B(t)—pB(to),Vt € T. In this case, by Proposmon 0l there exist only three following
possibilities for the set Fqu(a(t) — a(ty), B(t) — B(to)):
(I) Equ(a(t) — a(to), B(t) — B(to)) has only one element F', where F' € SO(2,R).
(II) Equ(a(t)—a(to), B(t)—B(to)) has only one element F', where F' € SO(2,R)-W.
(II1) Equ(a(t) — a(ty),B(t) — B(tp)) has only two elements F; and Fh, where
Fy € SO(2,R) and F;, € SO(2,R) - W.
A description of the set Equ(a(t) — a(ty), 5(t) — B(tg)) and a complete system
of invariants of a T-figure in F» in the case (I) are given in Section 5.
Consider the case (I7).
Theorem 9. Let o be a T-figure in Eo such that Z(a(t) — a(te)) # T for some
toeT and ty € T\ Z(a(t) — alty)) be fized.
(1) Suppose that a T-figure B such that the following equalities S(t) = HW a(t)+
d,vt € T, hold for some H € SO(2,R) and some d € E5. Then following
equalities hold:

Z(a(t) — alte)) = Z(B(t) —
(a(tr) — a(to), a(t) — a(te)) = (B(t1) — B(to), B(t) — B(to)) (34)
—[a(t1) — a(to) a(t) — a(to)] = [B(t1) — B(to) B(t) — B(to)] -
forallt € T\ Z(a(t) — a(ty))-
(1) Conversely, assume that a T-figure B in Ey such that the equalities hold.
Then a single matric U € SO(2,R) and a single d € Ey exist such that
B(t) =UWal(t) +d,Vt € T. In this case, U has following form

(W (a(ts)=alto)),(B(t1)=B(to))) (W (a(tr)—a(te)) (B(t1)=B(te))]

(@t —alto) (2t —alte)).  ((@(t)—alto))(alt;)—alt
ot eSS sl o) et B —5he)]
@) —alo), (@l —alto)))  {(a(t)—alte).(alt)—alte)))

where

_W(alt) —alte)) (B ~Bto)) y2 (W (alt)—alte)) (B(t)—B(to))] \2
det(U) = (tatm) —atio)) (e —ato) ) T () —ato)), ) —ato)) )
1. The element d has following form: d = B(tg) — UWa(ty).
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Proof. Tt follows easy from Proposition [[1] and Theorem [f] O
Consider the case (II11).

Theorem 10. Let « be a T-figure in Es such that Z(a(t) — a(ty)) # T for some
to €T and ty € T\ Z(a(t) — al(ty)) be fized.
(i) Suppose that matrices F; € SO(2,R), F» € SO(2,R) and vectors dy €
Ey,dy € Es exist such that B(t) = Fia(t) + di,Vt € T, and B(t) =
FsWa(t) + do,Vt € T. Then following equalities hold:

Z(a(t) = alto)) = Z(B(t) — B(to))
(a(tr) = alto), a(t) — alte)) = (B(t1) = B(to), B(t) = B(to)) (36)
rank(a(t) — a(ty)) = rank(B(t) = B(to)) = 1,
forallt € T\ Z(a(t) — alto)).

(i1) Conversely, assume that the equalities hold. Then only two matrices
H, € SO(2,R), Hy € SO(2,R) and only two vectors di € Ea,ds € Es
exist such that following equalities 5(t) = Hya(t) + di,¥Vt € T, B(t) =
HyWa(t) + do,Vt € T, hold. Here the matriz Hy has following form:

(a(t1)—a(to), B(t1)—B(to)) [oe(t1) —a(to) B(t1)—B(to)]
| )

(a(t1)—a(to), a(t1)—a(to)) (a(t1)—a(to), a(ti)—al(to))
[a(t1)—a(to) B(t1)—B(to)] (a(t1)—a(to), B(t1)—B(to))
(a(t1)—a(to), a(t1)—a(to)) (a(tr)—a(to), a(t)—a(to))

— (le(t)—a(te), B(t1)—B(to)) [oe(ta) —a(to) B(t1)—B(to)] y2 _
where det(Hy) = (Giry=ati) atm)-atto)) T (atniatio)a@)-at)]) =
1. Vector dy has following form dy = B(to) — Hia(to).

Here the matriz Hy € SO(2,R) has following form
(Wa(ti)=Wa(te), B(t1)=B(te)) _ [Wa(ti)=Walto) B(t1)—B(to)]
H2 = ( > ’ (38)

(37)

(a(ti)—a(to),a(t)—a(to)) (a(ti)—alto)alti)—alto))
[Wa(ti)—Walte) B(t1)—B(to)] (Wa(ti)—Walte), B(t1)—B(to))
(a(ti)—a(to),a(t1)—a(to)) (a(t1)—a(to),a(ti)—a(to))

where

_ (Wa(t1)=W(a(to), B(t1)—B(t0)) \2 [Wa(t1)=Wa(to) B(t1)—B(to)]\2 _
det(Hz) = (Tgn—ati), att—at) ) + (awmi—at), et —ato)y ) =
1. Vector ds has following form dy = B(to) — HaW a(to).

Proof. Tt follows easy from Proposition [[Thnd Theorem [7] O

8. CONCLUSION

Results and methods of the present paper are useful in the theory of G-invariants
of systems of points, curves, vector fields, topological figures and polynomial fig-
ures in the two-dimensional Euclidean space Fs for groups G = SO(2,R), O(2,R),
MSO(2,R) and MO(2,R). Results and methods of the present paper are also
useful in the theory of G-invariants of mechanical figures in the two-dimensional
Euclidean space Fy for Galilei groups.
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B-LIFT CURVES AND ITS RULED SURFACES

Anmil ALTINKAYA,! Mustafa CALISKAN?
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ABSTRACT. In this paper, we have described the B-Lift curve in Euclidean
space as a curve obtained by combining the endpoints of the binormal vector
of a unit speed curve. Subsequently, we have explored the Frenet frames of
the B-Lift curves. Moreover, we have introduced the tangent, normal and
binormal surfaces of the B-Lift curve and examined the geometric invariants
of these surfaces. Finally, we have investigated the singularities of these surface
and visualized the surfaces with MATLAB program.

1. INTRODUCTION

Ruled surfaces have important applications in kinematics, computer science,
physics, etc. A ruled surface is defined by a straight line that is moving along
a curve [1f. Many mathematicians have studied the ruled surfaces [2-8|. E. Ergiin
and M. Caligkan [2] created ruled surfaces by accepting the natural lift of a curve
as the base curve and they characterized these surfaces. The natural lift curve
is described in an example in Thorpe’s book. Generally, the natural lift curve is
defined as the curve formed by combining the end points of the tangent vectors of
the curve [9].

One of the main purposes of classical differential geometry is to investigate some
classes of surfaces such as developable surfaces and minimal surfaces. Ruled surfaces
are developable surfaces with zero Gaussian curvature suach that these surfaces are
called minimal surfaces [10]. S. Izumiya and N. Takeuchi presented new results for
the Gaussian curvature and the main curvature of the ruled surface [3].

A point is called the singular point of the surface if the tangent vector at any
point does not lie in a plane. At the singular point, the surface intersects itself. If
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all points of a curve on a surface are singular, this curve is called a singular curve [1].
Recently, many studies have been done on the singularity of curves [11-16].

In this study, we define a new curve which is called B-Lift curve and we calculate
its Frenet vectors. Furthermore, we examine the integral invariants of the tangent,
principal normal and binormal surfaces of the B-Lift curve. Also, we study the
singular points of the ruled surfaces of the B-Lift curve. Finally, we give examples
of these situations and drawn our surfaces.

2. PRELIMINARIES

Let a vector ¥ = (z1, %2, 73) be given in R®. The norm of & = (21,72, 23) is

defined by
I1Z]= V2t + 23 + a3
A vector which its norm is 1 is called a unit vector. For the vectors ¥ =
(71,22, 23) and ¥ = (y1,y2,y3) in R3, the inner product <, >: R3 x R3 — R defined
as

< Z, Y >= T1Y1 + Tay2 + T3Y3

which is called Euclidean inner product. If 7/(5) £ 0, v : I =R3 is called regular
curve , for all s € I Let v : T =R3 be a curve, if |y (s)||= 1 then the curve is called
unit speed curve [1].

A curve « is called general helix in R? if tangent vector of the curve makes a
constant angle with a fixed straight line. M. A. Lancret discovered that the ratio
of curvatures of the general helix is constant in 1802 |17].

Let v be a regular curve in R3. The set {T'(s), N(s), B(s)} is called Frenet frame
given by tangent, principal normal and binormal vectors, respectively.

T(S):Vi,(‘s%
_ 7 (s)
() =p7

B(s)=T(s) x N(s),
Here T'(s), N(s) and B(s) are the unit tangent, principal normal and binormal
vectors of y(s), respectively. Frenet-Serret formulas are following as [10]:
T'(s)=r(s)N(s),
N'(s)==r(s)T(s) +7(s)B(s),
B'(s)=—7(s)N(s).

When a point moves along a curve with unit speed, the rotation is determined by
an angular velocity vector W that is called Darboux vector. The Darboux vector
W is presented as W = 7T + kB. Moreover, k = |[W| cos and 7 = ||| sin¢
are written. Here ¢ is the angle between Darboux vector and binormal vector of
+(s) [i0).

Let v be a regular curve and w be unit direction of a straight line in R3, then
the ruled surface ¢ is the surface formed by the continuous moving of w based
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on the curve . The parametric representation of the ruled surface ¢ is given as
follows [|10]:

6(s,0) = 7(s) + ve(s).

For the ruled surface ¢(s,v), we can write

Py X P, = 7,(3) x w(s) + vw/(s) X w(s).

Hence (s0,vo) is a singular point of ¢(s,v) if and only if v (s0) x w(s0)+vow (s0) X
w(se) = 0. Ifw'(s) xw(s) = 0, the ruled surface ¢(s,v) is called a cylindrical surface.
Therefore, if w'(s) x w(s) # 0 the ruled surface ¢(s,v) is called non-cylindrical
surface [10].

The foot of the common normal between two consecutive generators is called the
striction point on a ruled surface. The striction curve formed by the set of striction
points is as follows [10]:

_ <7 (s),w () >
b(s) - 7(8) < w/(s),w/ (U(S).
The distribution parameter for a ruled surface is described as follows [10]:

det(',w,w")
P = -
b w12

A ruled surface ¢ is developable if and only if P, = 0 |10].
Let ¢(s,v) be a ruled surface. Then the Gaussian curvature of ¢(s,v) is given by

(det(y'(s), w(s), ' (5)))?

Kls.v) = =" oy

and mean curvature of ¢(s,v) given by

_ —2<y(s),wls) > det(y'(s), w(s),w (s)) +det(y () +vw (s),7'(5) + 0w (s), w(s))

H(s,v) = 2EG — F2)3/2

where E = E(s,v) = ||y (s) + vw' (s)||2, F = F(s,v) =< 7 (s),w(s) >,
G=G(s,v)=13].

Let v be a regular curve in R? and the set {T(s), N(s), B(s)} be the Frenet
vectors of the curve 7. Then the tangent, principal normal and binormal surfaces
of the curve «y are given in the following equalities [3]:

or(s,v) = A(s) +0T(s)
on(s,v) = (s) +vN(s)
¢p(s,v) = 7(s)+vB(s).



162 A. ALTINKAYA, M. CALISKAN

3. B-L1IrT CURVES AND ITS RULED SURFACES

Definition 1. Let v : [ — M C R? be a unit speed curve, then vg : I — TM is
called the B-Lift curve and ensures the following equation:

V() = ((s), B(s)) = B(s)|4(s)- (1)

Proposition 1. Assume that vp is the B-Lift curve of a unit speed curve v. Thus,
the following equations are provided:

To(s) = —N(s),
Np(s) = g - T _p
e @ e

L) e )
Bols) = went @t mwen?

where {T'(s),N(s),B(s)} and {Tg(s), Ng(s), Bg(s)} are the Frenet vectors of the
curve v and vg, respectively. (In particular, the torsion will be considered greater
than zero.)

(i) Let vz be B-Lift curve of the regular curve . Then the tangent surface of
B-Lift curve is given as follows:

b1y, (5,0) = vp(8) +0TB(s). (2)
From (1) and Proposition 1, we have
¢ry(5,0) = B(s) + v(=N(s)). 3)
Now, we investigate the singular point of the ruled surface ¢,
(Dr5)s X (Dry)e = (B(5) x (=N(5)) + v(k(s)T(s) = 7(s)N(s)) x —=N(s)
= —vk(s)B(s).

Since for every (so,v0) € I x (R—{0}), (d1,)s0 X (d1,)v = —vok(s0)B(so) # 0,
the ruled surface ¢7, has no singular point. Since for every (so,vo) € I x (R—{0}),
w' (s0) X w(se) = K(s0)B(sg) # 0, the ruled surface ¢, is non-cylindrical surface.
The distribution parameter of the tangent surface ¢, is

_ det(B',-N,-N") _

Pr = 0.

T =N

The striction curve of the ruled surface ¢, is

<, s7T/ s) >
R D
< Tp(5), Th(s) >
< —7N,KkT — 7B >
= B — !
() <Kl —7B,kT — 7B >
= B(s).

bry(s) = vp(s)

(kT — 7B)
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The Gaussian curvature of the ruled surface ¢7, is
(det(—7N,—N, kT — 7B))?
(EG — F?)?

The mean curvature of the ruled surface ¢, is

K, (s,v) =— =0.

Hy (s.0) — det(kT — 7 N — 7*B+v(k' T + (k* + 72)N — 7 B, —~7N + v(kT — 7B),—N)
e 2(EG — F2)3/2
L)
~ 2(EG - F?)3/2°
Corollary 1. The ruled surface ¢, is developable.
Corollary 2. Let the curve v : I =R> be a general heliz curve. Then the ruled
surface ¢, is a minimal surface.
(ii) Let vz be B-Lift curve of the regular curve . Then the principal normal
surface of B-Lift curve is given as
Ony (5,v) =vp(s) + vNB(s). (4)
From (1) and Proposition 1, we get
k(s) 7(s)
Ony(s,0) = B(s)+o( T(s) - B(s)). ()
e W (s )|| W ()|
T2 KT— KT KT
(Dnp)s X (Ong)o = (=T + ;o ), =K+ o). (6)
Nole = Ny i [wip? il
The distribution parameter of the principal normal surface of the curve vp is
det(B', N, Np)
PNg AT
INBl
_ 7(— v + i)
(miem)? + Ctr)* + ()’
The striction curve of the ruled surface ¢y, is
< () Np(s) >
bng(s) = s) — - ; Np(s
NB( ) ’YB( ) <NB(S),NB(S) > B( )
— B(s)- < N7HWIIT+ AN - B > (BT
K/Q 7—2 Iﬁ}2 T‘Z W W
< T+ SN = e B e T+ N - e B> WIS IV

The Gaussian curvature of the ruled surface ¢y, is

_ (det(’}/Ba N37 ]\ZIB))2
(EG — F2)2

Kng(s,v) =

B).
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(= + e
(EG — F2)?

The mean curvature of the ruled surface ¢y, is

det(vg + vNp, 75 + Ny, Np)
2(EG _F2)3/2
V(BT ) (kT — KT ) + 02(%)(“7 — K T)+oT (Kﬁv;ﬁg )+ UT(W),

g
2(EG — F2)3/2

Hy,(s,0) =

Corollary 3. Assume that v : I —R3 is a general heliz curve. Hence the ruled
surface ¢, is a developable surface.

Corollary 4. Let vy : I —R3 be a general heliz curve. Then the ruled surface Oy
is a minimal surface.

(iii) Let v5 be B-Lift curve of the regular curve . Then the binormal surface
of B-Lift curve is given by

$p,(s,v) = 7p(s) + vBp(s). (7)
From (1) and Proposition 1, we know
S,V = S v T<8) S K(S) S
d)BB( ) ) B( )+ (||W(S)||T( )+ HW(S)”B( )) (8)
(¢BB)S X (d)BB)U = (_||W||’U( ||W||2 )7 HWH) (9)

From (9), the ruled surface ¢, has no singular point and since Bp x B;_E; #0, 05,
is non-cylindrical surface.

The distribution parameter of the ruled surface ¢, is
det(B', Bg, By)
Ppy = ——F5rn
| Bgl|

7 (= vye + i)
(7)2 + ()2
The striction curve of the ruled surface ¢, is

< g(s), By(s) > )
< By(s) By(s) > P

bpy(s) = 7p(s) -
= B(s).
The Gaussian curvature of the ruled surface ¢, is

(det(vy, Bp, By))?
(EG — F2)2

Kpy(s,v) = —
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(e + i)
(EG — F2)?

The mean curvature of the ruled surface ¢, is

det(v +vBp. v + vBy, Bp)
2(EG — F2)3/2
) ’ ’ 1" 1" 7_2 2 ’
II‘;W (—kT+7TKk+K T—KT )— ol (k? +712) — HV“{/HS(T K—K
2(EG — F2)3/2

Hp,(s,v) =

’

7)?

Corollary 5. Let vy : I =R3 be a general heliz curve. Then the ruled surface bB,
is a developable surface.

Example 1. Let us consider the unit speed general helix curve that is given as
following equality:

\/g 3 \/g S
—(Y23/2 VO g3/2 2
’y(s) ( 3 s ) 3 (]' S) 72)'
Then the curve vg is given as follows:
o Lap Ly e VB
18(s) = (—5%, (1 - )2, 22,
The Frenet vectors of the curve v can be calculated by
TB(S) = (_(1 _8)1/27_31/2a0)7
NB(S) = (51/27_(1 _5)1/270)a
Bgp(s) = (0,0,1).

From (3), (5) and (8), the tangent, normal and binormal surfaces are calculated as
follows:

¢TB(577)) = 7p(s) +vTp(s)

= (—%51/2,%(1—s)l/z,é)+U(f(1fs)1/2,—51/2,0)
Ong(s,0) = vp(s) +vNp(s)

= (%51/2’;(1 5)1/27§)+U(51/277(173)1/270)
bpg(s,v) = vp(s)+vBs(s)

. (—231/2,%(1—5)1/2,§)+v(0,0,1).

The distrubition parameters of the ruled surfaces ¢r,., ¢n, and ¢pg,_ are

p._ det(B.Tp Tp) _
e A
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FIGURE 1. Tllustration of the ruled surfaces ¢, , ¢y, and ¢, , respectively.

det(B',Np, Np)

Py, = —— 0Bl _g
7 INg|?
det(B', Bg, By)
Pg, = —— 12 Bl_,
? 1BgI?

Since Pr, = Py, = P, =0, the ruled surfaces ¢, ¢, and ¢, are developable.
The striction lines of the ruled surfaces ¢p,, ¢n, and ¢g, are given by

< p(9) Tp(s) >

bTB (8) = ’73(5) < Té(S),TIB(S) >TB(5)
= B(s)
= aen lao e )
_ < A5(s), Ng(s) >
bng(s) = vp(s)— > NZ(s),NZ(s) >NB(8)

= (hemlaogun B L e

2 2 )
= (o,o,?).
B < 5(s), By(s) >
bpy(s) = 73(8)_<B};(s),BZ(s)>BB(S)
= B(s)
1 1 V3
= (—581/2,5(1—5)1/277).

Gaussian curvatures of the ruled surfaces ¢, ¢n, and g, are given as follows:

(det(v, T, Ty))>?
(EG — F?)?

Kr,(s,v) = -
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=0

det(v, N, N3y))?

KNB(S3U) = 7( ((Eg— F2>QB))
=0

det(yy, Bg, By))?

KBB (S, ’U) _ _ ( (P)/B B B))

(EG — F2)?2
= o

Mean curvatures of the ruled surfaces ¢r,., ¢n, and ¢g,_ are calculated as

Hrp,(s,v) =
+
HNB (S,’U) =
+
HBB (S,’U) =

—2 <7 (5), T(s) > det(v (s), Ti(s), Tp(s))
2(EG — F2)3/2

det(y" (s) + vTp(s),7 (s) + vT;(s), Tn(s))
2(EG — F2)3/2

0

2 < +'(s), Ni(s) > det(y (s), N5 (s), Np(s))
2(EG — F?)3/2

det(~" () + vNp5(s),7 (s) + vNp(s), N (s))
2(EG — F2)3/2

0

2 < +'(s), Bo(s) > det(y (), Ba(s), By (s))
2(EG — F?2)3/2

det(y" (s) + vBjy(s), () + vBj(s), Bs(s))
2(EG — F2)3/2

0.

Since Hry(s,v) = Hyy(s,v) = Hpy(s,v) = 0, the ruled surfaces ¢p,, ¢y, and
¢p, are minimal surfaces.

4. CONCLUSION

In this study, based on Thorpe’s definition 9], we have introduced the B-lift
curve and calculated the Frenet vectors of the B-Lift curves. Furthermore, we have
given the tangent, normal, and binormal surfaces of the B-Lift curves and calcu-
lated the integral invariants of these surfaces.
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THE LINEAR ALGEBRA OF A GENERALIZED TRIBONACCI
MATRIX

Gonca KIZILASLAN
Department of Mathematics, Faculty of S“cience and Arts, Kirikkale University, Kirikkale,
TURKIYE

ABSTRACT. In this paper, we consider a generalization of a regular Tribonacci
matrix for two variables and show that it can be factorized by some special
matrices. We produce several new interesting identities and find an explicit
formula for the inverse and k—th power. We also give a relation between the
matrix and a matrix exponential of a special matrix.

1. INTRODUCTION

Integer sequences are widely used in many areas such as physics, engineering, arts
and nature. There have been several studies in the literature that concern about
the second order integer sequences and their generalizations such as Fibonacci, Lu-
cas, Pell and Jacobsthal, see [8]/9}{11}H13}[17]. Horadam interested in the generalized
Fibonacci sequence {W,,(a, b; p, ¢) }n>0, where a, b are nonnegative integers and p, g
are arbitrary integers, and studied some properties of the sequence, see |11L/12].
Another generalization of the Fibonacci sequence is called as the Tribonacci se-
quence. The Tribonacci sequence is the most familiar series of numbers obtained
by generalizing Fibonacci sequence as orders.

For n > 0, we use the following definition of the sequence of Tribonacci numbers
which is given by third order recurrence relation

tn+3 = tn+2 + tn+1 + tn
with initial conditions
to=t1 =1, to=2.

The first few terms of the Tribonacci numbers are given in Table [I]
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n|0l12|3|4| 5| 6| 7 8| 9| 10| 11| 12
tn | 111247132444 |81 | 149 | 274 | 504 | 927

TABLE 1. The first few terms of the Tribonacci sequence

The characteristic polynomial 22 — 22 — 2 — 1 = 0 of the third order Tribonacci
recurrence has a unique real root of maximum modulus and this is

lim t’;“ ~ 1.83929,

n—0o0 n

the Tribonacci constant, see [21]. Many researchers studied some properties of the
Tribonacci sequence, see [4H6},/10L(15L120}22,|123}[25].
A matrix T,, of order n + 1 with entries

2t . .
b JEmremr H0s7 < Q)
i, — .

! 0, otherwise.

is defined in [26] and the Tribonacci space sequences ¢,(T") are introduced. For
n = 4, the matrix T, will look as follows

T

S —ool ol
GilFooims o= ©
Sloslmvi- © ©
Sl o o o
ShNo oo o

Definition 1. A square matriz R is reqular if and only if R is a stochastic matrix
and some power R*, for k > 1, has all entries nonzero.

Thus from the definition of the regular matrix, we obtain that the matrix defined
in is a regular matrix.

Inspiring by this study, we define a two variable generalization of the matrix given
in and obtain several interesting new properties. We are also interested in matrix
factorization of the defined matrix which is a method of representing a matrix as a
product of some matrices. There are various types of matrix factorizations such as
singular value decomposition, LU factorization, Cholesky factorization, etc. This
method is used to simplify calculations, especially in solving a problem that is
difficult to solve in its original form. Several authors are interested in matrix
factorizations of some special matrices, see |1L[2}{7L|18}{19}/27].
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2. A GENERALIZATION OF THE REGULAR TRIBONACCI MATRIX

In this section, we give a generalization of the matrix defined in . We define
a matrix T, (z,y) = [t;,;j(z, y)] of order n + 1 with entries

2t PR o
bi(yy) = 4 Braraet? YOS TS,
o 0, otherwise.

Thus for n = 4, the matrix will look as follows

1 0 0 0 0

%x %y 0 0 0

T4(x,y): %xz %ny 1%3/22 103 0
P A, 2

Y BTY BTY BT 15Y

We will denote the (4, j) entry of this matrix as (T, (z,y));,;. It is easy to see that
when z or y is zero, t; j(z, y) will be trivial. Therefore we generally assume that x
and y in T;,(x, y) are non-zero real numbers. It is clear that for + = y = 1 we have

tij(1,1) =ti;

and so in this case we obtain the regular Tribonacci matrix ([1f).

2.1. Multiplication of two Tribonacci matrices. The Tribonacci matrix T, (z,y)
has some interesting properties and applications. Thus we give some of these prop-
erties now. For n,j € N, we define

n
@®Y)) = trpjrriz" Y.
k=0

Theorem 1. For any positive integer n and any real numbers x, y, z and w, we
have

(T ) Tuw.2) = (L@@ yw);.v2)) (2)
Proof. From the definition of the matrix T},(z,y) and the rules of the matrix mul-
tiplication, the (7,7) entry of T),(z,y)T,(w,2) is 0 for j > 4. For j < i it can be
obtained as
i i
21, i—k, k 2t; k—j j
123 ) 1% ) = ! 127
D S e e e T

)

Livo+t;—1 P toyo +t — 1

i
= ti,jg tk,kxi_kykwk_jzj
k=j



172 G. KIZILASLAN

)

ok Rk

= tij g trghag a0y w2
k=0

i
tig (W2l Y terjrrrt T T (yw)®
k=0

= t(z® yw);fj(yz)j

This is also the (i, ) entry of T, ((z & yw);,yz), so equation (2) holds. O
For w =z and z =y in ,We

(T3 (2, 9)ig = Tn (2(1 ©1);,5°)

Using formula again, multiplying T2 (z,y) and T, (x,y), we get

(TR y)ig = Tn (z(l &y B y?);,y°)

Then using the mathematical induction method, the following results can be ob-
tained.

g

0j

(T (,9)ig = To (z(l@y @By 105, .

2.2. The inverse of the matrix T,,(z,y). The inverse of the Tribonacci matrix
T, (z,y) is given by the following theorem.

Theorem 2. The (i,j)—entry of the inverse of the matriz Ty, (x,y) is

tiyotti—1 U
R TR ifi=j,
-y o= (tigotti—1—2t)z .o . .
(Tn(x7y) )l,] =\ " 2y 'sz_]+1’
0, otherwise.

Proof. By straightforward computation of matrix multiplication, we get the desired
result. O

2.3. The factorization of the Tribonacci matrix. We define the matrices of
order n + 1 with the following entries

(Su(@y)i; = tig (@ )ty o (@y) +tiga (e, y)ty o (2,y) 0>,
e 0 i<,
= 1 0
Tnfl(may) - [0 Tn—l(x,y):| ) n 2 17

In_k—1 0
= = <k<n-1.
Gn Sn, Gr(z,y) { 0 Se(z,)| 1<k<n-1

Let us consider the product of the matrices T),(z,y) and T;il(x,y). Here we

represent the (i,7) entry of the matrices T, !(z,y) and T;il(x, y) as ti_d»l(x, y) and
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t; ; (z,y), respectively. From the definitions of the matrices, the (i,7) entry of

T, (z,y)T, ", (z,y) for i < j equals 0 and for i > , we have

) 7
1 _
E ti,k(xay)tk,j(xay) = § ti,k(zyy)tk_l1,j_1(zay)~

k=j

3)

k=j
Then it can be seen that the term of the sum is nonzero only for k —1 =35 —1

and k —1 =7, that is, for k = j and k = j + 1. Thus
Z t’i,k(gjv y)t];_le_l(Iv y) t?,](z7 y)tj_—ll,j—l(x7 y) + ti,j-l-l(xv y)t;Jl—l(z7 y)

k=j
Therefore we obtained the following result.

Lemma 1. For any positive integer n and any real numbers x and y, we have

Tn(x’ y) = Sn(l‘vy)Tn—l('% y)

Example 1.
S5(x,y)T4(9:,y)
r 11 10 0 0 0 0 1 0 0 0 0 0
le 1y 0 0 0 0 01 0 0 0 0
122 —lay y o0 0 0 0 §w2 2Y 02 0 0
= | a® -ty 0 oy 0 0 0 gz %iy %92 0. 0
1—159:4 —1—159:3;1/ 0 Ltaxy 1y 0 0 %zs gr’y gy %y.} 0
L5 1.4 12 3 195 0 Lt Lady 2a2y? Aay® Tyt
| 552 —355% Y 0 5527y —55%Y Tgg¥ 15 52Y 5%Y 15TY 15Y
[ 1 0 0 0 0 0
1 1
R A S S G
= %x:a 1zx2y 1§y 2 103 0 0
?1‘4 ?m 3y QZl‘Qy 2 4§y 3 70 4 0
L2s® 28T Y vy 7Y Y Ry

=Ts (.T, y)
Using Lemma [1] and the definition of the matrices Gy (z,y), we present the de-

composition of T, (x,y) in the following.

Theorem 3. The matriz T, (x,y) can be factorized as
Tn(xa y) = Gn(xa y)Gn—l(xa y) T Gl(‘ra y)

In particular,
T, = Gnanl s 'le
where T, :=T,(1,1), G, := Gi(1,1), k=1,2,...,n.

For the inverse of the matrix T,,(x,y), we get
Tn_l(w7y) = Gfl(my)G;l(x,y) e G;1($7y)‘
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Example 2. Since

1 0 0 0 0 0
T 3y 0 0 0 0
La2 imy %y2 0 0 0
Ts5(v,y) = 13 Loy Lgy? Lyp 0 '
1§5 4 lisxgy 1725x2y2 ?Z‘yg %%y4 0
2% x5 %l“ly 17143:3y2 7x2y3 gmy4 %y5
we can factorize this matriz as
Gs(z,y)Ga(z,y)Gs(r,y)Ga(z,y)G1 (7, y) =
! 0 0 0 0 0 1 0 0 0 0 0
ix %y 0 0 0 0|0 1 0 0 0 0
%xQ -3y oy 0 0 0 0 iz %y 0 0 0
§x3 —%ﬁy 0 Y 0 0 0 %xg -1y Y 0 0
?xi _Tlsxiy 0 i%ny % 1905 0 §x34 %-7933/ 0 1y 14(1)
[287” —257Y 0 5577y —g557Y 156¥] [0 1377 —37Y 0 Iy 15y
1 0 o0 0 0 0]t o 0 0O 0 0]t o000 0 O
01 0 0 0 0offo 1 0 o0 0 o[l0o 100 0 O
00 1 0 0 0offo 01 o0 0 O0[[00o1 0 0 O
00 iz %y 0 0o/|o 00 1 0 o0[|jo o0 1 0 O
OO%xz—nyyOOOO%x%OOOOOIO
0 0 gz® —iz%y 0 y[ [0 0 0 J2* —wy y| |0 0 0 O iz 3y

3. SOME APPLICATIONS OF THE MATRIX T}, (z,y)

In this section, we give some applications of the defined matrix T, (z,y). Firstly,
we present a relation between the matrices T,,(z, ay) and T, (x, —y) for a nonzero
real number a.

Theorem 4. For a nonzero real number a, the matrices T, (x,ay) and T, (x, —y)
satisfy the following
~1
Tn (xa g) = Tn(l‘, _y)ilTn(l‘a ay)Tn(x, _y)il'
a

Proof. The proof can be done easily by definition of the matrices and matrix mul-

tiplication. O

We give another factorization of the matrices T),(z,y) and T, (—x,y) where the
variables x and y are separated from these matrices.

Theorem 5. Let D, (z) := diag{1,x,2%,...,2"} be a diagonal matriz. For any
positive integer k and any non-zero real numbers x and y, we have

Ti(x,y) = Di(2)Tr(1,1) D (z/y),
Ty(—2,y) = Dy(2)Te(—1,1) D (z/y).
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Remark 1. The entries of the matriz T,,(z,y) can be separated by the indices, that
is for i > j

%

2t S T Yy\J
Te) =i E (0,
(n( y) i,j tivo+1t;, —1 y tigo+1t; —1 A v
where
i J
a; = .237 and bj =2tj(g) .
ti+2+ti—1 x

In [19], the authors give some properties of such matrices. The related results
provide the alternative proofs for Theorem[q and Theorem [3.

Theorem 6. Let K, (z,y) = [ki ;] be a matriz with entries k; ; = t;' "y and D,
be a diagonal matriz with diagonal entries

1. 2 2
{17 2 P Tiyotti—10 3 tn+2+tn,—1}' Then we have

T, (z,y) = D, Ky (z,y).

Proof. Multiplying T}, (x,y) from the left with the diagonal matrix with entries

{1,2,---, ti”‘gt"_l AR t””'gt"_l }, we get clearly the matrix K, (x,y). Hence the

result follows. O

Example 3. Forn =5, we have

1 0 0 0 0 0
%x %y 0 0 0 0
Ty(x, y) %xz %xy %y2 0 0 0
5\4s = 3 1.2 1 2 1,3
VT A A PR L
L2s " 28% Y 1Y FTYS 3rTY 3RY
1 o 0o 0o o O][1 o 0 0 0 0
05 00 0 Offz y 0 0 0 0
o0 F 0 0 o0f |2 ay 2 0 0 0
T 100 0 £ 0 0f |2® 2%y 2z 4y 0 0
1 4 3 2,2 3 4
00 0 0 i+ O x* xly 2z‘yt  dxy Ty 0
00 0 0 0 55 [2° 2ty 20%% 4a%y® Tay' 13y°
L 8] [T7 TY 22y 7Y Ty Y

Now, we present a matrix whose Cholesky factorization includes the matrix
T,.(1,1). First, we need the following result.

Lemma 2 ( [16]). For n >0, the Tribonacci numbers t,, satisfy

" At ptpag — (a1 — tno1)2 + 1
Zti: nln+1 (n-z n-1)"+ ' (4)
k=1
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Theorem 7. A matriz Q, = [¢; ;] with entries

S Atpterr — (b1 — te—1)? + 1
Y (tive = 1) (e + 5 — 1)

where k = min{i,j}, is a symmetric matriz and its Cholesky factorization is
T.(1, )T, (1,1)T.
Proof. Since

P dtptipr—(tep1—te—1)>+1 _ Ca
I T (i tti— 1)ttt —1) T DY

Qp is symmetric. Now, we will show that @, = T, (1,1)T,(1,1)7. By matrix
multiplication,

n n 2ty 2ty
T, (1,0, (1,101 = tiptin =
(L DTa (1, 1) I;J’kj’k kZ:Oti+2+ti—1tj+2+tj—1

4 =,
= 2.
(tivz +ti — 1)(tjr2 +1; — 1) kzzo g
The proof is completed by substituting (4) in the last equation. O

In the last part of this section, we will give a relation between the matrix T, (x, y)
and the exponential of a special matrix. Matrix exponentials are defined by simply
plugging matrices into the usual Maclaurin series for the exponential function. In
other words, for any square matrix M, the exponential of M is defined to be the
matrix

2 3 E
eM=I+M+%+%+-~-+%+---

For any square matrix M, we have the following result:

Theorem 8 ( [3,24]).

(i) For any numbers r and s, we have e" )M =
(i) (eM)=t=e M,

€TM€SM.

(iii) By taking the derivative with respect to = of each entry of eM®, we get the
matriz %er = MeMz,

Definition 2. The matriz M, = [m; ;] is defined by

m:{ heraioe g

0, otherwise.

M,z

We want to obtain a relation between T,,(z,y) and e , SO we prove the fol-

lowing auxiliary result.
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Lemma 3. For every nonnegative integer k, the entries of the matriz M* are given
by

t; .
(Mylf)i,j — Tia ZfZ*].‘i“ ka
0, otherwise.

Proof. The proof will be done by induction on k. The case k = 0 follows straight-
forward. Let us assume the inductive hypothesis on M+ = M, MF. Tt is not hard
to see for i # j + k+1, (MFH1); ; =0. For i = j + k + 1, we have

(MY, = ticn tj vk bt
= = = )
Tt bk Lirkr Gk birka

Theorem 9. Forn € N and x € R, we have

(T (0, 1) T (2, 1))ig = (i = H)NeM®)i .

Proof. Suppose that there is a matrix L, such that (75,(0,1) T, (2, 1));; = (i —
J)(el®); ;. Then we have

%(TH(O’ 1)71TTL(1‘7 1))i,j = Ln(Z - j)!(eLnx)’i,j = Ln(Tn(O7 1)71Tn(xv 1))i,j

and so
i(T (0,1) ' (2,1))ij lo—o=L
dx n\Y, n\+4, i,j l[e=0—" Ln-
Thus there is at most one matrix L, such that (75,(0,1)7 T} (2,1))i; = (i —
)(eln®); ;. Tt can be easily seen that L = M,, where M, is the matrix given
in Definition [2| by calculating -&(7,,(0,1)"'T,,(z,1))i,; |s=0. We conclude that
MPF =0 for k > n+ 1, thus
n k
— kT
e = Z M, R

k=0

For i < j, we see that (eM"®); ; = 0 and we also have (e™"®); ; = 1. Now, suppose
that ¢ > j and let i = j + k.

M,z k ak tj ak 1 -1
(e )i = (Mn)i,jg T E(Tn(O, D™ To(z,1))i -
Lt k! !

Hence the proof is completed. (Il



T5(0,1) 1 T5(x, 1) by taking the derivative of

d
each entry of the matriz Ts(0,1)~1T5(x, 1) with respect to x. Thus
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dx

Example 4. We obtain the matriz

178

)

0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O

0 00 0O
0 00 0O
0 00 0O
0 00 0O
0 00 0O

| | -~
— cocoococoo
coocococo i
co oo on® -
e T S ococococo oo ooo
o oo o-Ri © oo oo coccobco D000 OoO
oo oD O o
m2$ 77B 771
S o omao o o cococoo X
©C o OO O e
|~
S o, o-ococoo X
o O I
o~ I ~HI~ —le
1N cocooco X o
<~
$234$ ﬁ e
01,21,23%% Y — X
enlcoshan| g - e o OO oD
_ 1 -
g coo XxXoo X
__ /HO\ —ey —l
— T
! 8
xa did o iallal
— — oo x oo o X
~ N — OO OO O
— — I —
| = X
—~~
= S 2__ _ — .
=) &~ M5
= I
0 I
T o elYe)
SR | =
=

Hence we have

and
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Let M, be the matrix defined in and U, (z) = eM»*. At the end of this sec-
tion, we will find the explicit inverse of the matrix
R, (z) = [I, — AU, (z)] ! for real number A such that | A |< 1. To achieve this, we
need the following result.

Lemma 4 ( [14], Corollary 5.6.16). A matriz A of order n is nonsingular if there

is a matriz norm || - || such that ||I — A|| < 1. If this condition is satisfied,
AT =3 (T - A
k=0

Theorem 10. The matriz R, (x) is defined for real number X such that | A |< 1.
The entries of the matriz are

and
(Bn(2))ij = (Un(@))i;Lij—i(A)
for i > j, where £i,(2) is the polylogarithm function

Lin(z) = o
k=1
Proof. The statement in Lemma |4 is equivalent to: If || - || is a matrix norm

and if ||A]] < 1 for a square matrix of order n, then I — A is invertible and
(I—A)~1 =372, A Then for |A| < 1, we can write

(oo} (oo} (oo}
(Rn(@))ij = > _(Un(@)* N =Y (Un(ak))i jA" = (Un(@))i; Y A
k=0 k=0 k=0
We obtain the desired result by writing the sum for i = j and i > j. (]
Example 5.
A 0 0 0 O
T A 0 0 0
Iy — NUy(z) = I — %sz iz A 0 0
Lard a2 i A0
214 A 4 %)\ 3 12>\ 2 4)\ A
Te8 M A gATT gAT
1—A 0 0 0 0
—xA 1-A 0 0 0
= | —1x?  —Ixz  1-2) 0 0
—i/\x3 —z?2 —Ixz 1-2)\ 0
24
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The inverse of this matriz equals

1
= (1) 0 0 0
EESVER = 0 0 0
1A% 2 1A 1
R CESYERY 21— )21' - ,\ 0 0
1A +4>\2+/\x3 1A% A o 1 2 1 0
24 (1-X)1 8&1 PR 2(1 >\)2 1-X
LA4+11>\3+11>\2+/\ 4 1A +4>\2+/\x3 1 A% 42, 1
168 (1=x)5 127 (1-N)3 7 (1=N)3 7 aA—N)2 T—X
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ABSTRACT. We consider operator V' on the reproducing kernel Hilbert space
H = H (R2) over some set 2 with the reproducing kernel Ky » (z) = K (2, )
and define A-Davis-Wielandt-Berezin radius 14 (V') by the formula

na (V) = Sup{\/‘<VkH7)\,kH7)\>A|2 + ||Vk’H»AHj14 tAE Q}

and V is the Berezin symbol of V where any positive operator A-induces a
semi-inner product on H is defined by (z,y) 4 = (Az,y) for z,y € H. We study
equality of the lower bounds for A-Davis-Wielandt-Berezin radius mentioned
above. We establish some lower and upper bounds for the A-Davis-Wielandt-
Berezin radius of reproducing kernel Hilbert space operators. In addition, we
get an upper bound for the A-Davis-Wielandt-Berezin radius of sum of two
bounded linear operators.

1. INTRODUCTION

Many researchers in mathematics and mathematical physics are interested in
the Berezin symbol of an operator defined with the aid of a reproducing kernel
Hilbert space. In this context, several mathematicians have conducted substantial
research on the Berezin radius inequality (see [4,[14,[16}[20}[21]). In fact, it is of
interest to academics to get refinements and extensions of this disparity. We show
various inequalities for the A-Davis-Wielandt-Berezin radius of operators on the
reproducing kernel Hilbert space H (2) over some set ) in this study. By using
A-Berezin transforms, we study some lower and upper bounds for the A-Davis-
Wielandt-Berezin radius of some operators. In addition, we get an upper bound
for the A-Davis-Wielandt-Berezin radius of sum of two bounded linear operators.
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We will now outline the preliminary concepts needed to proceed with the findings
of this investigation.

Remember that a reproducing kernel Hilbert space (abbreviated RKHS) is the
Hilbert space H = H (2) of complex-valued functions on some set €2 in which:

(a) the evaluation functionals

() = f(A), A eQ,

are continuous on H;

(b) for every A € Q there exists a function f) € H such that f (A) # 0.

Then, via the classical Riesz representation theorem, we know if H is an RKHS
on , there is a unique element Ky » € H such that h(\) = (h, K3 ) for every
A € Q and all h € H. The reproducing kernel at A is denoted by the element Ky, ».
Further, we will denote the normalized reproducing kernel at A as ky » 1= ﬁ
Let £ (#H) be the Banach algebra of all bounded linear operators on a complex
Hilbert space H including the identity operator 14 in £ (H).

Linear operators induced by functions are frequently encountered in functional
analysis; they include Hankel operators, composition operators, and Toeplitz oper-
ators. The inducing function is sometimes referred to as the symbol of the resultant
operator. In many circumstances, a linear operator on a Hilbert space H also gives
rise to a function on 2. Hence, we frequently examine operators induced by func-
tions, and we may similarly research functions induced by operators. The Berezin
symbol is an outstanding exemplar of an operator-function link. More accurately,
for an operator V € £ (), the Berezin symbol (transform) of V, denoted by V, is
the complex-valued function on 2 defined by

V() i= (Vs k) -

For each bounded operator V on H, the Berezin symbol V is a bounded real-
analytic function on Q. Features of the operator V, are often seen in the features
of the Berezin transform V. F. Berezin proposed the Berezin transform in [8] and
it has proven to be a fundamental tool in operator theory, since many essential
features of significant operators are contained in their Berezin transforms.

The Berezin radius (number) of operator V is defined by

ber (V) := sup |V (/\)’ .
A€Q

The Berezin set and the Berezin norm of operator are defined, respectively, by
Ber (V) := Range (‘7) and ||V|ge, := sup [|[VEu | -
AeQ

The Berezin transform and Berezin radius have been studied by many mathemati-
cians over the years (see [3,/4,/14,26)).
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Recall that the Berezin range of an operator V' is a subset of the numerical range
of V,
W (V) ={(Vu,u) - [Jul| = 1}.
It is well knowledge that Ber (V) C W (V), ber (V) < w (V) (numerical radius)
and ber (V) < |[V||g,, - See [5,(9,18,22,124,127] for further details. Two of these
generalizations are the Davis-Wielandt radius dw (V) and Davis-Wielandt shell
DW (V) of V € L (H) defined by

dw (V) := sup {\/|<Vu,u>2 +[Vull* :uwe H and [jul| = 1} ;

and
DW (V) := {(<vu,u> , HVUHQ) ueHand |uf = 1} CCxR
see [bL|101/25128].
N (V), its range by R (V) and adjoint of V by V* denote the null space of every
operator V. If U is a linear subspace of H, then U stands for its closure in the

norm topology of H. An operator A € L () is called positive, denoted by A > 0,
if (Au,u) > 0 for all ue H. For V € L (H), the absolute value of V, denoted by

|V, is defined as |V| = (V*V)l/z. Along with the article, A denotes a non-zero
positive operator on H. Notice that any positive operator A induces a semi-inner
product on H defined by

(u,v) 4 == (Au,v)y, , Yu,v € H.

The seminorm induced by (.,.) 4 is given by |lul|, = /(u,u), = ||A1/2u|| for all
u€H.

It can be easily verified that ||.|| , is norm if and only if A is injective and that
the seminormed space (#, ||.|| ,) which is complete if and only if R (4) = R (A).

Definition 1. For V € L (M), the A-Berezin set of (Vkx,kx) 4 is defined by
Bery (V) :={(Vkx,kr) 4 : A € Q}.

Ber4 (V) is a nonempty subset of C and it is in general not closed even if H is
finite dimensional are important to be significant.

Definition 2. (i) A-Berezin transform (also called A-Berezin symbol) V4 is defined
on Q by
VA == (VEx,ka) 4 (A EQ),
(i) The supremum modulus of Bera (V'), denoted by ber (V'), is referred to as
the A-Berezin number of V| i.e.,

bera (V) :=sup [(Vkx, kx) 4],
AEQ

(iii) A-Berezin norm of operators V€ L (H (2)) is defined by
V1[4~ per 7= sup [[AVE 5, -
AEQ
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We get the Berezin number if A = I. As a result of this new idea, the Berezin
number of reproducing kernel Hilbert space operators and the Berezin norm of
operators become more generic. See [15,/19] for further information on A-Berezin
number inequalities.

Definition 3. ([19]) LetV € L (H). An operator U € L (H) is called an A-adjoint
of V if for every A\, u € Q, identity (Vkx, k) , = (kx,Uky) 4 holds.

Definition 4. Let V € L(H (). An operator U € L(H (Q)) is called (A, r)-
adjoint of V' if for every A\, p € Q, the identity (Vk, x. Kk, a) 4 = (Fpn, Uk, 0) 4
holds.

Following [12/13], notice that the existence of an A-adjoint of V is identical to
the existence of a solution of the equation AX = V*A. Thanks to the Douglas
theorem, these types of equations can be studied and the readers can consult to
Moslehian et al. [23]. In summary, Douglas theorem states unequivocally that
the operator equation VX = U has a bounded linear solution X if and only if
R(U) C R(V). Furthermore, it has just one solution, represented by @, that
satisfies R (Q) C R (V*) among its numerous solutions. This type of @ is known
as the reduced solution or Douglas solution of VX = U. L4 (H) denotes the set of
all operators in £ (#) that admit A-adjoint. According to the Douglas theorem,

La(H)={VeLH):R(V'A) CR(A)}.

Moreover, £ 412 (H) denotes the set all operators admitting A'/2-adjoints. When
we use the Douglas theorem, we get

Lap (H)={VeLH):IN>0, [Vull, <\ul . YueH}.

A-bounded refers to the operator in £ 41/2 (H).

If V€ La(H), then the reduced solution (or Douglas solution) to the equation
AX =V*A is a well-known A-adjoint operator of V, which is represented by V*4.
We observe that

VA = ATV*A,

where AT is the Moore-Penrose inverse of A (see [1,2]). It is commonly known that
the operator V*4 satisfies

AV =V*A, R(V*4) CR(A) and N (V*4) =N (V*A).

Also, note that if V€ L4 (H), then V*4 € L4 (H) and (V*4)™ = P,V P4, where
P, represents the ortogonal projection onto R (A4). Furthermore, if V € L4 (H),
then [|[V*4| = ||V, . In order to reach more results and proofs related to these
classes of operators, the researchers may want to overview [12].

If AV is selfadjoint, that is, AV = V*A, then an operator V € L (H) is called
to be A-selfadjoint. Furthermore, an operator V is said to be A-positive if AV > 0
and we write V' >4 0.
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The Hilbert space (R (Al/z) e .>R(A1/2)) shall be designated simply by R (Al/z)
in the sequal.

Feki in [12] has found some upper bounds for the A-Davis-Wielandt radius of
operators in L4 (H).

Definition 5. For any V € L4, (H (), we define its A-Davis-Wielandt-Berezin
shell and A-Davis- Wielandt-Berezin radius, respectively, by the formulas

Hy (V) = {((ngm, NP ||AkH$AH124) A€ Q}

and

N 2
1 (V) 1= sup 72 0] Vel
AEQ

It is apparent that n4 (V) < dwa (V). For V,U € L4, (H ()) one has
(i) n4 (V) >0 and n, (V) =0 if and only if V = 0;

> lalna (V) if |af > 1
(ii) na (@V)§ =lalng (V) if |af =1

<lafng (V) if |af <1.

(i) ma (V +U) < \/ 2 (na (V) + 14 (U) +4(na (V) 414 (0)));

therefore 14 (-) cannot be a norm on £ (# (€2)). The following property of 14 (-) is
immediate:

ma {bera (V) [V o} <14 (V) < y/ber (V) + VI e (V € L (H).
1)
Recently, Bhanja et al. in [6] have reached some upper bounds for the A-Davis-
Wielandt radius of operators in £4 (H (€2)). The purpose of this article is to find
out some lower and upper bounds for the A-Davis-Wielandt-Berezin radius of re-
producing kernel Hilbert space operators. For this aim, we employ some well-known
inequalities for vectors in inner product spaces (see [6,[7,[11]). We also get an up-
per bound for the A-Davis-Wielandt-Berezin radius of sum of two bounded linear
operators.
In particular, for V€ L4, (H (Q)) we prove that

77?4 (V) < sup beri‘ (ewV + V*AV) —2¢4 (V) mifber (V)
6ER

and

2
7 (V) < inf { (2[1Re (2) Rea (V) + I (2) I (V)| a_per + [V4V = 2Re (V)] ,_y.,)

2 [Re (2V) | 4_per — |21 + ber (V = 21) }.
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2. PREREQUISITES

In the present section, we need some auxiliary lemmas including Buzano [7]
inequality, Dragomir [11] inequality and Bhanja et al. [6] inequality in order to
prove our results.

Buzano [7] made an extension of the Cauchy-Schwarz inequality which states
that for any aq,aq, a3 € H with |jas|| =1

(a1, a3) (a3, az)| < % (Ka1, az)| + llas]| [laz])) - (2)
Dragomir |11] proved the following inequalities.
Lemma 1. Let uy, up € H and z € C. Then the following equality holds:
uall* [Jual® = [(ur, uz)|* = [Jur — zua||® [Jual|* = [(ur — 2uz, us)|*.
We need the following lemmas, given in [6].

Lemma 2. Let uy,ug,e € H with |le| , = 1. Then

1
[{ur, €) 4 (esuz) 4| < 5 (Kunyuz) 4|+ llua]l 4 fuzlla) - 3)
Lemma 3. Let ui,uz,e € H with |le|| , = 1. Then
2 2 2
Jualla lluzlla = (w1, ug) 4|7 = 2[{ur, €) 4 (€, u2) ol (Junll 4 [Juzll 4 = [(u1; uz) 41) -
Lemma 4. Let uy,uqz,e € H and z € C. Then we have the following equality:

2 2 2 2 2 2
l[unla lJualla = [Curs uz) 4" = llur = zually lluzlly = [{ur = zuz, uz) 4"

3. MAIN RESULTS

We use the lemmas from the preceding section to derive additional inequalities
for the A-Davis-Wielandt-Berezin radius of operators on H = H (£2).

Let H = H (©2) be a RKHS. The A-Berezin symbol of operator V € L (H (2)) is
naturally defined the by the formula

VAN == (Ve ko) a = (AVsa, kra) . A € Q

Therefore, L4, (H) := Lar (H(Q)) denotes the set of all operators in £ (H (£2))
admitting (A, r)-adjoints.
For V € L4, (H), its Crawford number c4 (V') is defined by

ca (V) =inf {[(Vu,u) 5| cu € H, [Jull, =1}
(see [27]). We also introduce the number ¢4 (V') := infyeq ’17‘4 (/\)’ . It is clear that

CA (V) S EA (V) S berA (V) .

Our first result in this paper reads as follows.
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Theorem 1. Let V € L4, (H (). Then, the following inequalities hold.
(i) iy (V) = max {ber’ (V) + & (VAV) V][4 per + & (V) },

(i1) 1% (V) = 2max {bers (V) (VAV) 24 (V) VI e |-
Proof. For any A € ), we have
2
14 (V) = [(VEias k) 4|+ I1VEal
. 2

= [(VEua, kH,A>A’2 + (VY kax k)

> ‘?A (A)]2 + inf (V AV gz k)

et ){Ielﬂ HA s VH ) o0
hence, taking supremum over A € ) gives

n% (V) > ber’y (V) + & (V*4V).

~ 2
Moreover, by taking into consideration n% (V) > ‘VA ()\)‘ + ||Vk37{7>\||j14, we see
that
4
14 (V) 2 (V) + [IVEally -
Hence, on taking the supremum over A € 2, we obtain
4
ma (V)2 (V) + VI per

which proves (i).
Let A € Q be arbitrary. It can be observed that

\(Vk:H,A,kH,A)AF F VRIS = 2 [V, kra) 4] VRS (4)
and
2 * A
na (V) > 2|(VEga, k) 4| (V4VEzA kua) ,
> 2| (Vkaa, k) 4| Allelg (V*Vhya kwn)

= 2|(VEkyn, krn) 4| Ca (VAV).
Taking supremum over all A € 0, we thus have
n% (V) > 2bera (V) Sa (V*4V).

From the inequality @, we get

ni (V) 2 224 (V) IVEwaly -
Taking supremum over all A € ), we thus have

~ 2

M4 (V) 2264 (V) VI per -

Hence the proof is complete. ([l

Remark 1. It is clear that the lower bound obtained in Theorem (i) is more solid
than that in (1]). Also, both of inequalities in ( [17], Th. 1) follow from Theorem[]]
by considering A = 1.
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For A € L(H(9)), we define

‘2
A

m1247ber (V) = /{relg) HVkH,)\

We get an upper bound for the A-Davis-Wielandt-Berezin radius of bounded linear
operators on RKHS in the following result.

Theorem 2. Let V € L4, (H (). Then
n% (V) < sup ber? (eV + V*AV) — 284 (V) mP_pe (V).
0€R

Proof. Let A € Q be arbitrary. Then there exists § € R such that
|(VEras kra) 4| = € (VEan ka) -
Now,
[(VEsxkra) al” + [VERAIL
= (Vi kq-[,,\>124 + (V*4Vky kH,A>2A
= (V. k), + VAV, kH,/\>A)2
—2(e"Vkpn k), (VAVhyx k), -
Hence, we have
2"V k) . (VVEya kan) . + [(VEaa, kH,A>A|2 Vel
— ((eV + VAV ) kg, kan ),
< ber} (emV + V*AV) .
Therefore,
2| (VEagn, kra) 4| (VA Vs, kaa) . + | (Vs k?—L,A>A|2 + Vsl

< sup ber% (ewV + V*AV)
0cR

and so,
~ 2 ;
264 (V)m? _or (V) + ‘(Vk:H’,\,k:%,QA’ + ||VI<:7.[,>\||jl4 < Zugber?4 (e“’V + |V|2A) _
€
Hence, taking supremum over A € €) gives
n% (V) < supber’y (eV + V*4AV) — 284 (V) m? e (V).
0cR
This completes the proof. [
Remark 2. According to the inequality in ( [17], Th. 2),
n? (V) <supber® (e“V + V*V) — 26 (V)mi., (V).
(SN

This shows that the inequality in ( [17], Th. 2) follows from Theorem@ by consid-
ering A= 1.
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We can now show the following inequality for the A-Davis-Wielandt-Berezin
radius of bounded linear operators.

Theorem 3. Let V € L4, (H (). Then
L (b (V4 VAV) £ 8 (V- VAV ) < (1)
< % {ber (V +V*4V) +ber’y (V- V*4V)}.
Proof. Let A € Q be arbitrary. Then
|<Vk7-L k) al” + VRl

(Vs kau) 4 + (Vs Visa) |

2

% |(VE3a k1) 4 — (Vs Ve 4|

= VR ksn) 4 (VA g )

%‘(Vkﬂ k) 4 — (V¥ Vg x, by ,\>A‘2

= SV VAV k) o4 5 [V = VAV s )
2 {0 VAV bk, 7 (V- VAV

Therefore, taking supremum over A € ), we get
n4 (V) > % {bery (V+V*4V)+24 (V- V*V)}.
Similarly,
(Vs ki) al” + [Vl

1 2
= ’ VEw ., kra) 4 + (VkH,MVkH’,QA]

2
[(VEsn, k) 4 — (VErx, Ve A|

)—ll\.’)\)—‘

3 KV VAV ) o 4+ 5 [V = VAV s rea)
Therefore, taking supremum over \ € Q, we get

nh (V) < % {ber’y (V + V*AV) + bery (V — V*4V)}.
Hence completes the proof. O

Now we give upper bounds for the A-Davis-Wielandt-Berezin radius of V €
Lar(H).



A-DAVIS-WIELANDT-BEREZIN RADIUS 191

Theorem 4. Let V € L4, (H (). Then the inequalities listed below are true.
(i) (V) < ||[veav s (vav)y vy
(i6) %y (V) < § (bera (V) + VIR ) + VI per

Proof. Let A € Q be arbitrary. Applying for uy = Vkya, e = ky,» and
uy = Vkyy x, we have that

~ 2
‘V ()\))A + HVkH,,\Hi = [(VEsx, k2a) 4 (Frexs VErA) 4]
+ (VA han, k), (ks VAV Ey ) ,

1
< 5 (IVEwAI + (Vhaea, VEra) )

1
+3 (||V*f“v1~cH,A{|f4 + (V*AV g p, V*AVkH,,QA)

<(V*AV + (veay) V*AV) k2xs kH,A>A
taking the supremum over \ € €2, we have
17 2 4 * A * A *A L yA
igg{\V(A))A + VkH,AHA} <sup (VAV 4 (V) VAV ko k)

This proves (i). The proof of (ii) is immediate from

2 *
[(VEans kra) a|” = [(VEaga, kaga) 4 (kaens ViAkan) 4 | (5)
by applying for u = Vkyx, e = ko, v =V7ky in . The theorem is
proved. O

It is widely known that if V' is A-normaloid then HVQHA = ||V||?4 Hence, both
the inequalities in Theorem [4 becomes equality if V' is A-normaloid can be observed
easily.

We now obtain another upper bounds for the Davis-Wielandt-Berezin radius of
bounded linear operators.

Theorem 5. IfV € L4, (H(Q)), then we have
A W) <3[|(VAV) VA e v (VA V) ma e (VY V)

(6)

A—Dber

—Ca (VAV = V) ma_per (VAV = V).
Proof. Let A € Q be arbitrary. It follows from Lemmas that
(Vs k) 4|
< VAL sl

= 2[(VEx, k2en) 4 (kaeons k) 4| (VRN 1E2enll 4 = [V R Bagn) 4])
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= [Vl + 2| (VErons Er) 4l [Frens V) 4] = 2 [V, kron) | V2,
<NVl + Vel + Ve, V) 4 — 264 (V) [Vl 4
<3V Whin kra) , — 264 (V) ma—ber (V) .

Therefore, we get

2
[(VEsns kan) 4l + VR

1 2 9
=2 (‘VRH,A|2A + <V]€H,)\7/€H,)\>A‘ + ‘HV]{H,AHZ - <VkH,A,kH,A>A‘ )

1
= 5 (KO 4+ V) ks a4+ VAV = V) B k) 4|
1

A

* 2 -~ * *
<5 (3(VAV +V brakin) | =264 (VAV 4 V) mae (VAV + V)
3 ([VAV = V[ ks kan) | =284 (VAV = V) macpe (VAV = V) )
3 * 2 % 2
=S (VA + VI + VAV = VL) kb )
— e (VY + V) ma_per (V4V 4+ V)
—Ca (VAV = V) ma_per (VAV = V)
=3(((V V) VAV £ VY k)
—Ca (VY + V) masper (VAV +V) =4 (VAV = V) ma_per (VAV = V).
Thus, by taking supremum over A € {2, we obtain

sup

~ 2
VAW + vk 4)<3 VAV VAV VAT ) R b
sup (|72 00+ Ikl ) < 35un (((v4) ) bk
—supea (VV + V) ma_per (VAV + V)
A€Q

— 24 (VY = V) ma_per (V4V = V)
which is equivalent to

A (V) <3 H (VAV) A vy 4 yey

A—Dber
- EA (V*AV + V) MA—ber (V*AV + V)

—ea (VY = V) ma—pe: (VAV = V).
This immediately proves @ as required.

We are now able to establish the following theorem.

Theorem 6. Let V € L4, (H(Q)). Then the inequalities listed below are true.
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(1)
4 (V) < :gﬂgzgg {2|r]||cos@ Rea (V) + VAV 4+ sinfImy (V) — TIHA
—l—% [cosOReq (V) + VAV +sinfIma (V) — 27“]”31
+% [cosReq (V) — V*AV 4 sinfTm 4 (V)Hi} .
(i)

4 (V) < }SUP{HCOSHRQA (V) + VAV 4 sinfTma (V)HQA
2 ger

+ HCOSGRGA (V) — V*AV 4 sinfTmy (V)Hi} .

Proof. (i) Let A € Q be arbitrary. Then there exists § € R such that |(Vk7{7,\, kH7>\>A| =
e (VEagx, k2,2) 4 - By applying the Cartesian decomposition of V', we see that

[(VEpns kaa) a| = (€7 Vg, kaa)
= (((cos @ —isinf) (Rea (V) +ilma (V))) kr . Ern) 4
= ((cosfRea (V) +sinf@Imy (V) ko x, k) 4
+i((cos@Imy (V) —sinfRea (V) krx, kaa) 4 -
SO, by |<Vk7.[’)\,k‘7.[’)\>A| € R we get
’<Vk7.[’)\, ]f’H’)\>A| = <(COS€R€A (V) + sin@ImA (V)) kH’)\, kq.[7)\>A .
Thus, by using Lemma [@] we get for any 7 € R,
[(VEn A, kH,/\>A|2 = |((cos O Rea (V) +sin0Tma (V) bz x, kwn) 4
= ||(cos@Rea (V) +sin@Tma (V) kp a5
— |[(cos@Rea (V) +sinf@Imy (V) kpn — TkH,AHi
V) +sinfImy (V

’ 2

|
2
+ [{(cos # Res ) krx = ki ko) 4|

( V)
= <(cos€ReA (V) +sinfImy (V))? ke x, kH’/\>A
- <(cos€ReA (V) +sin0Imy (V) — r1)? kg z, kH’)‘>A
+ |[((cosORea (V) +sin0Tma (V) = 1) ks x, kan) 4|

= <{(cos€ReA (V) +sinfImy (V))?
—(cosfReq (V) +sinfImy (V) — rI)Q} kg xs kH’)‘>A

+|{(cosORea (V) +sin@Tma (V) = 1) kzx, ks 4|
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= ((2r (cosORea (V) +sin0Ima (V) = r?I) kax, kan) o
+ |<(cos9ReA (V) +sinfImy (V) —rl) kH,A7kH,)\>A|2-
By using Lemma [4 we obtain
IVEaally = |<V*AVkH,A,k‘H,A>A]2
— ((2rV* AV = 21) kpn, kan ), + [(VAV = 1D) an, ks |
Now,
(Vs kH,A>A‘2 IVl
= <2r {COSGReA V) + V*AY 4+ sin 0 Tmy (V)} ke x, k’H7A>A — or?
+ % [((cos@Rea (V) + VAV +sinfImy (V) = 2rT) ko, k?—t,)\>A‘2
+ % |((cosORea (V) — VAV 4+ sin0Ima (V) kwa, k) o
< 2]|r|||cos@Rea (V) + VAV 4+ sinfImy (V) — rI|

’ 2

1
+ 5 [leos O R (V) + VAV 4 sin6Tma (V) - 201
1 2
+5 HCOSHReA (V) = [V]% +sin§Tm4 (V)HA
<sup {2]r| ||cosORea (V) + VAV +sinImy (V) — 71| ,
0cR
1
+5 [[cosORea (V) + VAV 4 sinbTmg (V) - 201
Lilcos O Req (V) = V4V + sin0Tma (V)|
+§HCOS ea (V) — +sinfTmy ( )HA .
Therefore, taking supremum over all A € Q, we get
n% (V) < sup {2|r[||cos O Rea (V) + VAV 4 sinfImy (V) — rl|
0eR
1
+5 ||cos@Rea (V) + VAV 4 sinfImy (V) — 27"IH2A

—|—% |cosRea (V) — V*AV 4 sin 0 Tmy (V)HZ} .

Because this inequality holds for every r € R, we have the required inequality.
(ii) If we pick r = 0, for example,

4 (V) < }sup{Hcos@ReA (V) + V*AV 4 sin0Tmy (V)HZ
2 oer

+ HCOSE)ReA (V) — V*AV 4 sin 0 Tmy (V)HZ} :
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Following so, we find the inequality shown below.

Theorem 7. Let V € L4, (H(Q)). Then the inequalities listed below are true.

(i)
2

(V) < inf { (2 Re (2) Rea (V) +Im (2) Ima (V)| y_per + |[V*4V — 2Re (ZV)HAfber)
+2||Re (2V) | 4_per — |21 + ber (V = 2D) }.

(7,2) 7’]124 (V) S beri (V) + ||V||j147ber .

Proof. Let z € C. Choosing in Lemma@l up = Vky x and up = kg », we have for
all A €

IV Eaex

2
‘A ||kH,>\

5 = [Vhra k) al” = 1V Esx = 2hrally Ikraly
— |[(Vkan — 2k, kH,A>A’2 :
Then by using the Cartesian decomposition of V' we have that
IVEwalS = ((Rea (V) krskaa) 1) = (Rea (V = 21) ks kra) )
+ ((Tma (V) kagn, kaen) 4)° = ((Ima (V = 21) by n, kaen) )
+ |[VEun — 2kl
= ((2Rea (V) = Re(2) I) by n, krn) 4 (Re (2) kagon, kpa) 4
+((2Ima (V) —Im (2) I) kg xs kaen) 4 (Im(2) kan, ka4
Vs — 2kunl’y
=2Re(2) (Rea (V) kwx, kra) 4 +2Tm (2) (Tma (V) Eag x, kaa) 4
— (Re (2))* = (Tm (2))” + |
=2 (Re (2) (Rea (V) kpgxn, kun) 4 +Im(2) Img (V) kg, kH,,\>A)
— |2 4+ (VEsn — 2k, VEro — 2k 4
=2 (Re(2) (Rea (V) kax, kpn) 4 +Im (2) QIma (V) kux, k2n) 4)
+ ((V*V = 2Rea (V) kax, kaa) , -
Again by using Lemma [ we get
[(VEzn k) al” = VR = VR — 2kl + [(VEzx — 2k ko) o]
= 2(Re (V) kan, k) 4 — 122 + [(Visr — 2haen, ko) 4| -
So, we deduce that

2

2

Vi — 2kl

~ 2
VA G|+ IVEwaly
< 2(Re (V) kpn, k) 4 — |27 + |(VEpn — zka o, k?—t,)\>A|2
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2((Re(2)Rea (V) +1Im (2) Ima (V) kg x, K20) 4
+ <(V*AV —2Rey (EV)) kH,Av k?—[,)\>A)2‘

for all A € Q. Hence, taking supremum over A € (), and infimum over all z € C, we
have

2
4 () < inf { (2Re ) Rea (V) 4 T 2) g (V)L g+ V74V = 2R (V)] )
+2||Re (V)| 4_per — 217 + ber (V = zD) }.

(ii) Taking z = 0, we get n% (V) < ber? (V) + ||V||il47ber . This proves the required
result. O

Then, we have an upper bound on the A-Davis-Wielandt-Berezin radius of sum
of two bounded linear operators.

Theorem 8. Let U, V € L4, (H (). Then the inequalities listed below are true.
(i) g (U+V)<ny(U)+n4 (V) +bery (UAV + VAU ;
(i5) If UAV 4 V*AU = 0, then ny (U +V) <y (U) +n (V).

Proof. (i) It follows from Definition [5| that

Hy(U+V)= {(((U-l—V) Erxn kua) 45 (U4 V) kg, (U+V) ]4;7.1,)\>A) , AE Q}
= { Uk, krn) o> (Ukax, Uk ) 4)
+ ((VErns k) 4 (Ve VEra) 4)
+ (0, ((UAV + V*AU) kya, kgn) ) s A € Q)

So, Ho (U +V) CHu (U) + Ha (V) + X, where
X ={(0,{(UAV + V*AU) kya, kan) ) : A € QY

This demonstrates (i). The evidence of (ii) is obvious from (i) and A (U*AV + V*4U) =
O, and the proof of theorem is completed. O
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ABSTRACT. Let R be a commutative ring with identity and S a multiplicatively
closed subset of R. This paper aims to introduce the concept of S-n-ideals as
a generalization of n-ideals. An ideal I of R disjoint with S is called an S-
n-ideal if there exists s € S such that whenever ab € I for a,b € R, then
sa € v/0 or sb € I. The relationships among S-n-ideals, n-ideals, S-prime and
S-primary ideals are clarified. Besides several properties, characterizations and
examples of this concept, S-n-ideals under various contexts of constructions
including direct products, localizations and homomorphic images are given.
For some particular S and m € N, all S-n-ideals of the ring Z,,, are completely
determined. Furthermore, S-n-ideals of the idealization ring and amalgamated
algebra are investigated.

1. INTRODUCTION

Throughout this paper, we assume that all rings are commutative with non-zero
identity. For a ring R, we will denote by U(R), reg(R) and Z(R), the set of unit
elements, regular elements and zero-divisor elements of R, respectively. For an
ideal I of R, the radical of I denoted by /T is the ideal {a € R:a" € I for some
positive integer n} of R. In particular, v/0 denotes the set of all nilpotent elements
of R. We recall that a proper ideal I of a ring R is called prime (primary) if for
a,b€ R, abe I impliesa € I or b€ I (be /). Several generalizations of prime
and primary ideals were introduced and studied, (see for example [2]- [4], [6], [17]).

Let S be a multiplicatively closed subset of a ring R and I an ideal of R disjoint
with S. Recently, Hamed and Malek [12] used a new approach to generalize prime
ideals by defining S-prime ideals. I is called an S-prime ideal of R if there exists
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an s € S such that for all a,b € R whenever ab € I, then sa € I or sb € I. Then
analogously, Visweswaran [16] introduced the notion of S-primary ideals. I is called
an S-primary ideal of R if there exists an s € S such that for all a,b € R if ab € I,
then sa € I or sb € /I. Many other generalizations of S-prime and S-primary
ideals have been studied. For example, in |1], the authors defined I to be a weakly
S-prime ideal if there exists an s € S such that for all a,b € R if 0 # ab € I, then
sa € I or sb € I. In 2015, Mohamadian [14] defined a new type of ideals called
r-ideals. An ideal I of a ring R is said to be r -ideal, if ab € I and a ¢ Z(R)
imply that b € I for each a,b € R. Generalizing this concept, in 2017 the notion
of n-ideals was first introduced and studied [15]. The authors called a proper ideal
I of R an n-ideal if ab € I and a ¢ V0 imply that b € I for each a,b € R. Many
other generalizations of n-ideals have been introduced recently, see for example [13]
and [18]. Motivated and inspired by these studies, in this article, we study the
S-version of the class of n-ideals by determining the structure of S-n-ideals of a
ring. We call I an S-n-ideal of a ring R if there exists an (fixed) s € S such that for
all a,b € Rif ab € I and sa ¢ \/0, then sb € I. We call this fixed element s € S an
S-element of I. Clearly, for any multiplicatively closed subset S of R, every n-ideal
is an S-n-ideal and the classes of n-ideals and S-n-ideals coincide if S C U(R).
However, this generalization of n-ideals is proper as we can see in Example [I| In
Section 2, we start by giving an example of an S-n-ideal of a ring R that is not
an n-ideal. Then we give many properties of S-n-ideals and show that S-n-ideals
enjoy analogs of many of the properties of n-ideals. Also we discuss the relationship
among S-n-ideals, n-ideals, S-prime and S-primary ideals, (Propositions |§| and
Examples . In Theorems (1| and [2, we present some characterizations for S-
n-ideals of a general commutative ring. Moreover, we investigate some conditions
under which (I :g s) is an S-n-ideal of R for an S-n-ideal I of R and an S-
element s of I, (Propositions and Example . For a particular case that
S C reg(R), we justify some other results. For example, in this case, we prove
that a maximal S-n-ideal of R is S-prime, (Proposition @ In addition, we show
in Proposition [] that every proper ideal of a ring R is an S-n-ideal if and only
if R is a UN-ring (a ring for which every nonunit element is a product of a unit
and a nilpotent). Let n € N, say, n = pi'p5*..p;* where pi,ps, ..., pi are distinct
prime integers and r; > 1 for all . Then for all 2 <i <k —1, S, po. pi1pisiopr =
(P P52 oDty s my € NU{0}} is a multiplicatively closed subset of
Z,. In Theorem El, we determine all Sy p,..p;_1pisy...p,-N-ideals of Z;, for all i. In
particular, we determine all Sp-n-ideals of Z, where S, = {1,p,p?,p°, ...} for any
prime integer p dividing n, (T heorem. Furthermore, we study the stability of S-n-
ideals with respect to various ring theoretic constructions such as localization, factor
rings and direct product of rings, (Propositions and. Let R be a ring and
M be an R-module. For a multiplicatively closed subset S of R, the set S(+)M =
{(s,m) : s € S, m € M} is clearly a multiplicatively closed subset of the idealization
ring R(+)M. In Section 3, first, we clarify the relation between the S-n-ideals of a
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ring R and the S(+)M-n-ideals R(+)M, (Proposition [I7). For rings R and R’, an
ideal J of R’ and a ring homomorphism f : R — R/, the amalgamation of R and R’
along J with respect to f is the subring R xf J = {(r, f(r) +j):r € R, j € J} of
Rx R'. Clearly, the set S x/ J = {(s, f(s) +j) : s €S, j € J} is a multiplicatively
closed subset of R x/ J whenever S is a multiplicatively closed subset of R. We
finally determine when the ideals I x/ J = {(i, f(i) +j):i €I, j € J} and K/ =
{(a,f(a) +j):a€ R, j€J, fla)+j € K} of R x/ J are (S x/ J)-n-ideals,
(Theorems [5] and [6]).

2. PROPERTIES OF S-n-IDEALS

Definition 1. Let R be a ring, S be a multiplicatively closed subset of R and I be
an ideal of R disjoint with S. We call I an S-n-ideal of R if there exists an (fized)
s € S such that for all a,b € R if ab € I and sa ¢ /0, then sb € I. This fived
element s € S is called an S-element of I.

Let I be an ideal of a ring R. If I is an n-ideal of R, then clearly I is an S-
n-ideal for any multiplicatively closed subset of R disjoint with I. However, it is
clear that the classes of n-ideals and S-n-ideals coincide if S C U(R). Moreover,
obviously any S-n-ideal is an S-primary ideal and the two concepts coincide if the
ideal is contained in /0. However, the converses of these implications are not true
in general as we can see in the following examples.

Example 1. Let R = Z12, S = {1,3,9} and consider the ideal I =< 4 >. Choose
s =3¢€ S and let a,b € R with ab € I but 3b ¢ I. Now, ab €< 2 > implies
a€<2>o0rbe<2>. Assume thata ¢<2 > andb €< 2 >. Sincea ¢< 2 >, then
ab ¢ I, a contradiction. Hence, we must have a €< 2 > and so 3a €< 6 >= /0.
On the other hand, I is not an n-ideal as 2 -2 € I but neither 2 € V0 nor 2 € I.

A (prime) primary ideal of a ring R that is not an n-ideal is a direct example of
an (S-prime) S-primary ideal that is not an S-n-ideal where S = {1}. For a less
trivial example, we have the following.

Example 2. Let R = Z[X] and let I = (4z). consider the multiplicatively closed
subset S = {4™ : m € NU{0}} of R. Then I is an S-prime (and so S-primary) ideal
of R, [16, Example 2.3]. However, I is not an S-n-ideal since for all s = 4™ € S,

we have (22)(2) € T but s(2x) ¢ \/0z[z) and s(2) ¢ 1.

Proposition 1. Let S be a multiplicatively closed subset of a ring R and I be an
ideal of R disjoint with S.

(1) If I is an S-n-ideal, then sI C /0 for some s € S. If moreover, S C reg(R),
then I C /0.

(2) V0 is an S-n-ideal of R if and only if 1/0 is an S-prime ideal of R.

(3) Let S C reg(R). Then 0 is an S-n-ideal of R if and only if 0 is an n-ideal.
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Proof. (1) Leta € I. Since INS =10, s-1¢ I for all s € S. Hence, a-1 € I implies
that there exists an s € S such that sa € /0. T hus, sI C V0 as desired. Moreover,
if S C reg(R), then clearly I C /0.

(2) Clear.

(3) Suppose s is an S-element of 0 and ab = 0 for some a,b € R. Then sa € v0
or sb = 0 which implies s"a™ = 0 for some positive integer n or sb = 0. Since
S C reg(R), we have a™ = 0 or b = 0, as needed. a

Next, we characterize S-n-ideals of rings by the following.

Theorem 1. Let S be a multiplicatively closed subset of a ring R and I be an ideal
of R disjoint with S. The following statements are equivalent.

(1) Iis an S-n-ideal of R.
(2) There exists an s € S such that for any two ideals J, K of R, if JK C I,
then sJ C v/0 or sK C I.

Proof. (1)=(2). Suppose I is an S-n-ideal of R. Assume on the contrary that for
each s € S, there exist two ideals J’, K’ of R such that J'K’ C I but sJ" ¢ V0 and
sK' ¢ I. Then, for each s € S, we can find two elements a € J' and b € K’ such
that ab € I but neither sa € v/0 nor sb € I. By this contradiction, we are done.
(2)=(1). Let a,b € R with ab € I. Taking J =< a > and K =< b > in (2), we
get the result. [

Theorem 2. Let S be a multiplicatively closed subset of a ring R and I be an ideal
of R disjoint with S. If \/O is an S-n-ideal of R, then the following are equivalent.

(1) Iis an S-n-ideal of R.

(2) There exists s € S such that for ideals I, Io, ..., I, of R, if I1I5---1I, C I,
then sI; C /0 or sl C I for some j, k € {1,...,n}.

(3) There exists s € S such that for elements a4, as, ..., a, of R, if ajas---a, €
I, then sa; € v/0 or say, € I for some j,k € {1,...,n}.

Proof. (1)=>(2). Let s;1 € S be an S-element of I. To prove the claim, we use
mathematical induction on n. If n = 2, then the result is clear by Theorem
Suppose n > 3 and the claim holds for n — 1. Let Iy, Is,..., I, be ideals of R
with I1I5---1, C I. Then by Theorem [l we conclude that either s1I; C V0 or
silo---I, C I. Assume (s1l2)---I, C I. By the induction hypothesis, we have
either, say, s2I, C v/0 or sy C I for some k € {3,...,n}. Assume s3I C v/0 and
choose an S-element s, € S of V0. If s5(s7R) € /0N S, we get a contradiction.
Thus, sols C V0. By choosing s = 5152, we get sI; C V0 or sI, C I for some
j,ke{l,...,n}, as needed.

(2)=(3). This is a particular case of (2) by taking I; :=< a; > for all j €
{1,..,n}.

(3)=(1). Clear by choosing n = 2 in (3). O
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Proposition 2. Let S be a multiplicatively closed subset of a ring R and I be an
ideal of R disjoint with S. Then

(1) If (I : s) is an n-ideal of R for some s € S, then I is an S-n-ideal.

(2) If I is an S-n-ideal and (1/0 : s) is an n-ideal where s € S is an S-element
of I, then (I : s) is an n-ideal of R.

(3) If I is an S-n-ideal and S C reg(R), then (I : s) is an n-ideal of R for any
S-element s of I.

Proof. (1) Suppose that (I : s) is an n-ideal of R for some s € S. We show that s
is an S-element of I. Let a,b € R with ab € I and sa ¢ /0. Then ab € (I : s) and
a ¢ /0 imply that b € (I : s).Thus, sb € I and I is an S-n-ideal.

(2) Suppose a,b € R with ab € (I : s). Then a(sb) € I which implies sa € v0
or s’b € I. Suppose sa € /0. Since (10 : s) is an n-ideal, (+0 : s) = VO
by |15, Proposition 2.3] and so a € V0. Now, suppose b € 1. If sb ¢ I, then since
I is an S-n-ideal, s € V0 and so s € v/0 which contradicts the assumption that
(+/0 : 5) is proper. Thus, sb € I and b € (I : s) as needed.

(3) Suppose S C reg(R) and I is an S-n-ideal. Let a,b € R with ab € (I : s) so
that a(sb) € I . If sa € v/0, then s™a™ = 0 for some integer m. Since S C reg(R),
we get a™ = 0 and so a € V0. If s?b € I, then similar to the proof of (2) we
conclude that b € (I : s). O

Note that the conditions that (1/0 : s) is an n-ideal in (2) and S C reg(R) in (3)
of Propositionare crucial. Indeed, consider R = Z12, S = {1, 3,9}. We showed in
Examplethat I =<4 > is an S-n-ideal which is not an n-ideal, and so (1 : 3) = I
is not an n-ideal. Here, observe that S ¢ reg(R) and (v/0 : 3) =< 2 > is not an

n-ideal of Z1s.

Proposition 3. Let S C reg(R) be a multiplicatively closed subset of a ring R and
I be an S-prime ideal of R. Then I is an S-n-ideal if and only if (I : s) = \/0 for
some s € S.

Proof. Suppose I is an S-n-ideal of R and s; be an S-element of I. Then (I : s1)
is an n-ideal of R by Proposition [2} Moreover, (I : ts1) is an n-ideal for all ¢ € S.
Indeed, if ab € (I : ts;) for a,b € R, then abts; € I and so either s?a € /0
or sith € I. If s2a € /0, then a € V0 as S C reg(R). Otherwise, we have
b e (I:1ts1) as needed. Since I is an S-prime ideal of R, (I : s3) is a prime ideal
of R where sy € S such that whenever ab € I for a,b € R, either ssa € I or
s9b € I, |12, Proposition 1]. Similar to the above argument, we can also conclude
that (I : tsg) is a prime ideal for all ¢ € S. Now, choose s = sys2. Then (I : s)
is both a prime and an n-ideal of R and so (I : s) = v/0 by |15, Proposition 2.8].
Conversely, suppose (I : s) = /0 for some s € S. Since I is an S-prime ideal,
(I : §') is a prime ideal of R for some s’ € S. Moreover, if a € (I : &), then
as’EIQ(I:s)Q\@andsoaeﬁassgreg(l%). Thus, (I : s') = /0 is a
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prime ideal and so it an n-ideal again by |15, Proposition 2.8]. Therefore, I is an
S-n-ideal by Proposition [2] O

In the following example we justify that the condition S C reg(R) can not be
omitted in Proposition [3}

Example 3. The ideal I =< 2 > of Z1 is prime and so S-prime for S = {1,3,9} ¢
reg(Zy2). Moreover, one can directly see that s = 3 is an S-element of I and so I
is also an S-n-ideal of Z1o. But (I :s) =1 # /0 for all s € S.

A ring R is said to be a UN-ring if every nonunit element is a product of a unit
and a nilpotent. Next, we obtain a characterization for rings in which every proper
ideal is an S-n-ideal where S C reg(R).

Proposition 4. Let S C reg(R) be a multiplicatively closed subset of a ring R.
The following are equivalent.

(1) Every proper ideal of R is an n-ideal.
(2) Every proper ideal of R is an S-n-ideal.
(3) R is a UN-ring.

Proof. Since (1)=(2) is straightforward and (3)=(1) is clear by |15, Proposition
2.25], we only need to prove (2)=(3).

(2)=(3). Let I be a prime ideal of R. Then I is an S-prime and from our
assumption, it is also an S-n-ideal. Thus I C (I : s) = /0 is a prime ideal of R
by Proposition Thus v/0 is the unique prime ideal of R and so R is a UN-ring
by |7, Proposition 2 (3)]. O

The equivalence of (1) and (2) in Proposition need not be true if S ¢ reg(R).

Example 4. Consider the ring Z¢ and let S = {1,3}. If I = (0) or (2), then a
simple computations can show that I is an S-n-ideal of Zg. However, Zg has no
proper n-ideals, (15, Example 2.2].

A ring R is said to be von Neumann regular if for all a € R, there exists an
element b € R such that a = a?b.

Proposition 5. Let S C reg(R) be a multiplicatively closed subset of a ring R.

(1) Let R be a reduced ring. Then R is an integral domain if and only if there
exists an S-prime ideal of R which is also an S-n-ideal

(2) R is a field if and only if R is von Neumann regular and 0 is an S-n-ideal
of R.

Proof. (1) Let R be an integral domain. Since 0 = /0 is prime, it is also an n-
ideal again by [15, Corollary 2.9]. Thus v/0 is both S-prime and S-n-ideal of R,
as required. Conversely, suppose I is both S-prime and S-n-ideal of R. Hence,
from Proposition [3[ we conclude (I : s) = /0 which is an n-ideal by Proposition
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V0 = 0 is also a prime ideal by [15, Corollary 2.9], and thus R is an integral
domain.

(2) Since S C reg(R), from Proposition[l] 0 is an S-n-ideal of R if and only if 0
is an n-ideal. Thus, the claim is clear by |15, Theorem 2.15]. O

Let n € N. For any prime p dividing n, we denote the multiplicatively closed
subset {1,p,p% p%, ...} of Z, by S,. Next, for any p dividing n, we clarify all
Sp-n-ideals of Z,,.

Theorem 3. Letn € N.

(1) If n = p” for some prime integer p and r > 1, then Z,, has no Sp,-n-ideals.

(2) If n = p'p5? where p; and py are distinct prime integers and 71,72 > 1,
then for all ¢ = 1,2, every ideal of Z,, disjoint with S, is an S),,-n-ideal.

(3) If n = pi'py*...p,* where p1,pa, ..., pj are distinct prime integers and k > 3,
then for all ¢ = 1,2, ..., k, Z,, has no Sp,-n-ideals.

Proof. (1) Clear since I NS, # ¢ for any ideal I of Z,.

(2) Let I = (p{*p%*) be an ideal of Z, distinct with S,,. Then we must have
ty > 1. Choose s = pi* € S,, and let ab € I for a,b € Z,. If a € (pa), then
sa € (p1p2) = V0. If a & (p2), then clearly b € <]5§2> and so sb € I. Therefore, I is
an Sy, -n-ideal of Z,,. By a similar argument, we can show that every ideal of Z,
distinct with S, is an Sj,-n-ideal.

(3) Let I = (p{'ps?...p;" ) be an ideal of Z, distinct with S,,. Then there exists
j # 1 such that ¢; > 1, say, j = k. Thus, j)zk (pﬁlp?...pzkjf) € I but sﬁfj ¢ 0
and s(ﬁ?ﬁ?...ﬁi’ff) ¢ I for all s € Sp,. Therefore, I is not an S,,-n-ideal of Z,,.
Similarly, I is not an Sp,-n-ideal of Z,, for all i = 1,2, ..., k. U

Corollary 1. Let n € N. Then for any prime p dividing n, either Z, has no
Sp-n-ideals or every ideal of Z,, disjoint with S, is an Sp-n-ideal.
In general if n = pi*p3?...p;" where r; > 1 for all 4, then
Spipapipisrwe = AP PE S Pint Pt By s my € NU{0})

is also a multiplicatively closed subset of Z,, for all :. Next, we generalize Theorem

Bl
71,72

Theorem 4. Let n = p'py?...p;" where py,pa,...,pi are distinct prime integers
and r; > 1 for all i.

(1) Zy,, has no Sp,p,...p,-n-ideals.

(2) Fori =1,2,...k, every ideal of Z,, disjoint with Sy p, . .p; 1pisi..p. 1S an
Splp2~~m—1pi+1--~pk'n_1dea1'

(3) Let k> 3. If m < k — 2, then Z,, has no Sy, ,.. p,,-n-ideals.
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Proof. (1) This is clear since I NSy, p,..p. 7# ¢ for any ideal I of Z,,.

(2) With no loss of generality, we may choose i = k. Let I = <]§§1;5§2...]§2’“>
be an ideal of Z,, disjoint with Sp,p,..pr_,- Then we must have ¢, > 1. Choose
s = ]3?;3;2...]32“_’11 € Spips..pn_, and let a,b € Z,, such that ab € I. If a € (py), then
sa € (p1P2...pk) = V0. If a ¢ (py,), then we must have b € (py*). Thus, sb € I and
Iis an Sp,p,..pp_,-n-ideal of Z,.

(3) Assume m = k — 2 and let T = <]5§1]5;2...]52k> be an ideal of Z, disjoint
with Sy, p,..pe_,- Then at least one of ¢,_; and ¢; is nonzero, say, t; = 0. Hence,

—t1 —to —tk—1 g1

;Ezk (p1' Py ...Dy 1) € I but clearly sﬁfj ¢ /0 and s(ﬁilﬁg"...pk_l) ¢ I for all s €
Spips...pi_»- Lherefore, Z,, has no Sy, p,..p._,-n-ideals. A similar proof can be used
ifl1<msk-—2 O

An ideal I of a ring R is called a maximal S-n-ideal if there is no S-n-ideal of R
that contains I properly. In the following proposition, we observe the relationship
between maximal S-n-ideals and S-prime ideals.

Proposition 6. Let S C reg(R) be a multiplicatively closed subset of a ring R. If
I is a mazimal S-n-ideal of R, then I is S-prime (and so (I : s) = /0 for some
seS).

Proof. Suppose [ is a maximal S-n-ideal of R and s € S is an S-element of I.
Then (I : s) is an n-ideal of R by Proposition [2l Moreover, (I : s) is a maximal
n-ideal of R. Indeed, if (I : s) C J for some n-ideal (and so S-n-ideal) J of R, then
I C(I:s)<C J which is a contradiction. By [15, Theorem 2.11], (I : s) = /0 is a
prime ideal of R and so [ is an S-prime ideal by [12, Proposition 1]. O

Proposition 7. Let S be a multiplicatively closed subset of a ring R and I be an
ideal of R disjoint with S. If I is an S-n-ideal, and J is an ideal of R with JNS # (},
then IJ and I NJ are S-n-ideals of R.

Proof. Let s € JNS. Let a,b € R with ab € I.J. Since ab € I, we have sa € V0
or sb € I where s is an S-element of I. Hence, (s's)a € Jv/0 C /0 or (s's)b € I.J.
Thus, IJ is an S-n-ideal of R. The proof that I N J is an S-n-ideal is similar. [

Proposition 8. Let S be a multiplicatively closed subset of a ring R and I, Is,...,
I, be proper ideals of R.

(1) If I; is an S-n-ideal of R for all 4 = 1, ...,n, then () I; is an S-n-ideal of R.

i=1

(2) If ( N Ij> NS # 0 for @ C{1,...n} and I is an S-n-ideal of R for all
JEQ

ke{l,..,n} —Q, then () I; is an S-n-ideal of R.
i=1

1=
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Proof. (1) Suppose that for all i = 1,...,n, I; is an S-n-ideal of R and note that
n

(ﬂ Ii> NS =@. For all i = 1,...,n, choose s; € S such that whenever a,b € R
i=1

n
such that ab € I;, then s;a € VO or s;b € I;. Let a,b € R such that ab € () I;.
i=1
n
Then ab € I; for all i = 1,...,n. If welet s = [ s; € S, then clearly sa € v/0 or
i=1

sb € N I; and the result follows.
i=1

1=

(2) Choose s € (ﬂ Ij> NS. Let a,b € R with ab € () I;. Then for all
JjeQ i=1
ke {l,..n}—Q, ab € I} and so sya € V0 or s3b € I; for some S-element s;, of
Ij,. Hence, (s’ I1 si)a € V0 or (s I1 sp)be () I andso () I; is
ke{l,.. ,n}—Q ke{l,...n}—Q i=1 i=1
an S-n-ideal of R. O

Let S and T be two multiplicatively closed subsets of a ring R with S C T.
Let I be an ideal disjoint with 7. It is clear that if I is a S-n-ideal, then it is
T-n-ideal. The converse is not true since while I =< 4 > is an S-n-ideal of Zi5 for
S ={1,3,9}, it is not a T-n-ideal for T = {1} C S.

Proposition 9. Let S and T be two multiplicatively closed subsets of a Ting R with
S C T such that for each t € T, there is an element t' € T such that tt' € S. If I
is a T-n-ideal of R, then I is an S-n-ideal of R.

Proof. Suppose ab € I. Then there is a T-element ¢t € T of I satisfying ta € v/0
or tb € I. Hence there exists some t’ € T with s = ¢t/ € S, and thus sa € VO or
sbel. |

Let S be a multiplicatively closed subset of a ring R. The saturation of S is the
set $* = {r € R: T isaunit in S~'R}. It is clear that S* is a multiplicatively closed
subset of R and that S C S*. Moreover, it is well known that S* = {x € R: 2y € S
for some y € R}, see |[11]. The set S is called saturated if S* = S.

Proposition 10. Let S be a multiplicatively closed subset of a ring R and I be
an ideal of R disjoint with S. Then I is an S-n-ideal of R if and only if I is an
S*-n-ideal of R.

Proof. Suppose I is an S*-n-ideal of R. By Proposition [ it is enough to prove
that for each ¢ € S*, there is an element t’ € S* such that tt’ € S. Let ¢t € S* and
choose t' € R such that ty € S. Then ¢’ € S* and tt’ € S as required. The converse
is obvious. (]

Let S and T be multiplicatively closed subsets of a ring R with S C T. Then
clearly, T71S = {% :teT,se S} is a multiplicatively closed subset of T~ R.
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Proposition 11. Let S, T be multiplicatively closed subsets of a ring R with S C T
and I be an ideal of R disjoint with T. If I is an S-n-ideal of R, then T~ I is an
T=1S-n-ideal of T"'R. Moreover, we have T"*IN R = (I : u) for some S-element
u of I.

Proof. Suppose I is an S-n-ideal. Suppose T~1SNT I # ¢, say, 7€ T-1SNT—1I.
Thena € Sandta € I forsomet € T. Since S C T, then ta € TNI, a contradiction.
Thus, T~ is proper in T"'R and T~1SNT'] = ¢. Let s € S be an S-element
of I and choose £ € T~'S. Suppose a,b € R and t1,t, € T with %% € T7'T and

i1 ¢ VOr-1g. Then tab € I for some ¢t € T and sa ¢ /0. Since I is an S-n-ideal,
we must have stb € I. Thus, %% = % € T~ as needed. Now, let r e T"'INR
and choose i € I, t € T such that { = ;. Then vr € I for some v € T'. Since [ is an
S-n-ideal, then there exists v € S C T such that uv € VO or ur € I. But uv ¢ NG
as T'N+v/0 = ¢ and so ur € I. Tt follows that r € (I : u) for some S-element u of I.

Since clearly (I : u) C T~'I N R for all u € T, the proof is completed. |

In particular, if S = T, then all elements of 7S are units in T7'R. As a
special case of of Proposition we have the following.

Corollary 2. Let S be a multiplicatively closed subset of a ring R and I be an ideal
of R disjoint with S. If I is an S-n-ideal of R, then S™'I is an n-ideal of S™'R.
Moreover, we have STYIN R = (I : s) for some S-element s of I.

Proof. Suppose I is an S-n-ideal. Then S~'I is an S~!S-n-ideal of S™'R by
Proposition Let a,b € R, s1,s2 € S with ié € S7'I. Then by assumption,
1+ € V051 or f% € ST for some S~!S-element 3 of S~'I. Since 7 is a
unit in ST'R, then S~'I is an n-ideal of S~'R as required. The other part follows
directly by Proposition O

Corollary 3. Let S be a multiplicatively closed subset of a ring R and I be an ideal
of R disjoint with S. Then I is an S-n-ideal of R if and only if S™'I is an n-ideal
of STIR, ST\ INR=(I:5) and S~'"VON R = (/0 : t) for some s,t € S.

Proof. =) Suppose I is an S-n-ideal of R. Then S™!I is an n-ideal of S™'R by
Corollary 2l The other part of the implication follows by using a similar approach
to that used in the proof of Proposition

<) Suppose S™! is an n-ideal of S~'R, ST'INR=(I:5s) and S"'VONR =
(+/0 : t) for some s,t € S. Choose u = st € S and let a,b € R such that ab € I.
Then %% € S7'T and so $evsSTlo= S~14/0 or % e S1r. If § € v.S~10, then
there is w € S such that wa € V0. Thus, a = ot e S~ IWVONR= (\m : t). Hence,
ta € V0 and so ua = sta € V0. If % € S7'I, then there is v € S such that vb € I
and so b= € S'INR=(I:s). Therefore, ub =tsb € I and I is an S-n-ideal
of R. O
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Proposition 12. Let f : Ry — Rs be a ring homomorphism and S be a multiplica-
tively closed subset of R1. Then the following statements hold.

(1) If f is an epimorphism and I is an S-n-ideal of Ry containing Ker(f), then
f(I) is an f(S)-n-ideal of Ra.

(2) If Ker(f) C /Ogr, and J is an f(S)-n-ideal of Ry, then f~1(J) is an S-n-
ideal of R;.

Proof. First we show that f(I) N f(S) = 0. Otherwise, there is t € f(I) N f(S)
which implies t = f(z) = f(s) for some z € I and s € S. Hence, x—s € Ker(f) C I
and s € I, a contradiction.

(1) Let a,b € Ry and ab € f(I). Since f is onto, a = f(x) and b = f(y) for
some x,y € Ry. Since f(x)f(y) € f(I) and Ker(f) C I, we have xy € I and so
there exists an s € S such that sz € \/Ogr, or sy € I. Thus, f(s)a € \/Or, or
f(s)b e f(I), as needed.

(2) Let a,b € Ry with ab € f~1(J). Then f(ab) = f(a)f(b) € J and since J
is an f(9)-n-ideal of Rj, there exists f(s) € f(S) such that f(s)f(a) € \/Ogr, or
f(s)f(b) € J. Thus, sa € \/0g, (as Ker(f) C /0gr,) or sbe€ f~1(J). O

Let S be a multiplicatively closed subset of a ring R and I be an ideal of R
disjoint with S. If we denote r + I € R/I by 7, then clearly the set S = {5: 5 € S}
is a multiplicatively closed subset of R/I. In view of Proposition we conclude
the following result for S-n-ideals of R/I.

Corollary 4. Let S be a multiplicatively closed subset of a ring R and I, J are two
ideals of R with I C J .

(1) If J is an S-n-ideal of R, then J/I is an S-n-ideal of R/I. Moreover, the
converse is true if I C /0.

(2) If Ris asubring of R’ and I’ is an S-n-ideal of R/, then I'NR is an S-n-ideal
of R.

Proof. (1) Note that (J/I) NS = ¢ if and only if I NS = ¢. Now, we apply the
canonical epimorphism 7 : R — R/I in Proposition
(2) Apply the natural injection i : R — R’ in Proposition [12] (2). O

We recall that a proper ideal I of a ring R is called superfluous if whenever
I+ J = R for some ideal J of R, then J = R.

Proposition 13. Let S C reg(R) be a multiplicatively closed subset of a ring R.

(1) If I is an S-n-ideal of R, then it is superfluous.
(2) If I and J are S-n-ideals of R, then I + J is an S-n-ideal.

Proof. (1) Suppose I + J = R for some ideal J of R and let j € J. Then 1 —j €
IC+0CJ(R) by (1) of Proposition Thus, j € U(R) and J = R as needed.

(2) Suppose I and J are S-n-ideals of R. Since I,J C V0, I +J C /0 and so
(I+J)NS =¢. Now, I/(INJ)isan Si-n-ideal of R/(I N J) by (1) of Corollary
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M where S; = {s+ (INJ):s € S} If So = {s+J:s € S} then clearly
Sy € Sy and so I/(INJ) is also an Sy-n-ideal of R/(I NJ). By the isomorphism
(I+J)/J=I/(INJ),we conclude that (I + J)/J is an S-n-ideal of R/J. Now,
the result follows again by (1) of CorollaryEl (]

Proposition 14. Let R and R’ be two rings, <R and I' <R'. If S and S’ are
multiplicatively closed subsets of R and R, respectively, then

(1) I x R isan (S x 8’)-n-ideal of R x R’ if and only if I is an S-n-ideal of R
and S’ N+/0r # ¢.

(2) Rx I’ is an (S x S’)-n-ideal of R x R’ if and only if I’ is an S’-n-ideal of
R’ and SN +/0gr # ¢.

Proof. Tt is clear that (I x R')N(SxS")=0ifand only if INS =0 and (Rx I')N
(S x S)=0if and only if I'N S = 0.

(1) Let a,b € R with ab € I. Choose an (Sx.S’)-element (s, s") of IXR'. If sb ¢ I,
then (a,1)(b,1) € I x R’ with (s,5")(b,1) ¢ Ix R'. Since I x R’ is an (S x.5")-n-ideal,
then (s,s")(a,1) € /Orxr' = VOr x /Og'. Thus, sa € \/Og and s’ € S’ N+/0r'
I. If sb € I, then (b,1)(s,s’) € I x R'and so (s,5")(b,1) € \/Orxr = vOr X /Op'
as (s,s')?2 ¢ I x R'. In both cases, we conclude that I is an S-n-ideal of R and
S'N+/0r # ¢. Conversely, suppose I is an S-n-ideal of R, s is some S-element of [
and s € S'N/0g. Let (a,a’)(b,b') € I x R’ for (a,a’),(b,b') € RxR'. Thenab € I
which implies sa € /Og or sb € I. Hence, we have either (s, s')(a,a’) € /Or x/Or'
or (s,8')(b,b') € I x R'. Therefore, (s,s’) is an S x S’-element of I x R’ as needed.

(2) Similar to (1). O

The assumptions S’ N /0r # ¢ and SN+/0gr # ¢ in Proposition are crucial.
Indeed, let R = R' =715, S = 5" ={1,3,9} and I =< 4 > . It is shown in Example
that I is an S-n-ideal of R while I x R’ is not an (S x S’)-n-ideal of R x R’ as

(2,1)(2,1) € I x R but for all (s,s') € S x S, neither (s,5)(2,1) € I x R nor
(S,S/)(Q, 1) € Opxnp.

Remark 1. Let S and S’ be multiplicatively closed subsets of the rings R and
R', respectively. If I and I' are proper ideals of R and R’ disjoint with S, S’,
respectively, then I x I' is not an (S x S’)-n-ideal of R X R'.

Proof. First, note that SN +/0r = S’ N0 = 0. Assume on the contrary that
IxI'isan (SxS’)-n-ideal of Rx R and (s, s’) is an (S x S’)-element of I x I’. Since
(1,0)(0,1) € I x I', we conclude either (s,s’)(1,0) € \/Or x v/Or or (s,5')(0,1) €
I x I" which implies s € v/Og or s’ € I'; a contradiction. O

Proposition 15. Let R and R’ be two rings, S and S’ be multiplicatively closed
subsets of R and R', respectively. If I and I’ are proper ideals of R, R', respectively
then I x I' is an (S x S")-n-ideal of R x R’ if one of the following statements holds.

(1) Iis an S-n-ideal of R and S’ N+/0Op' # ¢.
(2) I is an S’'-n-ideal of R’ and SN +/0g # ¢.
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Proof. Clearly (I x I"YN(SxS") =0 if and only if INS =0 or I'NS" = (). Suppose
I is an S-n-ideal of R and S’ N+/0r # ¢. Then INS =0 and Opr € I' NS’ # 0.
Choose an S-element s of I and let (a,a’)(b,b") € I x I for (a,d’), (b,b') € R x R'.
Then ab € I which implies sa € \/Or or sb € I. Hence, we have either (s,0)(a,a’) €
VOr x \/Og: or (5,0)(b,b') € I x I'. Therefore, (s,0) is an S x S’-element of I x I'.
Similarly, if I’ is an S’-n-ideal of R’ and S N +\/0r # ¢, then also I x I' is an
(S x §")-n-ideal of R x R’. O

3. S-n-IDEALS OF IDEALIZATIONS AND AMALGAMATIONS

Recall that the idealization of an R-module M denoted by R(+)M is the com-
mutative ring R x M with coordinate-wise addition and multiplication defined as
(r1,mq1)(ra,ma) = (rire,r1ma + r9my). For an ideal I of R and a submodule N
of M, I(+)N is an ideal of R(+)M if and only if IM C N. It is well known
that if I(+)N is an ideal of R(+)M, then \/T(+)N = VI(+)M and in partic-
ular, \/Opypr = VO(+)M. If S is a multiplicatively closed subset of R, then
clearly the sets S(+)M = {(s,m):s€ S, me M} and S(+)0 = {(s,0) : s € S}
are multiplicatively closed subsets of the ring R(+)M.

Next, we determine the relation between S-n-ideals of R and S(4)M-n-ideals of
the R(+)M.

Proposition 16. Let N be a submodule of an R-module M, S be a multiplicatively
closed subset of R and I be an ideal of R where IM C N. If I(+)N is an S(+)M-
n-ideal of R(+)M, then I is an S-n-ideal of R.

Proof. Clearly, SN I = ¢. Choose an S(+)M-element (s,m) of I(+)N and let
a,b € R such that ab € I. Then (a,0)(b,0) € I(+)N and so (s,m)(a,0) € VO(+)M
or (s,m)(b,0) € I(+)N. Hence, sa € V0 or sb € I and I is an S-n-ideal of R O

Proposition 17. Let S be a multiplicatively closed subset of a ring R, I be an ideal
of R disjoint with S and M be an R-module. The following are equivalent.

(1) Iis an S-n-ideal of R.
(2) I(+)M is an S(+)0-n-ideal of R(+)M.
(3) I(+)M is an S(+)M-n-ideal of R(+)M.

(
(
Proof. (1)=(2). Suppose I is an S-n-ideal of R, s is an S-element of I and note
that S(+)0N I(4+)M = ¢. Choose (s,0) € S(+)0 and let (a, mq), (b,m2) € R(+)M
such that (a,m;)(b,mo) € I(+)M. Then ab € I and so either sa € v/0 or sb € I. Tt
follows that (s,0)(a,m1) € VO(+)M = VOr(n or (s,0)(b,mz2) € I(+)M. Thus,
I(+)M is an S(+)0-n-ideal of R(+)M.
(2)=(3). Clear since S(+)0 C S(+)M.
(3)=(1). Proposition [16] O

Remark 2. The converse of Proposition[16 is not true in general. For ezample,
if S ={1,—1}, then 0 is an S-n-ideal of Z but 0(+)0 is not an (S(+)Zg)-n-ideal
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of Z(+)Zs. For example, (2,0)(0,3) € 0(+)0 but clearly (s m)(2,0) ¢ VO(+)Zs =
V0z1)zs and (s,m)(0,3) ¢ 0(+)0 for all (s,m) € S(+)Zs

Let R and R’ be two rings, J be an ideal of R' and f : R — R’ be a ring
homomorphism. The set R x/ J = {(r,f(r)+j):7 € R, j € J} is a subring of
Rx R’ called the amalgamation of R and R’ along J with respect to f. In particular,
if Idgr : R — R is the identity homomorphism on R, then R x J = R wx/r J =
{(r,r+j):7r € R, j€ J} is the amalgamated duplication of a ring along an ideal
J. Many properties of this ring have been investigated and analyzed over the last
two decades, see for example [9], |10].

Let I be an ideal of R and K be an ideal of f(R) + J. Then I x/ J =
{(i, f() +34) i€, je Jyand K/ ={(a, f(a) +j) :a € R, j € J, f(a) +j € K}
are ideals of R x/ J, [10]. For a multiplicatively closed subset S of R, one can easily
verify that S )7 J = {(s, f(s) +j):s€S,j € J} and W = {(s, f(s)) : s € S} are
multiplicatively closed subsets of R x/ J. If J C \/Or/, then one can easily see
that \/ORNf'] = \/(E Nf J.

Next, we determine when the ideal I x/ J is (S 7/ J)-n-ideal in R x/ J.

Theorem 5. Consider the amalgamation of rings R and R’ along the ideals J of
R’ with respect to a homomorphism f. Let S be a multiplicatively closed subset of
R and I be an ideal of R disjoint with S. Consider the following statements:

(1) I xf J is a W-n-ideal of R x/ J.

(2) I x¥ Jis a (S xf J)-n-ideal of R x5 J.

(3) I is a S-n-ideal of R.

Then (1) = (2) = (3). Moreover, if J C \/Or/, then the statements are equiva-
lent.

Proof. (1)=(2). Clear, as W C S 7 J.

(2)=(3). First note that (S x/ J)N(I =/ J) = @ if and only if SNI = @). Suppose
I x/ Jisan (S x/ J)-n-ideal of R x/ J. Choose an (S x/ .J)-element (s, f(s))
of I x/ J. Let a,b € R such that ab € I and sa ¢ \/Og. Then (a, f(a))(b, f(b)) €
I %7 J and clearly (s, f(s))(a, f(a)) & /Orwnsy- Hence, (s, f(s))(b, f(b)) € I =/ J
and so sb € I. Thus, s is an S-element of I and [ is an S-n-ideal of R.

Now, suppose J C /Og.. We prove (3)=(1). Suppose s is an S-element of
I and let (a, f(a) + j1)(b, f(b) + j2) = (ab, (f(a) + j1)(f(b) + j2)) € I w/ J for
(a, f(a) + 51), (b, f(b) + 1) € R w! J. If (s, f(s))(a, f(a) + 1) & \/Orwrs =
VOg x/ J, then sa ¢ /Og. Since ab € I, we conclude that sb € I and so
(s, F(5))(b, f(b) + j2) € I =¥ J. Thus, (s, f(s)) is a W-element of I x/ J and
I xf Jis a W-n-ideal of R x/ J. ]

Corollary 5. Consider the amalgamation of rings R and R’ along the ideal J C
VOr' of R' with respect to a homomorphism f. Let S be a multiplicatively closed
subset of R. The (S x/ J)-n-ideals of R xf J containing {0} x J are of the form
I x/ J where I is a S—n-ideal of R.
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Proof. From Theorem[5} I x/ J is a (S x/ J)-n-ideal of R / .J for any S-n-ideal
I of R. Let K be a (S xf J)-n-ideal of R xf J containing {0} x J. Consider the
surjective homomorphism ¢ : R x/ J — R defined by ¢(a, f(a) + j) = a for all
(a, f(a)+j) € R xS J. Since Ker(p) = {0} x J C K, I := p(K) is a S-n-ideal of
R by Proposition Since {0} x J C K, we conclude that K = I x/ J. O

Let T be a multiplicatively closed subset of R’. Then clearly, the set T/ =
{(s, f(s)+34):s€ R, jeJ f(s)+j € T} is a multiplicatively closed subset of
R xS J.

Theorem 6. Consider the amalgamation of rings R and R’ along the ideals J of R’
with respect to an epimorphism f. Let K be an ideal of R’ and T be a multiplicatively
closed subset of R' disjoint with K. If K is a TY-n-ideal of R w7 J, then K is a
T-n-ideal of R'. The converse is true if J C /O and Ker(f) C /Og.

Proof. First, note that TN K = ¢ if and only if 77 N K/ = ¢. Suppose K7 is a
T7-n-ideal of R x/ J and (s, f(s) + j) is some T-element of K¥. Let o/, € R’
such that a’d’ € K and choose a,b € R where f(a) = a’ and b = f(b'). Then
(a, f(a)), (b, f(B)) € R w/ J with (a, ()b, f(})) = (ab, f(ab)) € KI. By as-
sumption, we have either (s, f(s) + j)(a, f(a)) = (sa, (f(s) +7)f(a)) € \/Orxs; Or
(5, £(5) + )(b, F(8)) = (sb, ((5) + )/ (5)) € K. Thus, f(s) +j € T and clearly,
(f(s)+7)f(a) € VOg or (f(s)+j)f(b) € K. It follows that K is a T-n-ideal of R’.
Now, suppose K is a T-n-ideal of R’, t = f(s) is a T-element of K, J C \/Or and
Ker(f) € v/0r. Let (a, f(a) +j1) (b, f(b) + j2) = (ab, (f(a) + j1)(f (D) + j2)) € K/
for (a, f(a) + 1), (b, f(B) + j2) € R 0/ J. Then (f(a) -+ 1)(f(B) + ) € K and so0
F(3)(F{a) + 1) € VO or 7(s)(f(b) + ja) € K. Suppose f(s)(f(a] + 1) € VOR.
Since J C \/0g/, then f(sa) € v/Or and so (sa)™ € Ker(f) C \/Og for some integer
m. Hence, sa € 0 and (5, £())(a, £(a) + j1) € sz T F(5)(F(B) +2) € K,
then clearly, (s, f(s))(b, f(b) + j2) € K/. Therefore, K/ is a T/-n-ideal of R xf J
as needed. g

In particular, S x f(S) is a multiplicatively closed subset of R xf J for any
multiplicatively closed subset S of R. Hence, we have the following corollary of
Theorem

Corollary 6. Let R, R', J, S and f be as in Theorem[3 Let K be an ideal of R’
and T = f(S). Consider the following statements.

(1) Kf is a (S x T)-n-ideal of R =% J.

(2) K7 is a TY -n-ideal of R x/ J.

(3) K is a T-n-ideal of R.

Then (1) = (2) = (8). Moreover, if J C \/Or and Ker(f) C \/Og, then the
statements are equivalent.

We note that if J & /Og/, then the equivalences in Theorems |5 and |§| are not
true in general.
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Example 5. Let R=7,1=(0) =K, J=(3) £ 0z and S = {1} =T. We have
I'xJ={0,3n):neZ}, K={3n,0):neZ} SxJ={13n+1):ncZ},
T={(1-3n,1):neZ} and \/0rus = {(0,0)}.

(1) Iis a S-n-ideal of R but I x .J is not a (S x J)-n-ideal of R x J. Indeed,
we have (0,3),(1,4) € R wx J with (0,3)(1,4) = (0,12) € I x J. But
(1,3n+1)(0,3) ¢ v/ Orws and (1,3n+1)(1,4) ¢ I x J for all n € Z.

(2) K is a T-n-ideal of R but K is not a T-n-ideal of R x J. For example,
(-3,0),(—4,—1) € R x J with (=3,0)(—4,—1) = (12,0) € K. However,
(1—=3n,1)(=3,0) ¢ \/Orxs and (1 —3n,1)(—4,—1) ¢ K for all n € Z.

By taking S = {1} in Theoremand Corollary@ we get the following particular
case.

Corollary 7. Let R, R', J, I, K and f be as in Theorems@ and@.

(1) If I xf J is an n-ideal of R x/ J, then I is an n-ideal of R. Moreover, the
converse is true if J C \/0r/.

(2) If K/ is an n-ideal of R x/ J, then K is an n-ideal of R’. Moreover, the
converse is true if J C +/0p and Ker(f) C /0g.

Corollary 8. Let R, R',I, J, K, S and T be as in Theorems@ and@.

(1) I x Jisa (S x J)-n-ideal of R x J, then I is a S—n-ideal of R. Moreover,
the converse is true if J C \/0g:.
(2) If K is a T-n-ideal of R x J, then K is a T-n-ideal of R’. The converse is
true if J C v/0gr and Ker(f) C v/Og.
As a generalization of S-n-ideals to modules, in the following we define the notion
of S -n-submodules which may inspire the reader for the other work.

Definition 2. Let S be a multiplicatively closed subset of a ring R, and let M be
a unital R-module. A submodule N of M with (N :g M)NS = 0 is called an S
-n-submodule if there is an s € S such that am € N implies sa € \/(0:g M) or
sm € N for alla € R and m € M.
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ABSTRACT. The concept of a pair of curves, called as Bertrand partner curves,
was introduced by Bertrand in 1850. Bertrand partner curves have been stud-
ied widely in the literature from past to present. In this study, we take into
account of the concept of Bertrand partner trajectories according to Positional
Adapted Frame (PAF) for the particles moving in 3-dimensional Euclidean
space. Some characterizations are given for these trajectories with the aid of
the PAF elements. Then, we obtain some special cases of these trajectories.
Moreover, we provide a numerical example.

1. INTRODUCTION

The theory of curves is one of the extensive fields of study for especially differ-
ential geometry, and in the existing literature, a great number of studies have been
done because of the fact that this topic is attached to the attention of a great deal
of researchers. This theory investigates the geometric property of the plane and
space curves by means of calculus methods. The moving frames can be seen most
important structures in analyzing the calculus of curves.

Until today, many authors have been used the moving frames to investigate many
special curves. For example spherical curves, Mannheim curve couple, Bertrand
curve couple, involute-evolute curve couple are discussed by using the moving
frames. One of these moving frames called as Positional Adapted Frame (PAF)
was introduced by Ozen and Tosun in 2021. The authors defined this moving
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frame for the trajectories having non-vanishing angular momentum in Euclidean 3-
space [15]. There can be found some other studies |11}[16|19] which are performed
by considering this frame.

Bertrand curve couple is one of the most popular special type curve couples.
The principal normal line of one of these partner curves coincides with the principal
normal line of the other partner curve at the corresponding points of these curves.
This definition was given by French mathematician Joseph Louis Frangois Bertrand
in 1850 [1]. In this study, Bertrand also characterized this curve with respect to
its curvature and torsion. By following the steps similar to those of Bertrand, this
topic was expanded to different moving frames. For example, the studies [21], |14]
and |7] expanded this topic to the type-2 Bishop frame, Darboux frame and g-
frame, respectively. Also, many mathematicians presented various studies about
the concept of Bertrand curve couple with different perspectives. Some of them
can be found in [3,|10L/12,/17,[20]. In this study, we will consider this topic with
respect to the Positional Adapted Frame.

This study is organized as follows. In Section [2} we review some required in-
formation to understand the ensuing section. In Section [3] we deal with Bertrand
partner trajectories according to Positional Adapted Frame in 3-dimensional Eu-
clidean space. We call these trajectories as Bertrand partner P-trajectories. We
examine the relationships between the PAF elements of the aforesaid partners. Also,
we give the relations between the Serret-Frenet basis vectors of Bertrand partner
P-trajectories. Moreover, we get the necessary conditions in terms of the PAF cur-
vatures of other to be an osculating curve for one of these partners. Lastly, we
provide a numerical example so that the readers can visualize the Bertrand partner
P-trajectories.

2. Basic CONCEPTS

In this section, we have reviewed some required and fundamental concepts to
disambiguate the ensuing section of the paper.

In Euclidean 3-space E3, let U = (uy,u2,u3),V = (v1,v2,v3) € R3 be given.
The standard dot product of these vectors and the norm of U are given as
(U,V) = ugvy + ugva + ugvs and ||U|| = /(U,U), respectively. A differen-
tiable curve o = a(s) : I € R — E3 is called as a unit speed curve if HZ—‘S"H =1
holds for each s € I. In that case, s is called as arc-length parameter of the curve
a. If the derivative of a differentiable curve never vanishes along this curve, it is
said to be a regular curve. Any regular curve always has a parameterization such
that it will be a unit speed curve [18]. Note that the symbol prime “/” will be used
to indicate the differentiation according to the arc-length parameter s in the rest
of the paper.

Let us take into consideration a point particle P of a constant mass moves on
a unit speed regular curve o = «(s). The base vectors of the Serret-Frenet frame
{T(s),N(s),B(s)} of a are defined by the equations T (s) = a/(s),
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N(s) = Hzxﬁ’ B(s) = T(s) AN(s). The base vectors T (s), N (s) and B (s)

are called as unit tangent vector, principal normal vector and binormal vector, re-
spectively. The Serret-Frenet derivative formulas are expressed as in the following:

T/(s) 0 K(s) 0 T(s)
N'(s) | = | —r(s) 0 7(8) N(s) (1)
B'(s) 0 —7(s) O B(s)

where k (s) = ||T' (s)]| is the curvature and 7 (s) = — (B’ (s),N (s)) is the torsion
[18]. We must emphasize that the curvature x never vanishes for the curves we will
consider in this paper.

On the other hand, it is well known that the vector product of the position
vector x = (a(s), T (s)) T (s) + {(a(s), N(s))N(s) + (a(s), B(s))B(s) and the
linear momentum vector p (£) = m (%) T (s) of the particle P yields the angular

dt
momentum vector of P about the origin as H? = m (o (s), B(s)) (%) N(s) —
m (a(s), N(s)) (%) B(s). Here m and t denote the constant mass of P and the

time [41/9]. Let this vector not equal to zero vector during the motion of P. Making
this supposition assures that the coefficient functions (a(s), N(s)) and («a(s), B(s))
of the position vector x do not equal to zero at the same time. Then, one can easily
say that the tangent line of @ = a(s) does not pass through the origin along the
trajectory of P. Take into account of the vector whose initial point is the foot of
the perpendicular (from origin to instantaneous rectifying plane Sp{T(s),B(s)})
and endpoint is the foot of the perpendicular (from origin to instantaneous oscu-
lating plane Sp {T(s),N(s)}). The unit vector in direction of the equivalent of the
aforementioned vector at the point a (s) determines the PAF basis vector Y (s).
The other PAF basis vector M(s) is obtained by the vector product Y (s) A T (s).
Consequently, the vectors

T(s) = T(s),

M(S) <0[(S)7B(S)> N(S)+ <a(s)7N(S)> B(S)7
V{a(s),N())? + {a(s), B(s)) V{a(),N())? + {a(s), B(s))”

Yes) Lo NG gy fo(2) B() B,
V/(a(s),N(s))? + (als), B(s)) V{a(s),N(s))? + (a(s), B(s))

form the Positional Adapted Frame {T(s), M(s),Y(s)} (see [15] for more details
on PAF).
The relation between the Serret-Frenet frame and PAF is as in the following;:

T (s) 10 0 T(s)
M(s) | = (0 cosQ(s) —sinQ(s) N(s) (2)
Y(s) 0 sinQ(s) cosf(s) B(s)

where Q(s) is the angle between the vector B(s) and the vector Y(s) which is
positively oriented from the vector B(s) to vector Y(s). On the other hand, the
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derivative formulas of PAF are presented as follows [15]:

T'(s) 0 k1(s)  ka(s) T(s)
M'(s) | = | —ki(s) 0 ks(s) M(s) (3)
Y'(s) —ka(s) —ks(s) 0 Y(s)

where
k1(s) = k(s) cosQ(s),
ka(s) = k(s)sinQ(s),
ks(s) = 7(s) — Q' (s).

Here, the rotation angle Q(s) is determined by means of the following equation:

arctan (— %) if (a(s), B(s)) >0,

(a(s),N(s)) .
arctan ( — S52L80 ) Lo i (as), B(s)) <0,
Q(s) = ( <a<s>,B<s>>) {a(s), B(s))

2 if (a(s), B(s)) =0, (a(s), N(s)) <O0.

The elements of the set {T(s), M(s),Y(s),k1(s),k2(s),ks(s)} are called as PAF
apparatuses of o = « () |15].

Note that PAF is a generic adapted moving frame just like Bishop frame [2],
Darboux frame [6], B-Darboux frame [8] etc. Generic adapted moving frames are
obtained from Serret-Frenet frame by a rotation (see [5] for more details on generic
adapted moving frame). Since the analytical approach is used to determine the
rotation angle in PAF, the rotation angle can be easily determined, while in many
other moving frames, the determination of the angle is based on integral calcula-
tions. These calculations often cause difficulties for researchers. Also, PAF enables
the researchers to study the kinematics of a moving particle and the differential
geometry of this particle at the same time. Moreover, PAF contains information
about the position vector of the moving particle. When viewed from this aspect, it
is a useful tool for the researchers studying on kinematics and inverse kinematics.

Now we give the definition of the osculating curve in 3-dimensional Euclidean
space since we will discuss this topic in the next section. A curve 8 = f(s) is called
as osculating curve if its position vector always lies in its osculating plane. One can
find more details on this topic in [13].

Theorem 1. (15| Let o = «(s) be the unit speed parameterization of the trajectory.
Then, « is an osculating curve if and only if k1 = 0.

More details can be found in the studies [11}|15/|16}/19] for Positional Adapted
Frame (PAF).
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3. BERTRAND PARTNER P-TRAJECTORIES

In this section, we introduce the Bertrand partner P-trajectories and give some
characterizations of them. Furthermore, we provide an example in order to illustrate
this topic.

Definition 1. Let Q and Q be the moving point particles of constant masses in the
Euclidean 3-space. Show the unit speed parameterization of the trajectories of Q and
Q with a = «a (s) and & = & (8), respectively. Let the PAF apparatus of the trajecto-
ries a and & be represented by {T, M, Y, k1, ko, k3} and {’i‘, M, Y, k1, ks, 153},
respectively. If the PAF base vector M coincides with the PAF base vector M at
the corresponding points of the trajectories o and &, in this case « is said to be

a Bertrand partner P-trajectory of &. Moreover, the pair {a, &} is called as a
Bertrand P-pair.

FIGURE 1. Bertrand partner P-trajectories

According to the definition of Bertrand P-pair, we get the following matrix equa-
tion

T cosp 0 —sing T
M|=(o0 1 o0 M (4)
Y sing 0 cos¢ Y

where ¢ is the angle between the tangent vectors T and T.

Theorem 2. Let {a = a(s),d& = & (5)} be any Bertrand P-pair in E3. In that
case, the distance between the corresponding points of a and & is constant.
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Proof. By the definition of Bertrand P-trajectories, we can write:

a(s)=a(3) +¢ ()M () ()

where ¢ is a real valued smooth function of § (see Figure. By taking the derivative
of the equation with respect to § and considering the PAF derivative formulas
, we get:

ds

(1 — B\ T N Y
T£_(1 wkl)T+¢M+wk3Y. (6)

Since T, T and Y are orthogonal to M, and also M is a unit vector, we have ¢ = 0
with the help of the inner product. Therefore, ¥ is a non-zero constant and the
equation @ becomes:

ds o\ v .
T = (1 — 1/JI<:1> T+ ks Y. (7)

In the light of these results, the distance between the corresponding points of the
trajectories can be given as:

d(a(s) & () = lla(s) = & &) = [em]| = w .

Therefore, we can say that the distance between each corresponding points of «
and & is constant. (]

Theorem 3. Let {a = a(s),a =& (8)} be any Bertrand P-pair in E3. Then, the
equation

%(cosqb) = ko <Y, ’i‘> + ky ds <T,Y>
is satisfied.

Proof. Since ¢ is the angle between the tangent vectors T and ’i‘7 one can easily
write <T,'i‘> = ||T| HTH cos¢p = cos¢. Let us differentiate this equation with
respect to s. Thus, we get:

C%(cos o) % <T,’i‘>

o o ou ¢ o . ds
<l<:1M + kY, T> n <T, (K1 M + sz)dj> .

This equation gives us the desired result. O

Corollary 1. The angles between the tangent vectors at the corresponding points
of a Bertrand P-pair is generally not constant.
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Theorem 4. Let {a =« (s), & =& (3)} be a Bertrand P-pair in E3. Then, the
following relations

T (1 - 1/1/51) 4 1/1/53% T
M| = 0 1 0 M (8)
Y —wks® 0 (1-wk) ) \Y

are satisfied between the PAF vectors of a and .

Proof. Suppose that {a, &} is a Bertrand P-pair in E3. By using the equations @
and @, we get:

ds ds ¢ o\ v .
cosp o —sin 0¥ = (1 - wkl) T 4 ks Y.
ds ds
The last equation gives us the following:
cos p = (1 — 1#151)
sing = —wlcug@.
ds

If we substitute the equation @ in the equation , we obtain the desired result.
|

ﬁ

Corollary 2. Let {a = «a(s),& = &(5)} be a Bertrand P-pair in E3. Then, we
have:

tan ¢ = - (10)

where ¢ is the angle between T and T.
Corollary 3. Let {a = a(s),& = &(8)} be a Bertrand P-pair in E3. Then,

/cos¢ds+¢/151d§ =5+c
where ¢ denotes the integration constant.

Corollary 4. Let {a = a(s),a =& (8)} be a Bertrand P-pair in E®. Then, the

equality
/sin¢ds+w/153d§ =0

Theorem 5. Let {a = a(s),&=a(5)} be a Bertrand P-pair in E* and their
Serret-Frenet apparatuses be {T, N, B, k, 7} and {'i‘, N, ]§, R, 7’}, respectively.

holds.
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Then, the relations between the Serret-Frenet vectors of this pair are given as:
o o\ ds o ds . ds
T — (1 - wkl) B ks sin QN — gk cos OB,
ds ds ds
g o . o ds " “\ . o= . _.ds
N:wk351nQd—T+ cos2cos ) + (17’1/)]61) ststd— N
S s
o o\ . ow ds
+ | —cosQsin ) + (1 — wkl) sin ) cos Qd— B,
s
o v < ds L 5 v o ds
BzwkgcosQ£T+ —sinQcos ) + (1—wk‘1) costmQ£ N
LB . < ds
+ [ sin2sin O + (1 — wkl) cos €2 cos Qd— B,
s

where Q is the angle between the vectors B and Y and also, Q is the angle between
the vectors B and Y.

Proof. Using the equation , we can write:

T 1 0 0 T
M| =10 cos2 —sinQ| [N (11)
Y 0 sinQ cosQ B
and also
T 1 0 0 T
N|=1{0 cosQ sinQ M (12)
B 0 —sinQ cos® Y

On the other hand, by using the equation , we get:

T (1 - 1/1151) 0 — ks & T
V| = 0 1 0 M (13)
Y vhe® 0 (1-vk) &) \Y
If the equation is substituted into the equation , then
v\ ds < ds
’I‘ (1 - wkl) @ iy 45 -
N | = | vkssinQL  cosQ  (1—9ki)sinQ% [ (M (14)
B as | \Y

1/)]5300852% —sinQ lfwkul cos (148

S

is found. By using the equation in the equation , we complete the proof. [

Theorem 6. Let {a = a(s),& =a(8)} be a Bertrand P-pair in E3. Then, the
following relations
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v v 2 v 2
ki —Yky — ks
o v 2 v 2\’
1— 20k + 2 (k1 +k3>
- ke — nk? — nk3

1 =20kt +n2 (k2 + k2)

are satisfied between ki, ks, ky and ks. Here 1 is a constant satisfying | n|=| v |.

Proof.

(1) Assume that {a,a} is a Bertrand P-pair in E3. Via the equation
(ED and the equality cos2¢ + sin’¢ = 1, we get:

ds\* N2 g2
Z) ((1—vk) + 'R ) =1
Hence, we have:
ds 2—1—2¢I5 +w2(152+l52) (15)
=) = 1 1 3 ) -

On the other hand, if we differentiate the equation with respect to §
and use the PAF derivative formulas, we obtain:

Z;ST + ks <Z§>2M + ks (32)2Y = (—wsl’ - wkgk”g) T
+ (1= whn) = wks”) M (16)
+ (152 (1 - w151> + wk?g') Y.

By taking into consideration the equation and utilizing the definition
of Bertrand P-pair, we get:

2
Ky (ds) - (1 . 1/1151) Ky — ks (17)

ds
From the equations and , one can easily see the desired result.
According to the definition of the Bertrand P-pair, we can write:
&(5) = a(s) + M (s)
where 7 is a constant satisfying | n |=| ¢ | (see Figure[I]). Let us take the
derivative of this equation with respect to s twice. In that case, we obtain:
ds

T£ = (1 —nk)) T +nksY (18)

B3 o (A3 o o (d5)

o () () - o

+ (k1 (1 — nk1) — nk3) M
+ (k2 (1 — nk1) + nks) Y.

(19)
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On the other hand, we can write T = cos ¢ T +sin ¢ Y by the equation .
Then, by using the equation , we find:

ds ds
cos qS—ST + sin d)—SY =(1—nk) T+ nksY.
ds ds

ds ds
Hence, we get the equations cos (bd— =1 —nk; and sin qbd— = nks. These
s s

equations give us the equation:

s\’
(ds> =1—2nki +n° (kI +k3) . (20)

Moreover, by taking the inner product of the vectors at the right and left
sides of the equation with the vector M, we have:

o (d3)®
k1 (ds) = k1 — ki —nk3. (21)

Therefore, we obtain the desired result by using the equation .
O

Thanks to the Theorem [I]and Theorem 6] we can attain the following corollaries.

Corollary 5. Let {a =« (s),& = &(5)} be a Bertrand P-pair in Euclidean 3-space
0.

EB. Ifkvl = kug = 0, then ]{31 =

Corollary 6. Let {a = a(s),& = &(8)} be a Bertrand P-pair in Euclidean 3-space
E3. ]fk‘l = k‘3 = 0, then k‘l =0.

Corollary 7. Let {a = a(s), & =& (%)} be a Bertrand P-pair in E®. Then, the
following mathematical expressions hold:

k1 —1pky* — ks -0
< ol 2,2\ W
1—2yky 4% (k1 "4k
ki—nki—nk2 —0
1—2nk1+n? (k3 +k2) )

(1) « is an osculating curve if and only if
(2) & is an osculating curve if and only if

Example 1. In the Fuclidean 3-space, suppose that a point particle () moves on
the trajectory

a:(0,7/2) — B3

8 12 15 (22)
s as) = 1—7cos2s7 T sin 2s, —ﬁCOSQS .

By straightforward calculations, we get the following Serret-Frenet apparatus:
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8 . 15 .

T(s) = (—17 sin 2s, — cos s, 77 8in 28)

1 k(s) =

N(s) = —Ecos 2s,sin 2s, —5cos 2s and (=)
17 17 T(s) =
15 8

Bs)= (-0 -2

= (120773 )

) 12 T
Since {a(s),B(s)) = 0 and (a(s),N(s)) = -1+ T75in 25 <0, we get Q = 5 Then,
the elements of PAF are found as:

8 15
T(s) = <—17 sin 2s, — cos 2s, 7 sin 23)
kl(s) =0
15 8
= (=0 = k =1
M(s) <17,0, 17) and ]:Es; !
8 15 s
Y(s) = <—17 cos 2s, sin 2s, 7 €08 23)
Therefore, Bertrand partner P-trajectory of a can be given as:
} 8 15 12 15 8
a(s) = (17005254—7717,1,7—511125,—1,700525—}—771,7) (23)

by means of the equality &(s) = a(s) + nM(s).

-0.5
0.0
T 0.0
05

(ev) 0.5

I (x)
05

0.0

-0.51

FIGURE 2. The trajectories o and & given in and
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In the Figure[d, the trajectories a = a(s) (blue) and & = &(s) (red) can be seen.
Here we take n = 0.1.

On the other hand, by using the Theoremla and Corollarylj we get ky = 0. So,
we can conclude that the trajectory & is an osculating curve. It should be noted
that the Figure@ is drawn by utilizing the website Wolfram Mathematica (Wolfram
Cloud).
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ABSTRACT. In this paper, it is aimed to construct two different dynamical
systems on the Sierpinski tetrahedron. To this end, we consider the dynamical
systems on a quotient space of {0, 1,2,3}Y by using the code representations
of the points on the Sierpinski tetrahedron. Finally, we compare the periodic
points to investigate topological conjugacy of these dynamical systems and we
conclude that they are not topologically equivalent.

1. INTRODUCTION

In the literature, there are many works to analyze the structures on the frac-
tals |IH17]. Defining different dynamical systems on the fractals is one of these
studies [3.}418/17]. With the method given in [4], dynamical systems are naturally
constructed on the self-similar sets using their iterated function systems. Moreover,
there are different ways to define the dynamical systems on these sets considering
their structures. With the help of the folding, expanding, translation and rotation
mappings, many dynamical systems can also be obtained on the fractals as given
in |[17]. On the other hand, expressing the dynamical systems using the code repre-
sentations of the points can provide many advantages. The utility of this situation
can be seen while showing whether these systems are chaotic or not [3}{17]. For this
purpose, we also need to use the intrinsic metrics which are defined by means of
the code representations on the related fractals. For instance, the intrinsic metric
on the Sierpinski tetrahedron (ST') (see Theorem [l is required to prove that the
dynamical system, defined on the code set of ST, is chaotic 3], and it is also used
to show some geometrical properties such as number of the geodesics in [9).
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In this paper, we first focus on the quotient space of the Sierpinski tetrahe-
dron {0,1,2,3}"/.. On this space, we define two dynamical systems {ST; G} and
{ST; T} in Proposition [3| and Proposition [5| respectively. Then we compare their
fixed points and deduce that they are not topologically equivalent in Remark[2 On
the other hand, in PropositionEl and Remark we show that {ST; G} is topolog-
ically equivalent to {ST; F'} which is given in [3] (see Proposition [I)). Hence, we
also conclude that {ST;G} is chaotic in the sense of Devaney by the help of the
topological conjugacy H.

We now recall some basic notions in the following section:

2. PRELIMINARIES

As a fractal, the Sierpinski tetrahedron with vertices are Py = (0,0,0), P, =
(1,0,0), P, = (3, \2[,0) and Ps (%,%,?) is the attractor of the iterated
function system (IFS) {R?; fo, f1, f2, f3} where

f0($7y7 ) = (1 ;%; )7

11
fl(xaya < 232:’/3 >
1 11 V31
fa(z,y,2) <2$+4,2y+4>2 )
1 \/§ 1 V6
f3(z,y,2) (29C+ 12’22—’_6)

Let ST; = fi(ST) for i = 0,1,2,3. It is obvious that ST; N ST; # 0 for i # j

3
where i,7 = 0,1,2,3 and |J ST; = ST. Suppose that o is a word of length k — 1
i=0
on the set {0,1,2,3} such as 0 = ajagas...ax—1 where a; € {0,1,2,3}. Similarly,
we get STy = far_; © fap_o © 0 fay © fuo (ST). In the Figure one can see that
the sub-tetrahedron ST313 of ST for o = 313. Since STy, , STu 455 STarasass - - - 15 &
sequence of the nested sets such that

SToy O SToray O STarasas D - 2O STajan.ay, D -+

o0
() ST, indicates a singleton, A, from the Cantor intersection theorem. The code
k=1
representations of A is the sequence ajasas ... where a; € {0,1,2,3}.
On the other hand, the intersection of the sequences ST,,, STt q, SToag, SToaps, - - -

and ST,,ST,5, 57630 STogan, - - - satisfying
ST, D STya O STsap D STsaps D .-
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S(ST)=ST,

ae)

F1GURE 1. The Sierpinski tetrahedron and a small piece ST, of ST

and
ST, D STgﬁ ) STgﬂa D STagaa DR

represents the same point on ST and the code representations of these points are
ocafBp... and ofaac.... Therefore, ST can be defined as the quotient space
{0,1,2,3}"/_ where

d ~d" e =" or there are ¢;, o, 8 € {0,1,2,3} such that

d =ciea...cpafffB..., " =cica...cpBaaa. .. for an integer n.

The dynamical system, defined in on this quotient space, is given with the
following proposition:

Proposition 1. Let the code representations of points X and Y of the Sierpinski
tetrahedron be x1xoxs ... and yi1yays ... respectively. The function F : ST — ST,
F(X) =Y such that

Yi = Tit1 + x1 (mod4) (1)
where x;,y; € {0,1,2,3} and i =1,2,3,... is a dynamical system on the code sets
of the Sierpinski tetrahedon.

We also give two chaotic dynamical systems on the quotient space of the Sierpin-
ski tetrahedron and we investigate these dynamical systems in terms of topological
conjugacy.

Definition 1. Let {Xy; f1} and {Xa; fo} be two dynamical systems. If there is a
homeomorphism 0 : X1 — X such that fo = 0o f10 ot (or that means Yz €
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X1, 0(f1(x)) = f2(0(x))), these dynamical systems are equivalent or topologically
congugate. 0 is called a topological conjugacy (see [4)]).

Proposition 2. If the dynamical systems {X1; f1} and {Xs; fo} have the different
number of n—periodic points for at least n € N, then they are not topologically
conjugate (see [10]).

Definition 2. A dynamical system {X; f} is chaotic in the sense of Devaney if it
is sensitivite dependence on the initial condition, topologically transitive and it has
density of periodic points (see [6]]).

We need a useful metric in order to investigate the dynamical systems are chaotic
or not. The intrinsic metric on the quotient space of the Sierpinski tetrahedron is
formulated with the following theorem:

Theorem 1. If ajas...ax_10k0k11 ... and bibg ... bg_1bpbry1 ... are two repre-
sentations of the points A and B respectively on the Sierpinski tetrahedron such
that a; =b; fori=1,2,...,k —1 and ay # by, then the formula

. — a;+p3 1 — vit+0i 1 — ¢+
- 32 OB Ly 3 b Ly A
i=kt1 i=k+1 i=kt1
such that
L 07 ai:bk’ ﬁ _ 07 bi:ak
&= ]., az#bk ’ i ].7 bi#ak ’
0, a=ck 0, bi=c
%_{1, a; #cp 52_{17 by #cx
¢ o O, a; = dk o O7 bz = dk
Tl L, ai#de TV b £ dy

where ay, # ¢ # by and ap # di # by, and ¢y # di, (a3, b5, cx,d € {0,1,2,3}, i =
1,2,3,...) gives the distance d(A, B) between the points A and B.

This metric gives the distance of the shortest path between any points on ST.

3. A CHAOTIC DYNAMICAL SYSTEM ON THE SIERPINSKI TETRAHEDRON
{ST:G}
In this section, we construct a dynamical system which is different from on

ST and we investigate some periodic points of this dynamical system.

Proposition 3. Let the code representations of X, Y € ST be x1xox3... and
Y1Y2ys . . . respectively where i =1,2,3,... and z;,y; € {0,1,2,3}. Suppose that the
function G : ST — ST is defined according to four different situations of x1 :
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0, wiy1=1

1, Ti+1 = 2 .
G(0zaws...) =yiyays.-.-, ¥i=1q o ey =3 (i>1)

3, wi+1=0

0, zit1=0

1, 241 =1 .
G(lzaws...) =yiyays..., ¥i=1q o x’i _y (21

3, xiy1=3

0, zit1=3

1, Ti4+1 = 0 .
G(2zox3...) = Y1Yoy3 ..., Yi= 2, mipi—1 (1>1)

) K3 -

3, Tiy1=2

0, zip1=2

17 Tit1 = 3 .
G(3xoxs...) =Y1Y2ys ..., Yi= 2 Ty =0 (i>1)

3, wiy1=1

In this case, {ST; G} states a dynamical system.

Proof. We know from the hypothesis, there are four different rules in regard to
the cases of ;. If X has a unique code representation, then it is obvious that
G(X) also has a unique code representation. For «, 8 € {0,1,2,3} and o # 3, let
T1T2T3 ... ToafB6 ... and x1x2x3 ... Ty faaa . .. be two different code representa-
tions of X then we have

G($15€2$3 zpaBpp.. ~) =Y1Y2Y3 - - - YnYn+1Yn+2 - - -

G(z1x9ms ... Tpfaqa...) = 212923 .. . ZnZnt12n+2 - - -
where y;, z; € {0,1,2,3}. Therefore, we must show that y1y2ys3 ... YnUn+1Ynt2 - - -
and 212923 . .. ZpZn+12n42 - - - are different code representations of G(X).
If 1 = 0, then we get
Yi = z; = xiy1 + 3 (mod4)
fori=1,2,3,...,n — 1 because of the definition of G. As well, for i =1,2,3, ...
Yn = o+ 3 (mod4),
Yn+i = B+ 3 (mod4),
zn = B+ 3 (mod4),
Zn+i = a+ 3 (mod4)
are obtained. Let us define s; = 2,11 + 3 (mod4) and a+ 3 =~ (mod4), 5+ 3 =
d (mod4) for i =1,2,3,...,n — 1. Thus, we get v # §

Y1Y2Y3 - -« YnYn+1Ynt2 - - - = S15283 ... Sp—17060 . ..
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and
212923 « .. ZnZnt1%n+2 - - - = 515283 - Sp—10YYY - - - -
For the case 1 = 1, we obtain y; = 2; = x;41 for ¢ = 1,2,3,...,n — 1. What’s
more, for i =1,2,3,...
Yn =@,
Ynt+i = ﬁa
Zn = Ba
Zn+i =«

are computed. So, we obtain the following results

Y1Y2Y3 - - YnYn+1Ynt2 - - - = T2X3T4 ... Tp10BBP . ..
and
2122723 ... ZnZn41”n42 -+ = L2X3T4 . . . xn,lﬁaaa e
If x1 = 2, then
Yi = 2z = xip1 + 1 (mod4)
where i = 1,2,3,...,n — 1. Moreover, for i =1,2,3,..., we have

Yn = a+ 1 (mod4),
Ynti = B+ 1 (mod4),
zn =+ 1 (mod4),
Znti = a+ 1 (mod4).
Hence, we observe that
Y1Y2Y3 -« - - YnYn+1Yn+2 - -« = S18283 « . . Sp—17000 . ..
and
212223 -+« ZnZna12n42 - - - = 818283 . .. Sp_107YY - ..
for i = 1,2,3,...,n — 1 where s; = x;41 + 1 (mod4) and a + 1 = v (mod4),
B+ 1=4 (mod4).
Ifxy =3, thenfor:=1,2,3,...,n — 1, we get
Yi = 2zi = xiy1 + 2 (mod4).
In addition, for ¢ = 1,2,3, ...,
Yn = a+2 (mod4),
Yn+i = B+ 2 (mod4),
zn =+ 2 (mod4),
Znt+i = @+ 2 (mod4)
are satisfied. Here, for i = 1,2,3,...,n — 1, 8; = z;21 + 2 (mod4) and a + 2 =
v (mod4) and S+ 2 = ¢ (mod4). Since, v # ¢

Y1Y2Y3 - YnYnt1Yn+2 - - = 515283 ... 8717000 ...
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and

212923 .. ZnZn4t1%n42 - - - = 515283 -+« Sp—10YYY - - -
are the different code representations of the point G(X). This shows that G is
well-defined on the quotient space of ST. Thus, the proof is completed. O

Proposition 4. Suppose that the code representations of the points X, X' € ST
are £1Taxs . .. and xixhal ... respectively where z;, x; € {0,1,2,3} for alli € N.
There is a function H : ST — ST such that

O7 Ty = 3
H(X)=X' «}= ; ;z(l) (3)
37 Ty, = 2

which satisfies H(F(X)) = G(H(X)) is a homoemorphism, where F is defined in
Proposition

Proof. Tt is obvious that H is surjective function and d(H(X), H(Y)) = d(X,Y)
for all X,Y € ST. So, we conclude that H is a homeomorphism. One can obtain
that H(F(X)) = G(H(X)) for all X € ST with easy computations. d

Remark 1. Since the function H : ST — ST defined in (@ is a homeomorphism
for VX € ST, the dynamical systems {ST; F} and {ST;G} are topologically con-
Jjugate. Therefore, {ST; G} is also chaotic since {ST; F} is chaotic and {ST,d} is
compact.

According to Remark [I] the dynamical systems {ST’; F'} and {ST; G} are topo-
logically conjugate. In consequence, the number of periodic points of these systems
are equal.

While the periodic points of F' are known, the periodic points of G' can be found
with the help of the homeomorphism H in . We have the fixed points and
2—periodic points of F' from [3]. Because of the fixed points of F', which are

0 =000..., 1032 =10321032..., 20 =202020..., 3012 = 30123012...
the fixed points of G are obtained as follows
eH(0) =1, eH(1032) =2103, eH(20) =31, eH(3012) = 0123.
Similarly, the 2— periodic points of G are

e[ (13023120) = 20130231, eH (0220) = 1331, eH(01302312) = 12013023

o H(03102132) = 10213203, H(12) =23, H(11223300) = 22330011
o H(2200) = 3311, «H(21100332) = 32211003, H (23300112) = 30011223
o H(31021320) = 02132031, H(32) =03, H(33221100) = 00332211.
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4. A DYNAMICAL SYSTEM ON THE SIERPINSKI TETRAHEDRON {ST;T}

We now define a new dynamical system which is not topologically conjugate with
{ST; G} and automatically with {ST’; F'}.

Proposition 5. The code representations of X, Y € ST are x1xsx3 ... and y1y2ys - - -
respectively. The function T : ST — ST are defined for i = 1,2,3,... and
2,y € {0,1,2,3} as follows

T(OIQl‘g .. ) = X2X3x4 ...

0, zi41=3

]., Tit1 = 0 .
L) = - ;= >
T(lwows...) =yiy2ys---, Ui 2, Tip1 =2 (1>1)
3, miy1=
If ©1 = 2, there are four situations:
Case 1:
0, wiy1=2
1, Ti4+1 = 3 .
T(222... 200410k 4+2Tk43---) = Y1Y2Y3 -+ -y  Yi = 2 T =0 (i>1)
3a Ti+1 = 1
Case 2:
0, Ti4+1 = 2
1, Tit+1 = 3 .
T(222...21%5 410k +2Tk+3 - --) = Y1Y2Y3 .-,  Yi = 2% =1 (i>1)
3, zi+1=0
Case 3:

T(22 ‘e 23(ES e 0$k+1$k+2$k+3 .. ) = Y1Y2y3 ...,
where x5 € {2,3} fors <k

0, zit1=2
1, Ti+1 = 0 .
_ >
vi 2, wit1=3 (iz1)
3, Tit+1 = 1

Case 4:
T(22...23x5... 125110k 2Tke3--.) = Y1Y2Y3 - - -,
where s € {2,3} fors <k

0, zip1=2
]., Tit+1 = 1 .
- >
vi 2, i1 =3 (2 1).
3 Ti+1 = 0
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(Note that, due to above rules T(2) =0, T(23) = 2 and T(232) = 20 are obtained.)
If 1 = 3, then

0, y1=1

1, Tit+1 = 3 .
T(Bwows...) =y142Ys---, Yi= 2, miig =2 (i>1).

3, Tit1 = 0

Then, {ST;T} is a dynamical system.

Proof. To state that {ST;T} is a dynamical system, the images of the points ex-
pressed by two different code representations must indicate the same point. For
example, 01 and 10 or 230 and 203 indicates the same point on ST'. Thus, we investi-
gate the images of following points 01,02, 03, 10, 12, 13, 20, 21, 23, 30, 31, 32, 001, 010,
002, 020, 003, 030,012, 021, 013, 031, 023, 032 110, 101, 102, 120, 103, 130, 121,112, 113,
131,123, 132, 20T, 210, 202, 220, 203, 230, 212, 221, 213, 231, 232, 223 and 30T, 310, 302,
320, 303, 330, 312,321, 313, 331, 323, 332. So, we get the following results,

T(01)= 1, T(02)= 2, T(03)= 3,
T(10)= 1, T(20) = 2, T(30)= 3,
T(12) = 2, T(13)= 0, T(23)= 2,
T(21) = 2, T(31)= 0, T(32)= 2,
T(001) = 01, T(002) = 02, T(003) = 03,
T7(010) = 10, T(020) = 20, T(030) = 30,
T(012) = 12, T(013) = 13, T(023) = 23,
T(021) = 21, T(031) = 31, T(032) = 32,
T(101) = 13, T(102) = 12, T(103) = 10,
T(110) = 31, T(120) = 21, T(130) = 01,
T(112) = 32, T(113) = 30, T(123) = 20,
T(121) = 23, T(131) = 03, T(132) = 02,
T(201) = 23, T(202) = 20, T(203) = 21,
T(210) = 23, T(220) = 02, T(230) = 21,
T(212) = 20, T(213) = 21, T(223) = 02,
T(221) = 02, T(231) = 21, T(232) = 20,
T(301) = 30, T(302) = 32, T(303) = 31,
T(310) = 03, T(320) = 23, T(330) = 13,
T(312) = 02, T(313) = 01, T(323) = 21
T(321) = 20, T(331) = 10, T(332)= 12 °

As seen from above, the image of the different code representations of the same
points state the same addresses.
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In general, if 0 = 12923 ...2, then 001 and 010, 012 and 021, 002 and ¢20,
003 and 030, 013 and 031, 032 and 023, 0001 and 0010, 0002 and 020, 0003 and
030, 0012 and 0021, 0013 and ¢031, 0023 and 0032, 0110 and ¢101, 0102 and
0120, 0103 and 0130, 0121 and 0112, 0113 and o131, 0123 and 0132, 0201 and
0210, 0202 and 0220, 0203 and 6230, 0212 and 0221, 0213 and 0231, 0223 and
0232, 0301 and 0310, 0302 and 0320, 0303 and ¢330, 0312 and 0321, 0313 and
0331, 0323 and 0332 are different representations of same points and the image of
these sequences represents the same addresses independently of o. This shows that
T is well-defined on ST. (]

We can compute the n— periodic points of T' by using the equation

Tn($1$21‘3 .. ) = T1T2x3....

Since T'(0) = 0, T(103) = 103, T'(301) = 301, T7'(20) = 20 and 7'(2130) = 2130,
0 =00..., 103 =103103..., 301 = 301301...,

020 = 2020..., 2130 = 21302130...

are the fixed points of T.
Moreover,

¢013 =013013..., @031 =031031..., 0220 = 02200220...

¢(02211330 = 0221133002211330..., el =111..., 130 = 130130...
2010 = 20102010..., «201030 = 201030201030...

02200 = 22002200..., 22113300 = 2211330022113300..., 2320 = 23202320...
0232120 = 232120232120..., 2120 = 21202120..., 2030 = 20302030...
0210 = 210210..., 230 =230230..., 21031230 = 2103123021031230...

023120130 = 2312013023120130..., 310 = 310310...

are 2— periodic points of T.

Remark 2. Since {ST; G} and {ST;T} have the different number of fized points,
they are not topologically conjugate (see Proposition @

5. CONCLUSION

This paper gives a way to define different dynamical systems on the Sierpinski
tetrahedron. This method can be also used for the other fractals which have the
intrinsic metrics defined by using the code representations of the points.
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ABSTRACT. In this paper, we define hybrinomials related to hyper-Leonardo
numbers. We study some of their properties such as the recurrence relation
and summation formulas. In addition, we introduce hybrid hyper-Leonardo

numbers.

1. INTRODUCTION

Integer sequences are the subject of many studies which are shown in recent
literature [118]. The most famous integer sequence is called Fibonacci sequence
and is defined by the following recurrence relation (n > 1) [1]:

Foy1=F,+F,1 with Fy,=0, F =1

Leonardo sequence, which has similar properties to the Fibonacci sequence, is de-
fined by Catarino and Borges [5], as follows:

Le, =Le,_ 1+ Le,_o+1 (n>2),

with the initial conditions Ley = Le; = 1. Although commonly called “Leonardo
numbers” in the literature, Kiiriiz et al. |9] preferred to call them “Leonardo Pisano
numbers” and introduced Leonardo Pisano polynomials as

1, n=0,1
Len(x): 1’+2, n=2
2xLen 1 (x) — Lep—3(x), n>3.
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Hyper Leonardo numbers Legi) are defined as a generalization of the Leonardo
numbers by the formula

n
Leln) = ZLeg’”fl) with Le(® = Le,,, Le(()r) = Ley and Legr) =r+1,
s=0
where r is a positive integer [10]. The hyper-Leonardo numbers have the following
recurrence relation for n > 1 and r > 1 |10]:

Legf) = Lesgl + Legfl).

Hyper-Leonardo polynomials are defined as:
Le() (2) =) Lel ™V (w)
s=0

with the initial conditions Le! (z) = Ley, (z), Leér) (z) =1 and Legr) (x)=r+1
[11]. Note that, for = 1, hyper-Leonardo polynomials Leg) (z) give the hyper-

Leonardo numbers Lel”. Hyper-Leonardo polynomials have the following recur-

rence relation for n > 1 and r > 1 |L1]:
Lell) () = Ly (w) + Lell ™ (2). ()

For n > 3 and r > 1, there is also the recurrence relation for hyper-Leonardo
polynomials |11]:

r—1

_ (”jﬁ;z) (22— 1) (”jj;3> (z—2).

If n > 2 and r» > 1, then there is the summation formula for hyper-Leonardo
polynomials |11]:

-1
Lel" (x) :2xLe£21 (x) — Le&rzg (z) + <n r >
(2)

ST Lely) (x) = Lel), () + (1 — 22) Ley, () + Len—a (w). (3)
s=0

In recent years, hybrid numbers have been the subject of research [12H19].
Ozdemir [19] introduced hybrid numbers, as a generalization of complex, hyper-
bolic and dual numbers, sets by:

K={a+bi+ce+dh:abc,decRi*>=—1,=0h?=1,ih=hi=c+i}.
Szynal-Liana and Wloch [12] defined the n-th Fibonacci hybrid number as
HFn = Fn + iFn+1 + EFn+2 + th+3.

Alp and Koger [18] defined hybrid-Leonardo numbers by using the Leonardo
numbers as:

HLe, = Le, + Ley+1% + Leyyo€e + Leyysh.
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The authors also obtained some identities for the hybrid-Leonardo numbers such
as [18]:

HLe,=HLe, 1+ HLe, 2o+ (1+i+e+h), (n>2),
HLe,=2HF,1 —(1+i+e+h), (n>0),
HLent1 =2HLe, — HLe,—2, (n>2).
Kiirtiz et al. [9] defined Leonardo Pisano hybrinomials, by using the Leonardo
Pisano polynomials, as follows:
Lelfl (z) = Le, (z) + iLeni1 (2) + €Lepys (2) + hLenis () .

The Leonardo Pisano hybrinomials have the following recurrence relation [9):

Lelf) (z) = 2z Lel!! (z) — Lel) (z).

n—1 n—3
Motivated by the above papers, we define hybrinomials related to hyper-Leonardo
numbers. We also define hybrid hyper-Leonardo numbers by using the newly de-
fined hybrinomials. Then, we investigate some of their properties such as the re-
currence relations and summation formulas.

2. MAIN RESULTS

Definition 1. Hybrinomials related to hyper-Leonardo numbers are defined as
LeH( () = Lel) (x) + Lell)y (x) i+ Lell )y (x) e + Lely Ly (x) b,

where Legf ) (x) are the ordinary hyper-Leonardo polynomials.

The first few hybrinomials related to the hyper-Leonardo numbers are
LeH" () =1+2i+e(z+4)+h(22%+5z+3),
LeHM (z) =2+4i(x+4)+e (222 + 50 +3) + h (42° + 1022 + 30 + 2)
LeH2(1) () =(z+4)+i(22% + 5z +3) + € (42° + 102% + 3z + 2)
+h (82* 4 202° + 622)
and
LeHY () =1+3i+e(z+7)+h (222 + 62+ 10),
LeH?® (z) =3+4i(x+7)+e (202 + 62 +10) + h (42 + 1222 + 9z + 12) ,
LeHS (z) = (x4 7) 4+ (222 4 62 + 10) + € (42® + 1222 + 92 + 12)
+h (82 + 242® + 1822 + 9z + 12) .
For x = 1, the hybrinomials defined in Definition [1| give the hybrid numbers in

the following definition:

Definition 2. The n-th hybrid hyper-Leonardo number LeHT(LT) is defined as
LeH() = Lel? +iLel) | + eLel”), + hLel").,,

where Legf) is the n-th hyper-Leonardo numbers.



HYBRINOMIALS RELATED TO HYPER-LEONARDO NUMBERS 243

This table contains the values of the hybrid hyper-Leonardo numbers.

r=20 r=1 r=2 r=23
n=0 | 144+ 3ec+5h 1+ 26 + 5¢ 4 10h 1+ 3i + 8¢ + 18h 1+ 4i + 12¢ + 30h
n=1 | 14 3i+ 5¢+9h 2+ 55 4 10€ 4 19h 3+ 8i + 18¢ 4 37h 4+ 12 + 30¢ + 67h
n=2 | 3+ 5i+ 9¢ + 15h 5+ 10i + 19¢ + 34h 8 + 18i + 37¢ + T1h 12 + 30i + 67¢ + 138h
n=3 | 5+ 9i 4 15¢ +25h | 10 4 19¢ 4 34e + 59h | 18 4 37i + 7le + 130h | 30 + 674 + 138¢ + 268h
n=4 | 94 15 + 25¢ + 41h | 19 4 34i + 59¢ + 100h | 37 4 71i + 130e + 230k | 67 + 13814 4 268¢ + 498h

TABLE 1. The first few hybrid hyper-Leonardo numbers LeHr(f).

Theorem 1. Lerf) (z) has the recurrence relation for n > 1 and r > 1:

LeH" () = LeH" | (2) + LeH™V (). (4)

Proof. By using Definition [1| and the recurrence relation in equation , we have

LeHéQl (z) + LeH{ ™ (2)
_ (Leﬁjjl (@) +iLel? () + eLe"), (z) + hLe), (ac))
(r—1) . (r—1) (r—1) (r—1)
+(Len 7 (x) +iLle, 1’ (x)+eley, s (x)+ hle, 5 (x)

= Legzl () + Lelr ™ () +1 (Legf) (z) + Lesltll) (ac))

+e (Legl_?_ (x) + Leg:;) (x)) +h (Leg'_i (x) + LGELT'_,__ll) (:z:))
= Let!) (w) +iLe ), (x) + eLell), (x) + hLel Ly (x)
= LeH"” (z).

O

Corollary 1. The hybrid hyper-Leonardo numbers have the recurrence relation for
n>1andr>1:

LeH(") = LeH"| + LeH(™™ V.

Theorem 2. LeH,"” (z) has the summation formula:

Z LeH" (z) = LeH ™Y () — (iLeérH) (x) + eLeY“) () + hLeérH) (as)) .
s=0
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Proof. We use the induction method on n. Since,

LeHéTH) (x) — (iLeérH) (x)+ eLe:(lTH) () + hLegH) (x)

= Lel™ (@) +iLel™™ (2) + eLel Y (2) + hLel T (2)
- iLe((JTH) (x) + eLeYH) (z) + hLeéTH) (x)

= Le{ ™ (@) + i (Lel™ (@) = Lef ™V (@) + € (el ) (@) — Lef™ ()
+h (Legrﬂ) (z) — LeéT'H) (2)

= Leér) (x) + iLegr) (x) + eLeér) () + hLeér) (x)
= LeHéT) (z),

the result is true for n = 0. Assume that the result is true for n = k. Then,
k
Z LeH" (z) = LeH,gTH) (z) — (iLeéH_l) (x) + eLe({—H) (x) + hLegH) (x))
s=0

Now, we must show that the result is true for n = k+1. Considering the recurrence
relation in equation @, we get

k+1

k
Z LeH) (z) = Z LeH") (2) + LeH,il)l (x)
s=0 s=0
= LeH"™ (2) - (z’LeéTH) (z) + eLel"™™ () + hLelY (:r))
+LeH), ()
= LeH,gfgl) (z) — (z’LeéTH) (z) + eLel"™™ () + hLe{TY (m)) :

|
Corollary 2. The hybrid hyper-Leonardo numbers have the summation formula:

- LeH( = LeH ) — (iLef ™ + eLel™ 4 hLey V)
s=0

Theorem 3. Forn > 3 and r > 1, the recurrence relation

LeH! (z) = 2xLeH,(LT_)1 (x) — LeH,(LT_)3 (x)

n+r—1 n+r—2
+<

n+r—3
_ 20 — 1) —
r—1 r—1 (22 )

| fn+r n+r—1 n+r—2
+i T_1>( r_1 >(2x1)( >(a:2)
n—l—r—i—l) n+r

+€ -

o ") -1y - =1 o g
+h (”jT%Q)(("j17">T1> (2x1§(’:”>> (x—2)

s true.
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Proof. Considering Definition [I] and equation (2)), the proof is clear.
[l

Corollary 3. Forn > 3 and r > 1, the hybrid hyper-Leonardo numbers have the
recurrence relation:

T r r —1 -2 _
Lerl) =2L6H,(l,)1—Lerlj3+ n—+r _(n+T n n+r—3
r—1 r—1 r—1
S fn+Tr n+r—1 n+r—2
+1 r—1>_ o + S )
i n+r+1 n+r n+r—1
‘ r—1 r—1 r—1

+r4+2 +r+1 +
+h n-—+r _(n+T L n+r
r—1 r—1 r—1
Theorem 4. If n > 2 and r > 1, then the summation formula

ST LeH (x) = LeH\), (x) + (1 — 22) LeH,, (x) + LeH, _» ()

s true.

Proof. By considering equation , we get

r

i LeH® (z) = Z (Le(S) () +iLel] | (@) + eLel?), (x) + hLel), (x ))
= Z Lel®) (z) +i Z Leif}rl )+e Z LenJr2

+h Z Len+3

= Lef{H () + (1 - 22) Ley, () + Len—s (2)
+1 LefH)2 () + (1 —2z) Lepy1 (z) + Lep—1 (x))
+e Leg_i)r:3 () + (1 — 2x) Leyy2 (z) + Ley, (x))
+h (Legj+>4 (2) + (1 — 22) Len s (z) + Lenti (m))
= LerQl () + (1 —2x) LeH,, (x) + LeH,_5 (x) .
(Il

Corollary 4. If n > 1 and r > 1, then there is the relation between the hybrid
hyper-Leonardo numbers and Fibonacci hybrid numbers:

ST LeH) = LeH\), — 2HF,.
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ABSTRACT. In this research, the minimal and maximal operators defined by

g- difference expression are given in the Hilbert space Lg (0, 00). The existence

problem of a ¢~ !'-normal extension for the minimal operator is mentioned. In

addition, the sets of the minimal operator spectrum and the maximal operator
spectrum are examined.

1. INTRODUCTION

The g-analysis first appeared in the 1740s, when Euler launched the division the-
ory, also called the total analytic number theory, Euler wrote and compiled works
in the early 1800s [4]. The advancement of ¢-calculus continued in 1813 under the
study of Gauss, who gave the hypergeometric series and their interrelationships [5].

The study of quantum calculus, or g-calculus, which has been going on for 300
years since Euler, has often been regarded as one of the most difficult topics to
deal with in mathematics. Today, due to its use in a variety of areas, such as
mathematics, physics, rapid progress is being made in studies in the field of ¢-
calculus. The working history of ¢- analysis, quantum mechanics, theta functions,
hypergeometric functions, analytic number theory, finite difference theory, Mock
theta functions, Bernoulli and Euler polynomials, gamma function theory has a
wide variety of applications in combinatorics. Moreover, there is the application
of the g¢-difference operator to thermodynamics. It has been demonstrated that
the formalization of the g-calculus may be used to realize the thermodynamics of
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the g-deformed algebra. It is found that if it is used a suitable Jackson deriva-
tive instead of the ordinary thermodynamic derivative, then the entire structure of
thermodynamics is maintained [|9]. For some numerous contributions the history
of g-calculus, fundamental principles, and fundamentals of ¢-differential equations,
the key books [3], [8] and [1] can be cited.

Moreover, a closed linear operator 1" with dense domain on any Hilbert space is
said formally g-normal operator iff D(T") C D(T*) and

TT* = qT*T.

When D(T) = D(T*) is satisfied for a formally g-normal operator, then T said a
g-normal operator. Moreover, g-normal operators appear in quantum group theory
in the study of the hermitean quantum plane and of quantum groups. For instance,
the g-deformed quantum plane C; is a x-algebra with one generator T such that
TT* = ¢T*T [10]. Definitions of these and other classes which are called ¢g-deformed
operators was given and investigated by Ota [10], for detail analysis see |2,/11H14].

2. THE MINIMAL AND MAXIMAL OPERATORS L2 (0, +00)

Suppose that L3 (0, +00) is defined as

+o00
+oo 2
Lg (0,+00) = {u :[0,400) = C ({ |u(t)|2dqt =(1-gq) Z qk|u (qk)| < —l—oo} .
k=—o0
L2(0,400) is a linear vector space with equivalent classes, which are defined for
two functions u and v in the same equivalent class iff u (qk) =v (qk) , k€Z. Also
Lg(O, +00) is separable and its the inner product is follows |1]

+o0 N
(W) 1200 400) = [ u@)v(t)dgt , u,v € L2 (0,400).
q 0
In addition, Jackson reintroduced the g-difference operator [7] and he defined as
u(t) —u(gt)
Dou(t)= ———F—, t#0

and also the g-derivative for ¢t = 0 is defined for |¢| < 1 as

tq") —u (0
Dyu(0) = tim W) =wO)
n—-+00 tqn
if there is the limit and it is independent of ¢.

Note that we have assume 0 < g < 1 for this paper.

Corollary 1. Ifu € L2 (0,+00), then lim u ( 1 ) =0.

n——+oo q-

Proposition 1. If Dyu (t) € L2 (0,+00), then the limit lim u(q") ewists.

n—-+oo
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Proof. Let Dyu(t) be in L2 (0,+00). Because the characteristic function xo ) €
L2 (0,+00) and

+oo
(P xo) gy = X0 () Dy ()t
= uld) 0 )
= (1-q)) ¢
Pt (1-q)g
“+oo
= S ul) -l )
k=0
n
= nliffoo kZ:Ou(qk) —u(g")
are true, the limit lim w(¢") exists. |

n—-+oo

First of all, we give the abstract definition of maximal and minimal operators
for differential operators [6]. Suppose that €2 is an n-dimensional infinitely differ-
entiable manifold and a differential expression

p('): Z anD?,

la|<m
where the coefficients a,, are infinitely differentiable functions of x = (x1,...,x,)
Also, a € C", || = a1 + ...+ ap, D* = D" D3? ... D% and Dy, = %aik are de-

noted. The formal adjoint of the expression p(.) is the form p™ (.) = Y. (-1)*azD*

leal<m
in L2 (©2). In this case, two operators
Py'u=p(u), Py :C(Q) CL*(Q)— L*(Q),
PH'u=pt(), P :C&(Q) cL?(Q) — L*(Q)
have closures in L? (Q2) and these closures are denoted by Py and P, respectively.
The operator Py is said as the minimal operator defined by the expression p. Sim-
ilarly, ng is called the minimal operator defined by the differential expression pT.

The adjoint P of P0+ is said the maximal operator generated by p. It is easy seen
that D(Pp) = D(P*) and D(P) = D(P;").

The g-derivative for multiplication of two functions u(t) and v(t) defined on
[0, 400) is follows for all ¢t € (0, +00)

D, (uwv) (1) = v (t) Dyu (t) +u (qt) Dyv (7).
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This relation said g-product rule. It is obtain that

“+o0

[ D (w) (t) dgt
0

W (1—-q)q*
+oo
Z u(g®) v (q") —u (") v (g*)

: k kY k1 k1
nmlgnmk; u(d®) v (g") —u (@) v (")

lim  w(g ™) v(g™™) —u(g ™) v (™)

+;L (qu+1) v (qu+1) —u ( *m+2) v (qu+2)
) _

q
R s EERTT T
—u()v D) +ulq)v(g) +...+u(@)v(g") —u(d"") v (")
el @) (a7 —u(d) vl

= lim u(q")v(q")

n—-+oo

is finite for any u (t),v (t), Dgu (t), Dgv (t) € L2 ((0,+00)). Because

(Dqu,v)

L2(0,400)

({ Dyu (t) v (t)dyt (1)
— lim u (¢ e - +0f°°u (t) Dyu (1)d,t

= Jim (g vigh) - (1-g) kaz du (g™ = (q2 :Z)gq:ﬂ)

= Jim u(g")v(@F) + (1 -0 ;Zi ¢ () = (?f T )q)_q:flqk)
i )T - (-0 3 () LD

- i (@) @+ T )~ Dy (0

- Jim (@) 5@+ (n =20, 10) o ®)

the formal adjoint expression of the expression Dy is —%qu on Li (0, +00).
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Now, let’s define the linear operators Lo : Do C L7 (0,400) — L2 (0, +00) of the
form Lou (t) = Dyu (t) where its domain is

2 ) 2 - kY _
Dy = {u € L, (0,+00) : Dgu(t) € Ly (0,+00) and kgrfmu (¢") = O}

and L : D C L2 (0,400) — L2 (0,+00) of the form Lou () = Dqu (t) where
D={ue Lg (0,400) : Dyu(t) € Lg (0,400)}.

We say that these operators are the minimal operator and the maximal operator
generated by the ¢-difference expression, respectively. Moreover, Ly C L is obvious,
i.e. the maximal operator L is an extension of the minimal operator Ly.

1

Theorem 1. The operator Ly is a formally ¢~ -normal operator on Lg (0, +00).

Proof. The set of functions
1 m
e =
cpm(t): qz\/l*q s m e

0, , otherwise

is an orthogonal basis of LZ (0, +00) and this basis is clearly contained in Dy.
Therefore, the minimal linear operator Ly has dense domain.

Now let’s show that the minimal operator is closed. Suppose that any sequence
{un} C Dy such that u, — and Lou,, — f. In this case,

n—oo
400 5
l[un — U||2Lg(0,+oo) =(1-q) Z qk|un (qk) —u (qk)’ m 0.
k=—oc0
Because of the last relation, we have
nh_)ngO Up, (qk) =u (qk) (3)
From this relation,
AN k41 AN k+1

notoe (L—q)gt (1-q)d
is attained. Also, from and the boundary condition at t =0

[ (¢")] < Jun (¢") = (@) ] + Jun (")] 5 O

is true. This means that u € D(Lg) and Lu (t) = f. Therefore, the minimal linear
operator Ly is closed. On the other hand, D(L§) = D and the following equations
can be easily obtained

“+o0o
1Zou ()Z30,400) = I 1Dau(0)dgt
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“+oo
=(1-q) Y ¢"[Du(d)[’
k=—o0
+o0 k k+1) |2
—(1— k| Y (q ) —u (q )
( g k;oo ! (1-q)q*
for any u € D(Lyg). Also,
N 2 too| 1 2
L6 @300 = 4 ‘_Dqlu@ dot
00 2
(1—q) Y ¢"|-=Dgru(d")
k=—o0

k—1
k:oo (1 q)q
2
(g Z y u (g%) = u (")
i (1-q)q*
is hold. As a result of the last equations for all u € D(Lg) C D(L{)
[1Loull = Vg~ | Loull
is seen. This is completed the proof. O

Corollary 2. The minimal operator Ly is a mazimal formally g-normal in Lg (0, +00).

Proof. Assume that Ly is a g-normal extension of Lo, i.e. Ly C Ly. Therefore, for
all u € D(Lo) = D(LO )

1
(Dgu, u)L3(07+OO) - (u, ——Dy1

(Low) = (uf") )
L2(0,400) L2(0,400) q L2(0,+00)

= — 1 ANR—
T (a)]
is obtained from the equation . This means that D(Lg) = D(Lg) and Lo = Lo.
However this is a contradiction. According to this result and Theorem 2.1, the
minimal operator Ly is a maximal formally g-normal operator in Lg (0,+0). O
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3. SPECTRUM SETS OF THE OPERATORS Lo AND L
Theorem 2. The point spectrum set of Lo is
g
op(Lo) = {1—q : mGZ}.
Proof. Suppose that a complex number X is an element of the point spectrum of

Lg. Therefore, there is a non-zero element u(t) corresponding to a complex number
A in D(Ly), which that satisfies the following equation

u (qk) _u (qk+1)

10 =Xu(q"), kel
We gain that
u(@®) = (1-X1-q) ") u(d") (4)
forall k€ Z. If A = W for any m € Z is true, then the eigenvector u(t) should

be defined as
u(qk) =0, k>2m+1

RO S P

i=k—m

Since 0 < ¢ < 1 and the limit

lim ‘1 —qk| = 400
k——o00
is true, a negative integer kg is exist such that
ﬁ 1

<1
n=ko+1—m ‘1 - q”|

From this result and 0 < ¢ < 1 it is get that

+oo

\|U||2Lg(o,+oo) = Z qk|“(qk)|2

k=—oc0
m 9 ko—l 9

=D () + D " lu(dh)
k=ko k=—o0
m , Rl -1 12

=Y @) Y q’f< T | >|u(qm)2
k=kg k=—o0 i=k—m q
m 9 k}o—l 1 2

< qu|U(qk)| + Z q¢" T—gm u(q™)[?

k=ko k=—o0
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2

m 5 ko—1 q_k
= Z " Ju(d")] + Z ¢ P — lu(g™)?
k—=Fko k= —oo
m 5 ko—1 1 2
=Y d @)+ > a* ———m u(g™)” < +oc.
k=ko k=—o00 q q

These prove that u(t) is an eigenvector corresponding to 1‘%} for m € Z.

On the other hand, A is different from for any m € Z, then

1
(I-q)g™

u(qk): <H (1—)\(1—q)qi)>u(1), keN.

=0

Hence, u € Dy, u(q") R 0 iff there exists m € N satisfied the following
—+o00

equality

I1-A1-¢)¢"=0
must be supplied [15] or u(1) = 0. In this case, u(1) = 0 and so u = 0 is obtained
from the equation (H) These results imply that o,.(Lg) = {% :meE Z}. O

Theorem 3. The set of Lo residual spectrum is empty.

Proof. Assume that A € C is in o, (Lg). Since L2 (0,+00) = R(Lo— AE) @
Ker (LE — S\E) is provided, where FE is the identity operator in Lg (0, +00), it
is clear that A € oy, (Lf). Therefore, there exists an element u € L2 (0, +00),u # 0
and

Liu (t) = Au(t).

Therefore, we have

lu(d®) —u(d") u(d®)—u(@®?) + 4
g (1—%)(1% - (1-q)¢ = u(d")

for all k € Z. The following equation is obtained from this equation
u(d") = (=21 -q) ") u(d")

for all k € Z. If X is equal to for any m € Z, then

1
(=q)q™
u(qk)zo, k<m-1

k
u(qk):< H 1_(111._m>u(qm)7 k>m+1

i=m-+1
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2

400 k
: k 1
is holds. Because > ¢ ( 11 1_(}) converges to a complex number, the
k=m+1 i=m+1

function u(t) defined as above is an element of L2 (0, 400).

Otherwise, if A is not equal to 1)qm for any m € Z, then it must be u(1) # 0

(I—q
and

—k
u (qk) = (H (1-X(1-9q) q_i)> u(l), k<0.

i=0
But the limit lim w (qk) does not exist when A is not equal to ~—L— for any
k—— o0 (1-q)q
m € Z. As a result of these,
or(Lo) =10
is obtained.
O

Corollary 3. It is held that 0 € o.(Lg) for the minimal operator L.

Corollary 4. The point spectrum and residual spectrum of L§ are as follows
qm
op(L§) = {1(] :m e Z} and o.(L§) = 0.
Theorem 4. The point and continuous spectrum sets of the mazximal operator are
in the form

op (L) =C\{0} and o.(L)={0}.

Proof. Suppose that A is a nonzero complex number. We deal with the solution of
following problem

(L-AE)u(¢") =0, ke
It is written for any k € Z
w(@) =1 -A1-q)d")u(d"). (5)

If u (qk) are different from zero for all k € Z, then we have
E
u (g™ = (H (1-A(1-q) Q”)> u (1)
n=0

+oo
for all positive integer k. Since the infinite product [] (1 —A(l—gq) qk) converges,
k=0

+
the sequence {u (¢*)}, _ is bounded. From this result the series f ¢*|u (¢") ‘2 is
k=0

finite.
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In the case of negative integers, we gain

u(q*) = (ﬁ (1-x(1 —q)q’“)1> u (1)

n=k
for all £ < —1. Because the limit

m [1—A(1—q)q"| =+ (6)

k——o0

is true, it is clear that
-1

1
11 1= A(

<1
el 1—4q)q"|

for small enough negative integers k. This result give us the following inequality

M@l = o (H |1—)\(11— q>qn|2> O

n=k
1
k 2
S Tiaa—ger
k q % 2
= T aa—grt
—k
q
- — Sl (1)
lg=F = A (1 —q)|

for small enough negative integers k. Because of the limit @ and the fact that the
0

geometric series Y. ag~* converges for 0 < ¢ < 1, these results allow us that
k=—oc0

0
the series Y. ¢"|u (¢") }2 converges absolutely. These show us to conclude that
k=—o00
+oo 9
> qk|u (q’“)| is convergent.
k=—oc0

When u(g™*1) is equal to zero for an integer m € Z, it is obtained that u(¢*) = 0

for all £ > m+1. We note that this condition includes the case of A = %, m € Z.
Moreover, the equation

u(q¥) = (1:[ (I-XA(1-9q) q")_1> u(q™)

n=k
is easily checked for all k < m. We already know that

m—1

m—1 2
>4 (H (1=21-gq)¢ | ) (™)
n=~k

k=—o00
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is convergent. Because of all these reasons, we get that u(t) is an eigenvector of the
maximal operator L for A € C\ {0}.

If A = 0, then returning to the equation it must be u(t) = 0. This means
that zero is not an eigenvalue. Also, if 0 € ¢,(L), then it must be 0 € o,(L*)
because of L2 (0,400) = R(L) & Ker (L*). But, it can be easily proved that
0 ¢ o,(L*). Therefore, it must be o, (L) = {0} from the fact of the closeness of
the spectrum. ([l

Remark 1. It can be defined the two operators Py and P defined by p(.) = %
in L?(0,400) and these operators are called the minimal and mazimal operators,

respectively. Also, their domains are as follows
D(Py) = {u € L?(0,4+00) : u' € L*(0,+00) and u(0) = 0} ,
D(P) = {ue€L?(0,+00): u € L*(0,+00) }.

The operator Py is maximal formal normal. It means that there is not any normal
extension of Lo. Moreover, the point and residual spectrum sets of Py are 0,(Py) =
0 and o.(Py) = {A € C: Re(\) > 0} and the spectrum parts of the mazimal
operator P are o,(P) = {\ € C: Re(\) <0}, 0,.(P) =0 and 0.(P) ={N € C:
Re(X) = 0}.
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NEW TYPES OF CONNECTEDNESS AND INTERMEDIATE
VALUE THEOREM IN IDEAL TOPOLOGICAL SPACES
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ABSTRACT. The definitions of new type separated subsets are given in ideal
topological spaces. By using these definitions, we introduce new types of con-
nectedness. It is shown that these new types of connectedness are more general
than some previously defined concepts of connectedness in ideal topological
spaces. The new types of connectedness are compared with well-known con-
nectedness in point-set topology. Then, the intermediate value theorem for
ideal topological spaces is given. Also, for some special cases, it is shown that
the intermediate value theorem in ideal topological spaces and the intermediate
value theorem in topological spaces coincide.

1. INTRODUCTION

The concept of ideal in topological spaces was first studied by Kuratowski [16]
and Vaidyanathswamy [33]. More properties are given for ideal topological spaces
in |10). In [10/33], it is shown that the local function of a set is a generalization
of the concepts of closure point, w-accumulation point and condensation point of
that set. The concept of ideal was applied not only to topology but also to different
areas of mathematics. For example, the Cantor-Bendixson Theorem is generalized
in [6]. New special spaces such as Z-Rothberger [7], Z-Baire [17], Z-Resolvable
and Z-Hyperconnected [3],Z-Extremally Disconnected [12], Z-Alexandroft and Z,-
Alexandroff |4] are defined by using ideal. In addition, the concepts of ideal and
local function are studied in fuzzy set theory [28], soft set theory [11] and ditopo-
logical texture spaces [15].

Connectedness is a topological invariant. So, the concept of connectedness has
an important role in general topology. The intermediate value theorem in calculus
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was generalized by means of connectedness in topological spaces [25]. Many types of
connectedness are defined by using the local function in [20,31] and these connect-
edness are stronger connectedness. The generalization of connectedness has been
defined in [18}26] More features of connectedness types given in [20] were examined
in [14]. In addition, many operators such as local closure function [1], semi-closure
local function [9] , weak semi-local function [354/36], semi-local function [13], a-local
function [2}21], M-local function [22], ¢*-local function [29], Q-operator [19] and
1" -operator [23| are defined in recent years. In this study, we define new types of
connectedness by using local functions and local closure functions. In this way, we
generalize all connectedness types in [20]. After that, new types of connectedness
are compared with well-known connectedness. Also, we define new components
with the help of new types of connectedness. In the last section, we give the inter-
mediate value theorem in ideal topological spaces. For the minimal ideal Z = {0},
we show that the intermediate value theorem in general topological spaces and the
intermediate value theorem in ideal topological spaces coincide.

2. PRELIMINARIES

In any topological space (U,7), we denote the interior and the closure of the
subset M as Int(M) and CI(M), respectively. The power set of U is denoted by
P(U). Both open and closed subsets are called clopen. The collection of all open
neighborhoods of the point z is denoted by 7(x).

Definition 1. [16] Let U be nonempty set and T C P(U). If the following condi-
tions are satisfied:

(1) 0eT.
(2) If M €Z and K C M, then K € T.
(3) If M\,\K €I, then MUK € T.

then the collection I 1is called an ideal on U.

The ideal Z = {0} is called minimal ideal and the ideal Z = P(U) is called maxi-
mal ideal. Although the topology is not needed to define an ideal, some collections
of sets in the topological spaces form ideals. In any topological space (U, 7), a subset
M is called nowhere dense, if Int(CI(M)) = (). The subset M is called discrete set
if MNM?=( (where M? is derived set of M). A subset of U is called meager (or
set of first category) if it can be written as a countable union of nowhere dense sub-
sets of U. A subset of U is called relatively compact if its closure is compact. The
collection of all nowhere dense subsets Z,,,, = {M C U : M is nowhere dense}, the
collection of all closed-discrete subsets Z.q = {M C U : M is closed and discrete},
the collection of all meager subsets Z,,, = {M C U : M is meager set}, the col-
lection of all relatively compact subsets Zxy = {M C U : M is relatively compact}
and Zyoq = {ACU: fog(A) =0}, where f~Vg are ideals on U [16,24,33|.
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If (U, 1) is a topological space with an ideal Z on U, this space is called an ideal
topological space or briefly Z-space. Sometimes we denote this case with the triple
U,7,7).

Definition 2. [16] In any Z-space (U,T), a function (.)* : P(U) — P(U) is defined
by

M*(Z,7)={xe€U:0NM ¢TI for every O € 7(z)}
is called the local function of a subset M.

Sometimes we write briefly M*(Z) or M* instead of M*(Z, 7). MUM* = Cl*(M)
is a Kuratowski closure operator. So this operator generates a topology on U. This
topology is denoted by 7* and defined as 7* = {M C U : CI*(U\ M) = (U\ M)}.
Moreover 7 C 7* and so M C CI*(M) C CIi(M). Elements of 7* are called *-open.
The complement of a *x-open subset is called *-closed.

Proposition 1. [10,|16,|33] Let (U, 7) be an Z-space and M, K C U.
(1) If M C K, then M* C K*.
(2) M* =Cl(M*) C Cl(M). That is, M* is closed set.
(3) (MUK)*=M*UK*.
(4) If T = {0}, then M*({0}) = CI(M).
(5) If T ="P(U), then M*(P(U)) = 0.
Definition 3. [1]] In any Z-space (U, T), a function T'(.) : P(U) — P(U) defined by
DNMYZ,7)={zecU:Cl(O)NM ¢ T for every O € T(x)}
is called the local closure function of the subset M.
Sometimes we write briefly I'(M)(Z) or I'(M) instead of T'(M)(Z, 7).
The 6-closure of any subset M is defined in [34] as Clp(M) = {z € U : CI(O) N
M # () for every O € 7(x)}.

Proposition 2. [1] Let (U, ) be an I-space and M, K C U.
(1) If M C K , then T(M) C T(K).
(2) T(M) = CUT(M)) C Clg(M). That is T'(M) is closed set.
3) TIMUK)=T(M)UI'(K)
(4) If Z = {0}, then T(M)({0}) = Clg(M).
(5) IfZ="P(U), then T(M)(P(U)) = 0.

Lemma 1. [{] In any Z-space (U, 1), M*(Z,7) CT(M)(Z,T).

Definition 4. [30] Let (U,7) be an I-space and M C U. The subset M is called
I-dense-in-itself if M C T'(M).

Definition 5. [§] Let (U,7) be an I-space and M C U. The subset M is called
x-dense-in-itself if M C M*.

Nonempty subsets M, K of a topological space (U,7) are called separated if
CI(M)N K = M NCI(K) = . The topological space (U, 7) is called connected
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if U is not the union of two separated subsets. The subset M in a topological
space is connected if and only if M is not the union of separated subsets in the
subspace (M, 7ys) or equivalently M is not the union of two separated subsets in
(U, 7). There are many expressions equivalent to definition of connectedness in
the literature [5}[25,[32]. We say that the subsets M, K are T-separated if they are
separated subsets in (U,7). We say that the subset M is 7-connected if it is a
connected subset in (U, 7). That an Z-space (U, T) is 7-connected means that the
topological space (U, 1) is 7-connected.

Definition 6. [20] Let (U,7) be an I-space and M, K be nonempty subsets in
this space. These subsets are called *.-separated (resp. *-Cl*-separated, x-Cl-
separated), if M*NK = MNK* = MNK =0 (resp. M*NCI*(K) = CI*(M)NK* =
MNK=0, M*NCI(K)=CI(M)NK*=MnK=0).

Definition 7. [20] Let (U, 7) be an Z-space and M C U. The subset M is called
x,-connected (resp. *-Cl*-connected, x-Cl-connected) if it is not the union of two
x4 -separated (resp. x-Cl*-separated, x-Cl-separated) subsets.

From these definitions, the following diagrams are obtained in [20].
k-C'l-separated ——= *-Cl*-separated ——= *,.-separated <—= 7*-separated

FIGURE 1. Relations among types of separated subsets which are
defined via local function

T*-connected <— % ,-connected —— *-Cl*-connected —— *-C'l-connected

FIGURE 2. Relations among types of connectedness which are de-
fined via local function

3. NEw TYPES OF SEPARATED SUBSETS VIA LOCAL CLOSURE

Definition 8. Let (U, 1) be an I-space and M ,K be nonempty subsets of U. These
subsets are called

(1) T-Cl-separated if T(M)NCUK) =CI(M)NT(K)=MNK = 0.

(2) T-Cl*-separated if T(M)NCI*(K)=Cl*(M)NT(K)=MnNK =0.

(3) T-separated if T(IM)NK =MNT(K)=MNK =.

(4) T-x-separated if ((M)NK*=M*NT(K)=MNK = 0.

(5) 2*-separated if M* NK*=MNK = 0.

Theorem 1. Let (U,7) be an Z-space and M ,K be nonempty subsets of U.
(1) If M,K are T'-Cl-separated, then they are I'-Cl*-separated subsets.
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(2) If M,K are T'-Cl-separated, then they are x-Cl-separated subsets.
(3) If M,K are T'-Cl*-separated, then they are I'-separated subsets.

(4) If M,K are I'-Cl*-separated, then they are x-Cl*-separated subsets.
(5) If M,K are I'-separated, then they are *.-separated subsets.

(6) If M,K are T'-Cl*-separated, then they are T'-x-separated subsets.
(7) If M,K are T'-x-separated, then they are 2*-separated subsets.

8) If M, K are %-Cl*-separated, then they are 2*-separated subsets.

(
Proof. Since M C CI*(M) C ClI(M) , K C CI*(K) C CI(K) and Definition [§| ,
——@— are obtained. By using Lemma [I| and Definition ——-

O

are obtained.

In addition to this theorem, since 7 C 7%, 7-separated subsets are 7*-separated.
From Theorem [I] and Figure [I] we obtain the following diagram:

I'-Cl-separated == I'-Cl*-separated = ['-separated
I'- % -separated

2*_separated

#-Cl-separated =——= »-C"-separated =——= #*,-separated <—= 1*-separated <—= T-separated
FIGURE 3. Relations among new types of separated subsets

For this diagram, counterexamples and independent concepts are shown in Ex-
ample [T] and Example [2}

Example 1. Let 7 = {0,U, {z},{d}, {z,y},{z, z},{a,c},{z,d},{z,y, 2}, {a,c, d},
{z,a,c},{x,z,d},{z,y,d},{a,b,c,d},{z,a,c,d},{z,y,a,c},{z,2,a,c},{x,vy, z,d},
{z,y,2,a,c},{z,a,b,c,d}, {x,y,a,c,d}, {z,2,a,¢,d},{z, z,a,b,¢,d}, {z,y,a,b, ¢, d},
{z,y,2,a,c,d}} be a topology onU = {a,b,c,d,x,y, 2} and let T = {0,{x}, {a},{a,z}}
be an ideal on U. The following table gives information about some subsets of this
ideal topological space.

According to Table:

1) C and E are T'-Cl*-separated subsets but not I'-Cl-separated.
2) D and G are x-Cl-separated subsets but not T'-Cl-separated.
3) D and G are x-Cl*-separated but not T'-Cl*-separated.

4) C and H are T'-separated subsets but not I'-Cl*-separated.

5) D and G are x,-separated subsets but not I'-separated.

6) E and F are I'-x-separated subsets but not I'-Cl*-separated.

(
(
(
(
(
(
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TABLE 1. Information about some subsets according to the given
T-space
A = {b} A* = {b} I'(A) = {a,b,c,d} Cl*(A) = {b} Cl(A) = {b}
B ={c} B* = {a,b,c} I'(B) = {a,b,c} Cl*(B) = {a, b, c} CU(B) = {a,b,c}
C={d} Cc* = {b,d} r(C) = {b,d} cr*(C) = {b,d} ey = {b, d}
D ={z} D* = {z} (D) ={z,y,z} C1*(D) = {z} Cl(D) = {z}
E={a,y} | E* ={y} N(E) = {=,y, 2} ClI*(E) = {a,y} CU(E) ={a,b,c,y}
F={bec} | F*={a,b,c} I(F) = {a,b, ¢, d} CI*(F) = {a,b,c} CIU(F) = {a,b, c}
G={by} | G"={by} NG =u C1*(G) = {b,y} ClU(G) ={b,y}
H = {c,y} H* ={a,b,c,y} I'(H) ={a,b,c,z,y, 2z} Cl*(H) = {a,b,c,y} Cl(H) = {a,b,c,y}
K ={d,2} | K* = {b,d} I(K) = {b, d} ClI*(K) = {b,d, &} | CUK) = {b,d,z,y,z}
L={dy} | L"={bdy} (L) = {b,d,z,y, z} Cl*(L) = {b,d,y} Cl(L) = {b,d,y}
M= {z,z} | M" = {z} (M) = {=z,y, 2} Clr* (M) = {x, 2} Cl(M) = {=,y, 2}

(7)
(8)
(9)

(10)

G and M are 2*-separated subsets but not I'-x-separated.

E and F are 2*-separated subsets but not x-Cl*-separated.

D and G are x-Cl-separated subsets but not I'-Cl*-separated. C and E are
I'-Cl*-separated subsets but not *-Cl-separated. That is, the concepts of
x-Cl-separated and I'-Cl*-separated are independent of each other.

E and F are T'-x-separated subsets but not x-Cl-separated. D and G are
x-Cl-separated subsets but not I'-x-separated That is, the concepts of %-Cl-
separated and T'-x-separated are independent of each other.

E and F are I'-x-separated subsets but not x-Cl*-separated. D and G are
x-Cl*-separated subsets but not I'-x-separated. That is, the concepts of I'-*-
separated and x-Cl*-separated are independent of each other.

A and E are I'-x-separated subsets but not I'-separated. C and H are
I'-separated subsets but not I'-x-separated. That is, the concepts of I'-x-
separated and I'-separated are independent of each other.

E and F are T'-x-separated subsets but not x.-separated. D and G are
x4 -separated subsets but not I'-x-separated. That is, the concepts of T'-x-
separated and *.-separated are independent of each other.

E and F are 2*-separated subsets but not I'-separated. C and H are T'-
separated subsets but not 2*-separated. That is, the concepts of 2*-separated
and I'-separated are independent of each other.

H and K are *.-separated subsets but not 2*-separated. E and F are 2*-
separated subsets but not x.-separated. That is, the concepts of 2*-separated
and *,-separated are independent of each other.
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(16) D and G are %-Cl-separated subsets but not T'-separated. C' and H are I'-
separated subsets but not x-Cl-separated. So, the concepts of x-Cl-separated
and I'-separated are independent of each other.

(17) D and G are x-Cl*-separated subsets but not I'-separated. B and L are
T'-separated subsets but not x-Cl*-separated. So, the concepts of *-Cl*-
separated and I'-separated are independent of each other.

Lemma 2. Let (U,7) be P(U)-space and M, K be nonempty subsets of U such
that M N K = (. Then, the subsets M and K are T-Cl (%-Cl*, %-Cl, T, T'-x,
[-Cl*,2*, x, )-separated.

Proof. In this space, since I'(M) =T'(K) = M* = K* = (), these subsets are I-CI
(T-Cl* x-Cl, x-Cl*, T, T-,2* %, )-separated. |

Example 2. Let (R,71) be P(R)-space, where R is the set of real numbers with
left-ray topology 7 ie. 7 = {(—oo,r) : 7 € R} U {0,R}. Consider the subsets
M = (—00,3) and K = (3,5) . Since CI(M) = R and CI(K) = [3,+00), these
subsets are not T-separated. But M and K are I'-Cl (x-Cl, %-Cl*, T, T'-x, [-C1*,2*)-
separated subsets from Lemma

In Example [I} D and G are 7-separated subsets but not I-Cl(T", I'-x, [-Cl*)-
separated. Moreover, B and L are 7-separated subsets but not x-Cl (x-Cl*, 2*)
separated.

Consequently, the concepts of I-Cl (x-Cl, x-CI*,T, I'-, T-Cl*,2*)-separated and
T-separated are independent of each other.

Theorem 2. [27] In any Z-space (U,T), each of the following conditions implies
that M* =T (M) for any subset M of U:

Corollary 1. Assume that any of the conditions in Theorem [ is satisfied and
M, K are the subsets in any I-space (U, 7). Then,

(1) The subsets M and K are I'-Cl-separated if and only if they are *-Cl-
separated.

(2) The subsets M and K are T'-Cl*-separated if and only if they are x-Cl*-
separated.

(3) The subsets M and K are I'-separated if and only if they are *.-separated.

(4) The subsets M and K are 2*-separated if and only if they are I'-x-separated.

Proof. 1t is obvious from Definition [§] and Theorem O
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Theorem 3. Let (U, 7) be an Z-space and M, K C U. Subsets M and K are both
I'-separated and I'-x-separated if and only if they are I'-Cl*-separated.

Proof. Since M and K are both I'-separated and I'-x-separated,
P(M)NCIHr(K)=TM)N(KUKY)
=TMNK)uU T (M)nK)
=0

CIr(M)NT(K)=(MUM*)NT(K)
=MNT(K))U(M*NT(K))
=0

and M N K ={. So, M and K are I'-Cl*-separated subsets.

Conversely, let M and K be I'-Cl*-separated subsets. From Figure these
subsets are both I'-separated and I'-x-separated. O

Theorem 4. Let (U,7) be an I-space and M, K C U. Subsets M and K are both
x4 -separated and 2*-separated if and only if these subsets are x-Cl*-separated.

Proof. Since M and K are both *.-separated and 2*-separated,
M*NCI*"(K)=M"N(KUK™")
=(M*NK)U(M*NK")
=0

Cl'{M)NK*=(MUM*)NK*
=(MNK")U(M*NK")
=0

and M NK =0. So, M and K are *-Cl*-separated subsets.

Conversely, let M and K be x-Cl*-separated subsets. From Figure these
subsets are both x*,-separated and 2*-separated. ([l

Theorem 5. Let (U,7) be an I-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are I'-separated.

(2) The subsets M, K are I'-dense-in-itself.

(3) MUK e 7.

then M € T and K € 7.
Proof. Since the subsets M, K are I'-separated, MNI'(K) = (. So, M C (U\I'(K)).

From Proposition [2}(2)), U \T'(K) is open set and hence (M UK)N(U\I'(K)) = M
is an open subset. Similarly, it can be showed that the subset K is open. (Il
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Corollary 2. Let (U,7) be an Z-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are I'-Cl ( T-Cl* )-separated.

(2) The subsets M, K are I'-dense-in-itself.

(3) MUK €.
then M € 7 and K € 7.

Proof. From Figure [3] and Theorem [f], it is obtained. O

Theorem 6. Let (U,7) be an Z-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are I'-separated.

(2) The subsets M, K are I'-dense-in-itself.

(3) MUK € 7*.
then M € 7 and K € 7*.

Proof. Since the subsets M, K are I'-separated, MNT'(K) = (. So, M C (U\T'(K)).
From Proposition 2} [2), U \ I'(K) is open set. Since 7 C 7%, U \I'(K) € 7* and
hence (M UK)N(U\T(K)) = M is in 7*. Similarly, it can be showed that the
subset K is in 7*. O
Corollary 3. Let (U,7) be an I-space space and M,K C U. If the following
conditions are satisfied:

(1) The subsets M, K are I'-Cl ( T'-Cl* )-separated.

(2) The subsets M, K are I'-dense-in-itself.

(3) MUK e 1*.
then M € 7" and K € 7.

Proof. Tt is obtained from Figure [3] and Theorem [6] O

Theorem 7. Let (U,7) be an I-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are T'-x-separated.

(2) The subsets M, K are x-dense-itself.

3) MUI(K)eT andT(M)UK € 7.
then T'(M) and T'(K) are clopen subsets.

Proof. From Proposition 2}([2)), I'(M) and I'(K) are closed subsets. We only show
that they are open subsets. Since the subsets M, K are I'-x-separated, ['(M)NK* =
0. So, T'(M) C (U \ K*). From Proposition [I}(2), U \ K* is open set and hence
(T(MYUK)N(U\K*) =T(M) is open. Similarly, it can be showed that the subset
I'(K) is open. O

Corollary 4. Let (U,7) be an Z-space and M, K C U. If the following conditions
are satisfied:
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(1) The subsets M, K are T'-Cl ( T-Cl* )-separated.
(2) The subsets M, K are x-dense-itself.
(3) MUT(K) €t and (M) UK € .

then T'(M) and T'(K) are clopen subsets.

Proof. Tt is obtained from Figure [3] and Theorem [7] O

Theorem 8. Let (U,7) be an I-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are I'-x-separated.

(2) The subsets M, K are T'-dense-itself.

8) M*UKeTand MUK* € 7.

then M* and K* are clopen subsets.

Proof. From Proposition 7 M* and K* are closed subsets. We must show that
they are open subsets. Since the subsets M, K are I'-*-separated, M* NT(K) = 0.
So M* C U\I'(K). Since U\I'(K) is open subset, (M*UK)N(U\T'(K)) = M* € .
Similarly, it can be showed that the subset K* is open.

O

Corollary 5. Let (U,7) be an I-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are I'-Cl ( T-Cl* )-separated.

(2) The subsets M, K are T'-dense-itself.

(B) M*UKeT and MUK* € 7.

then M* and K* are clopen subsets.
Proof. Tt is obtained from Figure [3] and Theorem O

Theorem 9. Let (U,7) be an I-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are 2*-separated.

(2) The subsets M, K are x-dense-itself.

3) M*UKeTand MUK* € 7.

then M* and K* are clopen subsets.

Proof. From Proposition , M* and K* are closed subsets. We must show that
they are open subsets. Since the subsets M, K are 2*-separated, M* N K* = (). So,
M* C U\ K*. Since U\ K* is open, (M*UK)N (U \ K*) = M* € 7. Similarly, it
can be showed that the subset K™* is open. ([l

Corollary 6. Let (U,7) be an Z-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are I'-Cl ( T'-Cl*, I"-* )-separated.

(2) The subsets M, K are x-dense-itself.
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8) M*UKeTand MUK* € 7.
then M* and K* are clopen subsets.

Proof. From Figure [3] and Theorem [9] it is obtained. O

Theorem 10. Let (U, 7) be an Z-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are *,-separated.

(2) The subsets M, K are x-dense-itself.

3) MUK €.

then M and K are open subsets.

Proof. Since the subsets M, K are *,-separated, M N K* = (. So M C U \ K*.
Since U \ K* is open subset, (M UK)N (U \ K*) = M is in 7. Similarly, it can
show that the subset K is open. O

Corollary 7. Let (U,7) be an Z-space and M, K C U. If the following conditions
are satisfied:

(1) The subsets M, K are T-Cl ( T-Cl*, T, %-Cl, x-Cl*, T )-separated.

(2) The subsets M, K are x-dense-itself.

(3) MUK €.

then M and K are open subsets.
Proof. From Figure [3] and Theorem [I0] it is obtained. O

Theorem 11. Let (U, 7) be {0}-space and M, K C U. Then the following state-
ments are equivalent:

(1) The subsets M and K are *,-separated.

(2) The subsets M and K are T-separated.

Proof. Since M*({0}) = CI(M), K*({0}) = CI(K), these expressions are equiva-
lent. (]

Theorem 12. Let (U,7) be {0}-space and M, K C U. Then the following state-
ments are equivalent:

(1) The subsets M and K are 2*-separated.

(2) The subsets M and K are x-Cl*-separated.

(3) The subsets M and K are *-Cl-separated.

Proof. Since M*({0}) = C1*(M) = Cl(M) and K*({0}) = CI*(K) = CI(K), these
expressions are equivalent. O

Theorem 13. Let (U, 7) be {0}-space and M, K C U. Then the following state-
ments are equivalent:

(1) The subsets M and K are I'-x-separated.

(2) The subsets M and K are T'-Cl*-separated.
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(3) The subsets M and K are T'-Cl-separated.

Proof. Since M*({0}) = Cl1*(M) = CI(M) and K*({0}) = Cl*(K) = Cl(K), these
expressions are equivalent. ([l

4. NEw TYPES OF CONNECTEDNESS VIA LocAL CLOSURE

Definition 9. Let (U, 7) be an Z-space and M C U. The subset M is called T'-Cl
(resp. T, T-x, T-Cl*, 2* )-connected if it is not the union of two T'-Cl (resp. T, T'-x,
L-Cl*, 2% )-separated subsets in T-space (U, 7). Otherwise, the subset M is called
not I'-Cl (resp. T, T, T'-Cl*, 2* )-connected . Particularly, if U is T-Cl (resp. T,
-, T-Cl*, 2* )-connected, the Z-space (U, ) is called T-Cl (resp. T, T'-x, I'-Cl*,
2* )-connected L-space.

Theorem 14. In any Z-space,

1) Every I'-Cl*-connected subset is I'-Cl-connected.
2) Every x-Cl-connected subset is I'-Cl-connected.
3) Every T'-connected subset is T'-Cl*-connected.

4) Every %-Cl*-connected subset is T'-Cl*-connected.
5) Every x.-connected subset is I'-connected.

6) Every I'-x-connected subset is I'-Cl*-connected.
7) Every 2*-connected subset is T'-x-connected.

8) Every 2*-connected subset is x-Cl*-connected.

Proof. (1) Let M be I-Cl*-connected subset. Suppose that it is not I'-Cl-

connected. So, there are subsets K, S which are I'-Cl-separated and

KuUS = M. From Theorem, the subsets K and S are I'-Cl*-separated.

Hence, the subset M is not I'-Cl*-connected. This is a contradiction. Con-
sequently, the subset M is I'-Cl-connected.

By using Theorem [1] (or Figure [3]), other proofs are obtained similarly. [

The following diagram is obtained by Theorem [14] and Figure

I-Cl-connected <= I'-Cl*-connected <= I'-connected

T'- % -connected

2*-connected

#-C'l-connected &= *-C*-connected <—— *_-connected <= 7*-connected —— 7-connected

FIGURE 4. Relations among new types of connectedness
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For this diagram, counterexamples and independent concepts are shown in Ex-
ample [3] and Example

Example 3. Consider the I-space in Ezample [

(1) The subset P = {y,z} is T’ (resp. T'-Cl*, T-Cl, T'-x )-connected but not ,
(resp. x-Cl*, %-Cl, 2* )-connected.

(2) The subset R = {a,d} is T'-Cl-connected but not T'-Cl*-connected.

(3) The subset S = {c,d} is T-Cl*-connected but not I'-connected.

(4) The subsetT = {a,c} is %-Cl* (resp. I'-Cl*)-connected but not 2* (resp. I'-x)-

connected.

(5) The subset P = {y,z} is T'-Cl*-connected but not x-Cl-connected. The
subset R = {a,d} is x-Cl-connected but not I'-Cl*-connected. That is, the
concepts of *-Cl-connected and T'-Cl*-connected are independent of each
other.

(6) The subset P = {y,z} is I'-connected but not x-Cl-connected. The subset
R = {a,d} is %-Cl-connected but not I'-connected. That is, the concepts of
T'-connected and x-Cl-connected are independent of each other.

(7) The subset P = {y, z} is T'-x-connected but not x-Cl-connected. The subset
R = {a,d} is x-Cl-connected but not I'-x-connected. That is, the concepts
of I'-x-connected and x-Cl-connected are independent of each other.

(8) The subset P = {y, z} is ['-x-connected but not x-Cl*-connected. The subset
T = {a,c} is x-Cl*-connected but not T'-x-connected. That is, the concepts
of I'-x-connected and x-Cl*-connected are independent of each other.

(9) The subset P = {y,z} is I'-connected but not 2*-connected. The subset
S = {e¢,d} is 2*-connected but not T'-connected. That is, the concepts of
I'-connected and 2*-connected are independent of each other.

(10) The subset P = {y, z} is T'-connected but not x-Cl*-connected. The subset
S = {e,d} is x-Cl*-connected but not I'-connected. That is, the concepts of
I'-connected and x-Cl*-connected are independent of each other.

(11) The subset S = {c,d} is I'-x-connected but not I'-connected. The subset
T = {a,c} is T'-connected but not T'-x-connected. That is, the concepts of
T'-x-connected and I"-connected are independent of each other.

(12) The subset S = {c,d} is T'-x-connected but not x.-connected. The subset
T = {a,c} is *«-connected but not I'-x-connected. That is, the concepts of
I'-x-connected and *,-connected are independent of each other.

(13) The subset S = {c,d} is 2*-connected but not *.-connected. The subset
T = {a,c} is x.-connected but not 2*-connected. That is, the concepts of
2*-connected and *,-connected are independent of each other.

Lemma 3. Let (U,7) be P(U)-space and M be a subset of U. If the subset M
has more than one element, it is not I'-Cl (x-Cl*, %-Cl, T, T'-, T'-Cl*,2* %, )-
connected.
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Proof. Let K,S be nonempty subsets such that M = KU S and KNS =
From Lemma the subsets K and S are I-Cl (x-Cl*, x-Cl, T, T-x, I-Cl*,2* *,
separated. So, M is not I'-Cl (x-Cl*, -Cl, T', I'-x, I'-Cl*,2* %, )-connected.

0.
)-

O

Example 4. Consider the P(R)-space in Example @ The subset M = (—00, 3) is
T1-connected but not T-Cl (x-Cl*, %-Cl, T, T'-x, I'-Cl*, 2* )-connected from Lemma
3

According to the I-space given in E:L’ample S = {e,d} is T-Cl (x-Cl*, x-Cl,
L-x, I'-Cl*, 2* )-connected but not T-connected. Moreover, the subset P = {y, z} is
I'-connected but not T-connected.

Consequently, the concepts of T-Cl (x-Cl*, %-Cl, T, T'-x, T-Cl*, 2* )-connected
and T-connected are independent of each other.

Lemma 4. (1] Let (U, 7) be a topological space and M C U. If the subset M is
open, CI(M) = Clo(M).

Lemma 5. If the subset M 1is clopen in any Z-space,
M*CT(M)CM=CIl(M)=_Clg(M).
Proof. 1t is obtained by Lemma @ Lemma 1| and Proposition . O

Theorem 15. If any Z-space (U, T) is I'-Cl-connected, then it is T-connected. That
is, if the set U is I'-Cl-connected, then U is T-connected.

Proof. Suppose that U is I'-Cl-connected but not 7-connected. So, there is a clopen
proper subset M in this space. From Lemma [f]

T(M)NCI(U\NM)CMnN(U\M)=0
C(M)NT(U\M)CMNU\M)=10
and M N(U\ M) =0. So, the subsets M and (U \ M) are I'-Cl-separated. Since

MU U\ M) ="U, U is not I'-Cl-connected. This is a contradiction. As a result,
U is T-connected. O

Theorem 16. If any Z-space (U, 1) is D-Cl1* (T, T'-x, 2%, x-Cl, x-Cl*, *, )-connected,
then it is T-connected.

Proof. The proof is obtained by Figure [4] and Theorem O

Corollary 8. Suppose that any of the conditions in Theorem[3 is satisfied and let
M be subsets in any I-space (U, 7). Then,

(1) The subset M is T'-Cl-connected if and only if it is x-Cl-connected.

(2) The subset M is T'-Cl*-connected if and only if it is x-Cl*-connected.

(3) The subset M is I'-connected if and only if it is x.-connected.

(4) The subset M is 2*-connected if and only if it is T-x-connected.
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Proof. Tt is obvious from Definition [9] and Theorem [2} O

Corollary 9. Let (U, 1) be an Z-space and M, K be subsets of U .

(1) If the subsets M,K are both I'-separated, T'-x-separated subsets and S =
M UK, then S is not I'-Cl*-connected subset.

(2) If the subset S is not T-Cl*-connected, there are both T'-separated and T'-x-
separated subsets M ,K such that M UK = S.

(3) If the subsets M,K are both 2*-separated, x.-separated subsets and S =
M UK, then S is not x-Cl*-connected subset.

(4) If the subset S is not x-Cl*-connected, there are both 2*-separated and *,-
separated subsets M ,K such that MUK = S.

Proof. Tt is obtained from Theorem [3] and Theorem [] O

The following corollaries are obtained from Theorem Theorem [12] and The-
orem [[3] respectively.

Corollary 10. Let (U, 7) be {0}-space and M C U. Then the following statements
are equivalent:

(1) The subset M is ,-connected.
(2) The subset M is T-connected.

Corollary 11. Let (U, 7) be {@}-space and M C U. Then the following statements
are equivalent:

(1) The subset M is 2*-connected.
(2) The subset M is %-Cl*-connected.
(3) The subset M is %-Cl-connected.

Corollary 12. Let (U, 7) be {0}-space and M C U. Then the following statements
are equivalent:

(1) The subset M is I'-x-connected.
(2) The subset M is T'-Cl*-connected.
(3) The subset M is T'-Cl-connected.

Theorem 17. Let (U, ) be {0}-space and M C U. If the subset M is T-connected,
then it is I' (T-Cl*, T'-Cl, %-Cl, %-Cl*, I'-x, 2* )-connected.

Proof. Let the subset M be 7-connected. From Corollary M is *,-connected.
So, it is T' ( [-C1*, T-Cl, *-Cl, *-Cl*)-connected by Figure@ Moreover M is 2*-
connected and I'-x-connected by Corollary [[1] and Corollary [12] respectively. O

Considering {0}-space (U, 7) given in Theorem 17} it is seen that I' ( I-CI*, T-C1,
x-Cl, x-Cl*, T-x, 2*)-connectedness is more general concept than the well-known
T-connectedness. Moreover, in this space, *.-connectedness and T-connectedness
are coincident concepts from Corollary However, in any Z-space (U, 7), when
T-connectedness of only the set U is considered in Theorem |15 and Theorem it
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is seen that the concept of T-connectedness is more general than the concept of I"
(T-Cl*, I-Cl, %-Cl, x-Cl*, T'-x, 2*)-connectedness. So the following result is easily
obtained.

Corollary 13. Let (U, 7) be {0}-space. The following statements are equivalent:

(1) The set U is T'-Cl-connected.
2) The set U is I'-Cl*-connected.
The set U is I'-x-connected.
The set U is 2*-connected.
The set U is %-Cl-connected.
The set U is x-Cl*-connected.
The set U is x4-connected.
The set U is T-connected.

The set U is I'-connected.

(
(
(
(
(
(
(

N N N

3
4
5
6
7
8
9

(
Proof. Tt is obtained by Theorem Theorem [16] and Theorem O

5. THEOREMS ON NEW TYPES OF CONNECTEDNESS VIA LOCAL CLOSURE

Theorem 18. Let (U, 1) be an Z-space. If M is T'-Cl-connected subset of U and
S, T are I'-Cl-separated subsets such that M C SUT, then either M C S or M C T.

Proof. Since M = (M NS)U (M NT) and the subsets S,T are I'-Cl-separated,

T(MNS)NCI(MNT)CT(S)NCIT) =0
CIMNS)NT(MNT) CCIS)NT(T)=10

and (MNS YNMNT) CSNT =0. If (MnS) and (M NT) are nonempty
subsets, the subset M is not I'-Cl-connected. This is a contradiction. So, either
(MNS)=0or (MNT)=10. Since M C SUT, either M C Sor M CT. O

Theorem 19. Let (U, 1) be an Z-space. If M is T-Cl*(resp. T', T'-x, 2*)-connected
subset of U and S,T are I'-Cl*(resp. T", I'-x, 2*)-separated subsets such that M C
SUT, then either M C S or M CT.

Proof. Tt is obtained similar to the proof of Theorem O

Theorem 20. Let (U,7) be an I-space and M, K C U. If M is I'-Cl-connected
subset and M C K CT'(M), then K is I'-Cl-connected subset.

Proof. Suppose that the subset K is not I'-Cl-connected. Then, there exist I'-Cl-
separated nonempty subsets 7', .S such that T'U S = K. Since the subsets S and T
are I'-Cl-separated and M C K = SUT , by using Theorem [I8] we have M C S
or M C T. Suppose that M C S. Then, from Proposition }(1), T'(M) C I'(S).
From the hypothesis, T'C K C I'(M) C I'(S). Since I'(M), I'(S) are closed subsets
by Proposition P}H{), CI(T) C I'(M) C T'(S), and since the subsets S and T are
I-Cl-separated, CI(T) = CI(T)NT(M) C CI(T)NT(S) = 0. That is, T = 0. This
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is a contradiction. Similarly, a contradiction is obtained if M C T. Consequently,
the subset K is I'-Cl-connected. ([

Theorem 21. Let (U,7) be an I-space and M, K C U. If M is I'-Cl*(resp. T')-
connected subset of U and M C K C T'(M), then K is T'-Cl*(resp. T')-connected
subset.

Proof. Tt is obtained similar to the proof of Theorem O

Corollary 14. Let (U, ) be an Z-space and M C U.

(1) If M is both x-dense-in-itself and I'-Cl-connected subset, then M* is I'-Cl-
connected.

(2) If M is both *-dense-in-itself and T-Cl*(resp. T')-connected subset, then M*
is T-Cl*(resp. T)-connected.

(3) If M is both I'-dense-in-itself and I'-Cl-connected subset, then T'(M) is
I'-Cl-connected.

(4) If M is both T'-dense-in-itself and T-Cl*(resp. T')-connected subset, then
(M) is T-Cl*(resp. T')-connected.

(5) If M is both T'-dense-in-itself and T'-Cl-connected subset, then CI(M) is
I'-Cl-connected.

(6) If M is both I'-dense-in-itself and T'-Cl*(resp. T')-connected subset, then
CIl(M) is T-Cl*(resp. T')-connected.

Proof. (1) Since M is *-dense-in-itself and by Lemma [, M C M* C T'(M).
From Theorem [20], M* is I'-Cl-connected subset.

(2) By using Theorem [21} it is obtained similar to the proof of (T]).

(3) Since M is I'-dense-in-itself, we have M C T'(M) C T'(M). From Theorem
(M) is I-Cl-connected subset.

(4) By using Theorem it is obtained similar to the proof of .

(5) Since M is I-dense-in-itself, M C I'(M) and so M C Cl(M) C CI(T'(M)).
Since I'(M) is closed subset from Proposition[2} @), M € CL(M) C CI(T'(M)) =
T(M). That is, M C ClI(M) C T'(M) and M is I'-Cl-connected from the
hypothesis. Using Theorem we obtain that CI(M) is I'-Cl-connected
subset.

(6) Since M is I'-dense-in-itself, M C CI(M) C T'(M) is obtained as in the
proof of (5). M is I-Cl*(resp. T')-connected from the hypothesis. By using
Theorem [21} we obtain that CI(M) is T-Cl*(resp. T')-connected subset.

O

Theorem 22. Let (U,7) be an I-space and { Ny, : k € A} be a nonempty collection
of I'-Cl-connected subsets of U (where A is arbitrary index set). If (\,ea N # 0,
then \Jpea N is T-Cl-connected.

Proof. Suppose that (J,ca Nk is not I'-Cl-connected. Then, there exist I'-Ci-
separated nonempty subsets T', S such that TUS = (J,ca Ni. Since (,cp Ni # 0,
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there exists a point x € Ny for every k € A. Since T, S are I'-Cl-separated and
z € Upea Nk, we have x € T or x € S. Suppose now that 2 € S. So, Ny NS # ()
for every k € A. Then, by Theorem N C S for every k € A. Therefore,
we obtain (Jyca Ve € S. That is, T' = (). This is a contradiction. Similarly, a
contradiction is also obtained if we suppose that 2 € T'. Consequently, |, Nk is
I'-Cl-connected.

Theorem 23. Let (U,7) be an Z-space and {Ny, : k € A} be a nonempty collection
of D-Cl*(resp. T', T'-x, 2%)-connected subsets of U. If (\ca Nk # 0, then Uy Ni
is T-Cl*(resp. T, T'-x, 2*)-connected.

Proof. By using Theorem [19] it is obtained similar to the proof of Theorem[22] O

Theorem 24. Let (U,7) be an Z-space, {Ny : k € A} be a nonempty collection of
I-Cl-connected subsets and M be T'-Cl-connected subset. If M N Ny # () for every
ke A, then M U (U,ca Ni) is a T-Cl-connected subset.

Proof. For every k € A, since Ny and M are I'-Cl-connected subsets such that
M N Ni # 0, by using Theorem 22} we obtain that the subset M U N}, are I'-Cl-
connected for every k € A. Since M C M U Ny, for every k € A, M C [, cA(M U
Ni) # 0. From Theorem Urea(MUNL) = MU(Upea Ni) is a I-Cl-connected
subset. O

Theorem 25. Let (U,7) be an Z-space, {Ny : k € A} be a nonempty collection
of T-Cl*(resp. T, T'-x, 2*)-connected subsets and M be T'-Cl*(resp. T, T'-x, 2*)-
connected subset. If M N Ny # 0 for every k € A, then M U (Upca Ni) is a
L-Cl*(resp. T, T'-x, 2*)-connected subset.

Proof. By using Theorem [23] it is obtained similar to the proof of Theorem 24 O

Theorem 26. Let (U, T) be an I-space and { Ny : k € N} be a nonempty collection
of T-Cl-connected subsets such that Ny N\ Nyy1 # O for every k € N. Then ey Ni
is a I'-Cl-connected subset.

Proof. We can use induction method. Firstly, V7 is I'-Cl-connected. Now assume
that the theorem is true for £ — 1. That is, Ny U Ny U... U Ni_q is I'-Cl-connected.
From Theorem M), = NyUN,U...UNy, is T-Cl-connected and (), oy My = N1 #
0. Again from Theorem Uren Mk = Upen Ni is a I-Cl-connected subset. [

Theorem 27. Let (U, 7) be an Z-space and { Ny, : k € N} be a nonempty collection
of T-Cl*(resp. T, T-x, 2*)-connected subsets such that Ny N Ngy1 # O for every
ke N. Then J,ey Ni is a T-Cl*(resp. T', T'-x, 2*)-connected subset.

Proof. By using Theorem 23] it is obtained similar to the proof of Theorem [26] O

Theorem 28. Let (U,7) be an I-space and M C U. If for each distinct pair of
points a,b € M there is a I'-Cl-connected subset E such that a,b € E C M, then
M is T'-Cl-connected subset.
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Proof. Suppose that the subset M is not I'-Cl-connected. Then there are I'-CI-
separated nonempty subsets S, K such that SUK = M. Let a € S and b € K.
By hypothesis, there is I'-Cl-connected subset E such that a,b € E C M. Since
ECSUK, EC SorFE C K by Theorem Suppose that £ C S. So,
be SNK # (. This is a contradiction. Similarly, a contradiction is obtained if we
suppose that £ C K. O

Theorem 29. Let (U,7) be an I-space and M C U. If for each distinct pair of
points a,b € M there is a D-Cl*(resp. T, T'-x, 2*)-connected subset E such that
a,be EC M, then M is T'-Cl*(resp. T', T'-x, 2*)-connected subset.

Proof. By using Theorem [19] it is obtained similar to the proof of Theorem[28] O

Theorem 30. Let (U,7) be I'-Cl-connected I-space, M be T'-Cl-connected subset
and K,C be I-Cl-separated subsets. If U\ M = K U C, then both M U K and
M UC are I'-Cl-connected subsets.

Proof. Suppose that M U K is not I'-Cl-connected. There are I'-Cl-separated
nonempty subsets S, T such that SUT = M UK. Since M C SUT = MUK
and M is a [-Cl-connected subset, M C S or M C T, by Theorem Suppose
that M CT. Then, SUT = MUK CTUK, and so S C K. Since K and C are
I'-Cl-separated subsets, S and C are I'-Cl-separated subsets. So,

[(S)NCUT UC) = [[(S) N CUT)] UL(S) N CLC)]| =
Cl(S) NT(TUC) = [CI(8) NT(T)] U[CL(S) NT(C)] =

and SN(TUC) = (SNT)U(SNC) = 0. As aresult, S and TUC are I'-Cl-separated
subsets. Since U\ M = KUC, we have U = M U(KUC) = SU((T'UC). This
contradicts with the fact that (U, 7) is an I'-Cl-connected Z-space. Consequently,
the subset M U K is I'-Cl-connected.

If M C S, a contradiction can be obtained again in this way. Similarly, it can
be proved that M U C' is I'-Cl-connected subset. (|

Theorem 31. Let (U,7) be T-Cl*(resp. T, T'-*, 2*)-connected I-space, M be a
D-Cl*(resp. T, T'-x, 2*)-connected subset and K, C be I'-Cl*(resp. T', T'-x, 2*)-separated
subsets. If U\ M = KUC, then MUK and M UC are I'-Cl*(resp. T', T'-x, 2*)-
connected subsets.

Proof. By using Theorem[I9] it is obtained similar to the proof of Theorem [30} O

Theorem 32. Let (U, ) be an Z-space and M, K be I'-Cl-connected subsets of U.
If these subsets are not I'-Cl-separated, then M U K is I'-Cl-connected subset.

Proof. Suppose that M U K is not I'-Cl-connected subset. So, there are I'-Cl-
separated nonempty subsets S,7T such that SUT = M U K. Then, we have
M C SUT and K C SUT. From Theorem there are four cases to be considered:

(1) MCSand KCS
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2) MCSand KCT

B) MCTand KCT

(4) MCTand KCS
If case or case is satisfied, then T = @ or S = 0, respectively. Both are
contradiction.

Suppose that case is satisfied. If M = S and K = T, then the subsets M
and K are I'-Cl-separated. This is a contradiction. If M ; S, then T ; K due to
SUT = MUK. Similarly, if K G T, then S & M. These contradict with case .
Additionally, for case , we obtain similar contradictions. Consequently, M U K
is I'-Cl-connected subset. O

Theorem 33. Let (U,7) be an I-space and M, K C U. If these subsets are not
L-Cl*(resp. T, T'-x, 2*)-separated, then MUK is T-Cl*(resp. T, T'-x, 2*)-connected
subset.

Proof. By using Theorem [19] it is obtained similar to the proof of Theorem[32] O

Lemma 6. Let (U, 7) be an Z-space and M, K be subsets of U. Then
I'(M N K) C T(M)NT(K).
Proof. Let x € T(MNK). Then, [CI(O)N(MNK)] ¢ T for every O € 7(x). Because

of the definition of ideal, CI(O)NM ¢ T and CI(O)NK ¢ Z. So, z € T'(M) and
x € I(K). That is, x € T(M) NT(K). O

In the following example, we show that the inclusion T(M N K) CT(M)NT(K)
strictly hold.

Example 5. Consider the Z-space in Example . In Table|l, T(ANB) =0 &
{a,b,c} =T(A)NT(B).
Theorem 34. Let (U, ) be an Z-space. If the following conditions are satisfied for
the subsets M and K :

(1) The subset K is both T-Cl-connected and closed.

(2) T(M) CCUM) and T(U\ M) CCI(U\ M).

(3) KNM #0 and KN (U\ M) # 0.
then K N Bd(M) # ) where Bd(M) is boundary of the subset M.
Proof. Suppose that KNBd(M) = (. So, KN(CI(M)NCI(U\M)) =
K can be expressed as K =UNK = (MU{U\M))NK = (MNK)U(
Then, by using Lemma [6]

IMNK)NCI((U\M)NK)

(. The subset
(U\M)NK).

T(M)NT(K) N [CUU\ M) N Cl(K)]

(M)NT(K)NCI(U\M)NK =1
CUM N K)NT((U\ M)NK) C Cl(M)NCUK)N[[(U\ M)NT(K)]
(MYNKNCHU\M)NT(K) =0
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and (MNK)N((U\M)NK) =0 . Therefore, the subset K is not I'-Cl-connected.
This is a contradiction. Consequently, K N Bd(M) # 0. O

Theorem 35. Let (U, 7) be an Z-space. If the following conditions are satisfied for
the subsets M and K :

(1) The subset K is I'-connected.

(2) (M) CCUM) and T(U\ M) C CI(U\ M).

(3) KNM #0 and KN (U\ M) # 0.
then K N Bd(M) # 0.
Proof. Suppose that KNBd(M) = 0. So, KN(CI(M)NCIL(U\M)) = 0. The subset
K can be expressed as K =UNK = (MU{U\M))NK = (MNK)U(U\M)NK).
Then, by using Lemma [f]

TIMNEK)N(U\NM)NK)CT(M)NT(K)N(U\M)NK
CCM)NT(K)NCHU\M)NK =1

(MNE)NT(U\M)NK)C MNKNT(U\ M)NT(K)
CCIM)NKNCU\M)NT(K) =10

and (M NK)N((U\M)NK)={(. Therefore, the subset K is not I'-connected.
This is a contradiction. Consequently, K N Bd(M) # 0. O

Theorem 36. Let (U, 7) be an Z-space. If the following conditions are satisfied for
the subsets M and K :

(1) The subset K is both I'-Cl*-connected and *-closed.

(2) (M) CCl*(M) and T(U\ M) CCI*(U\ M).

(3) KNM #0 and KN (U\ M) # 0.
then K N Bd*(M) # ) where Bd*(M) is boundary of the subset M with respect to
T*.

Proof. Suppose that K N Bd*(M) = 0. So, KN (CI*(M)NCI*(U\ M)) = 0. The
subset K can be expressed as K =UNK = (MU({U\M))NK=MnNK)U((U\

M)N K). Then,
TMNK)NCIr(U\M)NK) CT(M)NT(K)N[CI*(U\ M)NnCIl*(K)]

c
CClrrM)NI(K)NnCl*(U\M)NK =10

CI*(MNEK)NT((U\ M)NK) C CI*(M) N CI*(K) N [D(U \ M) N T(K)]
C oM

Cl
Cr(MyNKNClI*(U\M)NT(K) =10
and ( MNK)N (KN U\ M)) =0 . Therefore, the subset K is not I-Cl*-

connected. This is a contradiction. So, K N Bd*(M) # 0.
O



280 F. YALAZ, A. KESKIN KAYMAKCI

Corollary 15. Let (U,7) be an T-space. If the following conditions are satisfied
for the subsets M and K :

(1) The subset K is T'-x (2* )-connected and x-closed.
(2) (M) CClI*(M) and T(U\ M) CCI*(U\ M).
3) KNM#0 and KN(U\ M) #0.

then K N Bd*(M) # 0.

Proof. 1t is obvious from Figure [4 and Theorem [36] O

Theorem 37. Let (U, 7) be an Z-space. If the following conditions are satisfied for
the subsets M and K :
(1) The subset K is I'-connected.
(2) (M) CCI*(M) and T(U \ M)
(3) KNM#0 and KN(U\ M) #
then K N Bd*(M) # (.

Proof. Suppose that K N Bd*(M) = 0. So, K N (CI*(M)NCl*(U\ M)) =0. The
subset K can be expressed as K =UNK =(MUU\M))NK =(MnK)U((U\
M) N K). Then

TMNEK)N(U\M)NK)

C o (U \ M).
0.

D(M)NT(K)N(U\M)NEK

-
Corr(M)NTK)NC*(U\M)NK =10

(MANEK)NT((U\M)NK)C MAKN[DU\M)NT(K)]
COrF(M)NKNCI U\ M)NT(K) =0

and M NK)Nn (KN U\ M)) =0. Therefore, the subset K is not I'-Cl*-
connected. This is a contradiction. Finally, K N Bd*(M) # 0.
(]

6. NEw TYPE COMPONENTS VIA LOCAL CLOSURE

Definition 10. Let (U,7) be an Z-space and x be a point of U. The union of all
T-Cl(resp. T-Cl*, T, T'-x, 2*)-connected subsets that contain the point x is called
L-Cl(resp. T-Cl*, T, T'-x, 2*)-component of U containing x. That is, we define a
D-Cl(resp. T-Cl*, T, T'-x, 2*)-component of the point x as follows:
(1) The subset Cr.ci(xz) = U{M C U : M is I'-Cl-connected and v € M} is
called T'-Cl-component of the point x.
(2) The subset Cr.cp=(x) = J{M C U : M is T-Cl*-connected and x € M} is
called T'-Cl* -component of the point x.
(3) The subset Cr(x) = U{M C U : M is I'"-connected and x € M} is called
I'-component of the point x.
(4) The subset Cr_v(z) = U{M C U : M is I'-x-connected and x € M} is called
I'-x-component of the point x.
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(5) The subset Co-(x) = |J{M C U : M is 2*-connected and x € M} is called
2*-component of the point x.

Theorem 38. Let (U,7) be an I-space and x be a point of U.
(z

(1) The subset Cr-ci(x) is I-Cl-connected subset which contains x.
(2) The subset Cr_ci(x) is mazimal T'-Cl-connected subset which contains x .

Proof. (1) Since z € ({M C U : M is I-Cl-connected and x € M} # 0,
Cr.ci(x) =J{M C U : M is T-Cl-connected and = € M} is I'-Cl-connected
by Theorem

(2) It is obvious from Definition [10] and (T)).
]

Theorem 39. Let (U,7) be an Z-space and x be a point of U.
(1) The subset Cr.ci=(z)(resp. Cr(x), Cro«(x), Cox(x)) is T-Cl*(resp. T, T-x, 2%)-
connected subset which contains x.
(2) The subset Cr_ci+(x)(resp. Cr(z), Cr.(x), Cox(x)) is maximal T-Cl* (resp. T', T'-x, 2%)-
connected subset which contains x .

Proof. By using Theorem [23] and Definition [I0], it is obtained similar to the proof
of Theorem Bg] . O

Theorem 40. Let (U, 1) be an Z-space and x,y € U. Then

(1) Cr-ci(z) NCr-ci(y) =0 or Crci(x) = Cr.c1(y)-
(2) The set of all distinct I'-Cl-components forms a partition of U.

Proof. (1) Let Cr.ci(z) N Cr.ci(y) # 0. From Theorem and Theorem
Cr.ci(x) U Cr.ci(y) is I'-Cl-connected. We have Cr.¢i(x) C Cr.ci(z) U
Cr-ci(y) and Cr_ci(y) C Cr-ci(@)UCr-ci(y). From TheoremB8-(2), Cr_ci(z)U
Cr.ci(y) € Cr.ci(z) and Cr.ci(z) U Cr.ci(y) € Cr.ci(y). So, Cr.ci(x) U
Cr-ci(y) = Cr-ci1(x) = Cr-c1(y)-

(2) Since U,y Cr-ci(z) = U, it is obvious from .

O

Theorem 41. Let (U,7) be an Z-space and x,y € U. Then,
) Cr-ci-(x) NCr-ci-(y) = 0 or Cr_ci-(x) = Cr.c1+(y)-
r(z)NCr(y) =0 or Cr(z) = Cr(y).
Cro(z) NCro«(y) =0 or Cr.(z) = Cr.(y)-
CQ*( )ﬁCg*( )_@ OTCQ*( ) Cz*<y)
The set of all distinct Cr.ci=(x)(resp. Cr(z), Cr«(z), Cax(x))-components
forms a partition of U.

(1

(2) €
(3)
(4)
()

Proof. By using Theorem [39 and Theorem [23] all statements above are obtained
similar to the proof of Theorem [10] O

Theorem 42. Let (U,7) be an I-space. If M is I'-Cl-connected and nonempty
clopen subset of U, then M is T'-Cl-component.
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Proof. Let Cr.ci(x) be I'-Cl-component of the point € M. From Theorem 38}(2),
M C Cr.ci(x). Suppose that M G Cr.ci(x). Then, (M N Cr.ci(x)) N[(U\ M) N
Cr.ci(z)] =0 and (M NCr.ci(z)) U[(U\ M) N Cr.ci(z)] = Cr.ci(z). From Lemma

Bl
T(M)NCU\NM)CO(M)NU\M)=Mn{U\M)=0
CIIM)NT(U\M)CMNC(U\M)=Mn{U\M)=10
These imply that

T(M O Crc(z)) N CL(U\ M) N Crca(z)) = 0
CI(M N CF_CI(QS)) n F((U \ M) N Cp_c'l(l‘)) =0

So, Cr.ci(x) is not I'-Cl-connected. This is a contradiction. Consequently, M =
Cr.ci(z). That is, M is I'-Cl-component. O

Theorem 43. Let (U, 1) be an Z-space. If M is T-Cl*(resp. T', T'-x, 2*)-connected
and nonempty clopen subset of U, then M is I'-Cl*(resp. T', T'-x, 2*)-component.

Proof. By using Lemmalf] it is obtained similar to the proof of Theorem O

7. THE IMAGE OF NEwW TYPES OF CONNECTEDNESS UNDER A CONTINUOUS
MAP IN IDEAL TOPOLOGICAL SPACES

f:(U,7m1,7) — (Y,72) is continuous map means that f : (U,71) — (Y, 72) is
continuous.

Theorem 44. Let (U,71) be I'-Cl-connected Z-space and (Y, 72) be any topological
space. If f: (U, 71,Z) — (Y, 72) is a continuous map, then f(U) is To-connected.

Proof. From Theorem[I5], the set U is 7;-connected. Since the image of a connected
space under a continuous map is connected, f(U) is To-connected. O

Corollary 16. Let (U,71) be T-Cl* (T, T-x, 2*, x-Cl, x-Cl*, *, )-connected I-space
and (Y, T2) be any topological space. If f : (U,11,1) — (Y,72) is a continuous map,
then f(U) is To-connected.

Proof. Tt is obvious from Theorem [I4] and Figure [4] O

Corollary 17. Let f : (U,71,Z) — (Y, 72) be continuous and surjective function.

If U is T-Cl (D-Cl*, T, T-x, 2* )-connected, then Y is T-connected.

Proof. Tt is obvious from Theorem 4] and Corollary [T6] O
It is shown in [14] that Corollary is also satisfied for *-Cl (x-Cl*, x.)-

connectedness. This is clear from Theorem and Corollary Because I'-Cl-
connectedness is more general than x-Cl (x-Cl*, *,)-connectedness.
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Theorem 45. [25/(Intermediate Value Theorem) Let f : (U,71) — (Y, 72) be con-
tinuous map, where (U, T1) is a 71-connected topological space, Y is an ordered set
with 7 <7 and T4 is order topology on Y. If a,b € U and f(a) < r < f(b), then
there exists a point ¢ € U such that f(c) =r.

Now, we give the intermediate value theorem for the ideal topological spaces.

Theorem 46. Let f : (U,11,Z) — (Y, 72) be continuous map, where (U, 71) is a
L-Cl (T-Cl*, T, T-x, 2*, %-Cl, *-Cl*, *, )-connected T-space, Y is an ordered set
with 7 <7 and 79 is order topology on'Y. If a,b € U and f(a) < r < f(b), then
there exists a point ¢ € U such that f(c) =r.

Proof. From Theorem (and Corollary , the set U is 71-connected. That is,
(U,71) is connected space. Then, the claim is obtained by Theorem [45} O

Specially, if we choose the minimal ideal Z = {(} in Theorem by using
Corollary [I3] we obtain the intermediate value theorem. That is, a special case of
Theorem [40] gives the intermediate value theorem.
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