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A B S T R A C T  A R T I C L E  I N F O  

Lateral displacement is a vary important parameter that we need to calculate when structures 

are subjected to lateral loads like earthquake and wind loads. In this study, a method is proposed 

for lateral displacement calculation of structures with different structural systems in different 

planes. This method is based on the continuum system calculation model. The method suggested 

in the literature for only top displacement in the case of uniform loading, is developed in this 

study for the calculation of displacements at each storey level and also in both uniform and 

triangular loading conditions. At the end of the study, twenty-eight storey building with shear 

wall-frame bearing system, which was taken from the literature, was solved with the presented 

method and Finite Element Method. The shear walls were modelled with three different element 

types for the analysis with the Finite Element Method with structural engineering program used. 

The results, obtained from the Continuum Method and Finite Element Method were presented 

in tables and by figures. Thus, the compatibility of the proposed method with the classical 

Finite Element Method was investigated. From the compared results of the method and the 

literature or finite element models it was seen that the method used for the case of uniform or 

triangular distributed loading gives very close results. 
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1. Introduction

The desire of people to live in big cities for various reasons 

has increased the immigration to these cities. The increase in 

immigration has created the need for infrastructure and 

dwelling in cities. In order to meet these needs and to provide 

more economical use of residential areas, reinforced concrete 

or steel multi-storey structures were designed and built. In 

multi-storey buildings, the lateral loads on the structure 

increase with the increase in the height of the building. 

Therefore, lateral loads become more effective than vertical 

loads in the dimensioning of the bearing systems of such 

structures. At the same time, under the effect of increasing 

lateral loads, lateral displacements in the buildings reach high 

values and as a result, buildings can be damaged. Dynamic 

analysis is essential to determine this behavior of structures. 

However, equivalent static analysis methods are still used in 

low-rise and regular buildings, and the results obtained with 

dynamic analysis in all buildings are limited to the results 

obtained with the equivalent static analysis method.  

Although static and dynamic calculations of buildings can be 

made quickly in parallel with the development of computer 

programs in recent years, approximate methods still maintain 

their importance both in the pre-sizing stage and in terms of 

controlling the program outputs. In the programs that analyze 

with the Finite Element Method, wrong results can be 

obtained as a result of the wrong element and model selection. 

At the same time, the structural behavior, which is difficult to 

understand in the inputs and outputs of complex finite element 

programs that make element-based analysis, is better 

understood by using approximate calculation methods and a 

few parameters. One of the methods used in the analysis of 

buildings is the Continuum Method. In this method, the multi-

storey building is modeled as an equivalent cantilever beam.  

The Continuum Method first emerged at the end of the 1940s. 

Chitty studied the behavior of parallel cantilever beams [1]. 

Rossmann performed the static analysis of shear walls under 
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lateral loads using the Continuum Method [2].  Rutenberg and 

Heidebrecht used the Continuum Method in the analysis of 

asymmetrical buildings [3]. Murashev et al. conducted studies 

on the method and applied the method in housing estate 

projects [4]. The method has been studied by many 

researchers [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 1, 19, 

20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] 

since then, and studies on the method are still ongoing. In 

Turkey, a number of studies have been carried out in the 

literature about the method used and developed by Bilyap [36] 

and his colleagues, called the Differential Equation Method. 

[37, 3, 39, 40, 41, 42, 43].  

In this study, a method has been proposed for calculating 

lateral displacements of buildings with different structural 

systems in different planes. The method, which was suggested 

in the literature for only top displacement in the case of 

uniform loading, was developed in this study for the 

calculation of displacements at each storey level in both 

uniform and triangular loading conditions. 

The following assumptions were made in the development of 

the method: 

a) The material is linear elastic,

b) Second-order effects are negligible,

c) The axial and shear deformations in the beams are

negligible,

d) The material, geometry and section properties of the

building are constant throughout the height of the building.

2. Methods and materials

Each of the bearing systems (wall, frame) in different planes 

can be modeled as an equivalent Timoshenko beam as shown 

in Figure 1. 

Figure 1 Equivalent Timoshenko beam 

The total displacement (y) of the equivalent Timoshenko 

beam is equal to the sum of the bending displacement (ye) and 

the shear displacement (yk) as in Equation (1)  

ke yyy  (1) 

In the equivalent Timoshenko beam, S denotes the bending 

stiffness and corresponds to the global bending stiffness 

created by the axial displacements in the frames and is 

calculated with the following equation. 

 



m
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In this equation; Ai is the cross-sectional area of the ith column 

element, ti is the distance of the ith column element to the 

center of gravity of the column system, m is the number of 

elements. 

For shear walls, S represents the bending stiffness of the wall 

and can be calculated by Equation (3). 
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R, seen in Figure 1, shows the shear stiffness of the equivalent 

Timoshenko beam and is calculated with the following 

equation for frames.  
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In this equation; r is the sum of all beams stiffness factors, s is 

the sum of all column stiffness factors at the storey, and h is 

the storey height. r and s are calculated by Equation (5) and 

Equation (6), respectively. 
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In the above equations; n is the total number of columns, EIki 

is the total bending stiffness of the beams, EIci is the total 

bending stiffness of the columns, li is the length of ith beam, hi 

represents the height of each column at the storey. 

For shear wall elements, R can be calculated by Equation (7). 

*A
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Here, A is the cross-sectional area of the shear wall, k is the 

shear shape factor, and μ is the poisson's ratio. k is defined as 

1.2 for rectangular sections. 

2.1 Uniformly Distributed Load Case 

In the case of a uniformly distributed load (Figure 2), the 

displacement (ye) caused by bending is calculated by Equation 

(8). 
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Figure 2 Equivalent Timoshenko beam under uniformly 

distributed load 

The displacement caused by shear is calculated by Equation 

(9). 
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2.2 Triangle Distributed Load Case 

In case of triangular distributed load shown in Figure 3, the 

displacement (ye) caused by bending is calculated by Equation 

(10). 
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Figure 3 Equivalent Timoshenko beam under triangular 

distributed load 

The displacement (yk) caused by shear is calculated by 

Equation (11). 
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Figure 4. Equivalent Timoshenko beam models representing the different bearing systems in different planes 

For element jth in Figure 4, the relative storey drift at ith storey 

is calculated by Equation (12). 

ii

j

i yy  1 (12) 

In this equation, yi+1, yi represent the total displacements at i+1 

and ith stories, respectively. 

With the shear beam assumption, the lateral shear stiffness of 

the jth bearing system at ith storey is calculated by Equation 

(13). 

j

i

ij

i

V
k


 (13) 

In this equation, ki
j represents the lateral stiffness of the jth 

element, Vi represents the shear force and Δi
j represents the 

relative storey drifts of the jth element at ith storey. The total 

stiffness of each storey is calculated with Equation (14). 





n

j

j

ii kK
1

(14) 

The drift of the ith storey of the building is calculated with the 

following equation. 

i

i
i

K

V
 (15) 

3. Methods and materials

3.1 Example: 

In the example taken from the literature [35], 28-storey 

reinforced concrete structure whose layout is shown in Figure 

5 and whose cross-sectional features are shown in Table 1 was 

investigated. In this structure; the height of each storey was 

3.00 m, the Modulus Elasticity was 25*106 kN/m2 and the 

poisson ratio was 0.2. 

http://www.journals.manas.edu.kg/
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Figure 5. Layout of the example [35] 

Table 1. Cross-sections of the building elements 

Beam / Column Dimensions (m) 

K01, K02, K03, K04, K05, K06, K07, K08 0.40/0.40 

S1 0.40/0.40 

0.40/0.70 S2 

In the example, the weight of the building was neglected and 

the lateral displacements of the building under uniformly 

distributed load representing the wind loads in the (–y) 

direction, were calculated analytically by the proposed 

method and by using the SAP2000 program to analyze with 

the Finite Element Method. 

The lateral displacement of the top floor of the building under 

uniformly distributed load representing the wind load in the (-

y) direction in the same example, was calculated by Zalka [35]

as 0.184 m. 

In this study, the lateral displacement values at each storey 

were calculated and shown in the table. In addition, 3 models 

were used to idealize the structure in the SAP2000 package 

program for Finite Element Analysis. 

In the first model, the centers of gravity of the U-section wall 

elements were calculated. Then, the strength properties of 

these shear walls were calculated and these properties were 

assigned to the frame elements. 

In the second model, each rectangular wall element 

constituting the U-section wall elements was formed as a 

frame element and assigned to the center of gravity of these 

elements. Then, these frame elements were connected to each 

other with infinitely rigid frame elements. 

In the third model, each wall element constituting the U-

section wall elements was considered as a shell element and 

divided into 20x20 cm in size square elements. 

In all three models, the slabs were assumed to be infinitely 

rigid and at each storey rigid diaphragms were assigned. 

The lateral displacement of each storey in the y-axis direction 

was calculated by analytical and Finite Element Methods, then 

shown in Table 2 and in the graph in Figure 6, comparatively. 

.
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Number of Storey Model 1 Model 2 Model 3 Analytical 

Ground Floor -0.0008 -0.0009 -0.0009 -0.0009 

1. -0.0027 -0.0029 -0.0029 

-0.0058 

-0.0032 

2. -0.0056 -0.0059 -0.0067 

3. -0.0092 -0.0096 -0.0096 -0.0112 

4. -0.0137 -0.0141 -0.0141 -0.0166 

5. -0.0188 -0.0193 -0.0192 -0.0226 

6. -0.0244 -0.025 -0.0249 -0.0292 

7. -0.0306 -0.0313 -0.0311 -0.0363 

8. -0.0372 -0.0380 -0.0378 -0.0437 

9. -0.0442 -0.0450 -0.0448 -0.0515 

10. -0.0515 -0.0524 -0.0520 -0.0595 

11. -0.0591 -0.0600 -0.0596 -0.0676 

12. -0.0668 -0.0678 -0.0673 -0.0759 

13. -0.0748 -0.0757 -0.0752 -0.0842 

14. -0.0828 -0.0838 -0.0833 -0.0925 

15. -0.0910 -0.0920 -0.0914 -0.1007 

16. -0.0992 -0.1002 -0.0995 -0.1088 

17. -0.1074 -0.1085 -0.1077 -0.1168 

18. -0.1156 -0.1167 -0.1159 -0.1247 

19. -0.1238 -0.1249 -0.1240 -0.1323 

20. -0.1320 -0.1331 -0.1321 -0.1396 

21. -0.1401 -0.1413 -0.1402 -0.1467 

22. -0.1482 -0.1494 -0.1482 -0.1534 

23. -0.1563 -0.1574 -0.1562 -0.1598 

24. -0.1642 -0.1654 -0.1641 -0.1658 

25. -0.1722 -0.1733 -0.1720 -0.1713 

26. -0.1800 -0.1812 -0.1798 -0.1763 

27. -0.1879 -0.1890 -0.1875 -0.1807 

Figure 6. Graphical comparison of lateral storey displacements under uniformly distributed load 

Table 2. Comparison of lateral storey displacements under uniformly distributed load 

Lateral Displacements in the y axis line (m) 

http://www.journals.manas.edu.kg/
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For the same example, the lateral displacement of each storey 

of the building under the triangular distributed load 

representing the earthquake loads in the (–y) direction shown 

in Figure 7 was calculated both analytically and using the 

SAP2000 program, which analyzes with the Finite Element 

Method. 

Figure 7. Triangular distributed load 

The results obtained by the calculation of the displacements in 

the (–y) direction of each storey using analytical and Finite 
Element Method are shown in Table 3 and in the graph in 

Figure 8, comparatively. 

.

Table 3. Comparison of lateral storey displacements under triangular distributed load 

Lateral Displacements in the y axis line (m) 

Number of Storey Model 1 Model 2 Model 3 Analytical 

Ground Floor -0.0020 -0.0022 -0.0022 -0.0023 

1. -0.0068 -0.0073 -0.0072 

-0.0148 

-0.0084 

2. -0.0142 -0.0149 -0.0175 

3. -0.0240 -0.0248 -0.0247 -0.0294 

4. -0.0359 -0.0369 -0.0368 -0.0435 

5. -0.0498 -0.0510 -0.0507 -0.0597 

6. -0.0655 -0.0668 -0.0664 -0.0775 

7. -0.0827 -0.0842 -0.0837 -0.0969 

8. -0.1013 -0.1030 -0.1024 -0.1175 

9. -0.1212 -0.1230 -0.1223 -0.1391 

10. -0.1422 -0.1442 -0.1432 -0.1617 

11. -0.1642 -0.1662 -0.1651 -0.1849 

12. -0.1869 -0.1891 -0.1878 -0.2087 

13. -0.2103 -0.2126 -0.2111 -0.2328 

14. -0.2343 -0.2367 -0.2350 -0.2572 

15. -0.2587 -0.2612 -0.2593 -0.2817 

16. -0.2834 -0.2860 -0.2839 -0.3062 

17. -0.3084 -0.3110 -0.3088 -0.3304 

18. -0.3335 -0.3362 -0.3337 -0.3543 

http://www.journals.manas.edu.kg/
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19. -0.3587 -0.3615 -0.3588 -0.3778 

20. -0.3839 -0.3867 -0.3838 -0.4007 

21. -0.4091 -0.4120 -0.4088 -0.4228 

22. -0.4342 -0.4371 -0.4337 -0.4439 

23. -0.4592 -0.4621 -0.4585 -0.4641 

24. -0.4840 -0.4869 -0.4832 -0.4829 

25. -0.5087 -0.5116 -0.5077 -0.5002 

26. -0.5333 -0.5362 -0.5320 -0.5158 

27. -0.5578 -0.5606 -0.5562 -0.5293 

Figure 8. Graphical comparison of lateral storey displacements under triangular distributed load 

4. Conclusions

In this study, a practical method was proposed to determine 

the lateral displacements at each storey level of the buildings. 

The method which was suggested in the literature for only top 

displacement in the case of uniform loading, was developed 

in this study for the calculation of displacements at each storey 

level. In addition to the uniform loading presenting the wind 

loads, triangular loading presenting the earthquake loads was 

developed in this study.  

At the end of the study, example taken from the literature was 

solved with the presented method. In addition, for the same 

example, the lateral displacement at each storey was 

calculated using different models created by the Finite 

Element Method. The lateral displacement of the top floor of 

the building under uniformly distributed load was calculated 

as 0.184 m in the literature, which was calculated as 0.1807 m 

by the proposed method. Also for the different three models 

created by the Finite Element Method the lateral displacement 

of the top floor was calculated as 0.1879m, 0.1890 m and 

0.1875 m. For the convergence of the presented method with 

respect to the Finite Element Method, it was seen from tables 

that in the case of uniform and triangular distributed loads, 

close results were obtained. Thus, the presented method can 

be used especially in the pre-sizing stage and controlling the 

package programs. 
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A B S T R A C T  A R T I C L E  I N F O   

Hazelnut shell biosorbent immobilized on Amberlite XAD-4 polymer resin as solid phase 
extraction method was developed and used for preconcentration of Cu(II) and Cd(II) ions from 
aqueous solutions. Concentrations of analytes in solutions were determined by Flame Atomic 
Absorption Spectrometry after extraction with column technique. Functional groups of nutshell 
biosorbent immobilized on resin were characterized by Fourier transform infrared spectrometry. 
Optimized critical parameters for preconcentration of Cu2+ and Cd2+ ions from sample solutions 
with nutshell immobilized on the resin were the pH value of solution, type of eluent solutions, 
the flow rate of sample solution, quantities of nutshell biosorbent, Amberlite XAD-4 resin, and 
enrichment factors, respectively. Detection limits of Cu2+ and Cd2+ ions found were 0.29 µg L-

1 and 0.25 µg L-1, respectively. The method proposed was applied for determinations of Cu2+ 
and Cd2+ ions in standard reference material (BCR-670 aquatic plant sample) for accuracy and 
applied to real water samples such as wastewater and Van lake water. At the 95% confidence 
level, relative standard deviations (RSDs) were found as 1.44% for Cd2+ and 1.21% for Cu2+ 
ions with three replicate measurements. 
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1. Introduction 

Nowadays, toxic metal contaminations and their effects have 
widely increased in the environment and waters because of 
rapid developments in technology, industry, and social life of 
the people in the world [1-6]. Copper is one of the trace 
elements found in the body, but its higher level can cause toxic 
like other metals such as cadmium and lead, even if at low 
concentrations [7, 8]. Daily intake of copper is 1.0–1.1 mg for 
an adult woman and 1.2-1.6 mg for an adult man. Excessive 
or deficient copper causes different health problems such as 
heart failure, nausea, anaemia, hypertension, and vomiting [9]. 
Besides, cadmium accumulates in the human body and may 
increase the risk of lung cancer [10, 11]. Copper and cadmium 
are widely used in technology such as electrical supplies for 
construction, heat exchangers, electroplating, electroplate 
steel, medicine, painting, dying, surface treatment, etc. [12, 
13]. For example, some industrial products that included 

cadmium are power stations, Ni-Cd batteries, alloy 
manufacture, dyeing, etc. Especially from industrial and 
agricultural activities, mining, unplanned urbanization, and 
household wastes, trace levels of copper and cadmium are 
emitted into the environment and accumulate in nature [14]. 
These problems have threatened the health of living beings in 
ecological nature and will affect future generations. Removing 
these metal contaminations from water solutions is a 
significant environmental problem because of their toxic 
effects on living conditions [15]. Therefore, determinations of 
copper and cadmium contaminants are important in waters 
because of their poisonous impacts on human health [16, 17]. 
 
Traditional methods such as chemical precipitation, ion 
flotation, ion exchange, coagulation and electrochemical 
methods have been applied to remove industrial pollution in 
wastewater in the field of environmental health [18, 19]. 
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These methods are considered economically inexpensive, but 
they all have some disadvantages and inadequacies in 
environmental pollution removal. There is always a need for 
cheaper and more effective solutions. For this, it is seen that 
the adsorption method using biosorbent gives remarkable 
results [20-23]. Especially the use of waste materials as an 
adsorbent in adsorption processes is widespread for the 
synthesis of cost-effective materials. The peels of herbal 
products are very sympathetic to scientists within the 
framework of green chemistry thought [24-26]. 
 
In recent years, chelating resins have been functionalized in 
several assistance materials. The inclusion of commercially 
available XAD resins and their usage has increased for 
removing and recovering metals contaminated [27, 28]. 
Amberlite XAD resins are broadly used to develop chelating 
materials for preconcentration and enrichment procedures due 
to their excellent physical and chemical properties such as 
porosity, high surface area, durability, and purity [29]. Among 
these resins, Amberlite XAD-4 used as a solid sorbent has 
perfect physical features such as resistance to acids, bases, 
oxidizing and reducing agents, large surface area (>750 m2g-

1), well-characterized medium size (0.49– 0.69 mm), and 
porosity [30].  
 
The solid phase extraction (SPE) method is one of the most 
commonly used techniques for the preconcentration and 
enrichment of metals. It provides more elastic study 
conditions and well selectivity, steady, proximity, ability to 
work with large sample volume, high concentration capacity 
and high enrichment capability for metal ions, safety for 
hazardous samples, and minimum costs due to low 
consumption of reagents, ease and fast for automation [2, 10, 
31, 32]. The fundamental mechanism of SPE is a transference 
of metals from the aqueous phase into active regions of the 
solid phase [29, 33]. 
 
Various Amberlite XAD resins and biological materials have 
been used as SPE for trace levels of toxic metals in water 
samples before instrumental analysis [34, 35]. The usage of 
natural materials such as yeast, plant leaves, and root tissues 
for recovery of heavy and toxic metal ions from aqueous 
solutions has increased in recent years because of the 
preferable performance and minimum cost of biosorbent 
materials. Biosorption processes are usually fast and 
appropriate for the extraction of metals from large volumes of 
water samples [36, 37]. Biological sorbent materials 
immobilized on a suitable XAD resin have been used to 
overcome some problems by offering ideal size, mechanical 
force, hardness, and porous characteristics to the biological 
material [35, 38, 39]. 
 
In this study, hazelnut shell biosorbent immobilized on 
Amberlite XAD-4 resin for SPE procedure was developed for 
preconcentration, enrichment, and determination of Cu2+ and 
Cd2+ ions in waters. There was no study observed in the 

literature with this procedure. The recovery conditions for 
Cu2+ and Cd2+ ions using resin immobilized with hazelnut 
shell as biosorbent in column technique were investigated. 
Effects of critical parameters such as pH of the solution, eluent 
type and concentration, solution flow rate, solution volume, 
foreign ion effects, and column reproducibility were examined 
in detail to optimize recovery and enrichment conditions for 
Cu2+ and Cd2+ ions by using standard solutions. The method 
proposed was applied to standard reference material (BCR-
670 Aquatic plant sample) and real water samples to 
preconcentrate Cu2+ and Cd2+ ions, and the ions were 
determined by Flame Atomic Absorption Spectrometry 
(FAAS).  

2. Materials and methods 

2.1. Equipment and working conditions 

A Perkin Elmer 700 Analyst model flame atomic absorption 
spectrometry (Shelton, CT, USA) equipped with a deuterium 
lamp for background correction was used for absorbance 
measurements of Cu and Cd in solutions. Operating 
conditions of Cd and Cu were wavelengths (228.8 and 324.8 
nm), bandpasses (0.7 and 0.5 nm), acetylene flow rates (1.8 
and 2.0 L min-1), and lamp currents (10.0 and 4.0 mA), 
respectively, and they were set according to the 
recommendations of the manufacturer. A Hanna model pH 
meter (Hanna Instruments, HI 2211 pH/ORP Meter, Romania) 
equipped with a glass electrode was performed to measure the 
pH values of all sample solutions. Extraction columns (1.0 cm 
inner diameter, 10.0 cm length, and 100 mL reservoir at upper 
end) equipped with polypropylene frites were utilized. A 
Watson Marlow 120 S brand (Milford, MA) peristaltic pump 
was utilized to pass solutions through a column and to control 
the flow rate. A Perkin Elmer 100 model Fourier transform 
infrared (FT-IR) spectrometer was utilized to analyse filler 
material to determine functional groups of nutshell 
immobilized Amberlite XAD-4 resin. Scanning electron 
microscopy (SEM) images were obtained with a LEO 440 
Model Instrument to investigate surface structure. All 
chemicals and reagents (Merck, Germany) used during the 
experiments were analytical grade and utilized without 
purification. During the studies, ultrapure water obtained from 
a water system (resistivity 18.3 MΩ cm, Human power I+, 
Human Corporation, Korea) was used. Working standard 
solutions of Cd2+ and Cu2+ ions were prepared by diluting 
atomic absorption standard stock solutions (Merck, Germany, 
1000 mg L-1 of each).  
 
Glassware and plastic materials utilized in the works were 
cleaned by using 10% HNO3 solution, rinsed three times with 
ultrapure water and dried in an oven at 110°C for use.  

2.2. Collection and preparation of samples 

Standard reference material (SRM, BCR-670 Aquatic plant 
sample) taken from Institute for Reference Materials and 
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Measurements (European Commission, Joint Research 
Centre) was decomposed by utilizing Berghof Speed Wave 
(MWS-3) microwave oven digestion system. The 0.50 g of 
SRM was weighed into a polytetrafluoroethylene (PTFE) 
digestion vessel. 5 mL of HNO3 (65%, m/m) and 2 mL of 
H2O2 (30%, m/m) were poured into the vessel and waited for 
one night at laboratory condition by closing with a cover. The 
operating states of the digestion system in two steps were used 
as temperature (from 140 to 195 °C); pressure (50 to 50 bar); 
power (from 60 to 90 %); Ta (from 5 to 1 min) and time (10 to 
10 min). After decomposition, the solution was diluted to 50 
mL with ultrapure water. Water samples were collected from 
Siirt city waste and tap waters, from Van Lake water, 
Tuzkuyusu saline water, and Billoris spa water. The samples 
in 1.0 L polypropylene bottles were acidified with 0.1 mol L-

1 HNO3 to avoid the adsorption of ions on the walls of the 
container. In addition, the samples were filtered through 
ordinary filter paper to remove thick and suspended particles. 

2.3. Preparation of Amberlite XAD-4 resin and nutshells  

Approximately 50 g of Amberlite XAD-4 polymer resin 
(polystyrene divinylbenzene, taken from Sigma Aldrich) was 
mixed with 4 M HCl to modify its structure and remove 
organic and inorganic impurities. It was washed with ultrapure 
water until reaching neutral pH (pH was about 7.0) and put 
into an ethanol-water mixture (1:1) solution, respectively. 
After washing with ultrapure water, the resin was dried at 
105°C and kept in a polyethylene bottle [29, 40]. Nutshells 
taken from Siirt bazaar were grained by Memert brand mill. 
After passing through a 60 mesh sieve, they were cleaned with 
ultrapure water to take out impurities and dried in an oven at 
80°C. They were passed through 60 mesh sieves again to 
obtain powder nutshells [41]. 

2.4. Preparation of SPE columns for sorption studies 

Amberlite XAD-4 resin (1.00 g) and nutshell powder (0.30 g) 
were mixed with a magnetic stirrer (IKA Werke RT-10P, 
Germany) for 1 h by adding 15 mL of ultrapure water. After 
mixing, the solid mixture was dried in an oven at 105°C for 1 
h, passed through a 60 mesh sieve, and put into a column 
having a porous disk and a stopcock to prepare SPE columns 
[9]. The ultrapure column was conditioned by passing 1.0 mol 
L-1 HCl. 50.0 mL of two test solutions including 2.0 µg mL-1 
of Cd2+ or 2.0 µg mL-1 of Cu2+ ions were separately prepared 
from standard stock solutions. Although FAAS could directly 
determine concentrations of these elements, they were used 
only to obtain optimization parameters [42]. The pH of each 
test solution was adjusted to a suitable value and passed from 
the SPE column by utilizing a peristaltic pump with an 
adjusted flow rate, and about 15 mL of ultrapure water was 

spent through the column. Cd2+ or Cu2+ ions taken by nutshells 
immobilized on the resin were eluted from two different 
columns with 5.0 mL of 1.0 mol L-1 HCl or 5.0 mL of 1.0 mol 
L-1 HNO3 solution, separately. FAAS, respectively measured 
concentrations of Cu2+ and Cd2+ ions in eluent solutions [40].  

3. Results and discussion 

3.1. Characterization studies of filler material 

The morphology and functional groups of a hazelnut shell, 
Amberlite XAD-4, and hazelnut shell immobilized on 
Amberlite XAD-4 resin were researched between 4000 and 
400 cm-1 by FT-IR spectrometry and results of filler materials 
taken were shown in Figure 1. As seen in Figure 1, a series of 
absorption peaks were shown that the column packing 
material structure is complex. All spectra analyzed have bands 
at 3300-3500 cm-1, indicating the presence of an alcoholic, 
phenolic, or acidic OH bond. The broad peak at 3394-3384 
cm-1 indicates that macromolecular linkage has attached 
hydroxyl groups (cellulose, pectin, etc.). The peak points 
observed at 2923 and 2911 cm-1 may belong to C-H groups. 
At 2301-2068 cm-1, the triple bond attached to the group C-N 
may be picked. The bands around the 1603 - 1601 cm-1 were 
indicated the presence of free and esterified carboxyl groups. 
FT-IR spectra showed that the carbon bands at 1484 and 1430 
cm-1 were aliphatic, aromatic, and cyclic with different surface 
structures. Besides, the bands at 1023 and 981 cm-1 indicated 
that the alcohols and carboxylic acids were C-O [43]. 
 
By taking scanning electron microscopes (SEMs) of 
Amberlite XAD-4 alone, hazelnut shell immobilized on resin, 
Cu2+ and Cd2+ ions pasted state of hazelnut shell immobilized 
resin were performed to examine their surfaces with LEO 440 
Computer Controlled Digital Model Instrument, separately 
and the results obtained were shown in Figure 2. In addition, 
the Energy Dispersive X-Ray Analysis (EDX) image and 
thermo-gravimetric analysis (TG/DTA) graph of hazelnut 
shell immobilized on Amberlite XAD-4 resin were shown in 
Figures 3a and 3b. As shown in Figure 3a, no Cu and Cd 
contamination is observed in the column filler material. When 
Figure 3b was examined, the TGA chart could be viewed in 4 
steps. In the first step, there was no mass loss between 68 and 
225°C. In the second step, a mass loss of 19.3% was observed 
between 225 and 404°C. In the next step, 79.0% mass loss 
appeared between 405 and 479°C. In the final step, there was 
about 92.4% mass loss observed between 478 and 1006°C. It 
was also found that the decomposition temperature of column 
packing material was about 455°C from the derivative weight 
(mass %/min) analysis. 
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Figure 1. Comparison of FT-IR images of (a) Hazelnut shell, (b) Amberlite XAD-4 and (c) Hazelnut shell immobilized on Amberlite XAD-4. 
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(a)  (b)  

  
(c)  (d) 

 
Figure 2. Comparison of SEM images of (a) Amberlite XAD-4 [43], (b) Hazelnut shell immobilized on Amberlite XAD-4, (c) Cu2+ pasted 
state of hazelnut shell immobilized on Amberlite XAD-4 and (d) Cd2+ pasted state of hazelnut shell immobilized on Amberlite XAD-4. 

   

 MJEN  MANAS Journal of Engineering, Volume 11 (Issue 2) © 2023 www.journals.manas.edu.kg 
 

http://www.journals.manas.edu.kg/


İ. Teğin et al. / MANAS Journal of Engineering 11(2) (2023) 176-189 181 

 
Figure 3. (a) EDX graph of hazelnut shell immobilized on Amberlite XAD-4 column filler material, (b) TGA graph of hazelnut shell 
immobilized on Amberlite XAD-4 column filler material. 

 

3.2. Effect of pH 

The pH effect is an important test parameter for the adsorption 
of metal ions because it affects solubility and ionic attraction 
of metal ions with functional groups of Amberlite XAD-4 
resin immobilized with hazelnut shell sorbent [29]. The pH 
effect of sample solutions on recoveries of Cu2+ and Cd2+ ions 
in hazelnut shells immobilized on the resin was investigated 
in the pH range from 3.0 to 10.0 by using 1 mol L-1 HCl 
solution or 1 mol L-1 NaOH solution. The solutions prepared 
were passed through the column, and they were eluted by HCl 
solution or HNO3 solution. For this purpose, extraction 
experiments from the column were carried out by utilizing 
50.0 mL of test solutions containing 2.0 µg mL-1 Cu2+ and 2.0 
µg mL-1 Cd2+ ions. Percent recoveries of Cu2+ and Cd2+ ions 
versus pH values of solutions for the SPE process were 
depicted in Figure 4a. As seen in Figure 4a, optimum pH 

values of solutions were found as 7.0 for Cu2+ and 9.0 for Cd2+ 
ions. At these pH values, average percent recoveries of Cu and 
Cd for three replicate measurements with standard deviations 
(below 2%) were found as 64.7 ± 1.3% and 76.7 ± 1.8%, 
respectively. The recovery efficiency for both analytes 
between pH 3.0 and 5.0 was low due to the acidic medium of 
the solution. All following solutions were regulated to pH 7.0 
for Cu2+ and to pH 9.0 for Cd2+ ions. The Cu2+ and Cd2+ ions 
in eluent solutions were determined by FAAS. 

3.3. Effect of solution flow rate 

The flow rate effect of the sample solution was investigated to 
obtain the optimum retention of analytes in Amberlite XAD-
4 immobilized with hazelnut shells. Transfer of ions from 
sample solution into active sides or binding groups of 
biosorbent could be influenced by the flow rate of sample 
solution and must be controlled for biosorption recovery. 
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Therefore, the effect of the flow rate of a sample solution 
containing only Cu2+ at pH 7.0 and another solution 
containing only Cd2+ at pH 9.0 on the recoveries of analytes 
with the resin immobilized nutshell powder as biosorbent was 
examined in the range from 1.0 to 6.0 mL min-1 by using a 
peristaltic pump. Average recovery results of Cu2+ and Cd2+ 
ions with three replicate measurements found versus flow rate 
of solution were shown in Figure 4b. As shown in Figure 4b, 
optimum flow rates of sample solutions were found as 1.8 mL 
min-1 for Cu2+ and 2.7 mL min-1 for Cd2+ ions. Means of Cu2+ 
and Cd2+ ions recoveries at these flow rates were found to be 
64.7 ± 1.5% and 100.0 ± 1.7%, respectively. When the flow 
rate of solution was increased above 2 mL min-1, percent 
recovery of Cu2+ ions on biosorbent decreased significantly. 
This decrease may be due to the less interaction of the analyte 
with the sorbent species. Percent recovery of Cd2+ ions 
reached a plateau at 2.7 mL min-1 and stable by increasing 
flow rates. These optimized flow rates of sample solutions 
containing analytes were performed in the following studies. 

3.4. Effect of amount of nutshell and resin 

The amount of column supporting material is an essential 
parameter for quantitative recovery of metals in SPE studies. 
Increasing the mass of biosorbent or mass of resin, percent 
recoveries of metals can rise to an optimum value because 
active surfaces and binding groups for biosorption of heavy 
and toxic metals increase. If biosorbent mass or resin mass 
was increased over optimum mass, interference between 
active sides and binding groups could occur, and recovery of 
metals could reduce [44]. An example of the nutshell as 
biosorbent for Cu2+ and Cd2+ ions was examined using 
optimized sample solutions' optimised individual flow rates 
and pH values, respectively. The amount of hazelnut shells 
varied from 0.15 to 0.45 g, while the quantity of Amberlite 
XAD-4 resin was kept constant as 1.0 g during experimental 
studies. The means of percent recovery results of Cu2+ and 
Cd2+ ions for three replicate measurements with standard 
deviations (less than 3%) found versus to mass of biosorbent 
were depicted in Figure 4c. As seen in Figure 4c, recovery 
values of Cu2+ and Cd2+ ions increased by the increasing 
amount of nutshell powder up to 0.3 g and then reached a 
constant value above this amount. Therefore, 0.3 g of hazelnut 
shell was adequate for both Cu2+ and Cd2+ ions. The averages 
of percent recoveries for Cu2+ and Cd2+ ions were found as 
98.9 ± 1.6% and 99.0 ± 1.9%, respectively. 
 
Effect of Amberlite XAD-4 resin mass on recoveries of Cu2+ 
and Cd2+ ions was also examined in the range of 0.25–1.50 g 
while the mass of nutshell biosorbent was kept constant as 0.3 
g during studies. Means of percent recoveries of ions for three 
replicate measurements with standard deviations (less than 
3%) obtained versus the resin mass were shown in Figure 4d. 
As seen in Figure 4d, maximum percent recoveries (above 
90%) were found using 1.0 g resin for both Cu2+ and Cd2+ ions. 
When above 1.0 g of resin was used, percent recoveries of 
Cu2+ and Cd2+ ions decreased. Therefore, 0.3 g of hazelnut 

shell powder and 1.0 g of resin optimized were mixed and 
used for further studies. 

3.5. Effect of sample volume 

The effect of sample volume is another critical parameter for 
obtaining reliable analytical results and high enrichment 
factors (EFs). Since natural waters especially contain trace 
metal ions, the highest volume of sample solution must be 
passed through SPE systems under optimum conditions [10, 
29, 35]. Volume effect of sample solution on recoveries of 
Cu2+ and Cd2+ ions in nutshells immobilized on Amberlite 
XAD-4 resin was examined in the range of 25.0-400.0 mL 
solutions containing 2.0 µg mL-1 Cu2+ and Cd2+ ions by 
passing through SPE column under optimized experimental 
conditions. Means of recoveries of Cu2+ and Cd2+ ions found 
from three replicate measurements with standard deviations 
(less than 3%) versus volume of sample solution were shown 
in Figure 4e. As seen in Figure 4e, the averages of recoveries 
for Cu2+ and Cd2+ ions were found as 99.0 ± 1.8% and 98.3 ± 
2.3%, respectively. When the sample volume was increased 
above 50 mL, recoveries of metal ions decreased slowly and 
constantly. It was observed that 50 mL sample solution was 
adequate for the preconcentration of Cu2+ and Cd2+ ions at 
optimized conditions for the next studies. 

3.6. Reusability of SPE column 

Reusability and cost of column workings in SPE are important 
for column stability in biosorption studies. The stability of the 
column was tested by using a 50.0 mL sample solution 
containing 2.0 µg mL-1 Cu2+ and Cd2+ ions. Cu2+ and Cd2+ ions 
retained on the sorbents were eluted with 5.0 mL of  HNO3 
(1.0 mol L-1) solution for Cu2+ and 5.0 mL of  HCl (0.5 mol L-

1) solution for Cd2+ ions. If concentrations of ions were out of 
the calibration range, they were diluted with ultrapure water 
to measurable concentrations and analyzed by FAAS. Column 
reusability studied was shown in Figure 4f. As seen in the 
figure, the average percent recovery was higher than 85% for 
nearly 10 cycles. The column could be reused for 10 cycles 
sufficiently without reducing the retentions of Cu2+ and Cd2+ 
ions in column stability.  

3.7. Effect of type, concentration and volume of eluent  

The type, concentration and volume of eluent were 
investigated for reusability of nutshells biosorbent 
immobilized on Amberlite XAD-4 resin by minimizing 
damage and retention of metals [10, 29, 35, 45]. A suitable 
eluent was carried out to obtain a high EF for Cu2+ and Cd2+ 
ions from the SPE column. HCl and HNO3 elution solutions 
were tested for desorption of Cu2+ and Cd2+ ions from 
biosorbent and resin at various volumes and concentrations. 
The averages of recovery results obtained with standard 
deviations (less than 2.5%) for three replicate measurements 
were given in Table 1. As seen in Table 1, when 5.0 mL of 1.0 
mol L-1 HNO3 eluent was used for Cu2+ ion, the percent 
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recovery value found was about 96.5 ± 1.8%, and when 5.0 
mL of 0.5 mol L-1 HCl eluent was used for Cd2+ ion, the 
percent recovery value was found as 94.2 ± 1.9%. Therefore, 
5.0 mL of 1.0 mol L-1 HNO3 for Cu2+ ion and 5.0 mL of 0.5 
mol L-1 HCl for Cd2+ ion were suitable for studies. The EF for 
both analytes was found as 10 (50 mL sample/5 mL eluent). 
As result, we can say that the Cu2+ and Cd2+ ions in water 
samples can be directly determined at low concentrations 
using the method proposed and FAAS. 

 
 
 
 
 
 
 
 

 
 

Figure 4. (a) Recoveries of Cu2+ and Cd2+ ions with various pH of solutions, (b) Recoveries of Cu2+ and Cd2+ ions with various flow rates 
of a solution, (c) Effect of amount of hazelnut shell biosorbent for recoveries Cu2+ and Cd2+ ions by using 1.0 g of XAD-4, (d) Effect of 
Amberlite XAD-4 quantity for recoveries of Cu2+ and Cd2+ ions by using 0.3 g of hazelnut shell biosorbent, (e) Recoveries of Cu2+ and Cd2+ 
ions with various volume of sample solution, (f) Stability and reusability of the column with hazelnut shell immobilized on Amberlite XAD-4 
for recoveries of Cu2+ and Cd2+ ions. 
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Table 1. Optimization of type and volume of eluent solution for recoveries of Cu2+ and Cd2+ ions (N=3). 

Eluent type Concentration  

(mol L-1) 

Eluent Volume (mL) Recovery (%)a 

Cu2+ Cd2+ 

HCl 0.5 5 90.8 ± 1.7 94.2 ± 1.9 

 1.0 5 87.9 ± 2.1 88.6 ± 2.0 

 1.5 5 88.3 ± 1.9 88.5 ± 2.3 

 2.0 5 87.6 ± 2.0 88.2 ± 2.1 

HNO3 0.5 5 90.8 ± 2.1 89.3 ± 1.8 

 1.0 5 96.5 ± 1.8 80.5 ± 2.0 

 1.5 5 93.7 ± 2.2 80.2 ± 2.3 

 2.0 5 93.0 ± 2.0 80.1 ± 2.2 

a 95% confidence level, N= 3,  ± 4.30·s/  

3.8. Influence of interfering ions on recovery of metals 

Due to foreign ions' matrix effects, the determination of trace 
levels of Cu2+ and Cd2+ ions in real water samples by FAAS is 
complicated [10, 46]. The effects of interfering ions on the 
determination of the analytes were studied by using optimized 
conditions obtained. Different interfering cations  
 

 
and anions such as Na+, K+, Mg2+, Ca2+, Cl-, SO42- and F- were 
added to 50 mL test solution containing 2.0 µg mL-1 of Cu2+ 
and Cd2+ ions. Means of percent recovery results found from 
three replicate measurements with standard deviations (about 
2%) by using FAAS were summarized in Table 2. As seen in 
Table 2, the average percent recoveries of analytes were 
generally higher than 80% for Cu2+ (except Ca2+ ion) and 83% 
for Cd2+ ions, respectively. 

Table 2. Optimization of type and volume of eluent solution for recoveries of Cu2+ and Cd2+ ions (N=3).

 

 

  

a 95% confidence level, N= 3,  ± 4.30·s/  

 

 

 

 

 

3.9. Analytical features and applicability 
Under optimized experimental conditions, the analytical 
features of the method proposed were performed and assessed. 
Analytical parameters obtained for Cd2+ and Cu2+ with the 
method developed were given in Table 3. By applying to 

x N

x N

Ion Salts added Interference to metal ion 

ratio 

Recoverya (%)  

Cu2+ Cd2+ 

Na+ NaCl 2500 86.3 ± 2.0 97.1 ± 1.1 

Cl- BaCl2. 2H2O 5 81.9 ± 1.9 84.6 ± 1.5 

SO42- MnSO4.H2O 12.5 86.2 ± 1.8 93.1 ± 1.6 

Mg2+ Mg(NO3)2.6 H2O 1250 82.9 ± 1.7 84.1 ± 1.8 

Ca2+ CaCl2.2H2O 750 72.4 ± 1.5 83.7 ± 1.7 

F- KF 250 100 ± 1.0 90.2 ± 1.9 
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preconcentrated blank solutions, limits of detection (LOD) 
and quantification (LOQ) values for Cu2+ and Cd2+ ions were 
determined. The LODs for Cu2+ and Cd2+ ions were depended 
on the ratio of three times standard deviations of absorbance 
signals for the blank solution to the slope of the calibration 
curve (LOD = 3x(Sb/m), N=12). After dividing the EF, the 

analytical LODs for Cu2+ and Cd2+ ions were found as 0.29 µg 
L-1 and 0.25 µg L-1. Moreover, the LOQ values (LOQ = 
10x(Sb/m), N=12) for Cu2+ and Cd2+ ions from related 
calibration curves were also found as 0.97 µg L-1 and 0.83 µg 
L-1, respectively.

 
Table 3. Analytical parameters of metals studied by FAAS with proposed method.

Analytical Parameter Cd2+ Cu2+ 

LOD (µg L-1) 0.25 0.29 

LOQ (µg L-1) 0.83 0.97 

Linear range (mg/L) 0.002 – 8.0 0.002 - 5.8  

Regression equation A = 0.1841 x C + 0.0023 A = 0.1339 x C + 0.0119 

R2 0.9975 0.9998 

A = Absorbance, C = Concentration
 
The precision of the proposed method was tested by using 50 
mL of a standard solution containing 2.0 µg mL-1 Cu2+ and 
Cd2+ ions. Means of recovery results obtained at 95% 
confidence level (N = 3) were given in Table 4. Relative 
standard deviations (RSDs) were found as 1.44% for Cu2+ and 
1.21% for Cd2+ ions. Regression coefficients (R2) were  
 
 

 
determined as 0.9998 and 0.9975 for Cu2+ and Cd2+ ions 
(Table 3), respectively. 
 
To evaluate the accuracy of the method proposed, Cu2+ and 
Cd2+ ions in the certified BCR-670 aquatic plant sample 
(SRM) were determined under optimized conditions. The 
means of results found were illustrated in Table 4, and they 
were well consistent with certified values of SRM. 

Table 4. Precision and applicability of method proposed to SRM (BCR-670 Aquatic plant sample). 
 

 

 

 

a 95% confidence level, N= 3,  ± 4.30·s/
 
Comparison of analytical characteristics of the method 
proposed with the recent methods  
 

 
developed for preconcentration of Cu2+ and Cd2+ ions with 
different instruments were illustrated in  
 

Table 5. It was clear that detection limits (LODs) and RSDs 
of Cu2+ and Cd2+ were compatible with the literature [47]. 
Besides, EFs found in this study were lower than the literature 

values [38, 39, 48, 49]. Because of this, the method proposed 
can be applied for the determination of trace levels of Cu2+ and 
Cd2+ ions in various samples. 

 
 
 
 
 
 
 

x N

Element Precision BCR-670 aquatic plant sample 

 
R±4.30·s/  (%) 

RSD (%) Certified value 

 (µg/kg) 

Found  

(µg/kg)a 

Relative error (%) 

Cd2+ 98.3 ± 0.8 1.44 75.5 ± 2.5 74.2 ± 1.6 -1.72 

Cu2+ 99.0 ± 0.2 1.21 1820 ± 300 1890 ± 214  3.85 

N

   

 MJEN  MANAS Journal of Engineering, Volume 11 (Issue 2) © 2023 www.journals.manas.edu.kg 
 

http://www.journals.manas.edu.kg/


İ. Teğin et al. / MANAS Journal of Engineering 11(2) (2023) 176-189 186 

Table 5. Comparison of Analytical Features of Pre-concentration Methods for Cu2+ and Cd2+ ions. 
Method Instrument Cu2+ Cd2+  

LOD 
(µg L-1) 

EFs RSD 
(%) 

LOD 
(µg L-1) 

EFs RSD 
(%) 

Reference 

Synthesized 8-hydroxy-2-
quinoline carboxy-aldehyde 
functionalized Amberlite 
XAD-4 

FAAS 0.35 22.3 - 0.14 27.6 - [48] 

Mucor pusillus immobilized 
Amberlite XAD- 4 
biocomposites 
 

HR-CS FAAS 74 50 <8 62 50 <8 [39] 

Synthesis and application of a 
new functionalized resin for 
use in an on-line, SPE system  

FAAS 0.29 27.3 - 0.13 27.6 - [49] 

 
Preconcentration and 
determination of trace 
elements with 2,6-
diacetylpyridine 
functionalized Amberlite 
XAD-4 

 
FI-ICP-MS 
 
FI-FAAS 

 
0.34 

 
10 

 
- 

 
1.2–8.5 

 
0.33 

 
22 

 
- 

 
1.2–8.5 

 
[47] 

 
Bacillus subtilis – 
immobilized amberlite XAD-
16 

 
ICP-OES 

 
0.21 

 
36.4 

 
4.9 

 
- 

 
- 

 
- 

 
[38] 

 
Nutshell biosorbent 
immobilized on amberlite 
XAD-4  

 
FAAS 

 
0.29 

 
10 

 
1.44 

 
0.25 

 
10 

 
1.21 

 
This study 

The method proposed was also applied to the determinations 
of Cu2+ and Cd2+ ions in actual water samples collected from 
different regions of Siirt city under optimum conditions. 
Results of analytes found in samples were demonstrated in 

Table 6. As seen in Table 6, the proposed method can be 
successfully applied to actual waters such as waste and tap 
waters.

 

 
Table 6. Recoveries of metal ions in real water samples by applying the method proposed. 

Samples  Recovery (%)a  

  Cu2+ Cd2+ 

Waste water  99.2 ± 1.2 n.d. 

Van lake water  40.1 ± 1.9 n.d. 

Tap water  99.6 ± 1.3 n.d 

Saline water  46.3 ± 2.0 n.d 

Billoris spa water  67.9 ± 1.8 n.d. 

a 95% confidence level, N= 3,  ± t·s/ , n.d.: Not detected 

4. Conclusion 
Using hazel nutshell powder as biosorbent immobilized on 
Amberlite XAD-4 resin, the SPE method was improved for 
recoveries of Cu2+ and Cd2+ ions from water solutions. It was 
discovered that both Cu2+ and Cd2+ ions were adsorbed by 

x N

   

 MJEN  MANAS Journal of Engineering, Volume 11 (Issue 2) © 2023 www.journals.manas.edu.kg 
 

http://www.journals.manas.edu.kg/


İ. Teğin et al. / MANAS Journal of Engineering 11(2) (2023) 176-189 187 

nutshell immobilized resin in the column at pH values 7.0 for 
Cu2+ and 9.0 for Cd2+ ions, respectively. In addition, the 
experimental parameters such as type and concentration of 
eluent, solution flow rate, solution volume, foreign ions on the 
recoveries of Cu2+ and Cd2+ ions, and column reusability were 
optimized. The feasibility of the proposed method was  
 
validated by analyzing Cu2+ and Cd2+ ions in the BCR-670 
aquatic plant sample. It was demonstrated that the 
concentrations of analytes found were in good consistent with 
certified values. Analytical characteristics of Cu2+ and Cd2+ 
ions obtained by the proposed method were compared with 
literature values and found in good agreement with reported 
values. The method proposed was applied to the 
determinations of Cd2+ and Cu2+ ions in actual water samples. 
It may be used to determine Cd2+ and Cu2+ ions in any 
solutions obtained from various samples in the future. It can 
be concluded that the method proposed is suitable in terms of 
simplicity, low analytical cost, sensitivity, precision, 
accuracy, reliability, and column stability. 
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A B S T R A C T  A R T I C L E  I N F O  

Currently large amounts of wastewater are produced by domestic and industrial activities. 
Discharge of wastewater to the receiving environment without treatment causes significant 
health and environmental problems. Modeling and optimization of Wastewater Treatment 
Plants (WWTP) developed to treat domestic wastewater play key roles in determining unit 
components, design parameters and operation conditions. Several models were proposed to 
predict the treatment performance in WWTP. The Activated Sludge Model No. 1 (ASM1) is 
one of the commonly-used standard models developed to better understand removal of 
carbonaceous and nitrogenous materials. In this study, a WWTP is proposed for domestic 
wastewater using grit chamber, circular primary and secondary clarifiers, completely-mixed 
aeration tank, sludge thickener, sludge dewatering and anaerobic digestion processes together. 
The WWTP was modeled with ASM1 noting the topographic and meteorological features of 
the city. The treatment performances with wastewater temperatures of 10°C and 20°C were 
investigated for this plant, operating at high elevation. Removal efficiencies at 20°C were 
95.7%, 92.2%, 97.9% and 99.2% for MLSS, COD, BOD and NH4, while effluent 
concentrations were 14.83, 48.51, 6.55 and 0.3 mg L-1, respectively. At 10°C, removal 
efficiencies were 88.9%, 88%, 93.2%, and 26.9%, while effluent concentrations were 38, 75, 
21.83 and 26.13 mg L-1, respectively. A clear reduction was observed in nitrogenous material 
removal at low temperatures. Additionally, keeping dissolved oxygen concentration in the 
aeration tank at 1.5 mg L-1 with PID control increased nitrification efficiency by 30%. The 
findings reveal the importance of modeling studies during planning of WWTP. 
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1. Introduction

In spite of 70% of the Earth’s surface being covered with 
water, only 0.5% of this amount can be used as drinking 
water. Due to rapid population increase and unplanned 
urbanization, limited water resources are rapidly polluted and 
the demand for clean water is increasing every day. 
Uncontrolled discharge of domestic and industrial 
wastewaters into receiving environments negatively affects 
human health and the ecological balance. The correlation 
between the use of drinking water sources polluted by 
wastewater and diseases was determined for the first time by 
Dr. John Snow in 1854 [1, 2]. Since this date, intense 
research began to focus on wastewater treatment. Firstly the 
focus was on removal of carbonaceous organic matter. 
However, discharge of this partially treated water into still 
waters like lakes and estuaries caused eutrophication due to 
high nitrogen and phosphorus content. As a result, 
wastewater treatment plants founded in later years targeted 

the removal of carbonaceous material along with nitrogenous 
and phosphorous materials. The activated sludge process 
(ASP) developed by Ardern and Lockette in 1914 was a 
turning point in terms of biological treatment [3]. ASP is 
based on biologically-useful material in wastewater being 
consumed by microorganisms for energy acquirement or 
structural change [4]. These systems, named “active or 
activated” biomass produced to stabilize waste under aerobic 
conditions, became rapidly popular from the 1940s due to 
success in treating wastewater [5]. Activated sludge (AS) is a 
mixture containing living and dead microorganisms along 
with organic and inorganic materials. ASP comprises two 
separate stages of aeration and precipitation. In the first 
stage, sludge aerated by mixers or diffusers is not permitted 
to precipitate. Theoretically full mixing is ensured for 
organic matter, oxygen and microorganisms. In this 
environment, called suspended growth systems, organic 
matter in wastewater is degraded, while continuous active 
biomass sludge develops. After this stage, though organic 
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matter is removed, the treatment process is not complete. 
Wastewater is a solid-fluid mixture in suspension containing 
suspended solid matter with organic and inorganic form. For 
separation of treated water and sludge, this mixture is 
transferred to the second stage. In the clarification tank, 
mixing is not performed and water speed is very low. As 
some of the precipitated sludge may continue wastewater 
treatment in the first stage, it is returned to the completely-
mixed aeration tank, while the remaining portion is removed 
from the system to be used in sludge dryers or biogas units 
[6]. Nearly every wastewater treatment plant (WWTP) 
includes ASP, which is the most commonly chosen 
biological treatment system in the present day [7]. Though 
several studies have been performed to date about the 
operation of this process, which has an overly complicated 
biological mechanism, it still involves several unsolved 
problems [8]. The population distribution of microorganisms 
in the process, the seasonal and hourly differences in flow 
rate and organic load amounts in the system, yearly and daily 
changes in independent external factors like temperature, pH 
and waste content are among the leading reasons making it 
more difficult to understand AS systems [9]. The lack of 
detailed analysis of water entering the plant, lack of 
sufficient investigation of external environmental conditions 
and not performing accurate modeling studies may cause 
deficiencies or unnecessary scaling in process design and 
mistaken applications in operating procedures. Currently 
most ASP are constructed with dimensions that are able to 
deal with much higher flow than the wastewater flow rate 
entering the system. Additionally, it appears that even plants 
operating well cannot provide effluent water standards 
within certain periods of the operating duration [10]. 

To be able to better understand ASP, one of the most 
complicated microbial systems designed for a certain 
purpose, it is crucial important to model process dynamics. 
Several different heterotroph and autotroph bacterial groups 
must act together to fulfil different functions like 
stabilization of organic carbon, nitrification, denitrification 
and advanced biological phosphorus removal. Currently, 
metabolic activities of microorganisms can be predicted 
through modeling and system parameters can be separately 
checked to ensure optimum performance of the process [11]. 
In the early period, the three-component activated sludge 
model (ASM) focusing on oxygen use, substrate 
consumption and biomass production was used. However, 
this basic approach remained inadequate to assess 
wastewater treatment performance and to predict sludge 
amounts most of the time. As a result, the International 
Association on Water Pollution Research and Control 
(IAWPRC) created a working group in 1983 with the aim of 
ensuring implementation of more practical and realistic 
modeling for both the design and operation stages of ASP. 
This study group published their work with the name 
activated sludge model no. 1 (ASM1) in 1987 [12]. This 
model is a very comprehensive ASM comprising 13 

components and 8 processes. In later periods, two new 
models were developed comprising many more components 
than ASM1 and were more explanatory for determination of 
biological phosphorus removal, nitrification, and 
denitrification processes [13]. However, ASM1 is a widely-
accepted model that successfully explains removal of 
carbonaceous and nitrogenous material in single sludge 
systems for domestic wastewater [14]. 

The rapid development of computer and electronic 
technologies in the present day have made it possible for 
personal computer users to access equipment that used to be 
expensive, difficult to access and require large spaces. 
Software technology has adapted to these developments. 
New generation computer software has begun to be used 
with advanced visual interfaces, able to solve more 
complicated mathematical models in a short duration, 
making it possible to run a variety of scenarios, using open-
source code and open to development. As in every area, new 
generation software has become popular for the modeling 
and simulation of wastewater treatment plants and more 
comprehensive computer software is offered to the market 
with every passing day. ASM models developed by IWA 
have been successfully applied using diverse design, 
simulation and optimization software like GPS-X 
(Hydromantis Environmental Software Solutions, Inc. 
Hamilton, ON, Canada), BioWin (EnviroSim associates 
LTD. Hamilton, ON, Canada), ASIM Activated Sludge 
SIMulation Program (Swiss Federal Institute of Aquatic 
Science and Technology Eawag, Dübendorf, Switzerland), 
SIMBA (IFAK-Institut für Automation und Kommunikation 
e.V. Magdeburg, Germany), WEST (DHI A/S Hørsholm,
Denmark), STOAT (WRc plc. Wiltshire, UK) and Sumo 
(Dynamita, Sigale, France) [15, 16]. Among these, GPS-X 
software developed by the Canadian Hydromantis firm 
founded in 1985 is among the most commonly chosen at 
present and this software has features with broad scope for 
modeling and simulation of wastewater treatment plants. The 
GPS-X software includes nearly all processes that may occur 
in a WWTP. Additionally, it offers great possibilities for 
design and operation of WWTP with unrivaled features like 
useful interface, advanced graphic applications, 
determination of interactions between processes, 
optimization of critical parameters during design, and the 
ability to offer dynamic solutions to topics about reactions 
during special situations that may be encountered in WWTP. 

In this study, modelling was performed for a WWTP 
proposed for domestic wastewater treatment in Erzurum city 
center, located at high elevation in continental climate 
conditions, using the GPS-X software. While modeling ASP, 
ASM1 was chosen, which is most commonly used in the 
literature to model the performance of full-scale domestic 
wastewater treatment plants. The wastewater components of 
COD, dissolved COD, BOD, MLSS and nitrogen parameters 
were characterized in the model. Literature screening was 
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performed for other parameters and values widely used for 
domestic wastewater were accepted. The type, number, and 
physical features of treatment processes included in the plant 
and influent properties were mathematically modeled with 
the aid of GPS-X software. The effect of wastewater 
temperature on effluent concentration was researched to 
investigate whether the calculated value met the effluent 
standards or not. Later, the correlation between dissolved 
oxygen concentration in the aeration tanks, fixed to a certain 
value with PID control, with carbonaceous and nitrogenous 
material removal was investigated. 

2. Materials and methods

2.1 Study area and wastewater characteristics 

Erzurum city center, chosen as study area, is located in the 
Northeast Anatolian region in Türkiye. The city is divided 
into three central counties of Aziziye, Palandöken and 
Yakutiye and is home to 428,302 people according to 2021 
Turkish Statistical Institute (TÜİK) data. The city center is 
located at 1853 m above sea level and is the country’s most 
crowded city at high elevation [17]. The main industries 
linked to the urban wastewater system in Erzurum are the 
organized industrial zone, slaughterhouse and milk 
processing industries. Table 1 presents the characterization 
of wastewater from Erzurum. 

In plants where biological treatment will be performed, the 
biologically degradable and non-degradable (inert) parts play 
important roles in terms of operation and modeling of ASP. 
COD, showing the total carbonaceous matter in influent, 
comprises the total of soluble inert organic matter (SI), 
readily biodegradable substrate (SS), particulate inert organic 
matter (XI) and slowly biodegradable substrate (XS) values. 
As the readily biodegradable substrate in wastewater 
comprises volatile fat acids, carbohydrates, alcohols, 
peptones and amino acids, it can be rapidly absorbed by 
heterotroph microorganisms under aerobic and anoxic 
conditions. According to research, the slowly biodegradable 
substrate comprises 35-60% of wastewater and is formed of 
relatively more complicated molecules, so microorganisms 
require a longer time to convert it to simple molecules [18]. 
The concentration of slowly biodegradable substrate is 
important in terms of modeling the hydrolysis process, while 
it partly plays a role in determining the age of sludge. 
Particulate inert organic matter is held by clarifiers and 
discarded from the system. Soluble inert organic matter has 
great importance in terms of determining the performance of 
the system as it is included in the effluent COD 
concentration [19]. Nitrogenous components include soluble 
nitrite and nitrate nitrogen (SNO), soluble free and ionized 
ammonia nitrogen (SNH), soluble biodegradable organic 
nitrogen (SND) and particulate biodegradable organic 
nitrogen (XND). Due to these parameters, used to be able to 
better understand plant operation, total nitrogen (TN) may be 

investigated in inert, readily degradable and slowly 
degradable portions. 

Table 1. Wastewater characteristics of Erzurum city center. 

Parameter Unit Value 
Qdesign m3 h-1 5329 
Qmean m3 h-1 3468 
Qmin m3 h-1 2210 
Qmax m3 h-1 7265 
pH - 6.99-8.87 
MLSS g m-3 343 
COD g m-3 631 
BOD g m-3 321 
TKN g m-3 54 
TP g m-3 13 
SI g m-3 30 
SS g m-3 149.36 
XS g m-3 332.45 
XI g m-3 112.39 
SNO g m-3 0 
SNH g m-3 35.75 
SND g m-3 1.93 
XND g m-3 9.68 

2.2. Wastewater treatment processes 

In this study, the WWTP used grit chambers, distribution and 
collection structures, circular primary and secondary clarifier 
tanks, completely-mixed aeration tank, sludge thickener and 
dewatering tanks and anaerobic digesters. Wastewater was 
sent to the aerated grit chambers after preliminary physical 
processing. Sand was removed to prevent unwanted 
accumulation in other units and wear on machinery. All 
types of organic matter were removed from sand by passing 
through separators and washers before it is transferred to 
containers. Grease was removed from the surface of the 
wastewater and pumped to grease collection units. 
Wastewater was divided through distribution structures 
linked to the number of reactors in the treatment plant. 
Additionally, backups were present considering any possible 
breakdown of the distribution valves. Water coming from the 
secondary clarifier tank was sent to the recycling line with 
this distribution structure. In the circular primary clarifier 
tank, suspended solid matter and organic matter is removed. 
The clarified wastewater is discharged through weirs and the 
precipitated primary sludge is thickened in sludge cones. The 
distributed wastewater passing from the reactors is combined 
using collecting structures and thus becomes homogeneous. 
Wastewater passing through the circular primary clarifier 
tank is sent to the ASP to remove organic matter and 
nutrients after passing through a pumping station. AS tanks 
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are aerated by fine bubble disc diffusors. Additionally, 
submerged mixers are used with the aim of ensuring that 
both suspended solid matter precipitate and better aeration 
within the tank. Wastewater is sent to the circular secondary 
clarifier tanks from the aeration tanks. The circular 
secondary clarifier tanks, where suspended solid matter and 
treated water are separated, are one of the most important 
components of ASPs. Some of the precipitated sludge is 
returned to the AS tanks to check sludge age and sludge 
thickening. Excess sludge taken from the system is 
concentrated through sludge thickeners working with the 
traditional gravity method. Thickened sludge from the 
circular primary and secondary clarifiers is converted into 
end products like carbon dioxide and methane in the 
anaerobic tank. Sludge is sent continuously or in batches and 
kept in the reactor for varying durations. Sludge removed 

from the reactor has reduced concentrations of organic 
matter and pathogenic microorganisms. Sludge passing 
through the anaerobic tanks is dried by being centrifuged or 
pressed. Later it is stored in containers or buried. When 
creating the model in GPS-X software, the ASP and units 
affecting the operation of this process were included. The 
plant uses 4 grit chambers, 4 circular primary clarifier tanks, 
5 fully mixed completely-mixed aeration tanks and 6 circular 
secondary clarifier tanks. Four sludge thickener tanks are 
used each for excess sludge from the circular primary and 
secondary clarifiers. The thickened sludge is sent to 
anaerobic digesters with the aim of gas production. Water 
from the sludge thickener tanks is recycled to the circular 
primary clarifier input and aeration tank input. The design 
parameters and technical information for units included in 
the WWTP modeling study are shown in Table 2.

Table 2. Technical specifications of the processes in the wastewater treatment plant.

Process Parameter Unit Value 

Grit chamber 

Number of units - 4 
Volume per unit m3 209 
Hydraulic retention time, (Qmax) minute 7 
Sand production per volume g m-3 20 

Circular primary 
clarifier 

Number of units - 4 
Volume per unit m3 1130 
Hydraulic retention time, (Qmean) hour 1 
Diameter m 24 
Height m 2.5 
Surface load, (Qmax) m3 m-2·day-1 100 
Sludge load kg day-1 14010 

Completely-mixed 
aeration tank 

Number of units - 5 
Volume per unit m3 17578.2 
Hydraulic retention time, (Qmax) hour 12 
Sludge age day 13 
Oxygen flow rate m3 hour-1 12000 
MLSS concentration kg m-3 3.7 

Circular secondary 
clarifier 

Number of units - 6 
Volume per unit m3 5273.67 
Hydraulic retention time, (Qmax) hour 4.4 
Diameter m 38 
Height m 4.65 
Surface load, (Qmax) m3 m-2·day-1 25.7 
Sludge flow rate m3 day-1 2700 
Recycle sludge rate m3 m-3 0.75 

Primary sludge 
thickener 

Number of units - 4 
Volume per unit m3 353.45 
Diameter m 10 
Concentrated sludge flow rate m3 day-1 200 

Secondary sludge 
thickener 

Number of units - 4 
Volume per unit m3 450 
Diameter m 11.3 
Concentrated sludge flow rate m3 day-1 400 

Anaerobic digester 

Number of units - 4 
Volume per unit m3 4342 
Temperature °C 35 
Hydraulic retention time day 25 

 MJEN  MANAS Journal of Engineering, Volume 11 (Issue 2) © 2023 www.journals.manas.edu.kg 

http://www.journals.manas.edu.kg/


E. Aladağ, A. Nuhoğlu / MANAS Journal of Engineering 11(2) (2023) 190-203 1 

2.3. Activated Sludge Model No. 1 (ASM1) 

The ASM developed by the study group founded by 
IAWPRC was published under the name ASM1 in 1987. The 
first aim when developing the model was to create a 
consensus about a simple model to investigate available 
models and to be able to realistically predict the performance 
of carbon-removal, nitrification and denitrification systems. 
In later years, the IAWPRC took the name International 
Association on Water Quality (IAWQ) and developed ASM2 
in 1995, ADM2d in 1999 and ASM3 in 2000 [20]. However, 
ASM1 developed by Henze et al. (1987) is a comprehensive 
model comprising 13 components and 8 processes that is 
adequate for biological treatment of domestic wastewater 
[12]. Table 3 shows the explanations of the components and 
units used in the model. In this notation, S symbolizes 
soluble compounds, while X symbolizes insoluble 
compounds. B, S and O subindexes represent biomass, 
substrate and oxygen, respectively. A and H show 
autotrophic and heterotrophic microorganisms. In the model, 
the COD parameter is chosen in terms of making 
connections between organic matter, biomass and electron 

receivers. Organic matter is separated into two main groups 
of biodegradable and non-degradable matter. Biodegradable 
matter is grouped as readily degradable (SS) and slowly 
degradable matter (XS); while non-degradable matter is 
grouped as inert (SI) and particulate (XI). The particulate 
matter emerging with degradation of biomass (XP) comprises 
slowly biodegradable substrate as a result of the decay of 
microorganisms. Though alkalinity (SALK) is not one of the 
basic components of the model, it is important in terms of 
revealing pH changes in the model. In the model, ammonium 
nitrogen (SNH), organic nitrogen (SND) and particulate 
nitrogen (XND) are accepted as being biodegradable. 
Particulate nitrogen may be hydrolyzed to soluble nitrogen 
during hydrolysis of the slowly biodegrading substrate. 
Soluble organic nitrogen may be converted to ammonium 
nitrogen by heterotrophic bacteria. Later ammonium nitrogen 
is used as a nitrogen source for heterotrophic bacteria, while 
it is used as an energy source and for new cell synthesis by 
autotropic bacteria. Particulate nitrogen emerges as a result 
of the decay of both heterotrophic and autotrophic bacteria 
[21].

Table 3. ASM1 state variables.

Component State variable Symbol Unit 
1 Soluble inert organic matter SI g COD m-3 
2 Readily biodegradable substrate SS g COD m-3 
3 Particulate inert organic matter XI g COD m-3 
4 Slowly biodegradable substrate XS g COD m-3 
5 Active heterotrophic biomass XBH g COD m-3 
6 Active autotrophic biomass XBA g COD m-3 
7 Particulate products arising from biomass decay XP g COD m-3 
8 Dissolved oxygen SO g O2 m-3 
9 Nitrate and nitrite nitrogen SNO g N m-3 
10 Free and ionized ammonia nitrogen SNH g N m-3 
11 Soluble biodegradable organic nitrogen SND g N m-3 
12 Particulate biodegradable organic nitrogen XND g N m-3 
13 Alkalinity SALK Molar units 

ASM1 comprises 8 processes encompassing proliferation 
and decay of microorganisms, ammo-nitrification of soluble 
organic nitrogen, and hydrolysis of slowly degrading 
substrate and particulate organic nitrogen. The relationships 
between the parameters and compounds used to create these 
processes are mentioned in brief below [22]. 

• Aerobic proliferation of heterotrophs: This is accepted
as the main process for COD removal. In this process
using oxygen as an electron acceptor, in the process the
readily degraded substrate and ammonium nitrogen are
consumed to obtain energy and synthesize new cells.

• Anoxic proliferation of heterotrophs: The denitrification
event occurs in this process. Heterotrophs consume
nitrate as electron acceptor while using the readily
degraded organic matter as substrate. In this process,
ammonium nitrogen is used for synthesis of new cells.
Since substrate removal under anoxic conditions occurs
more slowly than under aerobic conditions, the rate
expression is multiplied by the correction factor ηg
which is less than 1.

• Aerobic proliferation of autotrophs: In this process,
oxygen and ammonium nitrogen are consumed to
produce nitrifying microorganisms and nitrate emerges
at the end of the process. Additionally, autotrophs cause
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a pronounced effect on alkalinity when proliferating 
aerobically. 

• Decay of heterotrophs: This process is modeled
according to the death-renewal hypothesis. According to
this approach, some of the active biomass converts to
slowly decaying particulate matter and inert particulate
products. In the death renewal approach, an electron
acceptor like O2 or NO3 is not used and it is accepted
that COD removal does not occur.

• Decay of autotrophs: This is modeled with the death-
renewal approach as for degradation of heterotrophic
microorganisms. Autotrophic biomass decays and is
converted to slowly degrading particulate matter and
inert particulate matter.

• Ammo-nitrification of soluble organic nitrogen: In this
process, biodegradable nitrogen is converted to
ammonium nitrogen by heterotrophic microorganisms.
During ammo-nitrification, alkalinity variations occur as
hydrogen ions are consumed.

• Hydrolysis of captured organics: This event is the
conversion of slowly biodegradable substrate captured
in sludge to readily degraded substrate by extracellular
enzymes. Hydrolysis rate is connected to the delay in
electron acceptor consumption during substrate removal.

• Hydrolysis of captured organic nitrogen: This is the
hydrolysis of particulate organic nitrogen to soluble
organic nitrogen. Hydrolysis rate is accepted as being

dependent on the ratio of particulate organic nitrogen to 
the slowly biodegradable substrate. 

Table 4 includes the matrix view of the components and 
processes in ASM1. The matrix view allows the opportunity 
to more readily understand complicated models involving 
many parameters [23]. Here, the i variable are column 
components, while the rows shown by j represent processes. 
The rate equation for each process is included in the 
rightmost column. The conversion rate equation (ri) for each 
component in the model is calculated with the aid of the 
following equation (Eq.1). 

𝑟𝑟𝑖𝑖 = ∑ 𝜈𝜈𝑖𝑖𝑖𝑖𝜌𝜌𝑖𝑖𝑖𝑖  (1) 

In this equation, ν is the component coefficient and ρ is the 
process rate equation. 
For example, the readily biodegradable substrate (SS) may be 
expressed as follows with this method (Eq. 2). 

𝑟𝑟𝑆𝑆𝑆𝑆 = 𝑑𝑑𝑆𝑆𝑆𝑆
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Table 4. Matrix representation of ASM1. 
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soluble organic N
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soluble organic N
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The rates of change of components in ASM1 are linked to 
the basic features of the microorganisms and wastewater, 
environmental conditions and a variety of correction 
coefficients, as well as the relationship of the components 
with each other. In the model a total of 19 parameters were 
used, with 5 stochiometric and 13 kinetic parameters. The 
explanations and symbols for these parameters are included 
in Table 5. The stochiometric parameters include substrate 

removal and biomass formation yield, conversion 
coefficients and carbon:nitrogen (C:N) ratio. The kinetic 
parameters include a variety of coefficients and correction 
factors related to microorganism proliferation and decay 
rates, ammonization and hydrolysis. The values determined 
for these parameters by the IAWQ at temperatures of 10°C 
and 20°C and intervals in the literature are shown in Table 6 
[12].

Table 5. Description of ASM1 parameters. 

Description Symbol 
Stoichiometric parameters 
Yield for heterotrophic biomass YH 
Yield for autotrophic biomass YA 
Fraction of biomass leading to particulate products fP 
Mass of nitrogen per mass of COD in biomass iXB 
Mass of nitrogen per mass of COD in endogenous biomass iXE 
Kinetic parameters 
Maximum specific growth rate for heterotrophic biomass µHmax 
Half-saturation coefficient for heterotrophic biomass KS 
Oxygen half-saturation coefficient for heterotrophic biomass KOH 
Nitrate half-saturation coefficient for denitrifying heterotrophic biomass KNO 
Decay coefficient for heterotrophic biomass bH 
Correction factor for µH under anoxic conditions ηg 
Correction factor for hydrolysis under anoxic conditions ηh 
Maximum specific hydrolysis rate kh 
Half-saturation coefficient for hydrolysis of slowly biodegradable substrate KX 
Maximum specific growth rate for autotrophic biomass µAmax 
Ammonia half-saturation coefficient for autotrophic biomass KNH 
Oxygen half-saturation coefficient for autotrophic biomass KOA 
Ammonification rate ka 
Decay coefficient for autotrophic biomass bA 

For a WWTP model to be applicable, it is necessary to make 
some assumptions and acknowledge limitations. Some of 
these are related to the physical structure of the system, 
while some are related to the mathematical model. The 
assumptions and limitations, though ignored when creating 
the model, can be added to the model if desired by the user. 
The assumptions and limitations of ASM1 are listed below 
[10, 12, 22]: 

• As temperature variations will affect the processes and
coefficients, the system is assumed to operate at fixed
temperature. If a correlation of parameters in the model
with temperature is to be made, the Arrhenius equation
may be used.

• The pH value is fixed and close to neutral. Though
affected by several parameters, the statements related to
pH are limited. To be able to monitor the effect of pH in

the model, the alkalinity component (SALK) may be 
used. 

• The variations caused to organic matter in wastewater
within the reactor are not reflected in the model. For this
reason, the parameters related to organic matter are
fixed.

• In situations where nitrogen, phosphorus and other
inorganic matter is limited, it should be checked whether
inorganic nutrients have sufficient amounts, as the
model does not include how organic matter removal and
cell growth will be affected.

• The values for the correction factors for the
denitrification process of ηg and ηh are assumed to be
fixed for wastewater. Though it is possible that these
parameters are affected by system structuring, this is
ignored in the model.
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• The coefficients for nitrification are assumed to be fixed.
These coefficients are determined to reflect the
inhibitory effects of other compounds in wastewater.

• The heterotrophic biomass is assumed to be
homogeneous and there is no change in species over
time. As parameters related to heterotrophic biomass are
assumed to be fixed, the effects of substrate
concentration gradient, reactor structuring and sludge
precipitation features are not included in the model.

• Adhesion of organic matter with particulate structure to
biomass is accepted as instantaneous.

• Hydrolysis of organic matter and organic nitrogen is
assumed to occur at equal rates and simultaneously in
connection with each other.

• The electron acceptor type is not affected by losses
occurring due to decay of active biomass.

Table 6. Typical values of ASM1 parameters. 

Symbol Unit Value at 10°C Value at 20°C Range 
YH g cell COD formed (g COD oxidized)-1 0.67 0.67 0.38-0.75 
YA g cell COD formed (g N oxidized)-1 0.24 0.24 0.07-0.28 
fP dimensionless 0.08 0.08 - 
iXB g N (g COD)-1 in biomass 0.086 0.086 - 
iXE g N (g COD)-1 in endogenous mass 0.06 0.06 - 
µHmax day-1 3 6 0.6-13.2 
KS g COD m-3 20 20 5-225 
KOH g O2 m-3 0.2 0.2 0.01-0.2 
KNO g NO3-N m-3 0.5 0.5 0.1-0.5 
bH day-1 0.2 0.62 0.05-1.6 
ηg dimensionless 0.8 0.8 0.6-1 
ηh dimensionless 0.4 0.4 - 
kh g slowly biodegradable COD (g cell COD·day)-1 1 3 - 
KX g slowly biodegradable COD (g cell COD)-1 0.01 0.03 - 
µAmax day-1 0.3 0.8 - 
KNH g NH3-N m-3 1 1 - 
KOA g O2 m-3 0.4 0.4 0.4-2 
ka m3·COD (g. day)-1 0.04 0.08 - 
bA day-1 0.1 0.2 0.05-0.2 

2.4. GPS-X software 

The GPS-X software, containing nearly all processes that 
may occur in a WWTP developed by the Canadian 
Hydromantis firm, is among modeling and simulation 
software commonly used both academically and 
commercially. The GPS-X software allows the opportunity 
to mathematically model processes in the plant, in addition to 
investigating the reactions in the plant by trialing 
simulations, checks and a variety of scenarios. The modeling 
and simulation screen images for the GPS-X software are 
shown in Figure 1 [24]. 

The GPS-X software contains 6 libraries prepared according 
to the system to be modeled and the detail of the model. 
Explanations related to these libraries are given below. 

• Carbon-nitrogen (cnlib): The basic library containing 12
state variables related to carbon oxidation, nitrification
and denitrification processes.

• Advanced carbon-nitrogen (cn2lib): This is similar to
the cnlib; however, it also models nitrite and nitrate. It
has 19 state variables.

• Carbon-nitrogen-phosphorus (cnplib): A library
containing 17 state variables including biological and
chemical phosphorus removal.

• Carbon-nitrogen-industrial pollutant (cniplib): A library
containing the cnlib library and 30 user-defined state
variables.

• Advanced carbon-nitrogen-industrial pollutant 
(cn2iplib): This is a library containing the cn2lib and 30
user-determined state variables.
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• Carbon-nitrogen-phosphorus-industrial pollutant 
(cnpiplib): This is a library containing the cniplib and 30
user-defined state variables.

Figure 1. Screenshot of (a) modeling and (b) simulation 
panels of GPS-X software. 

The software includes many units including batch and 
continuous wastewater input into the wastewater treatment 
plant, combination and distribution structures, pumping 
station, equilibrium tank, grit chamber, full mixed and piston 
flow reactors, drop filters, oxidation trench, pure oxygen 
tank, rotating biodiscs, lagoon, clarifying tanks, anaerobic 
sludge digesters, sludge dewatering and drying devices, sand 
filtration, membrane filters and disinfection unit. The GPS-X 
contains some modules where the flow scheme is prepared, 
reviewed and the simulation is completed. These modules 
are mentioned in brief below. 

• Simulator: This module creates a flow diagram for units
in the wastewater treatment plant and is the module
determining the physical features of the processes.
Additionally, model selection for operation of processes
is performed in this module.

• Builder: The flow diagram developed by the user is
converted to computer code in this module. The
previously-chosen models are converted to mathematical
model equations. This software previously used Fortran
and new versions use Python and it makes the model
statements operable as computer software. There are 4
types of build choices. This selection should be made
appropriate to the dimension of the plant to be modeled
and the number of processes.

• Analyzer: This module in the GPS-X software is able to
investigate the effect of stochiometric, kinetic or
physical parameters on dependent variables in the
processes. This module may use 3 types of analysis
methods to investigate the status of variables, according
to steady state by ignoring the time variable, process
dynamics and time showing the effect of the
independent variables on the dependent variable at any
time.

• Optimizer: This module calculates the optimum values
for the independent variables to be able to determine
certain intervals for certain parameters in the plant to be
modelled.

Additionally, the software contains additional modules like 
dynamic parameter estimator, advanced control, multiple 
sampling license and scenario manager. 

In this study, the cnlib library containing the basic features of 
domestic wastewater, and 12 state variables related to carbon 
oxidation, nitrification and denitrification processes was 
used. Influent characterization was defined by the BOD-
based model called bod-based. All processes and connections 
in the plant were created using elements found in the Process 
table toolbox. The flow diagram for the model prepared in 
GPS-X software is shown in Figure 2. 
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Figure 2. Flow diagram of WWTP processes modeled in GPS-X software.

The flow diagram was saved with the GPS-X software file 
format of the layout (.LYT) extension. After this, model 
selection was made for processes in the plant. For grit 
chambers, the sand amount produced per meter cube volume 
was determined using the standard empiric model in the 
software. It was assumed that no biological reaction occurred 
in the circular primary and secondary clarifiers, so the 
simple1d model was chosen. The completely-mixed aeration 
tanks were modeled using the ASM1 model. The sludge 
removed from the clarifying tanks was transferred to separate 
sludge thickener tanks for the circular primary and secondary 
clarifiers. For thickener tanks in sludge removal, the standard 
model in the software of the simple1d model was used. The 
water coming from the sludge thickener was recycled into 
the circular primary clarifier and aeration tanks. The target 
was to use thickened sludge to provide gas production by 
sending it to anaerobic digesters using the basic model [22]. 
As the software allows at most 5 distribution and collection 

structures, 2 and 3 distribution and collection structures were 
used together before and after the circular secondary 
clarifier, as seen in Figure 2. In the next stage, the physical 
features of the units in the plant like volumes, depths, surface 
areas and heights were input using suitable models for the 
WWTP in the GPS-X software. Later, information like the 
influent and reactor operating temperature, elevation of the 
plant above sea level and open-air pressure, types of 
precipitators, motor power of mixers used in the completely-
mixed aeration tank, aeration method, amount of air used, 
biological treatment recycle sludge flow rate, and sludge 
flow rates discharged from clarifiers and sludge thickeners 
was entered into the relevant data entry sections. The BOD-
based definitions in the carbon-nitrogen (cnlib) library and a 
variety of stochiometric coefficients for influent used in the 
ASM1 model were determined as shown in Table 7 using 
Influent Advisor, assisting software for the GPS-X program. 
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Table 7. Basic user inputs of Influent Advisor (Library: cnlib). 

Parameter (User input) Unit Value 
Readily biodegradable fraction of total COD (frss) - 0.31 
Ammonium fraction of soluble TKN (frsnh) - 0.65 
Ratio of particulate organic nitrogen to total organic nitrogen (fnd) - 0.90 
Ratio of particulate COD to VSS (icv) g COD g VMLSS-1 2.20 
Ratio of volatile suspended solids to TSS (ivt) g VSS g TSS-1 0.60 
Ratio of BOD5 to ultimate BOD (fbod) - 0.66 
Nitrogen content of active biomass (ixbn) g N g COD-1 0.086 
Nitrogen content of endogenous/inert mass (ixun) g N g COD-1 0.060 

The wastewater entering the system comes to the 
completely-mixed aeration tanks after grit chambers and 
circular primary clarifier. Each of the 5 completely-mixed 
aeration tanks where biodegradation occurs are given 12000 
m3 h-1 air through diffusors. It is assumed that sludge is not 
discharged from the completely-mixed aeration tanks. After 
7 hours in the completely-mixed aeration tanks, collection 
and distribution structures are used to send water to the 
circular secondary clarifier tank and after being left for a 
duration, the water is discharged into the receiving 
environment. The precipitated sludge is sent back to the 
completely-mixed aeration tanks with 0.75 recycle rate. A 
total of 2700 m3 day-1 sludge is discharged from the circular 
secondary clarifier and sent to the sludge thickeners. The 
separately condensed sludge from the primary and secondary 
sludge thickeners is combined and transferred to anaerobic 
digesters with the aim of gas production. The WWTP 
simulation was created using the Build command which is 
the review process in the GPS-X software. Later the 
simulation was observed on the screen and a variety of 
scenarios are run. 

3. Results and Discussion

3.1. Effect of wastewater at different temperatures on effluent 

The plant operating under stable conditions had COD, BOD 
and NH4 concentrations calculated for influent with 
temperatures 10°C and 20°C using the GPS-X software. 
Figure 3 shows the treatment efficiency obtained according 
to the ASM1 model. As the dissolved oxygen concentration 
was inversely correlated with temperature and due to the 
reduction in active biomass concentration, at 20°C the 
dissolved oxygen concentration was 0.7 mg L-1, while at 
10°C the dissolved oxygen concentration reached 6 mg L-1. 
Additionally, the MLSS concentration in effluent was 
calculated as 14.83 mg L-1. According to the model, MLSS is 
a composite parameter encompassing XS, XI, XBH and XBA 
components. The MLSS value is a parameter sensitive to the 
amount of sludge discharged from the circular secondary 
clarifier tank, surface load changes and hold time changes. 
The effluent from the plant operated at 20°C had COD 
concentration 48.51 mg L-1 and BOD concentration 6.55 mg 

L-1. The dissolved COD concentration, calculated as 34.87 
mg L-1, is a composite parameter comprising the combination 
of the soluble inert substrate and soluble readily degradable 
substrate. The 30 mg L-1 inert portion in the influent leaves 
the system without any change. Theoretically, the dissolved 
COD value is expected to be the same as Si. However, as a 
result of biochemical activity in the system, the expected 
readily degradable SS value is found in effluent, though only 
partly. The NH4 concentration in output water was 0.3 mg L-

1 under stable conditions, while the NO3 concentration was 
calculated as 18.2 mg L-1. The nitrate and nitrite 
concentrations occurring as a result of the nitrification 
process are related to the nitrifying microorganism 
concentration in the completely-mixed aeration tank and 
dissolved oxygen concentration. According to the dissolved 
oxygen concentration calculated by the model for the 
completely-mixed aeration tank, it appears nitrification 
occurred. However, for nitrification to occur more 
efficiently, the dissolved oxygen concentration should not be 
lower than 1.5 mg L-1. The total nitrogen concentration in 
effluent, comprising ammonium, nitrate, soluble organic and 
inert nitrogen, was calculated as 20.2 mg L-1. As only 
nitrification occurred in the system, the nitrate concentration 
increased. Nitrate removal may occur with denitrification 
and the quality of the discharge water may be increased. 

Figure 3. Effect of wastewater temperature on effluent 
quality. 
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The WWTP operated under stable conditions for 10 days at 
10°C had mean values in effluent of 75 mg L-1 for COD, 
21.83 mg L-1 for BOD and 38 mg L-1 for MLSS. When the 
concentration of wastewater entering the completely-mixed 
aeration tank is noted, it is possible to mention biological 
activity of heterotrophs, though slow. However, when the 
obtained results are compared with effluent concentrations at 
20°C, a 30% reduction in removal of carbonaceous material 
is observed. As the majority of the COD concentration 
comprises the inert portion, negligible rates (nearly 1%) of 
variation were observed in COD. The value of 26.13 mg L-1 
obtained for NH4 shows the nitrification process reached the 
point of stopping. As nitrifying autotrophic microorganisms 
are more sensitive to environmental conditions, especially, it 
is not always possible for nitrification to occur at operating 
conditions lower than 10°C and higher than 50°C [25]. When 
the simulation results are investigated, it is possible to state 
that efficient carbon and nitrogen removal will not occur in 
the biological treatment units in December-January. With the 
aim of minimizing the effect of these temperature changes in 
the winter month on the ASP, completely-mixed aeration 
tanks may be constructed with the top enclosed. 

3.2. Effect of controlling DO concentration with PID on 
effluent 

The dissolved oxygen (DO) concentration is among the 
determinative parameters for carbonaceous material removal 
and the nitrification process in completely-mixed aeration 
tanks. DO concentration should be controlled using 
automatic control systems to balance sudden flow increases 
and changes in influent concentration. One of the features of 
the GPS-X software is proportional-integral-derivative (PID) 
control used to keep the dissolved oxygen level in the 
completely-mixed aeration tanks at 1.5 mg L-1. The effect of 
keeping the DO concentration at 1.5 mg L-1 on effluent 
COD, BOD and NH4 removal efficiency is shown in Figure 
4. 

Figure 4. Effect of PID-controlled dissolved oxygen (DO) 
concentration on effluent quality. 

As a result of the simulation operated under stable conditions 
with DO concentration fixed to 1.5 mg L-1, COD was 

calculated as 48.37 mg L-1, BOD 6.46 mg L-1 and NH4 0.22 
mg L-1. Comparing these results with the COD and BOD 
values calculated using the criteria determined for plant 
design, it appears that 12000 m3 h-1 air flow rate is sufficient 
for carbonaceous matter removal. The nitrate concentration 
was calculated as 25.72 mg L-1. With PID control, the 
nitrification efficiency appeared to increase by 30%. This 
situation reveals the need to increase the amount of air for 
more efficient nitrification [26]. To be able to keep the DO 
concentration in the aeration tank at 1.5 mg L-1, it was 
calculated that nearly 14000–15000 m3 h -1 of air should be 
used. 

4. Conclusion

It is necessary to design large-scale wastewater treatment 
plants to treat significant amounts of wastewater before 
discharge into the receiving environment. Most of the time, 
the treatment efficiency of these plants cannot be predicted 
before operation. Treatment models assist in estimating the 
treatment performance before building large-scale treatment 
plants. The ASM1 model is a successful model for prediction 
of carbonaceous and nitrogenous material removal from 
domestic wastewater especially. Additionally, it ensures 
determination of some operating conditions. Using a model 
created with GPS-X software, the typical parameters for 
domestic wastewater like suspended solids, carbon and 
nitrogen concentrations in the effluent from the operating 
plant were investigated. Later stages of the study researched 
the effect of dissolved oxygen concentration and temperature 
parameters. The results obtained in this study are given 
below: 

• The effluent from the plant operated at 20°C had values
of 48.51 mg L-1 for COD, 34.87 mg L-1 for dissolved
COD, 6.55 mg L-1 for BOD and 14.38 mg L-1 for MLSS.

• When values of 0.3 mg L-1 for NH4 and 18.2 mg L-1, for
nitrate are investigated, it appears nitrification partially
occurred. However, it was observed that dissolved
oxygen concentration around 0.7 mg L-1 was inadequate
for nitrification.

• Effluent from the plant operated at 10°C contained 38
mg L-1 MLSS, 75 mg L-1 COD, 21.83 mg L-1 BOD and
26.13 mg L-1 NH4. According to the results calculated
with the model, biological activity slowed for
heterotrophs while nitrification reached stopping point.

• Holding dissolved oxygen concentration to 1.5 mg L-1

using PID did not play a great role in carbonaceous
matter removal; however, it was identified to cause a
30% improvement for the nitrification process. For
nitrification to occur in a healthy way, it was determined
to be necessary to use 14000–15000 m3 h -1 air in the
completely-mixed aeration tanks.

Future studies are suggested to use models encompassing 
phosphorus removal in addition to carbonaceous and 
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nitrogenous material removal. Additionally, plant treatment 
efficiency should be investigated in other extraordinary 
situations like sudden changes in flow rate, and excessive 
carbon and nitrogen loading, apart from temperature. 
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In this study, MWCNT supported Pd (Pd/MWCNT) was synthesized by NaBH4 reduction 
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1. Introduction

The increasing population, accelerating industrialization, and 
environmental pollution have been gradually increased the 
need for green energy [1]. Power conversion devices based on 
hydrogen energy are potential technologies to meet this 
energy demand. Fuel cells, especially proton exchange 
membrane fuel cells (PEMFCs), are promising power 
conversion systems due to their flexible operating 
temperature, environmental friendliness, and high energy 
density [2]. However, liquid fuel cells are preferred for their 
ease of transportation and storage, despite PEMFCs being the 
most popular type of fuel cells [3]. Fuels such as methanol [4], 
ethanol [5], formic acid [6], and NaBH4 [7] have been 
frequently reported for direct liquid fuel cells. Among direct 
liquid fuel cells, direct methanol fuel cells (DMFCs) are the 
closest to commercialization [8, 9]. However, DMFCs have 
disadvantages such as greenhouse gas formation, high fuel 
crossover, and anode catalyst poisoning [9, 10]. Hydrazine has 
high potential as a fuel for fuel cells. Despite its high toxicity, 
hydrazine is easily accessible, does not contain carbon, and is 

cost-effective, making it a good alternative to other fuels [11]. 
The ability to store hydrazine as a solid (hydrazone) 
significantly reduces the risks associated with its high toxicity 
[12]. Direct hydrazine fuel cells (DHFCs) are environmentally 
friendly power conversion devices with only nitrogen and 
water as emissions [13, 14]. They can compete with DMFCs 
in terms of power density (5.4 kWh L-1) and cell voltage (1.56 
V) [15]. Unlike DMFCs, DHFCs do not suffer from CO
poisoning in the anode catalyst since they do not contain 
carbon in their structure [13, 16]. The anode, cathode, and 
overall reactions in DHFCs are given in equation (1-3). 

2N2H4 + 8OH- → N2 + 4H2O + 8e-        (1)     

O2 + 2H2O + 4e- → 4OH-           (2)         

2N2H4 + O2 → N2 + 4H2O            (3)       

The electrooxidation of hydrazine is an important half-
reaction for DHFCs due to its high conversion efficiency and 
rapid kinetics in an alkaline environment [17]. The hydrazine 
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electrooxidation reaction (HEOR) has a voltage-lowering 
effect compared to the oxygen evolution reaction [18]. 
Therefore, the design of anode catalysts with high activity, 
stability, and selectivity for HEOR is a critical issue for the 
commercialization of DHFCs. Catalyst systems composed of 
relatively inexpensive transition metals such as Cu [19], Ni 
[20], and Co [21] have been frequently reported to exhibit high 
performance in alkaline environments. However, the oxide 
layer formed on these catalysts negatively affects the activity 
and stability of the catalyst system for HEOR. Precious metals 
such as Rh, Ru, Pd, and Pt, despite their high cost, are widely 
preferred as DHFC anode catalysts due to their high 
performance for HEOR. Additionally, the performance of 
electrodes prepared with catalysts significantly affects the 
electrochemical efficiency. Optimization of electrode 
preparation parameters has been previously reported by our 
research group to significantly increase the specific activity of 
a conventional anode catalyst. Optimum electrode preparation 
parameters for glucose electrooxidation have been determined 
with Pd and Pt anode catalysts, and a 1.5-fold higher specific 
activity has been observed compared to similar catalysts in the 
literature [22]. 

In conventional optimization methods, such as one factor at a 
time, the effect of an independent variable on the response is 
examined at constant values of other parameters. The 
simultaneous analysis of the effects of parameters on the 
response brings statistical experimental design methods such 
as the response surface method to the fore. The response 
surface method establishes a mathematical model between the 
investigated parameters and the response function. It also 
enables numerical and graphical optimization with statistical 
analysis of the created mathematical model. RSM has been 
frequently reported by researchers for optimizing adsorption 
conditions [23]. Due to its advantages such as revealing the 
interaction of parameters, reduced number of experiments and 
chemical amount, RSM has started to be used in other fields 
as well. 

In this study, the Pd/MWCNT catalyst was prepared via 
NaBH4 reduction method and characterized using scanning 
electron microscopy with energy dispersive X-ray 
spectroscopy (SEM/EDX), elemental mapping, and 
inductively coupled plasma mass spectrometry (ICP-MS). 
The glassy carbon electrode (GCE) modified with 
Pd/MWCNT was investigated for anode catalyst performance 
for HEOR, and the optimum electrode preparation conditions 
were determined using RSM. The optimization of electrode 
preparation parameters for Pd/MWCNT/GCE toward HEOR 
has not been reported in the literature yet. By optimizing the 
electrode preparation parameters of Pd/MWCNT/GCE, 
electrodes with lower cost and higher specific activity were 
obtained. 

2. Materials and methods 

2.1. Synthesis and characterization of Pd/MWCNT 

The typical NaBH4 reduction method was used to synthesis of 
MWCNT supported Pd [24]. First, 10 ml of distilled water 
were used to dissolve the analytical grade K2PdCl4 that was 
employed as a precursor. The specified amount of MWCNT 
was added to the solution. The NaBH4 solution was then added 
dropwise and the mixture agitated on a magnetic stirrer for the 
following 2 h. After the reduction was finished, the final 
solution was agitated for 24 h before being filtered, washed, 
and dried at 80°C. SEM-EDX, elemental mapping, and ICP-
MS were utilized as analytical techniques for characterization 
of the Pd/MWCNT. The elemental composition and 
morphological features of Pd/MWCNT were investigated 
through SEM-EDX with elemental mapping (Zeiss Sigma 
300) and ICP-MS (Agilent 7800). 

2.2. Electrochemical evaluation 

Electrochemical experiments were performed using a CH 
Instrument 660E Potentiostat/Galvanostat with conventional 
three electrodes. A catalyst slurry was formed by dissolving 3 
mg of MWCNT in 1 ml of Nafion in an ultrasonic water bath 
for 10 minutes in order to modify the working electrode. The 
glassy carbon electrode (GCE) was sprayed with the prepared 
catalyst slurry, and it was then dried for the identified lengths 
of time (td) at room temperature. 

2.3. Response surface methodology 

The GCE electrode was modified with Pd/MWCNT and the 
modification conditions were optimized with the RSM center 
composite design (CCD). The amount of catalyst ink 
transferred to the GCE surface, the ultrasonication time of the 
catalyst ink, and the drying time of the Pd/MWCNT/GCE 
electrode were chosen as independent variables for the 
modification of GCE, and are indicated by A (Vs), B (tu), and 
C (td), respectively. The A, B, and C parameter ranges for 
HEOR on Pd/MWCNT/GCE and the specific activity values 
at the determined experimental points are presented in Table 
1. The -1, 0, and +1 shown in Table 1 represent the minimum, 
middle, and maximum points, respectively. The experimental 
program proposed by Design Expert consists of 6 replicate 
points and 14 different points. 
 

 

 
.

 

 

   

 MJEN  MANAS Journal of Engineering, Volume 11 (Issue 2) © 2023 www.journals.manas.edu.kg 
 

http://www.journals.manas.edu.kg/


B. Ulas / MANAS Journal of Engineering 11(2) (2023) 204-215 206 

 

Table 2. CCD for HEOR on Pd/MWCNT/GCE. 

 Factor 1 Factor 2 Factor 3 Response 
Run A:Vs B:tu C:td Specific Activity for HEOR 

 (µL) (min) (min) (mA cm-2) 
1 10 (+1) 60 (+1) 40 (+1) 39.92 
2 10 (+1) 1 (-1) 1 (-1) 5.23 
3 0.5 (-1) 60 (+1) 1 (-1) 7.32 
4 5.25 (0) 30.5 (0) 20.5 (0) 5.12 
5 0.5 (-1) 60 (+1) 40 (+1) 6.21 
6 5.25 (0) 60 (+1) 20.5 (0) 20.65 
7 10 (+1) 1 (-1) 40 (+1) 11.40 
8 10 (+1) 30.5 (0) 20.5 (0) 4.18 
9 10 (+1) 60 (+1) 1 (-1) 9.33 
10 5.25 (0) 30.5 (0) 20.5 (0) 4.83 
11 5.25 (0) 30.5 (0) 1 (-1) 1.61 
12 5.25 (0) 30.5 (0) 20.5 (0) 5.30 
13 5.25 (0) 30.5 (0) 20.5 (0) 5.18 
14 5.25 (0) 30.5 (0) 40 (+1) 3.79 
15 0.5 (-1) 1 (-1) 1 (-1) 9.05 
16 5.25 (0) 30.5 (0) 20.5 (0) 4.55 
17 5.25 (0) 30.5 (0) 20.5 (0) 3.97 
18 5.25 (0) 1 (-1) 20.5 (0) 1.23 
19 0.5 (-1) 30.5 (0) 20.5 (0) 1.09 
20 0.5 (-1) 1 (-1) 40 (+1) 5.27 

3. Results and discussion 

3.1. Physical characterization 

The surface morphology of Pd/MWCNT was examined by 
SEM and is shown in Figure 1. From Figure 1a and b the 
network of the CNT is clearly visible. It was determined from 
Figure 1c and d that Pd did not agglomerate on the CNT 
surface. It was also observed that Pd nanoparticles adhered to 
both the inner and outer walls of the CNT (Figure 1e and f). 
The mean particle size of Pd nanoparticles in SEM images was 
determined as 6.35 nm with ImageJ software. Elemental 
mapping analysis to Pd/MWCNT was performed to confirm 
the distribution of Pd nanoparticles. C, O, Pd, and overlay 
elemental mapping images of Pd/MWCNT are shown in 
Figure 2. Since the metal ratio of Pd/MWCNT to the support 

material is 10% by weight, it is clearly seen that carbon is 
more dominant than other elements in the elemental mapping 
images (Figure 2a). Furthermore, the oxygen detected in the 
catalyst structure was attributed to the presence of PdO, since 
K2PdCl4 cannot be fully reduced with NaBH4 and Pd is easily 
oxidized (Figure 2b) [25]. It was observed from Figure 2c that 
the Pd nanoparticles were homogeneously dispersed on the 
MWCNT. Also from the overlay images of all elements, it is 
more clearly seen as the elements are uniformly distributed on 
MWCNT (Figure 2d). Pd, O and C peaks were detected in the 
EDX spectrum of Pd/MWCNT. Carbon exhibited a very high 
peak intensity, while the intensity of the oxygen peak was very 
weak. In this context, the EDX spectrum also support the 
elemental mapping results. ICP-MS results of Pd/MWCNT 
were determined as 11.2:100 of Pd:MWCNT by mass. The 
closeness of the obtained metal ratio to the targeted ratio 
indicates that the synthesis was successful.
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Figure 1. SEM images of Pd/MWCNT. 
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Figure 2. SEM images of Pd/MWCNT. 

 

 

Figure 3. EDX spectrum for Pd/MWCNT.

3.2. Response surface methodology 
The specific activities for HEOR of the 
Pd/MWCNT/GCE electrode prepared at the Vs, tu and 
td values given in Table 1 were determined in 0.1 M 
KOH + 0.02 M N2H2 solutions. Voltammograms of 
each experimental set are given in Figure 4. The 
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obtained results were statistically analyzed with the 
Design Expert software. 

 
Figure 4. CV profiles for CCD.

The model with which the experimental results were 
compatible was investigated with the Design Expert 
software and is given in Tables 2 and 3. Table 2 
exhibites that the lack of fit tests of linear, 2FI and 
quadratic models suggested by the software are 
statistically significant, while the cubic model is 
aliased. In this case, it is understood that cubic model 
terms cannot be estimated individually and the cubic 
model should be used as a summary of these combined 
effects. According to the lack fit test results, except for 
the aliased cubic model, the lowest F value is the 
quadratic model with 124.72. As can be seen from 

Table 3, the R2 values of the cubic, quadratic, 2FI and 
linear models were obtained as 0.991, 0.893, 0692 and 
0.38, respectively. Because of the aliased model terms 
it contains, the highest correlation coefficient is 
reported for the cubic model. In addition, the quadratic 
model showed the lowest standard deviation and 
PRESS values (excluding linear model) with 3.927 and 
2072.65, respectively. When the statistical parameters 
reported for the models suggested by the software are 
evaluated together, it is concluded that the model with 
the highest predictive performance is the quadratic 
model. 
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Table 2. Lack of fit tests for suggested models. 

Source Sum of 
Squares 

 Mean 
Square 

F 
Value 

p-value 
Prob > F 

 

df  

Linear 891.17 11 81.01 330.18 < 0.0001  

2FI 442.73 8 55.34 225.54 < 0.0001  

Quadratic 153.01 5 30.60 124.72 < 0.0001 Suggested 
Cubic 11.308 1 11.31 46.087 0.0011 Aliased 
Pure Error 1.2268 5 0.245    

Table 3. Model summary statistics for HEOR on Pd/MWCNT/GCE. 

Source Std. 
Dev. 

R-Squared Adjusted 
R-Squared 

 
 

PRESS  
Linear 7.468 0.38 0.264 1858.68  

2FI 5.844 0.692 0.549 2978.18  

Quadratic 3.927 0.893 0.796 2072.65 Suggested 
Cubic 1.445 0.991 0.972 13896.1 Aliased 

The proposed quadratic model in terms of actual values 
and coded for HEOR on Pd/MWCNT/GCE is shown in 
Eqn. (3-4). Analysis of variance (ANOVA) was 
performed for the proposed model and is given in Table 
4. It is known that a p value less than 0.05 in the 95% 
confidence interval indicates that the relevant model 
term is statistically significant. Accordingly, it is seen 
that the suggested model terms A, B, C, AB, AC, BC 
and B2 are statistically significant. A2 and C2 terms were 
not statistically significant with p values of 0.8897 and 
0.9106. However, the terms A2 and C2 were not 
removed from the model, as it was concluded that the 
model improved the predictive performance [23]. 

Specific Activity for HEOR = 

+4.08+4.11*A+5.12*B+3.41*C+4.18*A*B+5.21*A*

C+3.39*B*C-0.34*A2+7.97*B2-0.27*C2                  (3) 

Specific activity for HEOR =  

+12.97337-(1.03953*Vs)-(0.66207*tu)-(0.27075*td)+ 

(0.029819*Vs*tu) + (0.056216*Vs*td) + ( 5.89115E-

003*tu*td)-(0.014935*Vs2)+(0.00915484*tu2)- 

(0.000717167*td2)                                                     (4) 

 

Table 4. ANOVA table for HEOR on Pd/MWCNT/GCE. 

 Sum of 
Squares df 

Mean 
Square 

F 
Value 

p-value 
Prob > F 

 
Source  
Model 1285.75 9 142.86 9.26 0.0009 significant 
A-Vs 169.03 1 169.03 10.96 0.0079  
B- tu 262.56 1 262.56 17.02 0.0021  
C- td 115.99 1 115.99 7.52 0.0207  
AB 139.67 1 139.67 9.06 0.0131  
AC 216.9 1 216.9 14.06 0.0038  
BC 91.88 1 91.88 5.96 0.0348  
A2 0.31 1 0.31 0.02 0.8897  
B2 174.55 1 174.55 11.32 0.0072  
C2 0.2 1 0.2 0.013 0.9106  
Residual 154.24 10 15.42    
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Pure Error 1.23 5 0.25    
Cor Total 1439.99 19     

In Figure 5, the compatibility of the quadratic model and 
experimental data is discussed. The distribution of model data 
relative to the actual data for HEOR on Pd/MWCNT is shown 
in Figure 5. Although very few of the experimental points 
expected to be dispersed around the diagonal deviated, it was 
observed that the majority of them dispersed around the 
diagonal. Figure 5b shows the distribution of errors. It has 
been determined that the errors are distributed around the 
standard line. The random distribution of errors indicates that 
there is no systematic error. The plot of the residuals against 
the predicted values is given in Figure 5c. The random 
distribution between the boundary lines determined by the 
software is explained by the non-constant variance. The plot 
of the residues according to the experiment number is 
exhibited in Figure 5d. It has been determined that the graph 
obtained as a result of combining the residual values with a 
line does not show a recurrent trend. Therefore, it was 
concluded that the residuals were not caused by a systematic 
error. Model validation graphs and ANOVA test results show 
that the proposed quadratic model is a good predictor. 
 

 
Figure 4. Model validation plots for HEOR on Pd/MWCNT/GCE. 
 

In Figure 6, response surface plots of Vs, tu and td are 
presented. The binary interactions of tu and Vs are shown in 
Figure 6a. When the tu value was increased from 1 min to 30.5 
min, a decrease of 1.627 mA cm-2 in the specific activity was 
observed (Vs=5.25 µL and td=20.5 min). After the tu value of 
30.5 min, the specific activity increased sharply and reached 
17.175 mA cm-2 (Figure 6a). At constant tu=30.5 min and 
td=20.5 min, when Vs was increased from 0.5 µL to 5.25 µL, 
the specific activity for HEOR increased from 1.097 mA cm-2 
to 4.828 mA cm-2 (Figure 6b). After the Vs value of 5.25 µL, 

the specific activity gradually decreased to a value of 4.175 
mA cm-2. From Figure 6c, as a result of increasing td from 1 
min to 40 min, the specific activity increased almost linearly 
from 0.405 mA cm-2 to 7.217 mA cm-2. 
 

 
Figure 6. Response surface plots for HEOR on Pd/MWCNT/GCE 
A) tu vs Vs, B) td vs Vs, and C)td vs tu. 
 

Numerical optimization was performed for HEOR on 
Pd/MWCNT/GCE with Design Expert software. In the 
optimization process, the specific activity value is maximized 
by minimizing Vs, tu and td. While the optimum Vs, tu and td 
values were determined as 4.92 µL, 1 min and 19.52 min, 
respectively, the model specific activity value was found as 
6.95 mA cm-2. Experimental specific activity value for HEOR 
was determined as 7.13 mA cm-2 with 2.59% deviation by CV 
measurements performed under optimum conditions. 
 
The electrochemical behavior of Pd/MWCNT at optimum 
conditions determined by RSM is given in Figure 7. 
Electrochemical experiments were carried out at a scanning 
rate of 100 mV s-1 and in 0.1 M KOH+0.02 M N2H2 solution. 
Figure 7a exhibits the voltammogram of Pd/MWCNT in a 0.1 
M KOH support electrolyte. In the forward scan, no 
electrochemical phenomena were observed between 0 V and 
0.3 V, and it was concluded that this potential range is a 
double layer region [26]. The narrow peak observed at a 
potential of about 0.3 V in reverse scan is due to PdO 
reduction [27]. 50 cycle CV profiles of Pd/MWCNT are given 
in Figure 7b. Pd/MWCNT showed 7.13 mA cm-2 specific 
activity under optimum electrode preparation conditions and 
this specific activity decreased to 1.42 mA cm-2 after 50 
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cycles. The decrease in the activity of Pd/MWCNT could be 
attributed to the accumulation of intermediate compound on 
the electrode surface [28]. 

 
 

 
Figure 7. a) CV in 0.1 M KOH, b) CV in 0.1 M KOH + 0.02 M N2H2, c) CA curves at 0.2-1 V in 0.1 M KOH + 0.02 M N2H2, 
and d) EIS profiles at 0.2-1 V in 0.1 M KOH + 0.02 M N2H2.
 
Chronoamperometric curves of Pd/MWCNT at 0.2, 0.4, 0.6, 
0.8, and 1 V potentials are presented in Figure 7c. Except for 
the CA curve at 0.8 V potential, all CA profiles are similar to 
each other. Pd/MWCNT exhibited good stability over 1000 s 
despite fluctuations in current. EIS curves of Pd/MWCNT at 
varying potentials are given in Figure 7d. It is known that as 
the diameter of the EIS curves decreases, the charge transfer 
resistance decreases and the electrocatalytic activity increases 
[29]. In this direction, as can be seen from Figure 7d, the 
electrocatalytic activity of Pd/MWCNT increased as the 
applied potential increased. In this case, it was concluded that 
the HEOR mechanism on Pd/MWCNT/GCE is predominantly 
driven by charge transfer kinetics. 

4. Conclusion 

In this study, GCE was modified with Pd/MWCNT catalysts 
synthesized by the NaBH4 reduction method and its 
performance as a catalyst for HEOR was investigated. From 
the SEM-EDX results, it was determined that the average 
particle size of Pd/MWCNT was 6.35 nm. Elemental mapping 

results show that Pd is homogeneously distributed on 
MWCNT, and the metal composition of Pd/MWCNT was 
determined as 11.2% by ICP-MS. Optimum electrode 
preparation conditions for HEOR on Pd/MWCNT/GCE were 
determined by RSM as 4.92 µL Vs, 1 min tu, and 19.52 min td. 
Under optimum conditions, experimental specific activity 
value for HEOR was obtained as 7.13 mA cm-2 with 2.59% 
deviation. The R2 value of the proposed quadratic model for 
HEOR on Pd/MWCNT/GCE was determined as 0.893, and 
the model was found to be statistically significant in according 
to the ANOVA test. This study clearly revealed that the use of 
optimization methods for the electrode preparation stage is 
very important in terms of increasing the specific activity. It 
is concluded that conducting electrode optimization 
researches for future designed catalysts will bring cheaper, 
stable and active catalysts to the literature. 
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A B S T R A C T  A R T I C L E  I N F O   

In this study (4-(3-iodobenzo[b]thiophen-2-yl)-N,N-dimethyllaniline (4), Sonagashira 
Coupling Reaction was synthesized using Electrophilic Cyclization Reactions. Then, the 
anode catalyst performance for glucose electrooxidation was investigated. The electrocatalytic 
activities of the organic catalyst were investigated by CV, CA and EIS measurements in 1 M 
KOH + 0.5 M C6H12O6 solution. Interestingly, electrochemical depositing on organic catalyst 
by Pd metal increased the specific activity, and it was calculated as 0.61 mA/cm2 
Consequently, Pd@4 catalyst will be used as an electrocatalyst with high specific and stability 
and low charge transfer activity. 
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1. Introduction 
Energy is one of the most important factors for nature and 
social life. Energy production, conversion and consumption 
are considered as an important factor for the environment 
and a sustainable life. Technological developments, 
industrialization and the increase in the world population 
increase the demand for energy day by day [1]. With energy 
systems, environmental damage occurs in the stages from 
energy production to consumption and disposal.  
 
Recently, important solutions have been developed for the 
current environmental problems associated with the release 
of substances harmful to the environment and human health. 
Among these solutions, renewable energy sources take an 
important place as an alternative [2]. Recently, among the 
renewable energy sources, batteries [3], organic solar cells 
[4], and fuel cells [5], stand out as clean energy sources. 

glucose [6], hydrazine [7], formic acid [8] and methanol [9] 
are often used in fuel cells. The direct use of glucose in fuel 
cells is one of the most popular methods due to its 
advantages [10]. Glucose is the most abundant natural 
monosaccharide and has a high energy density, making it a 
toxic, explosive and non-volatile organic molecule [11]. 
When a glucose molecule is completely oxidized, it forms 24 
e- and non-toxic products carbon dioxide and water (CO2 
and H2O) [12]. Glucose electro-oxidation reactions in 
alkaline medium are shown below: 
 
Anode:  C6H12O6+36OH-                      6CO3

2- +  24H2O + 24e-

(1)                                    
Cathode: 6O2+24e- +12 H2O         24OH-         (2)
                     
Overall: C6H12O6 + 6O2 + 12OH-              6CO3

2- + 12 H2O   
(3)                                    
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Recently, many researchers have been working on the 
oxidation of glucose using anode electrocatalysts. Chai et al. 
found that Pd/C, Pd3Cu/C and Pd3Cu-B/C electrocatalysts 
and Pd3Cu-B/C catalyst prepared by a simple aqueous phase 
approach exhibited the best stability and higher activity in 
glucose electrooxidation [13]. Yan et al. found that 
PdxAuy/C exhibits a very sensitive and linear amperometric 
response for glucose molecules [14]. In addition, Basu et al. 
reported that Au/C and Pt-Au/C catalysts were tested in the 
glucose electrooxidation reaction and the Pt-Au/C catalyst 
showed more activity than the Au/C catalyst and showed 
lower activity than Pt/C[15].  
 
Heterocyclic compounds such as thiophenes, indoles, 
pyridines are of vital importance for materials science as 
well as their biological activities[16]. Benzothiophene 
derivatives are among the most well-known heteroaromatic 
compounds. Organic molecules have  advantages such as 
greater flexibility, lower molecular weight and wide 
absorption bands[17]. For this reason, organic catalysts are 
used for clean energy. 
 
In this study, we aimed to develop glucose electrooxidation 
reaction organic-based catalysts to reduce the high cost of 
anode catalysts due to the high cost of noble metals. (4-(3-
iodobenzo[b]thiophen-2-yl)-N,N-dimethyllanilin was 
synthesized as anode catalysts for the glucose 
electrooxidation reaction. All designed benzothiophene 
derives were defined by using 1H NMR, and 13C NMR. After 
characterization, the electro-oxidation activity of glucose as 
the anode catalyst of this organic catalyst was investigated. 
Glucose electrooxidation activities were found by CV, CA 
and EIS analyses. In addition, Pd metal was electrodeposited 
on the benzothiophene derivative to explore the effects of 
electrochemical activity. A-Pd-doped organic catalyst (Pd-
4A) was characterized using electron microscopy with 
energy dispersive x-ray (SEM-EDX). Pd-Organic catalyst 
systems could be promising to work as fuel cell anode 
catalysts. 

2. Experimental measurement 

2.1. Preparation of organic catalysts  

Synthesis of N,N-dimethyl-4-((2-
(methylthio)phenyl)ethinyl)aniline (3) 
 
2-Iodothianisole (1) (1 equiv.), PdCl2(PPh3)2 (0.05 equiv.), 
4-ethinyl-N,N-dimethylaniline (2) (1.2 equiv.) and CuI (0,05 
equiv.) in THF (10 mL) and triethylamine (15 mL) were 
mixed at room temperature for 24 hours. When starting 
compound was gone, the mixture was extracted with EtOAc 
(3 X 15 mL). The organic phase was dried with MgSO4, 
filtrated and concentrated under reduced pressure. The 
residue purified by using flash column chromatography on 
silica gel Hexane/Ethyl acetate (100:1) to give N,N-

dimethyl-4-((2-(methylthio)phenyl)ethinyl)aniline (3) 
(89%). 1H NMR (400 MHz, CDCl3) δ 7.46 (d, J = 9 Hz, 3H), 
7.31-7.21 (m, 1H), 7.16 (dd, J = 8;1 Hz, 1H), 7.12-7.03(m, 
1H), 6.67 (d, J = 8 Hz, 2H), 2.99(s, 6H), 2.50 (s, 3H). 13C 
NMR (100 MHz, CDCl3) δ 149.8, 140.9, 132.7,  131.8, 
127.9, 124.2, 124.1, 122.3, 111.8, 97.2, 40.2, 15.1. 
 
Synthesis of (4-(3-iodobenzo[b]thiophen-2-yl)-N,N-
dimethyllaniline (4) 
 
N,N-dimethyl-4-((2-(methylthio)phenyl)ethinyl)aniline (3) 
(1 equiv.) in dichloromethane (30 mL) was added molecular 
iodide (2 equiv.) at room temperature. After  2 hours, 
reaction mixture was washed with saturated Na2S2O3 and 
extracted with dichloromethane (3 X 20 mL). The combine 
organic phase was dried with MgSO4, filtrated and 
concantrated under reduced pressure. The residue purified by 
using flash column chromatography on silica gel 
Hexane/Ethyl acetate (100:1) to give (4-(3-
iodobenzo[b]thiophen-2-yl)-N,N-dimethyllaniline (4) 
(96%). 1H NMR (400 MHz, CDCl3) δ 7.81 (dd, J = 8; 0.5 
Hz, 1H), 7.76(d, J = 8 Hz, 1H), 7.63(d, J = 8 Hz, 2H), 7.47-
7.43 (m, 1H), 6.82(d, J = 8 Hz, 2H), 3.01(s, 6H). 13C NMR 
(100 MHz, CDCl3) δ 161.2, 150.6, 142.9, 142.1, 138.6, 
130.8, 125.86, 125.2, 124.9, 121.9,  111.8, 76.7, 40.2. 

2.2. Electrochemical measurements  

Electrochemical measurements were performed using 1 M 
KOH + 1 M Glucose solution, using cyclic voltammetry 
(CV), chronoamperometry (CA) and electrochemical 
impedance spectroscopy (EIS) methods. CV measurements 
were carried in the potential range of -0.6-0.8 V, scanning 
speed of 50 mV/s. In order to increase the electrochemical 
activity of the catalyst, Pd metal was deposited on the 
benzothiophene derivative by electrodeposition method. 
Palladium metal was deposited on organic structure with CV 
in 0.1 mM K2PdCI4 + 0.1 M H2SO4 + 0.2 mM HCl solution 
at 10 mV/s scan rate. CA measurements were applied at 
potentials of -0.4, -0.2, 0, 0.2 and 0.4 V to determine the 
stability of the catalysts in 1000 s. The resistance of the 
catalyst to glucose electrooxidation was determined by EIS 
measurements at different values ranging from -0.6 to 0.4 V. 

3.Results and discussion 

3.1. Synthesis 

The Sonogashira coupling reaction is an important reaction 
in organic chemistry that allows Pd-catalyzed formation of 
new carbon-carbon bonds between primary alkynes and 
halogenated aromatic structures [18]. In the first step of the 
study, a new carbon-carbon bond was established with the 
Sonagashira coupling reaction with 4-ethinyl-N,N-
dimethylaniline catalyzed by 2 iodothioanisole Pd and N,N-
dimethyl-4-((2-(methylthio)phenyl)ethinyl)aniline with 89% 
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yield. (3) synthesized. In the next step, (4-(3-
iodobenzo[b]thiophen-2-yl)-N,N-dimethyllaniline (4) was 
synthesized in a high yield of 96% by electrophilic 
cyclization reaction(Fıgure 1). 
 

I2I

S
CH3

+ Pd,CuI,Baz

S
CH3

S

I
H N

N N

%89 %96

1 2 3 4

 Fıgure 1. Synthesis of 4-(3-iodobenzo[b]thiophen-2-yl)-
N,N-dimethyllaniline 

3.2.Characterization Results 

Figure 2 indicates the SEM-EDX and mapping analysis 
obtained to examine the surface structure and morphology of 
the 4 catalyst. As can be seen from the SEM images, it was 
observed that agglomeration did not occur and a 
homogeneous distribution occurred. Mapping and EDX 
analyses demonstrate that C (red), F (blue), O (yellow), and 
Pd (purple) elements are formed. These results show that the 
electrochemically Pd coating on the organic material has 
taken place. The electrochemical characterization results are 
evidence that the changed activity after Pd coating is due to 
the Pd atoms formed on the surface. 
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Element Wt%
C
O
F
Pd

Total: 100.00

82.54
3.36
12.29
1.81

 
Figure 2. SEM (a, b)-EDX (g) and mapping (C (c), F (d), O (e), and Pd (f)) of 4 catalyst. 
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3.3. Electrochemical results 

Glucose electrooxidation activities of 4 and Pd@4 organic-
based catalysts were investigated by CV measurements in 1 
M KOH + 1 M C6H12O6 solution. The CV analyses of the 
organic-based catalysts in the potential range of -0.6 ~ 0.8 V 
were presented in Figure 3. Although glucose is a high-
energy fuel, it is difficult to break down, so no oxidation 
peak was observed in the glucose electrooxidation results of 
the organic catalyst. [19]. When the organic catalyst was 
doped with active metal such as Pd, the oxidation peak was 
observed as can be seen in Figure 3b. According to the EDX 
analysis (Figure 2g) results, it was observed that Pd metal 
was doped with organic material, albeit in a small amount. 
Therefore, the glucose oxidation peak current density 
occurring at a potential of 0.0 V (Figure 3b) was obtained as 
approximately 0.17 mA/cm2. 
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Figure 3. CV analyses of 4 and Pd@4 organic-based catalysts at a 
scan rate of 50 mV/s a) 1 M KOH, b) 1 M KOH + 1 M C6H12O6, 
and c) comparison of Pd@4 organic-based catalyst in 1 M KOH 
and 1 M KOH + 1 M C6H12O6 solutions. 
 
 Figure 4 demonstrates the CA curves of organic-based 
catalysts. Firstly, CA curves of Pd@4 organic-based catalyst 
at different potentials (-0.4 V to 0.4 V) were obtained (Figure 
4a). The best stability was 0.4 V potential after 1000 s. As 
can be seen from Figure 4b, Pd@4 organic-based catalyst 
exhibited the best catalytic activity and stability compared to 
the 4, as in CV results. 
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Figure 4. CA curves of a) Pd@4 organic-based catalyst at 
different potentials and b) comparison of organic-based catalysts at 
0.4 V potential in 1 M KOH + 1 M C6H12O6 solution. 
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Nyquist plots obtained from EIS analysis were realized to 
investigate the electrochemical resistance of organic-based 
catalysts. In Nyquist diagrams, as the diameter of the 
semicircle decreases, the charge transfer resistance decreases 
and therefore the electrocatalytic activity increases. [20-21] 
Nyquist plots performed in 1 M KOH + 1 M C6H12O6 
solution was given in Figure 5(a, b). Nyquist plots were first 
obtained with Pd@4 organic-based catalyst at different 
potentials (Figure 5a). As in the CA analysis, it showed the 
best electrochemical resistance of 0.4 V potential. The Pd@4 
organic-based catalyst exhibited the best resistance compared 
to the 4 at 0.4 V potential (Figure 8b). 
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Figure 5. Nyguist plots of a) Pd@4 organic-based catalyst at 
different potentials and b) comparison of organic-based catalysts at 
0.4 V potential in 1 M KOH + 1 M C6H12O6 solution. 

4. Conclusion  

In this study, (4-(3-iodobenzo[b]thiophen-2-yl)-N,N-
dimethyllaniline (4) catalyst was synthesized via 
Sonogashira coupling reaction and electrophilic cyclization 
reactions. Then, the anode catalyst performance for glucose 
electrooxidation was investigated. The electrocatalytic 

activities of the organic catalyst were investigated by CV, 
CA and EIS measurements in 1 M KOH + 0.5 M C6H12O6 
solution. Interestingly, electrochemical depositing on organic 
catalyst by Pd metal increased the specific activity, and it 
was calculated as 0.61 mA/cm2. The SEM-EDX results of 
Pd@4 confirmed the successful deposition of Pd metal on 
the organic catalyst. Consequently, Pd@4 catalyst will be 
used as an electrocatalyst with high specific activity and 
stability and low charge transfer resistance. 
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1. Introduction

In order to solve practical issues in mathematics, physics,
engineering, and game theory, fixed point theory is a
useful area of study. Analytical solutions of fixed point
problems are challenging, requiring iterative solutions.
Although academics create a variety of strategies, the
development on effective algorithms is still underway.
In the field of nonlinear analysis, the fixed point theory is
crucial. The Picard iteration, as defined by 𝜘𝑛+1 = Υ𝜘𝑛,

∀𝑛 ∈ N., is one of the well-known iterative procedures.
To approximate to fixed points of contraction mappings,
this iteration approach has been utilized. When using
nonexpansive mappings rather than contraction mappings,
the Picard iterative method is unable to approach fixed
points. Numerous writers have investigated new iteration
processes and mapping classes in this context for the
purpose of approximating fixed points.
For the class of nonexpansive self-mappings on a closed
and bounded subset of a uniformly convex Banach space,
Browder [6] demonstrated the existence of a fixed point.
After Browder’s result, researchers have developed itera-
tive procedures to approximate fixed points in nonexpan-

sive and nonlinear mappings, with research focusing on
faster and more efficient techniques. Studies have been
conducted in uniformly convex Banach spaces and CAT(0)
spaces.(see [1], [7], [20], [22], [23] and the references
therein)
Suzuki [19] established a new class of nonexpansive map-
pings and demonstrated several fixed point theorems for
them. Many researchers have contributed to the literature
by generalizing Suzuki’s generalized non-expansive map-
ping (see [3], [4], [16]). More recently, Adeyemi et al. [2]
introduced the generalized nonexpansive mappings and
in uniformly convex hyperbolic space, they demonstrated
approaching the fixed point of these mappings.
Along with the nonlinear mappings, the significance that
the spaces play in the study of fixed point theory is also
quite important, including Hilbert and Banach spaces.
Banach spaces have convex structures, making it easy
to exist fixed points. Metric spaces lack this structure,
making it necessary to introduce convex structures into
them. By examining the fixed points for nonexpansive
mappings in convex metric spaces, Takahashi [21] was
the pioneer in developing the idea of convex metric space.
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Since then, many convex structures have been introduced
onto metric spaces in a number of different attempts. As
a result of these studies, many fixed point theorems have
been obtained by applying well-known fixed point itera-
tion processes to hyperbolic spaces (see [9], [10], [13],
[17]). Hyperbolic spaces have a convex structure, with
the convex structure introduced by Kohlenbach [13] being
more general.
In this work, we introduce a new class of generalized
nonexpansive mappings in hyperbolic space. Also, we
constitute the form in hyperbolic space of the well known
Mann iteration process. Then, we prove strong and Δ-
convergence results for these mappings in a uniformly
convex hyperbolic space using our introduced iterative
process.

2. PRELIMINARIES
Firstly, Takahashi [21] proposed the idea of convex metric
space in 1970 as follows:
A mapping𝑊 : 𝔖×𝔖×[0, 1] −→ 𝔖 is a convex structure
in 𝔖 if

ℏ(𝔮,𝑊 (𝜘, 𝜇, ð)) ≤ (1 − ð)ℏ(𝔮, 𝜘) + ðℏ(𝔮, 𝜇),

for all 𝜘,cal𝜇,𝑐𝑎𝑙 𝑓 𝑟𝑎𝑘𝑞∈ 𝔖 and ð ∈ [0, 1] . A metric
space (𝔖, ℏ) together with a convex structure 𝑊 defined
on it is called a convex metric space. A subset M of a
convex metric space 𝔖 is convex if calW(𝜘,cal𝜇,ð) ∈ M
for all 𝜘,cal𝜇∈ M and ð ∈ [0, 1].
Afterwards, this idea was greatly expanded upon by numer-
ous authors. In Kohlenbach’s hyperbolic space [13], one
of these convex structures is present. There are various
interpretations of hyperbolic space in the literature.
A hyperbolic space (𝔖, ℏ,𝑊) (see [13]) is a metric space
(𝔖, ℏ) together with a mapping𝑊 : 𝔖×𝔖× [0, 1] −→ 𝔖

satisfying

(W1) ℏ(𝑧,𝑊 (𝜘,cal𝜇,ð)) ≤ (1 − ð)ℏ(𝑧, 𝜘) + ðℏ(𝑧,cal𝜇),

(W2) ℏ(𝑊 (𝜘,cal𝜇,ð1),𝑊 (𝜘,cal𝜇,ð2)) = |ð1 − ð2 | ℏ(𝜘,cal𝜇),

(W3) 𝑊 (𝜘,cal𝜇,ð) =𝑊 (cal𝜇,𝜘, (1 − ð)),

(W4) ℏ(𝑊 (𝜘, 𝑧, ð),𝑊 (cal𝜇,W,ð)) ≤ (1 −
ð)ℏ(𝜘,cal𝜇)+ðℏ(𝑧,𝑊),

for all 𝜘,cal𝜇,z,W∈ 𝔖 and ð, ð1, ð2 ∈ [0, 1].
A hyperbolic space (𝔖, ℏ,𝑊) is said to be uni-
formly convex [18] if for all calfrakq, 𝜘,cal𝜇∈ 𝔖,

𝑟 > 0 and 𝜀 ∈ (0, 2], there exists a 𝛿 ∈ (0, 1]
such that ℏ

(
𝑧,𝑊

(
𝜘, 𝜇, 1

2

)
, 𝔮

)
≤ (1 − 𝛿)𝑟 whenever

ℏ(𝜘,calfrakq) ≤ 𝑟, ℏ(cal𝜇,𝑐𝑎𝑙 𝑓 𝑟𝑎𝑘𝑞)≤ 𝑟 and ℏ(𝜘,cal𝜇)≥
𝜀𝑟.

A mapping 𝜂 : (0,∞) × (0, 2] −→ (0, 1] providing such
𝛿 = 𝜂(𝑟, 𝜀) for given 𝑟 > 0 and 𝜀 ∈ (0, 2] is called
modulus of uniform convexity. We call 𝜂 monotone if it
decreases with 𝑟 (for a fixed 𝜀).
We now compile some fundamental definitions of asymp-
totic centers and radiuses.
Let 𝔖 be a hyperbolic space and {𝜘𝑛} be a bounded
sequence in 𝔖. For 𝜘 ∈ 𝔖, define a continuous functional
𝑟 (., {𝜘𝑛}) : 𝔖 −→ [0,∞) by

𝑟 (𝜘, {𝜘𝑛}) = lim
𝑛−→∞

sup ℏ(𝜘, 𝜘𝑛).

The asymptotic radius 𝑟 ({𝜘𝑛}) of {𝜘𝑛} is given by

𝑟 ({𝜘𝑛}) = inf {𝑟 (𝜘, {𝜘𝑛}) : 𝜘 ∈ X} .

The asymptotic radius 𝑟M ({𝜘𝑛}) of {𝜘𝑛} with respect to
a subset M of 𝔖 is given by

𝑟M ({𝜘𝑛}) = inf {𝑟 (𝜘, {𝜘𝑛}) : 𝜘 ∈ M} .

The asymptotic center 𝐴({𝜘𝑛}) of {𝜘𝑛} is the set

𝐴({𝜘𝑛}) = {𝜘 ∈ X : 𝑟 (𝜘, {𝜘𝑛}) = 𝑟 ({𝜘𝑛})} .

The asymptotic center 𝐴M ({𝜘𝑛}) of {𝜘𝑛} with respect to
a subset M of 𝔖 is the set

𝐴({𝜘𝑛}) = {𝜘 ∈ X : 𝑟 (𝜘, {𝜘𝑛}) = 𝑟M ({𝜘𝑛})} .

Lim [15] proceeded by thinking about how Δ-convergence
was defined in a metric space in 1976, and Dhompongsa
and Panyanak [8] have studied its analogue in CAT(0)
spaces. Khan et al. resumed their examination of Δ-
convergence in the overall structure of hyperbolic spaces
in [11].
Now, we recall the notion of Δ-convergent.
[12]A sequence {𝜘𝑛} in 𝔖 is said to be Δ-convergent to
𝜘 ∈ 𝔖, if, for every subsequence {𝔨𝑛} of {𝜘𝑛}, 𝜘 is the
unique asymptotic center of {𝔨𝑛} . In this case, 𝜘 is called
as Δ-limit of {𝜘𝑛} and we write Δ − lim𝑛−→∞ 𝜘𝑛 = 𝜘 .

The generalized nonexpansive mapping in uniformly con-
vex hyperbolic space was first developed in 2021 by
Adeyemi et al. [2] as follows: Let M be a nonempty sub-
set of a hyperbolic space 𝔖. A mapping Υ : M −→ M
is called generalized nonexpansive mapping if there ex-
ist 𝛼, 𝛽, 𝛾 ∈ [0, 1), with 𝛾 + 𝛽 < 1 such that for all
𝜘,𝑐𝑎𝑙𝜇 ∈ M,

(1 − 𝛼)ℏ(Υ𝜘, 𝜘) ≤ ℏ(𝜘, 𝜇)

=⇒ ℏ(Υ𝜘,Υ𝜇) ≤
𝛽ℏ(𝜇,Υ𝜘) + 𝛾ℏ(𝜘,Υ𝜇) + [1 − (𝛾 + 𝛽)] ℏ(𝜘, 𝜇).

We will require the following outcomes for the follow-up:
[14]Let (𝔖, ℏ,𝑊) be a complete uniformly convex hyper-
bolic space with monotone modulus of uniform convexity
𝜂. Then every bounded sequence {𝜘𝑛} in 𝔖 has a unique
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asymptotic center with respect to any nonempty closed
convex subset M of 𝔖.
[11]Let (𝔖, ℏ,𝑊) be a uniformly convex hyperbolic space
with monotone modulus of uniform convexity 𝜂. Let
𝜘 ∈ 𝔖 and {𝛼𝑛} be a sequence in [𝑎, 𝑏] for some
𝑎, 𝑏 ∈ (0, 1). If {𝜘𝑛} and {𝜇𝑛} are sequences in 𝔖

such that

lim
𝑛−→∞

sup ℏ(𝜘𝑛, 𝜘) ≤ 𝑟, lim
𝑛−→∞

sup ℏ(𝜇𝑛, 𝜘) ≤ 𝑟,

lim
𝑛−→∞

ℏ(𝑊 (𝜘𝑛, 𝜇𝑛, 𝛼𝑛), 𝜘) = 𝑟

for some 𝑟 ≥ 0, then

lim
𝑛−→∞

ℏ(𝜘𝑛, 𝜇𝑛) = 0.

3. MAIN RESULTS
In the context of uniformly convex hyperbolic space, we
develop a new class of generalized nonexpansive mapping
and establish the version in hyperbolic space of the Mann
iteration process. Also, we give Δ-convergence and strong
convergence results for these mappings we introduced in
uniformly convex hyperbolic space using the new form of
the Mann iteration process.
Let M be a nonempty subset of a hyperbolic pace 𝔖.
A mapping Υ : M −→ M is called 𝑎 − 𝑏−generalized
nonexpansive mapping if there exist 𝑎, 𝑏 ∈ [0, 1

2 ) and
𝛼 ∈ [0, 1) with 2𝑎 + 2𝑏 < 1 such that for all 𝜘,cal𝜇∈ M,

(1 − 𝛼)ℏ(Υ𝜘, 𝜘) ≤ ℏ(𝜘, 𝜇)

=⇒ ℏ(Υ𝜘,Υ𝜇) ≤ 𝑎 [ℏ(𝜇,Υ𝜘) + ℏ(𝜘,Υ𝜇)]

+𝑏 [ℏ(𝜘,Υ𝜘) + ℏ(𝜇,Υ𝜇)] + [1 − (2𝑎 + 2𝑏)] ℏ(𝜘, 𝜇).

The Mann iteration process has been extensively studied
for approximating fixed points of nonexpansive mappings.
With Υ being a self-mapping on a subset of a Banach
space, the Mann iteration process is defined as follows:{

𝜘1 ∈ M
𝜘𝑛+1 = (1 − 𝛼𝑛)𝜘𝑛 + 𝛼𝑛Υ𝜘𝑛, 𝑛 ≥ 1, (0)

where {𝛼𝑛} is real sequences in [0, 1].
A conversion of the Mann iteration process (0) from Ba-
nach space to hyperbolic space is seen in the iteration
process that follows:

𝜘1 ∈ M, (1)
𝜘𝑛+1 = 𝑊 (𝜘𝑛,Υ𝜘𝑛, 𝛼𝑛), 𝑛 ≥ 1.

Assume that M is a nonempty subset of a metric space
(𝔖, ℏ). Then Υ, a self-mapping on M, is nonexpansive if
ℏ(Υ𝜘,Υcal𝜇)≤ ℏ(𝜘,cal𝜇) 𝑓 𝑜𝑟𝑎𝑙𝑙𝜘,cal𝜇∈ M. From this

point forward, the term 𝐹 will refer to the collection of all
common fixed points for nonexpansive mappings on M.
Within this part, for nonexpansive mappings in uniformly
convex hyperbolic spaces, we demonstrate a few conver-
gence theorems.
We start by outlining the crucial lemmas below.
Let M be a nonempty, closed and convex subset of a
hyperbolic space 𝔖 and Υ be an 𝑎 − 𝑏−generalized non-
expansive self mappings on M with 𝐹 ≠ ∅. Then for the
sequence {𝜘𝑛} defined in (1), we have lim𝑛−→∞ ℏ(𝜘𝑛, 𝜛)
exists for each 𝜛 ∈ 𝐹.

Proof For any 𝜛 ∈ 𝐹, it follows from (1) that

ℏ(𝜘𝑛+1, 𝜛) = ℏ(𝑊 (𝜘𝑛,Υ𝜘𝑛, 𝛼𝑛), 𝜛)

≤ (1 − 𝛼𝑛)ℏ(𝜘𝑛, 𝜛) + 𝛼𝑛ℏ(Υ𝜘𝑛, 𝜛)
≤ (1 − 𝛼𝑛)ℏ(𝜘𝑛, 𝜛)

+𝛼𝑛𝑎 [ℏ(𝜛,Υ𝜘𝑛) + ℏ(𝜘𝑛,Υ𝜛)]
+𝛼𝑛𝑏 [ℏ(𝜘𝑛,Υ𝜘𝑛) + ℏ(𝜛,Υ𝜛)]
+𝛼𝑛 [1 − (2𝑎 + 2𝑏)] ℏ(𝜘𝑛, 𝜛)
≤ [1 − 𝛼𝑛 (𝑎 + 𝑏)] ℏ(𝜘𝑛, 𝜛)
+𝛼𝑛 (𝑎 + 𝑏)ℏ(𝜛,Υ𝜘𝑛).

and
ℏ(𝜛,Υ𝜘𝑛) = ℏ(Υ𝜛,Υ𝜘𝑛)

≤ 𝑎 [ℏ(𝜘𝑛,Υ𝜛) + ℏ(𝜛,Υ𝜘𝑛)]
+𝑏 [ℏ(𝜛,Υ𝜛) + ℏ(𝜘𝑛,Υ𝜘𝑛)]
+ [1 − (2𝑎 + 2𝑏)] ℏ(𝜛, 𝜘𝑛)
=⇒ [1 − (𝑎 + 𝑏)] ℏ(𝜛,Υ𝜘𝑛)
≤ [1 − (𝑎 + 𝑏)] ℏ(𝜛, 𝜘𝑛)
=⇒ ℏ(𝜛,Υ𝜘𝑛) ≤ ℏ(𝜛, 𝜘𝑛)

Writing (3) in (3), we have

ℏ(𝜘𝑛+1, 𝜛) ≤ [1 − 𝛼𝑛 (𝑎 + 𝑏)] ℏ(𝜘𝑛, 𝜛)

+𝛼𝑛 (𝑎 + 𝑏)ℏ(𝜛, 𝜘𝑛)
= ℏ(𝜘𝑛, 𝜛).

Hence lim𝑛−→∞ ℏ(𝜘𝑛, 𝜛) exists for each 𝜛 ∈ 𝐹. □

Let us consider a subset M of a uniformly convex hy-
perbolic space 𝔖 with monotone modulus of uniform
convexity 𝜂 . Let the set M be a nonempty, closed and
convex and Υ be an 𝑎 − 𝑏−generalized nonexpansive self
mappings on M with 𝐹 ≠ ∅. Assume that the sequence
{𝜘𝑛} is defined by (1). Then

lim
𝑛−→∞

ℏ(𝜘𝑛,Υ𝜘𝑛) = 0.

Proof Let 𝜛 ∈ 𝐹. By Lemma 3, it follows that
lim𝑛−→∞ ℏ(𝜘𝑛, 𝜛) exists. We may assume that

lim
𝑛−→∞

ℏ(𝜘𝑛, 𝜛) = 𝑟.
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(i) Let 𝑟 = 0. By (3), we have

ℏ(𝜘𝑛,Υ𝜘𝑛) ≤ ℏ(𝜘𝑛, 𝜛) +ℏ(𝜛,Υ𝜘𝑛) ≤ 2ℏ(𝜘𝑛, 𝜛).

Taking limit for 𝑛 −→ ∞, we obtain
lim𝑛−→∞ ℏ(𝜘𝑛,Υ𝜘𝑛) = 0.

(ii) Let 𝑟 > 0. By (3), we get

lim
𝑛−→∞

sup ℏ(Υ𝜘𝑛, 𝜛) ≤ lim
𝑛−→∞

sup ℏ(𝜘𝑛, 𝜛) = 𝑟

and since

lim
𝑛−→∞

ℏ(𝜘𝑛+1, 𝜛) = lim
𝑛−→∞

ℏ(𝑊 (𝜘𝑛,Υ𝜘𝑛, 𝛼𝑛), 𝜛) = 𝑟,

thus, from Lemma 2, we conclude that

lim
𝑛−→∞

ℏ(𝜘𝑛,Υ𝜘𝑛) = 0.

□

We now demonstrate the result about the Δ-convergence
of the iteration process specified by (1) in a uniformly
convex hyperbolic space.
Let M,𝔖,Υ and {𝜘𝑛} be the same as in Lemma 3. Then
the sequence {𝜘𝑛} Δ-converges to a point in 𝐹.

Proof From proof of Lemma 3, it is easily seen that
the sequence {𝜘𝑛} is bounded. According to Lemma 2,
{𝜘𝑛} has a unique asymptotic center, which is 𝐴M ({𝜘𝑛})
= {𝜘}. Suppose that {𝔨𝑛} is any subsequence of {𝜘𝑛}
such that 𝐴M ({𝔨𝑛}) = {𝔨}. By Lemma 3, we have

lim
𝑛−→∞

ℏ(𝔮𝑛,Υ𝔮𝑛) = 0. (1)

We claim that 𝑐𝑎𝑙 𝑓 𝑟𝑎𝑘𝑞 ∈ 𝐹. So, we calculate

ℏ(Υ𝔮, 𝔮𝑛) = ℏ(Υ𝔮,Υ𝔮𝑛) + ℏ(Υ𝔮𝑛, 𝔮𝑛)

≤ 𝑎 [ℏ(𝔮𝑛,Υ𝔮) + ℏ(𝔮,Υ𝔮𝑛)]

+𝑏 [ℏ(𝔮,Υ𝔮) + ℏ(𝔮𝑛,Υ𝔮𝑛)]

+ [1 − (2𝑎 + 2𝑏)] ℏ(𝔮, 𝔮𝑛) + ℏ(Υ𝔮𝑛, 𝔮𝑛)

≤ 𝑎 [ℏ(𝔮𝑛,Υ𝔮) + ℏ(𝔮, 𝔮𝑛) + ℏ(𝔮𝑛,Υ𝔮𝑛)]

+𝑏 [ℏ(𝔮, 𝔮𝑛) + ℏ(𝔮𝑛,Υ𝔮) + ℏ(𝔮𝑛,Υ𝔮𝑛)]

+ [1 − (2𝑎 + 2𝑏)] ℏ(𝔮, 𝔮𝑛) + ℏ(Υ𝔮𝑛, 𝔮𝑛)

=⇒ ℏ(Υ𝔮, 𝔮𝑛) ≤ ℏ(𝔮, 𝔮𝑛) +
[

1 + 𝑎 + 𝑏

1 − (𝑎 + 𝑏)

]
ℏ(Υ𝔮𝑛, 𝔮𝑛).

Taking lim sup on both sides of the last inequality and
using (1), we obtain

lim
𝑛−→∞

sup ℏ(Υ𝔮, 𝔮𝑛) ≤ lim
𝑛−→∞

sup ℏ(𝔮, 𝔮𝑛)

=⇒ 𝑟 (Υ𝔮, {𝔮𝑛}) ≤ 𝑟 (𝔮, {𝔮𝑛}).

The fact that the asymptotic center is unique suggests that
Υ𝑐𝑎𝑙 𝑓 𝑟𝑎𝑘𝑞=𝑐𝑎𝑙 𝑓 𝑟𝑎𝑘𝑞. This means that 𝑐𝑎𝑙 𝑓 𝑟𝑎𝑘𝑞 ∈ 𝐹.
Since lim𝑛−→∞ ℏ(𝜘𝑛, 𝑐𝑎𝑙 𝑓 𝑟𝑎𝑘𝑞) exists, and taking into
account the uniqueness of the asymptotic center, we get

lim
𝑛−→∞

sup ℏ(𝔮𝑛, 𝔮) < lim
𝑛−→∞

sup ℏ(𝔮𝑛, 𝜘)

≤ lim
𝑛−→∞

sup ℏ(𝜘𝑛, 𝜘)

< lim
𝑛−→∞

sup ℏ(𝜘𝑛, 𝔮) = lim
𝑛−→∞

sup ℏ(𝔮𝑛, 𝔮)

which is a contradiction. Hence 𝜘 = 𝑐𝑎𝑙 𝑓 𝑟𝑎𝑘𝑞. Thus
𝐴({𝔨𝑛}) = {𝔨} for all subsequences {𝔨𝑛} of {𝜘𝑛}, that is,
{𝜘𝑛} Δ-converges to 𝜘 ∈ 𝐹. □

Let M be a subset of a metric space 𝔖. A sequence {𝜘𝑛}
in 𝔖 is called as Fejér monotone with respect to M. if
ℏ(𝜘𝑛+1, 𝜛) ≤ ℏ(𝜘𝑛, 𝜛) for all 𝜛 ∈ M and 𝑛 ∈ N.
The following result is required for the sake of proving
the main theorem:
[5]Let (𝔖, ℏ) be a complete metric space and M be a
nonempty closed subset of 𝔖. Consider the sequence
{𝜘𝑛} in M and suppose that {𝜘𝑛} is Fejér monotone with
respect to M. Then {𝜘𝑛} converges to some 𝜛 ∈ M if
and only if lim𝑛−→∞ ℏ(𝜘𝑛,M) = 0.
Following that, we establish the strong convergence for
the iteration process defined by (1).
Let M,𝔖,Υ and {𝜘𝑛} be the same as in Lemma
3. Then {𝜘𝑛} converges strongly to some 𝜛 ∈ 𝐹 if
and only if lim inf𝑛−→∞ ℏ(𝜘𝑛, 𝐹) = 0 where ℏ(𝜘, 𝐹) =

inf {ℏ(𝜘, 𝜛) : 𝜛 ∈ 𝐹}.

Proof If {𝜘𝑛} converges to 𝜛 ∈ 𝐹, then
lim𝑛−→∞ ℏ(𝜘𝑛, 𝜛) = 0. Since 0 ≤ ℏ(𝜘𝑛, 𝐹) ≤ ℏ(𝜘𝑛, 𝜛),
we have lim inf𝑛−→∞ ℏ(𝜘𝑛, 𝐹) = 0.
On the contrary, presume that lim inf𝑛−→∞ ℏ(𝜘𝑛, 𝐹) = 0.
As a result of Lemma 3 that lim𝑛−→∞ ℏ(𝜘𝑛, 𝐹) exists.
Thus by hypothesis, lim𝑛−→∞ ℏ(𝜘𝑛, 𝐹) = 0. From Lemma
3, it is said that {𝜘𝑛} is Fejér monotone with respect to 𝐹.
Therefore, Lemma 3 indicate that {𝜘𝑛} converges strongly
to a point 𝜛 in 𝐹. □

In Theorem 3, the condition lim sup𝑛−→∞ ℏ(𝜘𝑛, 𝐹) =

0 can be used in place of the condition
lim inf𝑛−→∞ ℏ(𝜘𝑛, 𝐹) = 0.
Let 𝔖 = R with metric defined by ℏ(𝜘, 𝜇) = |𝜘 − 𝜇 | and
M =

[
− 1

3 ,
1
3
]
. Choose a mapping Υ : M −→ M as

Υ𝜘 =

{ 1−𝑥
2 , if 𝜘 ≠ 1

3 ,

0, if 𝜘 = 1
3 .

Selecting 𝑎 = 1
6 and 𝑏 = 1

6 and for 𝛼 ∈ [0, 1), then Υ is
an 𝑎 − 𝑏−generalized nonexpansive mapping. To prove
that, we consider three different cases as follows:
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Case 1 For 𝜘 = 1
3 and 𝜇 = 1

3 , since ℏ(Υ𝜘,Υ𝜇) =

|Υ𝜘 − ∓𝜇 | = 0, we have

𝑎 [ℏ(𝜇,Υ𝜘) + ℏ(𝜘,Υ𝜇)]+𝑏 [ℏ(𝜘,Υ𝜘) + ℏ(𝜇,Υ𝜇)]

+ [1 − (2𝑎 + 2𝑏)] ℏ(𝜘, 𝜇) ≥ 0 = ℏ(Υ𝜘,Υ𝜇).

Case 2 For 𝜘 = 1
3 and 𝜇 ≠ 1

3 , we have ℏ(Υ𝜘,Υ𝜇) =
1
2 |𝜇 − 1| and

𝑎 [ℏ(𝜇,Υ𝜘) + ℏ(𝜘,Υ𝜇)]

+𝑏 [ℏ(𝜘,Υ𝜘) + ℏ(𝜇,Υ𝜇)]+[1 − (2𝑎 + 2𝑏)] ℏ(𝜘, 𝜇)

=
1
6

[
|𝜇 | +

����13 − 1 − 𝜇

2

����] + 1
6

[
1
3
+
����𝜇 − 1 − 𝜇

2

����]
+
[
1 − ( 1

3
+ 1

3
)
] ����13−𝜇���� ≥ 1

6
|𝜇 | + 7

36
|3𝜇 − 1|

>
1
2
|𝜇 − 1| = ℏ(Υ𝜘,Υ𝜇).

Case 3 For 𝜘 ≠ 1
3 and 𝜇 ≠ 1

3 , we have ℏ(Υ𝜘,Υ𝜇) =

|Υ𝜘 − ∓𝜇 | =
��� 1−𝑥2 − 1−𝜇

2

��� = 1
2 |𝜘 − 𝜇 | and

𝑎 [ℏ(𝜇,Υ𝜘) + ℏ(𝜘,Υ𝜇)] + 𝑏 [ℏ(𝜘,Υ𝜘)

+ℏ(𝜇,Υ𝜇) + [1 − (2𝑎 + 2𝑏)] ℏ(𝜘, 𝜇)

=
1
6

[����𝜇 − 1 − 𝑥

2

���� + ����𝑥 − 1 − 𝜇

2

����]
+1

6

[����𝑥 − 1 − 𝑥

2

���� + ����𝜇 − 1 − 𝜇

2

����]
+
[
1 − ( 1

3
+ 1

3
)
]
|𝑥−𝜇 |

=
1

12
[|2𝜇 + 𝜘 − 1| + |2𝜘 + 𝜇 − 1|]

+ 1
12

[|3𝑥 − 1| + |3𝜇 − 1|] + 1
3
|𝑥−𝜇 | ≥ 1

12
|𝜇−𝑥 |

+ 1
12

|3𝜘 − 3𝜇 | + 1
3
|𝑥−𝜇 | = 2

3
|𝑥−𝜇 |

≥ 1
2
|𝜘 − 𝜇 | = ℏ(Υ𝜘,Υ𝜇).

In the all above cases we have ℏ(Υ𝜘,Υ𝜇) ≤
𝑎 [ℏ(𝜇,Υ𝜘) + ℏ(𝜘,Υ𝜇)] + 𝑏 [ℏ(𝜘,Υ𝜘) + ℏ(𝜇,Υ𝜇)] +
[1 − (2𝑎 + 2𝑏)] ℏ(𝜘, 𝜇), therefore Υ become an 𝑎 −
𝑏−generalized nonexpansive mapping.
Now, we show that iteration process (1) converges strongly
and Δ-converges to fixed point 𝜛 = 1

3 .

Choosing 𝛼𝑛 = 𝑛
2𝑛+3 for all 𝑛 ≥ 1, the hypotheses of

Lemma 3 are verified. Since the conditions of Theorem 3

and Theorem3, iteration process (1) converges strongly
and Δ-converges to fixed point 𝜛 = 1

3 .

In this study, firstly, a new class of generalized nonex-
pansive mapping called 𝑎 − 𝑏−generalized nonexpansive
mapping has been introduced in hyperbolic space. Ad-
ditionally, we construct the form in hyperbolic space of
the Mann iteration process, which is well-known in the
literature. Finally, we prove convergence theorems for
𝑎 − 𝑏−generalized nonexpansive mappins in a uniformly
convex hyperbolic space using the modified form of the
Mann iteration process.
The author thanks the editor and the reviewers for their
helpful comments and suggestions.
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A B S T R A C T  A R T I C L E  I N F O  

Extracting text from images and videos is an emerging field of research with a wide range of 
applications, including video search, video editing, and translation. Nowadays, book promotion 
videos in different languages are shared on social media and especially on YouTube. In this 
study; It is recommended to take book titles through book promotion videos. The developed 
system takes video as input and separates the names of the books. The viewer can select the 
desired book by clicking on the detected book titles and watch the relevant part of the video. 
This application result in time saving by the viewer. In order to achieve this application, a deep 
learning-based system was developed to retrieve the names of books from videos. YOLO-based 
method was used in the study. Different YOLO algorithms were used in the study, and YOLOv5 
was found to be more successful. This study contributes to the field of text extraction and video 
analysis by developing a deep learning-based approach to extract book titles from book 
promotion videos. 
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1. Introduction

With the rapid development of visual media, obtaining 
different data from visual image and video media is 
increasing. Part of the work in this field is to obtain texts in 
the form of text from videos and images. Text information 
obtained from the environment can be used in areas such as 
image searching, mobile robot applications, instant 
translation, and industrial automation [1]. In the texts obtained 
from the video and image; players' names, venue names, 
warning signs, advertising signs, traffic-related explanations 
and other important information can be extracted [2]. Text 
extraction from images involves three main steps: detection, 
localization, and recognition. These steps can be performed 
individually or end-to-end. In recent studies, deep learning 
methods are also used in extracting text from images along 
with other methods [3,4,5]. Automatically extracting book 
titles from book trailers can help viewers find books they are 
interested in more quickly and easily. This can be achieved 
using deep learning methods. Similar studies have been 
conducted on determining the book title from the book cover 
or video. Histogram method was used in the study conducted 
by In Seop Na [6]. In this study, the pictures of 100 books 
were investigated, and the name of the book was found by 
extracting meaning from the book cover. In another study, 
images of book covers were used as input in a similar manner 
[7]. Matlab software was used in the relevant study. As in 

other fields, deep learning method has been applied to extract 
the book title [8]. In the study, a dataset consisting of 10 books 
was used for the "Optical Character Recognition (OCR)" 
application. In recent studies [9], the image matching method 
was applied. 1400 images obtained from 200 books were used 
in the study. 

In this study, a YOLO (You Only Look Once) based method, 
one of the deep learning methods, was used. The developed 
software takes the video promotional video as input and 
quickly lists the names of the books in the promotional video 
under the video. The viewer can select the book they are 
interested in and watch only the relevant part of the video. 
This allows them to use their time efficiently without having 
to watch the entire video. This process aims to highlight the 
important content of the video and eliminate the need for users 
to scan or watch long videos. 

Social media is now a popular platform for video book 
promotions in many different languages. The person who is 
interested in the subject has to watch the entire video without 
knowing how many books and which books are in these 
videos. In this study, it writes the names of the introduced 
books at the bottom of the video as an option. The process 
performed is a deep learning-based text extraction process 
from the video. The user can watch only the relevant part of 
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the video by clicking on the name of the book that he is 
interested in. This saves time instead of watching the entire 
video. To perform the process, text extraction from video 
based on YOLOv4, YOLOv5 and YOLOv7 was performed 
and the success of the process was tested according to standard 
success criteria. 

2. Problem definition and related work 

Nowadays, video book promotions are widely carried out on 
social platforms in many different languages. Images taken 
from 4 different videos, as examples of these videos, are given 
in Fig. 1. These videos are used to convey the content and 
features of the books to the viewers. In these videos, the 
presenter briefly introduces approximately 5 to 10 books in 
approximately 25-30 minutes. For viewers, it is important to 
save time by being able to see which books are in these videos 
without watching the entire video and automatically going to 
the book they want to watch. Because, by using deep learning 
methods, studies such as extracting important information 
from video book trailers and automatically summarizing these 
videos can be done. Thus, viewers can reach the books they 
are interested in faster, make book selection easier, save time 
and improve their book reading experience. 

 
Figure 1. Images taken from 4 different book promotion videos on 
YouTube [10] 

 
Automatic summarization of video book trailers can enable 
viewers to access the books they are interested in faster, make 
book selection easier, and improve their book reading 
experience. Deep learning is a powerful tool for automatically 
summarizing video book trailers. Deep learning methods 
make sense of the content of videos using image processing, 
natural language processing and machine learning techniques. 
These techniques are used to detect objects and events in the 
video, analyze speech and text, and summarize the content of 
the video using this information. Some previous studies have 
proposed a method that uses image processing techniques to 
detect objects and events in video [11]. These studies produce 
summaries that summarize key scenes or conversations in the 
video. Some other studies have used natural language 
processing techniques to analyze speech and text in video. 

These studies produce video summaries that provide an 
overview of the content in a more general way [12]. In more 
complex studies; image processing, natural language 
processing and machine learning techniques were used 
together [13]. These studies produce summaries that more 
accurately and concisely summarize the content of the video. 

2.1. Extracting text from video and image 

Extracting text from images is a research field that has gained 
great importance today. Studies in this field offer the ability to 
automatically recognize and extract text in digital images and 
documents. This process involves a combination of image 
processing and optical character recognition (OCR) 
techniques. The process of extracting text from an image 
basically consists of image loading, pre-processing, character 
recognition and text extraction steps. Image processing 
techniques includes processes such as contrast enhancement, 
noise removal and edge detection to make text in images more 
distinguishable. Optical character recognition (OCR) methods 
recognize and extract text through steps such as character 
segmentation, character recognition and extraction of results. 
The issue of extracting text from the image is used in many 
application areas such as digitization of documents, research 
and text mining, and electronic document management. 
Studies carried out in this field focuses on obtaining more 
accurate and reliable text extraction results by using advanced 
algorithms, deep learning techniques and large datasets.   
 
Deep learning techniques, which are among the methods used 
in text extraction from images, are an approach that can 
analyze complex data structures and produce high-
performance results. For this reason, the use of deep learning 
methods in text extraction studies from videos and images is 
becoming increasingly common. Deep learning methods can 
achieve a higher success rate in extracting text from video and 
images than traditional methods. Therefore, deep learning 
methods form the basis of research in this field. For example; 
in the study [14], a deep learning-based system was developed 
to extract text from a video. This system was able to detect 
text in the video with an accuracy rate of over 95%. In the 
study [15], a deep learning-based system was developed to 
extract text from an image. This system was able to detect text 
in the image with an accuracy rate of over 98%. The 
development and improvement of these techniques aims to 
obtain more accurate and efficient text extraction results. Text 
extraction steps are as follows. 
 

• Input image 
• Location determination 
• Verifying 
• Segmentation 
• Recognition 
• Character sequence 
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3. Materials and methods 

In this study, a YOLO-based study, one of the deep learning 
algorithms, was conducted to extract book names from the 
book promotional videos. These videos are collected from 
YouTube. The performance of the proposed system tested 
with unseen video during training phase. The study was 
carried out using Python language as software. The display 
card used in the study is GeForce RTX 3060. 

3.1. YOLO-based image extraction 

YOLO-based methods developed to obtain real-time and 
precise results, provide great success in the important task of 
extracting text from images. YOLO is a fast deep learning 
model that performs object detection and classification 
simultaneously. It divides the image into small cells and uses 
a customized CNN to detect objects in each cell. In this way, 
it can accurately identify and extract regions containing text 
by estimating the bounding boxes and class probabilities of 
objects. YOLO-based methods can improve text detection and 
extraction capabilities by training on a large dataset. The 
methods provide high accuracy, real-time performance and 
general applicability, making it possible to automatically 
process and understand text-based data. 

3.2. YOLO and CNN comparison 

YOLO is a fast and effective deep learning based 
classification method used for object detection and 
classification. YOLO is a CNN-based model and detects 
objects by analyzing the image one at a time. One of the key 
differences between YOLO and CNNs is that YOLO does 
object detection and classification in a single gateway. This 
makes YOLO faster and more efficient than traditional CNNs. 
Another important feature of YOLO is that it is based on a pre-
trained CNN model. This allows YOLO to be trained with less 
data and perform better. Overall, YOLO is an effective 
method for fast and real-time object detection. By quickly and 
efficiently analyzing information from image data, YOLO can 
accurately detect and classify objects. 

3.3. Training a model in YOLO 

YOLO as a deep learning algorithm is an image-based object 
detection algorithm. It is used to detect objects YOLO 
provides an effective solution for fast and real-time object 
detection. Its basic idea is to analyze an image layer by layer 
and predict object bounding boxes and class probabilities. 
YOLO divides the image into many small cells and places a 
customized CNN in each cell to predict one or more objects. 
The predictions for each cell are object bounding boxes that 
start at the center of the cell and scale according to the 
dimensions of the cell. Along with each bounding box, 
probability values are also estimated for that object's possible 
class label. YOLO divides the image into a grid and for each 
grid cell, if there is an object in that cell; it estimates the 

object's class, coordinates and dimensions. In this way, 
multiple objects can be detected on a single image and these 
objects can be classified and positioned. YOLO can analyze 
an image for multiple objects simultaneously and predicts 
bounding box and class probabilities for each object. This 
gives effective results even when objects are close together or 
overlapping. Moreover, YOLO is an effective and fast deep 
learning method for real-time object detection. It performs 
multi-object detection by simultaneously estimating the 
bounding boxes and class probabilities of objects on the 
image. One of the biggest advantages of YOLO is that it works 
faster than other object detection algorithms. Various software 
was used in the study. This software and their role in the 
training system are presented in Table I. 
 
Table I. Software used in the proposed system 

 

3.4. Performance measuring functions 

During the training process of proposed model, various loss 
functions (Box Loss, Object Loss, Class Loss, mean Average 
Precision) and performance criterias (Precision, Recall, F1 
score) are used to evaluate the performance of the applied 
model. These function and metrics which are uses for similar 
classification are as follows. 

• Box Loss: It is a loss function used in object 
detection problems. It is an optimization goal to 
improve the accuracy and precision of the model by 
measuring the difference between the actual and 
predicted bounding boxes. 

• Object Loss: It is a loss function used in object 
detection problems. It is an objective function to 
optimize the model's ability to detect correct objects 
by evaluating the objectness of real and predicted 
objects. 

• Class Loss: It is a loss function used in object 
classification problems. It is an optimization goal to 
improve the model's ability to predict correct classes 
by measuring the difference between true and 
predicted classes. 

Software Used Its Role in the System 

OpenCV Image processing and 
machine learning 

Torch-PyTorch Deep learning 
Open Images Dataset Creating a data set 

EasyOCR Optical character recognition 
library (text detection) 

CVAT Extraction of unwanted data 
Google Colab Model training  
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• mAP (mean Average Precision): It is a value used to 
measure the performance of object detection or 
object classification models. By evaluating the 
similarity of actual and predicted object bins, it 
combines the model's metrics such as precision and 
recall and measures overall performance. 

• Precision: It is the ratio of positive examples 
predicted by a classification model among true 
positive examples. In other words, it is a metric that 
measures how accurately the model classifies true 
positives. 

• Recall: It is the ratio of true positive samples among 
predicted positive samples. That is, it is a measure of 
how many the model correctly detected and how 
many it missed. 

3.5. YOLOv5 and YOLOv7 

YOLOv5 is a deep learning based learning model used for 
object detection. In this study, 1000 datasets of books were 
trained with the YOLOv5 model to detect the books and 
extract the titles of the detected books. The output graphic 
results of the training are presented in Fig. 2 and Fig. 3. 
YOLOv7 is the latest version of the YOLO series, YOLOv7 
is specifically designed for real-time and fast object detection. 
This model is particularly advantageous in applications such 
as autonomous vehicles, security systems and object tracking. 
In this study, a dataset of 1000 books was trained with the 
YOLOv7 model. The output graphical results of the training 
are given in Fig. 4 and Fig. 5. 

4. Results and discussion 

In this study, a system was developed to automatically 
summarize and make book promotional videos more 
understandable using the YOLO algorithm. The book names 
in the book promotion videos were read and sorted, and then 
these book names were presented to the user in the form of an 
interface. You can get an idea about the video through this 
interface, and at the same time, when you click on any book 
on the interface, you can automatically and directly go to that 
book and get an idea about the book. 
 
To evaluate the performance of the proposed system, 
randomly selected book promotion videos from YouTube 
were uploaded to the system and their performance was 
analyzed for different languages. 
 
To train the model, a system compose of RTX3060 graphics 
card was used to meet the GPU needs of the deep learning 
algorithm. Each training took an average of 18 hours. 80% of 
the data set was used for training, 10% for testing and 10% for 
validation. The number of epochs is 99. 
 

Then, different versions of CNN based YOLO algorithms  
(YOLO 4, YOLO 5, YOLO 7) used for training of the 
proposed model. A dataset of 1000 books was trained with 
different models under the same conditions. The system 
worked successfully when tested with all these versions. After 
training with YOLOv5 and YOLOv7 models, classification 
performance tested considering standard criteria. According 
to the results obtained, the YOLOv5 was more successful 
according to the precision and F1 score criteria. Additionally, 
the confusion matrixes related to classification results 
presented in Table II and III. 
 

Table II. Comparison of YOLOv5 and YOLOv7 models used in the 
study in terms of Precision, Recall and F1 Score 

Metrics 
Precision 

 

Recall 

 

F1 Score 

 
YOLOv5 %90 %80 %85 
YOLOv7 %80 %80 %80 

Table III. Confusion matrix table for YOLOv5 and YOLOv7  

Actual Class YOLOv5 YOLOv7 

Positive 90 80 

Negative 10 20 

Table IV. Comparison of YOLOv5 and YOLOv7 models used in 
the study as mAP_0.5 and mAP_0.5:0.95 

 mAP_0.5 mAP_0.5:0.95 

YOLOv5 %87 %65 

YOLOv7 %82 %62 

Table V. Comparison of YOLOv5 and YOLOv7 models used in the 
study in terms of Box_Loss, Obj_Loss and Class_Loss 

 Box_Loss Obj_Loss Class_Loss 

YOLOv5 0.01 0.008 0 

YOLOv7 0.03 0.011 0 
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Figure 2. YOLOv5 training results due to losses function  and 
mAP 

 
Figure 3. YOLOv5 training results in Precision (A), Recall (B) 

and F1 Score (C) 

 
Figure 4. YOLOv7 training results 

 

Figure 5. YOLOv7 training results in Precision (A), Recall (B) 
and F1 Score (C) 

An example of the system output generated at the end of the 
study is shown in Fig. 6.  
 
YOLOv5 exhibits less FN and FP error rates than YOLOv7. 
This means that YOLOv5 has the ability to more accurately 
predict true positives (TP) and true negatives (TN). This result 
shows that YOLOv5 is a more accurate classification model.   
After the training with the YOLOv5 and YOLOv7 models, the 
results obtained regarding these parameters are given in Table 
IV and Table V. 

 
Based on the results, it can be said that the YOLOv5 model is 
better in terms of accuracy on the book dataset. As a final test,   
Table VI shows the results of the system for book promotion 
videos (in different languages). The results were interpreted 
based on the number of books found by the system in the video 
and the number of book names found correctly. The system 
managed to find books in the video with an average rate of 
98%. This shows that the system is successful in detecting 
books. However, there is less margin of error in the system 
when finding book titles. 

Table VI.  Performance of the system on randomly selected book 
promotion videos 

YouTube video 
address 

Input 
videos 

Detect
ed 

books 

Success 
rate 

Performan
ce of the 
system 

https://www.yo
utube.com/watc

h?v=R2Zt-
3spWFQ  

14 13 %93 %100 
(English) 

https://www.yo
utube.com/watc
h?v=82vJPdsJy

HU  

17 16 %94 %100 
(Turkish) 

https://www.yo
utube.com/watc
h?v=_zCTZM9

2Ju0  

10 10 %100 %100 
(Turkish) 

https://www.yo
utube.com/watc
h?v=M0qL4zzI

uC8  

12 12 %100 %100 
(English) 

https://www.yo
utube.com/watc
h?v=7d4s0kdQ

FeE  

17 16 %94 %100 
(Turkish) 

https://www.yo
utube.com/watc
h?v=eojGtx9g0

kg  

6 6 %100 %100 
(German) 

https://www.yo
utube.com/watc
h?v=yHXuBmL

AJN8  

10 10 %100 %100 
(French) 

TOTAL 86 83 %97 %100 
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Figure 6. Screenshot of the system (Titles of detected books). 
Source video from  YouTube [10] 
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1. Introduction 

Solutions of nonlinear functional (algebraic, differential 
integral etc.) equations are very important in applied sciences 
and engineering. Newton's method is one of the most widely 
used methods in classical analysis to analyze the solutions of 
such equations [1-4]. This method was introduced by Newton 
for finding the real valued function 𝐹𝐹:ℝ → ℝ  of a real 
variable from the equation in the form of 𝐹𝐹(𝑡𝑡) = 0. As is 
known, Newton's method is the most common method used to 
approximate the real root of a function. The classical 
Newton’s method is given by 
 
𝑡𝑡𝑛𝑛+1 = 𝑡𝑡𝑛𝑛 −

𝐹𝐹(𝑡𝑡𝑛𝑛)
𝐹𝐹′(𝑡𝑡𝑛𝑛)

,    𝑛𝑛 = 0,1,2, …. 
 
That is, the classical Newton's method has an iterative 
procedure that includes the function and its derivative.  
In the last quarter of the 19th century, Grossman and Katz 
defined non-Newtonian analysis [5]. The importance of these 
new analysis, in which different arithmetic operations are 
used, has been better understood in recent years. Especially, 
Bashirov et al., managed to draw the attention of researchers 
to multiplicative analysis by their study in 2008 [6]. Thus, 
researchers have shown great interest in developing the theory 

and application of multiplicative (geometric) analysis [7-
11,12-17,18-26]. In geometric analysis, important studies of 
numerical analysis were made by Bilgehan, Mısırlı, Gürefe, 
Riza, Ozyapici, Waseem [27-33]. Unal et al. examined 
Newton's method and cubic convergence in geometric 
analysis in a study they conducted in 2017 [34].Newton 
method was given for multiplicative and Volterra Calculi by 
Ozyapici et al in 2016 [31]. In this study, the Bigeometric 
Newton method will be given with the help of the Bigeometric 
Taylor expansion. Also, the convergence of the bigeometric 
Newton method will be examined. Then bigeometric 
Newton's method will be compared with Newton's methods in 
classical analysis and multiplicative analysis. Therefore some 
basic definitions and theorems of bigeometric analysis that 
can be found in the studies of [35-42] will be given. 
 
Definition 1. (see [35-38]) Let 𝑓𝑓:ℝ𝑒𝑒𝑒𝑒𝑒𝑒 → ℝ𝑒𝑒𝑒𝑒𝑒𝑒 be a function. 
The bigeometric derivative of the function 𝑓𝑓 is given by 
 

𝑑𝑑𝜋𝜋𝑓𝑓
𝑑𝑑𝑡𝑡

(𝑡𝑡) = 𝑓𝑓𝜋𝜋(𝑡𝑡) = lim
ℎ→0

�
𝑓𝑓[(1 + ℎ) ⋅ 𝑡𝑡]

𝑓𝑓(𝑡𝑡)
�
1
ℎ�

 

 
The relationship of the bigeometric derivative with the 
classical derivative and the geometric derivative is given as  
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𝑓𝑓𝜋𝜋(𝑡𝑡) = exp �𝑡𝑡 ⋅
𝑓𝑓′(𝑡𝑡)
𝑓𝑓(𝑡𝑡)

� = 𝑓𝑓∗(𝑡𝑡)𝑡𝑡 

 
Theorem 1. (see [35-38]) Let 𝑓𝑓,𝑔𝑔 and ℎ be bigeometric 
differentiable functions and 𝑘𝑘 > 0 is an arbitrary constant then 
the bigeometric differentiation rules are valid as, 
 
i) (𝑘𝑘. 𝑓𝑓)𝜋𝜋(𝑡𝑡) = 𝑓𝑓𝜋𝜋(𝑡𝑡),     
       

ii) (𝑓𝑓 + 𝑔𝑔)𝜋𝜋(𝑡𝑡) = 𝑓𝑓𝜋𝜋(𝑡𝑡)
𝑓𝑓(𝑡𝑡)

𝑓𝑓(𝑡𝑡)+𝑔𝑔(𝑡𝑡) ⋅ 𝑔𝑔𝜋𝜋(𝑡𝑡)
𝑔𝑔(𝑡𝑡)

𝑓𝑓(𝑡𝑡)+𝑔𝑔(𝑡𝑡), 
       
iii) (𝑓𝑓 ⋅ 𝑔𝑔)𝜋𝜋(𝑡𝑡) = 𝑓𝑓𝜋𝜋(𝑡𝑡) ⋅ 𝑔𝑔𝜋𝜋(𝑡𝑡),   
     
iv) �𝑓𝑓

𝑔𝑔
�
𝜋𝜋

(𝑡𝑡) = 𝑓𝑓𝜋𝜋(𝑡𝑡)
𝑔𝑔𝜋𝜋(𝑡𝑡)

,      
      
v) ( 𝑓𝑓ℎ)𝜋𝜋(𝑡𝑡) = 𝑓𝑓𝜋𝜋(𝑡𝑡)ℎ(𝑡𝑡) ⋅ 𝑓𝑓(𝑡𝑡)𝑡𝑡⋅ℎ′(𝑡𝑡),    
vi) (𝑓𝑓 ∘ 𝑔𝑔)𝜋𝜋(𝑡𝑡) = 𝑓𝑓𝜋𝜋[𝑔𝑔(𝑡𝑡)]𝑔𝑔′(𝑡𝑡).   
  
Theorem 2. (see [35-38]) (Bigeometric Taylor theorem)
  
Let 𝐷𝐷 be an open interval and let 𝑓𝑓:𝐷𝐷 → ℝ𝑒𝑒𝑒𝑒𝑒𝑒 is (𝑛𝑛 + 1) times 
bigeometric differentiable on 𝐷𝐷. Then for any 𝑡𝑡, 𝑡𝑡 + ℎ ∈ 𝐷𝐷, 
there exists a number 𝜃𝜃 ∈ (0,1) such that  
 

𝑓𝑓(𝑡𝑡 + ℎ) = ��𝑓𝑓𝜋𝜋(𝑖𝑖)(𝑡𝑡)�
ln�1+ℎ𝑡𝑡�

𝑖𝑖

𝑖𝑖!

𝑛𝑛

𝑖𝑖=0

⋅ ��𝑓𝑓𝜋𝜋(𝑛𝑛+1)(𝑡𝑡 + 𝜃𝜃 ⋅ ℎ)�
ln�1+ℎ𝑡𝑡�

𝑛𝑛+1

(𝑛𝑛+1)! � 

 
Definition 2. (see [4]) If the sequence {𝑡𝑡𝑖𝑖} tends to a limit 𝑟𝑟 
in such a way that 
 

lim
𝑖𝑖→∞

𝑡𝑡𝑖𝑖+1 − 𝑟𝑟
(𝑡𝑡𝑖𝑖 − 𝑟𝑟)𝑒𝑒 = 𝐶𝐶 

 
for some 𝐶𝐶 ≠ 0 and 𝑝𝑝 ≥ 1, 𝑝𝑝 is called as the order of 
convergence of the sequence and 𝐶𝐶 is known as the asymptotic 
error constant. 
Definition 3. (see [3]) Let 𝑟𝑟 be a root of the function 𝑓𝑓(𝑡𝑡) and 
suppose that 𝑡𝑡𝑖𝑖+1, 𝑡𝑡𝑖𝑖 and 𝑡𝑡𝑖𝑖−1 are three consecutive iterations 
closer to the root 𝑟𝑟. Then, the computational order of 
convergence (COC) 𝜌𝜌 can be approximated using the formula 
𝜌𝜌 ≈ ln|(𝑡𝑡𝑖𝑖+1−𝑟𝑟)/(𝑡𝑡𝑖𝑖−𝑟𝑟)|

ln|(𝑡𝑡𝑖𝑖−𝑟𝑟)/(𝑡𝑡𝑖𝑖−1−𝑟𝑟)|
. 

 
2. New Bigeometric Newton Method 
 
In bigeometric calculus, Taylor expansion of function in 
neighboord a point 𝑡𝑡0 can be written [42] as; 

𝑓𝑓(𝑡𝑡0 + ℎ) = ∏ �𝑓𝑓𝜋𝜋(𝑖𝑖)(𝑡𝑡0)�
�ln�1+ ℎ

𝑡𝑡0
��
𝑖𝑖

𝑖𝑖!∞
𝑖𝑖=0                                    (1) 

 

Let 𝑡𝑡0 + ℎ = 𝑡𝑡. We can write following equation using the 
first two terms of above equation: 

 

𝑓𝑓(𝑡𝑡) = 𝑓𝑓(𝑡𝑡0) ⋅ [𝑓𝑓𝜋𝜋(𝑡𝑡0)]ln�
𝑡𝑡
𝑡𝑡0
�.                                                 (2) 

 

If we calculate logarithm of the equation (2), we have 

ln𝑓𝑓(𝑡𝑡) = ln𝑓𝑓(𝑡𝑡0) + ln � 𝑡𝑡
𝑡𝑡0
� ⋅ ln𝑓𝑓𝜋𝜋(𝑡𝑡0). 

If we consider that 𝑓𝑓(𝑟𝑟) = 1, we get 

 

𝑟𝑟 = 𝑡𝑡0 ⋅ 𝑒𝑒
− ln 𝑓𝑓(𝑡𝑡0)
ln 𝑓𝑓𝜋𝜋(𝑡𝑡0) 

 

Hence, we obtain new bigeometric Newton method as 

 

𝑡𝑡𝑛𝑛+1 = 𝑡𝑡𝑛𝑛 ⋅ 𝑒𝑒
− ln𝑓𝑓(𝑡𝑡𝑛𝑛)
ln𝑓𝑓𝜋𝜋(𝑡𝑡𝑛𝑛)           (3) 

 

Equivalent in classical analysis of iterative formula (3) is also 
that 

 

 𝑡𝑡𝑛𝑛+1 = 𝑡𝑡𝑛𝑛 ⋅ 𝑒𝑒
− ln𝑓𝑓(𝑡𝑡𝑛𝑛)
𝑡𝑡𝑛𝑛⋅(ln𝑓𝑓)′(𝑡𝑡𝑛𝑛).                                                       (4) 

 

Remark 1. The equation (4) can be written as 

𝑡𝑡𝑛𝑛+1
𝑡𝑡𝑛𝑛

= 𝑒𝑒−
ln𝑓𝑓(𝑡𝑡𝑛𝑛)

𝑡𝑡𝑛𝑛⋅(ln𝑓𝑓)′(𝑡𝑡𝑛𝑛).                                                          (5) 

 

Since right on the handle of the equation (5) is positive for 
each 𝑡𝑡𝑛𝑛, markers of 𝑡𝑡𝑛𝑛+1 and 𝑡𝑡𝑛𝑛 are been same as. This imply 
that markers of root of function and initial point are been same 
as. That is; for positive root, we must choose a positive initial 
point. Similarly, for negative root, we must choose a negative 
initial point. 

3. Convergence of the method 
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Iteration function of the bigeometric Newton Method is 
 

𝑔𝑔(𝑡𝑡) = 𝑡𝑡 ⋅ 𝑒𝑒
− ln 𝑓𝑓(𝑡𝑡)
𝑡𝑡⋅(ln 𝑓𝑓)′(𝑡𝑡) 

 
The derivative of the function 𝑔𝑔(𝑡𝑡) is 
 

𝑔𝑔′(𝑡𝑡) = 𝑒𝑒−
ln𝑓𝑓(𝑡𝑡)

𝑡𝑡⋅(ln𝑓𝑓)′(𝑡𝑡) −
𝑡𝑡⋅�𝑓𝑓

′(𝑡𝑡)
𝑓𝑓(𝑡𝑡) �

2
−�𝑓𝑓

′(𝑡𝑡)
𝑓𝑓(𝑡𝑡) +𝑡𝑡⋅

𝑓𝑓′′(𝑡𝑡)⋅𝑓𝑓(𝑡𝑡)−�𝑓𝑓′(𝑡𝑡)�
2

�𝑓𝑓(𝑡𝑡)�2
�⋅ln 𝑓𝑓(𝑡𝑡)

𝑡𝑡2⋅�𝑓𝑓
′(𝑡𝑡)
𝑓𝑓(𝑡𝑡) �

2 ⋅

𝑒𝑒−
ln𝑓𝑓(𝑡𝑡)

𝑡𝑡⋅(ln𝑓𝑓)′(𝑡𝑡) ⋅ 𝑡𝑡. 
 
Considering the classical Taylor expansion of order two of 
𝑔𝑔(𝑡𝑡𝑛𝑛) neighborhood of fixed point 𝑟𝑟 and 𝑓𝑓(𝑟𝑟) = 1, we obtain 
 
𝑔𝑔(𝑡𝑡𝑛𝑛) = 𝑔𝑔(𝑟𝑟) + (𝑡𝑡𝑛𝑛−𝑟𝑟)2

2
⋅ 𝑔𝑔′′(𝑟𝑟).                                    (7) 

 
If we rearrange to the equation (7), we have 
 
𝑡𝑡𝑛𝑛+1 − 𝑟𝑟 = (𝑡𝑡𝑛𝑛−𝑟𝑟)2

2
⋅ 𝑔𝑔′′(𝑟𝑟). 

 
Let 𝑒𝑒𝑛𝑛+1 = 𝑡𝑡𝑛𝑛+1 − 𝑟𝑟, 𝑒𝑒𝑛𝑛 = 𝑡𝑡𝑛𝑛 − 𝑟𝑟. Hence, 
 
𝑒𝑒𝑛𝑛+1 = (𝑡𝑡𝑛𝑛−𝑟𝑟)2

2
⋅ 𝑔𝑔′′(𝑟𝑟) = 𝑒𝑒𝑛𝑛2

2
⋅ 𝑔𝑔′′(𝑟𝑟)                                         (8) 

 
is obtained. The equation (8) implies that the bigeometric 
Newton method is quadratically convergent. 
 
It is clear that the number of function evaluation in per 
iteration for method (3) is two. According to the definition of 
efficiency index [4], the efficiency index of (3) is √2 ≅
1.414. Hence, the efficiency index of bigeometric Newton 
method defined by (3) is same as the ones of the classical 
Newton method and multiplicative Newton method. 

4. Numerical examples 

In this section, the new Bigeometric Newton method 
(nBGNM) obtained in this work to solve some non-linear 
equation 𝑓𝑓(𝑡𝑡) = 0, 𝑓𝑓(𝑡𝑡) + 1 = 1 for bigeometric methods. 
Summing the number of evaluations of function 𝑓𝑓 with the 
number of evaluations of its derivative, the number of function 
evaluation (NFE) in per iteration is found. The results 
obtained via these methods are showed in Table 1.  
The results show that nBGNM converging quadratically can 
compete with Newton method (NM) and GNM. Besides, 
nBGNM method is better than other methods in some case 
where newton method and multiplicative newton method 
diverge, such as example (b), (c). Further, in certain problems 
such as example (a), (d) (f), (g) and (h), nBGNM gives better 
results compared to NM and GNM. Also if we look closely to 
example (h), nBGNM that is developed in this work reaches 
the root in one step. This is not actually an amazing result. 
This case originate from bigeometric calculus. 
 
Test functions: 

(a) 𝑓𝑓(𝑡𝑡) = ln 𝑡𝑡 − sin (𝑡𝑡), geometric and bigeometric 
version: 𝑓𝑓(𝑡𝑡) = ln 𝑡𝑡 − sin(𝑡𝑡) + 1 

(b) 𝑓𝑓(𝑡𝑡) = arctan 𝑡𝑡, geometric and bigeometric version: 
𝑓𝑓(𝑡𝑡) = arctan 𝑡𝑡 + 1 

(c) 𝑓𝑓(𝑡𝑡) = 𝑡𝑡1 3⁄ , geometric and bigeometric version: 
𝑓𝑓(𝑡𝑡) = 𝑡𝑡1 3⁄ + 1 

(d) 𝑓𝑓(𝑡𝑡) = ln 𝑡𝑡, geometric and bigeometric version: 
𝑓𝑓(𝑡𝑡) = ln 𝑡𝑡 + 1 

(e) 𝑓𝑓(𝑡𝑡) = 𝑒𝑒𝑡𝑡3+7𝑡𝑡−30 − 1,  geometric and bigeometric 
version: 𝑓𝑓(𝑡𝑡) = 𝑒𝑒𝑡𝑡3+7𝑡𝑡−30  

(f) 𝑓𝑓(𝑡𝑡) = 𝑡𝑡 ⋅ 𝑒𝑒𝑡𝑡 − 1, geometric and bigeometric 
version: 𝑓𝑓(𝑡𝑡) = 𝑡𝑡 ⋅ 𝑒𝑒𝑡𝑡 

(g) 𝑓𝑓(𝑡𝑡) = (𝑡𝑡 − 1)6 − 1, geometric and bigeometric 
version: 𝑓𝑓(𝑡𝑡) = (𝑡𝑡 − 1)6 

(h) 𝑓𝑓(𝑡𝑡) = 5𝑡𝑡6 − 1, geometric and bigeometric version: 
𝑓𝑓(𝑡𝑡) = 5𝑡𝑡6 

 
 
 
 
.
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Table 1. Comparison of iterative methods 
 

 𝒏𝒏 NFE COC 𝒕𝒕𝒏𝒏 
(a), 𝑡𝑡0 = 1.5     
NM 5 10 1.99 2.219107148913746 
GNM 5 10 1.99 2.219107148913746 
nBGNM 4 8 2.03 2.219107148913746 
     
(b), 𝑡𝑡0 = 3     
NM - - - divergence 
GNM - - - divergence 
nBGNM 31 62 0.95 0.000000000000000 

     
(c), 𝑡𝑡0 = 3     
NM - - - divergence 
GNM - - - divergence 
nBGNM 12 24 0.91 0.000000000000000 
     
(d), 𝑡𝑡0 = 3     
NM 6 12 2.00 1 
GNM - - - divergence 
nBGNM 5 10 2.00 1 
     
(e), 𝑡𝑡0 = 3     
NM 23 46 1.99 2.374101653848877 

GNM 5 10 1.99 2.374101653848877 
nBGNM 5 10 1.99 2.374101653848877 
     
(f), 𝑡𝑡0 = 2     
NM 7 14 1.99 0.567143290409784 
GNM 6 12 2.00 0.567143290409784 
nBGNM 5 10 1.99 0.567143290409784 
     
(g), 𝑡𝑡0 = 3.5     
NM 10 20 1.99 2 
GNM 7 14 2.00 2 
nBGNM 5 10 2.00 2 
     
(h), 𝑡𝑡0 = 2     
NM 10 20 1.99 0.764724491331730 
GNM 8 16 1.99 0.764724491331730 
nBGNM 1 2 ND 0.764724491331730 
     

NM- Newton method                                n- Number of iterations 
GNM- Geometric Newton method                                             NFE- Number of functional evaluations 
nBGNM- New Bigeometric Newton method                             COC- Computational order of convergence 
ND- Not defined 
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5. Conclusion 
 
In this study, bigeometric Newton method is given as an an 
alternative to the classical Newton method with the help of 
bigeometric Taylor expansion. In addition, the quadratic 
convergence of the method is shown.  
 
In the test functions given in this study, it has been seen that 
the bigeometric Newton Method is a better convergent 
method than the multiplicative Newton method [17]  and the 
classical Newton method. 
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1. Introduction

The concept of stability, widely used in applied sciences 
such as mathematics, physics, engineering, and medicine, 
was developed by Soviet mathematician A.M. Lyapunov in 
the early 1900s (see [13]). This field, which continues to 
expand and attract researchers, has become a broad 
application area for time-delayed and non-delayed systems 
(or equations). Numerous exciting studies have been 
conducted on this topic, which has been addressed by many 
researchers, and sufficient conditions for stability have been 
established. Alkhazzan et al., in article [1], discussed a new 
class of nonlinear fractional stochastic differential equations 
with fractional integrals and discussed existence, uniqueness, 
continuity of solutions and Ulam-Hyers stability with the 
help of Banach contraction theorem. They supported their 
work with an example. Singular and non-singular fractional 
systems have been studied for many types of stability, such 
as asymptotic stability (see [2,3,4,11,12,16,22,23,24]) and 
Razumikhin stability [8,17]. Using the Lyapunov-Krasovskii 
functional approach, the stability of fractional nonlinear 
Caputo-Volterra integral equations was studied in article [9]. 
In article [15], Tunç and Tunç investigated the qualitative 
behavior of the solutions of Caputo Proportional derivatives 
of delayed integro-differential equations. In article [19], by 
using Lyapunov-krasovskii functional, some sufficient 

conditions to guarantee robust stability and asymptotic 
stability for indeterminate fractional singular systems with 
neutral and time-varying delays in terms of the linear matrix 
inequality were proved. For the existence and uniqueness of 
solutions in singular systems, the system under consideration 
must have the properties of impulse-free and regular. For this 
reason, the authors in article [19] proved that the system they 
discussed in the first stage has these two properties and then 
has asymptotic stability and robust stability. By providing 
these three properties simultaneously, it was proved that the 
system discussed in article [19] has asymptotic admissibility 
and robust admissibility. Moreover, the Lyapunov stability 
of fractional neural networks with Riemann-Liouville delay 
was studied in [25].  Stability and admissibility in singular 
and non-singular systems with non-fractional delay have also 
been discussed (see [5,6,18]). In addition to these studies, 
there are many books that researchers can benefit from. 
Examples include (see [7,20,21]) for singular systems and 
(see [10,14]) for fractional differential equations. 

This study, motivated by the above discussion and article [4] 
and references there in, is investigated the admissibility of a 
certain type of delay neutral fractional singular systems by 
the help of Lyapunov functionals, zero equations, model 
transformations and other some well-known inequalities. 
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Some numerical examples are presented to demonstrate the 
applicability of the proved results. 

2. Preliminaries  

In this paper motivated by the above discussion and article 
[4] and references there in, we define a fractional neutral 
singular system with constant and variable delays and 
nonlinear perturbation as:  

 

∫
−

+−+−=−+
t

t

q
tto dssxEtRxtBxtAxtSxD

σ

στ )()()()]()([      

                  )),((())(( ttxGttTx σσ −+−+                   (1) 

,,0],0,[),()( ℜ∈>−∈= κκκϑ tttx  
 

for ],1,0(∈q  the system state ( ) ,nx t ∈ℜ
nnTERBA ×ℜ∈,,,,  are symmetric positive definite  

system matrices, the   matrix nnS ×ℜ∈
 

is singular and 
satisfied ,1, ≥≤= nnrrankS  with ,1|||| <A  the time 
variable delay )(tσ  is assumed to satisfy σσ ≤≤ )(0 t  
and ,)( µσ ≤t  the constant delays στ ,  are real positive 

numbers and  )];0,([ nC ℜ−∈ κϑ  with }.,max{ στκ =  
The nonlinear perturbation parameter (.)G  satisfying 
 

),()())(())(( 2 txtxatxGtxG ΤΤ ≤  (2) 

)),(())(()))((()))((( 2 ttxttxbttxGttxG σσσσ −−≤−− ΤΤ

 

(3) 

                                           
where ba,   given any numbers. 
 
Before moving on to the details of our study, we would like 
to remind of some useful definitions and lemmas that should 
be known. 

 
Definition 2.1 ( [4] ). The Riemann-Liouville fractional 
integral and the derivation are defined as 
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Lemma 2.1 ( [4] ).   For ntx ℜ∈)(  and ,0>> qp  then 
 

).())(( txDtxDD pq
tto

p
tto

q
tto

−− =           
Lemma 2.2 ( [4] ).   Let ,)( ntx ℜ∈  be a vector of a 
differentiable function. For positive semi-definite matrix 

nn×ℜ∈Ν   and ,  ),1,0( 0ttq ≥∀∈∀  then 
 

)()(2))()(( txDtxtxtxD q
tto

q
tto Ν≤Ν ΤΤ

 
is satisfied. 

3. Admissibility 

We obtain sufficient conditions for the admissibility 
properties of the systems discussed in this section. We prove 
the regular, impulse-free, and stable states accepted as 
admissibility conditions in the first theorem. In the remaining 
four corollaries, we show that only the new systems defined 
by constructing new Lyapunov-Krasovskii functionals are 
stable, since regular and impulse-free states can be 
represented in a similar way. Therefore, we prove five 
sufficient conditions stating that these systems guarantee 
admissibility. 

 
If we define a new operator like 

)()()( τ−+=Ω tAxtSxt , then the system (1) can be 
rewritten as in the form below: 

 

∫
−

+−+−=Ω
t

t

q
tto dssxEtRxtBxtD

σ

σ )()()()(  

)).((())(( ttxGttTx σσ −+−+                                   (4) 
 
Theorem 3.1.  We suppose that the following hypothesis is 
met:   

         
(H1)  Let ba,  be any numbers and ,0,0 >> στ  if 

there are symmetric matrices

),7,...,1 ( ,0 T =>= kKK kk  

),5,4,1 ( 0,W T
i =>= iWi  and any suitable dimensions 

matrices )3,2 (  =iWi  such that the following relationship 
is satisfied: 
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,1111
Τ−−=Θ WW ,21112
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,3113
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6

2
5432552222 KKaKKKKBWBWWSSW στ ++++++−−+=Θ ΤΤΤ

 
,3223

ΤΤ+=Θ WSAW ,5428 WRBW −−=Θ Τ  
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,)1( 2

555 Ι+−−=Θ bK εµ  
,)1( 666 Ι−−−=Θ εµ K .4488 RWRW Τ−−=Θ  

where  ε  is a positive number and Ι  is  identity matrix with 
appropriate dimension. 

Then the zero solution of system (1) is admissible. 

Proof.  The proof of Theorem 3.1 is divided into two steps. 
The first step deals with the properties impulse free and 
regularity. The second step is related to the stability property. 
Firstly, we can write from (5) that  

.07
2

6
2

5432552222 <++++++−−+=Θ ΤΤΤ KKaKKKKBWBWWSSW στ

Since  

we can write  

.055 <−−=∇ BWBW    (6) 

Because of BW   ,5   positive definite symmetric matrices 

and  ,1, ≥≤= nnrrankS  there exist two regular 
matrices U  and L  such that 

.  ,  ,
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== −−
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WWUWUW

BB
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I
USLS Tr

Pre- and post- multiplying (6) by TL   and  L  respectively,
then we obtain 

,0
43

21
55 <









∇∇
∇∇

=−−=∇=∇ WBBWLLT

here, .5444544 WBBW −−=∇  Because of  21 ,∇∇  and  

3∇  are unrelated to the discussion in proof. , their real 
expressions are omitted here. From here, we obtain 

.0544454 <−− WBBW Therefore, 4B  is regular. From 
this reason, the pair ),( BS  is regular and impulse free (see 
[21]). According to Dai  [7] and Q. Wu et al., [19]  the 
system (1) is regular and impulse free.  

Secondly, we prove that the system (1) is stable. For 

symmetric matrices ),7,...,1 ( ,0 T =>= kKK kk

)5,4,1 ( 0,W T
i =>= iWi and any suitable dimensions 

matrices ).3,2 (  =iWi  Let us define a new positive definite 
functional as: 

∫∫
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1
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στ

τ
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0

76∫ ∫ ∫
− − +

ΤΤ ++
t

tt

t

t

ddxKxdssxGKsxG
σ σ β

ηξξξσ

    (7) 

In view of the fact that Lemma 2.1, Lemma 2.2 and Jhensen 
inequality Lemma (see [18]), by the time-derivative of )(tV
on the solution of system (1), we can get the following 
inequality as: 

)()()()())(()(2),( 221 ττ −−−+ΩΩ≤ ΤΤΤ txKtxtxKtxtDKtxtV q
tto
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)()()()()()( 433 txKtxtxKtxtxKtx ΤΤΤ +−−−+ τσσ

(8) 
We noting that 

From here, we can obtain 

(9) 

Additionally, from the nonlinear parameter (.)G condition 
given with (3), we get 

(10) 
where .0>ε  

Combining (8)-(10), we can have the below inequality as: 

),()(),( ttxtV χχ Θ≤ Τ

      here the matrix Θ  is defined with (5) and 

Because of  matrix inequality (5) and impulse free and 
regularity criteria are satisfied and ,0)( ≠Τ tχ then the 
neutral fractional singular system (1) is admissible. □ 
Further, we define the following fractional neutral singular 

system (1) with ∫
−

=
t
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dssxE
σ

,0)(  

(11) 

for ],1,0(∈q  the system state ( ) ,nx t ∈ℜ
nnTRBA ×ℜ∈,,,  are symmetric positive definite  system

matrices, the   matrix nnS ×ℜ∈
 
is singular and satisfied 

,1, ≥≤= nnrrankS  with ,1|||| <A  the time variable 
delay )(tσ  is assumed to satisfy σσ ≤≤ )(0 t  and 

,)( µσ ≤t  the constant delays στ ,  are real positive 

numbers and  )];0,([ nC ℜ−∈ κϑ  with },max{ στκ =  
and the nonlinear perturbation parameter (.)G  satisfying 
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where ba,   are given any numbers. 

Corollary 3.1.  We suppose that the following hypothesis is 
met:          

(H2)  Let ba,  be any numbers and ,0,0 >> στ  if there 

are symmetric matrices ),6,...,1 ( ,0 T =>= kKK kk

)5,4,1 ( 0,W T
i =>= iWi and any suitable dimensions 

matrices )3,2 (  =iWi  such that the following relationship 
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where  ε  is a positive number and Ι  is  identity matrix with 
appropriate dimension. 
 
Then the zero solution of system (11) is admissible.  

Proof. For symmetric matrices

),6,...,1 ( ,0 T =>= kKK kk  

)5,4,1 ( 0,W T
i =>= iWi  and any suitable dimensions 

matrices ).3,2 (  =iWi  Let us define a new positive definite 
functional as: 

 
 

In view of Theorem 3.1, we show that the admissibility 
condition (12) of system given with (11). □ 

 
Additionally, we define the following fractional neutral 

singular system (1) with ∫
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Corollary 3.2.  We suppose that the following hypothesis is 
met:           
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Then, the zero solution of system (13) is admissible. 
  
Proof. For symmetric matrices

),5,...,1 ( ,0 T =>= kKK kk  
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matrices ).3,2 (  =iWi  Let us define a new positive definite 
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In view of Theorem 3.1, we show that the admissibility 

condition (14) of system given with (13).  □ 
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Next, we define the following fractional neutral 

singular system (1) with ∫
−

=−=
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for ],1,0(∈q  the system state ( ) ,nx t ∈ℜ

nnRBA ×ℜ∈,,  are symmetric positive definite  system 

matrices, the   matrix nnS ×ℜ∈
 
is singular and satisfied 

,1, ≥≤= nnrrankS  with ,1|||| <A  the constant delays 

στ ,  are real positive numbers and  )];0,([ nC ℜ−∈ κϑ  

with }.,max{ στκ =  

 

Corollary 3.3.  We suppose that the following hypothesis is 
met:           
  
(H4)  Let 0,0 >> στ  be numbers, if there are symmetric 

matrices ),4,...,1 ( ,0 T =>= kKK kk  

),5,4,1 ( 0,W T
i =>= iWi  and any suitable dimensions 

matrices )3,2 (  =iWi  such that the following relationship 
is satisfied:   
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where 

 
 

Then the system (15) is admissible. 
  

Proof. For symmetric matrices

),4,...,1 ( ,0 T =>= kKK kk  

),5,4,1 ( 0,W T
i =>= iWi and any suitable dimensions 

matrices ).3,2 (  =iWi  Let us define a new positive definite 
functional as: 
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In view of Theorem 3.1, we show that the admissibility 
condition (16) of system given with (15). □ 
 
Next, we define the following fractional neutral singular 

system (1) with ∫
−
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and ,τσ =   
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for ],1,0(∈q  the system state ( ) ,nx t ∈ℜ
nnRBA ×ℜ∈,,  are symmetric positive definite  system 

matrices, the   matrix nnS ×ℜ∈
 
is singular and satisfied 

,1, ≥≤= nnrrankS  with ,1|||| <A  the constant delay 

τ  is real positive number and  ).];0,([ nC ℜ−∈ κϑ   
 
Corollary 3.4.  We suppose that the following hypothesis is 
met:           
(H5)  Let 0>τ  be number, if there are symmetric matrices
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Then the system (17) is admissible.  
 
Proof. For symmetric matrices

),3,2,1 ( ,0 T =>= kKK kk  

)5,4,1 ( 0,W T
i =>= iWi and any suitable dimensions 

matrices ).3,2 (  =iWi  Let us define a new positive definite 
functional as: 

 

 
 

In view of Theorem 3.1, we show that the admissibility 

condition (18) of system given with (17). □ 

 
Remark 3.1. As mentioned in the first section, which is 
introduction; this study was mainly inspired by some studies 
cited  references. However, since the systems discussed in 
this study are singular, it is a new study different from some 
of the studies cited in the references (see [4,11,18,22]) 
mentioned in the references, and it is clear that it is more 
difficult to achieve the goal. To overcome this difficulty, we 
benefited suitable Lyapunov-Krasovskii functionals and zero 
equations. Moreover, the Lyapunov-Krasovskii functionals 
used in the Study are new and obviously more 
comprehensive than their counterparts used in the literature 
(see [4,6,11,18,19,22]). 

4. Numerical applications 

In this section, we bring to the attention of the readers some 
examples, with their annotated solutions and graphics, 
showing that the theoretically sufficient conditions obtained 
in the previous section are applicable in practice. When the 
solutions of these examples are examined, it is clearly seen 
that the zero solutions of the systems in question are stable 
after a certain time interval. In addition, each example is 
support with the corresponding simulation result obtained 
with the help of MATLAB-Simulink. 

Example 4.1.  We define a fractional nonlinear neutral 
singular system as: 
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Solving the inequality (5), with the help of MATLAB 

software, when 
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 we have a set of parameters that provides admissibility of the 
system (19) that  

 
 

 

 
 

 
as follows: 

 
 

It is clear that all conditions of admissibility criteria for 
system (19) are satisfied. Therefore, the system (19) is 
admissible. Also, the graph showing the orbital behavior of 
the system (19) is as follows. 
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Figure 1.  Orbital behavior of the system (19). 

 
Example 4.2.  We define a fractional nonlinear neutral 
singular system as:  

(20) 

for  [ ]   ,)()()()( ],1,0( 321
Τ=∈ txtxtxtxq   

 
 

Solving the inequality (12), with the help of MATLAB 

software, when 

 

 
we have a set of parameters that provides admissibility of the 
system (20) that ,002.0=a

1  ,125.0cos25.0)(  ,5.0sin25.025.0)(0  ,2.0  ,005.0 =<=≤==≤+=≤== εµσσστ ttttb 

 
as follows: 

 
 
It is clear that all conditions of admissibility criteria for 
system (20) are satisfied. Therefore, the system (20) is 
admissible. Also, the graph showing the orbital behavior of 
the system (20) is as follows.   
     

 
Figure 2.  Orbital behavior of the system (20). 

 
Example 4.3.  We define a fractional neutral singular system 
as:  

)),(()()()]()([ ttTxtRxtBxtAxtSxD q
tto σστ −+−+−=−+          (21) 

for  [ ]   ,)()()()()( ],1,0( 4321
Τ=∈ txtxtxtxtxq   

Solving the inequality (14), with the help of MATLAB 

software, when 
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we have a set of parameters that provides admissibility of the 

system (21) that  
125.0cos25.0)(  ,5.0sin25.025.0)(0  ,2.0 <=≤==≤+=≤= µσσστ tttt   

as follows: 

 

 
 

It is clear that all conditions of admissibility criteria for 

system (21) are satisfied. Therefore, the system (21) is 

admissible. Also, the graph showing the orbital behavior of 

the system (21) is as follows. 

       

 
Figure 3.  Orbital behavior of the system (21). 

 
Example 4.4.  We define a fractional neutral singular system 
as:  

),()()]()([ στ −+−=−+ tRxtBxtAxtSxD q
tto      (22) 

for  

[ ]   ,)()()()()()( ],1,0( 54321
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Solving the inequality (16), with the help of MATLAB 

software, when  ),0,1,1,1,1(diagS =  

 
we have a set of parameters that provides admissibility of the 

system (22) that 5.0  ,2.0 == στ  as follows: 
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=
=

 It is clear that all conditions of admissibility criteria for 

system (22) are satisfied. Therefore, the system (22) is 

admissible. Also, the graph showing the orbital behavior of 

the system (22) is as follows. 

       

 
Figure 4.  Orbital behavior of the system (22). 

 
Example 4.5.  We define a fractional neutral singular system 
as:  

   

 MJEN  MANAS Journal of Engineering, Volume 11 (Issue 2) © 2023 www.journals.manas.edu.kg 
 

http://www.journals.manas.edu.kg/


A. Yiğit / MANAS Journal of Engineering 11(2) (2023) 241-252 250 

),()()]()([ ττ −+−=−+ tRxtBxtAxtSxDq
tto   (23) 

for  

[ ]   ,)()()()()()()( ],1,0( 654321
Τ=∈ txtxtxtxtxtxtxq  

Solving the inequality (18), with the help of MATLAB 

software, when  ),0,1,1,1,1,1(diagS =

 ),1225.0,5.0,48.0,,45.0,44.0,43.0(
 ),26,12,10,8,15,25( 
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=
=

  ),1725.0,04.0,03.0,02.0,25.0,28.0(diagA =  

we have a set of parameters that provides admissibility of the 

system (23) that 2.0=τ  as follows: 
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=

 It is clear that all conditions of admissibility criteria for 

system (23) are satisfied. Therefore, the system (23) is 

admissible. Also, the graph showing the orbital behavior of 

the system (23) is as follows.  

      

 
Figure 5.  Orbital behavior of the system (23). 

5. Conclusions 

In this paper, we proposed new delay-dependent criteria for 
the admissibility of linear and nonlinear fractional singular 

systems with variable and constant delays. We used some 
useful lemmas and Lyapunov-Krasovskii functionals to 
obtain these proposed criteria. The numerical examples we 
present with graps at the end of the paper reveal the 
advantages and applicability of our results. 
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A B S T R A C T  A R T I C L E  I N F O   

Multiple choice exams appear as the most common method used to measure student success in 
education systems in Turkey and around the world. Evaluation of multiple choice exams is 
usually done by optical form reading systems using expensive optical forms and optical 
scanners. The most important reason for using optical form reading systems is to reduce the 
error rate to zero in the evaluation process. In this study, an alternative system is proposed for 
the evaluation of multiple choice exams. The designed system is a web-based software with 
high accuracy on evaluating that contains optical form design module, session planning module 
and evaluation module. The form in which the designed template will be printed on A4 paper 
instead of a special optical form and the system in which standard scanners will be used instead 
of the optical scanner, uses the image processing algorithms in the OpenCV library in the 
evaluation process which is an intermediate library developed in C#. The proposed system is 
coded to run in parallel to speed up the evaluation process. In order to determine the performance 
of the proposed system, the optical forms filled by 208 students studying at Karamanoğlu 
Mehmetbey University, Department of Computer Engineering were evaluated. The accuracy 
rate of the system has been determined as 99.97%. It has been determined that 1 optical 
evaluation time, calculated by dividing the total time obtained by running in parallel, by the 
number of evaluated optical forms, varies between 1.7 seconds and 15 seconds, depending on 
the scanning resolution. 
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1. Introduction 

The education system is considered as a purposeful process. 
The process of observing a quality and showing the 
observation data with numbers is defined as measurement, and 
the process of extracting a meaning from the measured values 
is defined as evaluation. One of the most important processes 
of the education system is the measurement and evaluation 
phase, which includes measuring how well the information 
given is understood, that is, determining the extent to which 
the objectives have been achieved. Evaluation reveals the 
performance of the entire education system, including the 
educator. Accurate calculation of the performance of the 
education system is very important in terms of determining the 
operational and non-operational aspects of the system and 
perfecting the education system[1]. 
 
Multiple choice tests are used both on a large scale and on a 
local scale in our country. In our education system, large-scale 

tests were started to be applied by ÖSYM, which was 
established in 1974, to centralize the exams made by faculties 
as a result of the increase in applications to universities [2]. 
With the widespread use of central multiple-choice exams, 
multiple-choice exams have started to be held at the local scale 
so that students who are in the preparation stage for these 
exams can adapt to the exam system. The most important 
reason why multiple-choice exams have become so 
widespread is that since it is easy to answer questions in these 
exams, they allow more comprehensive measurement due to 
the fact that more questions are asked. In addition, features 
such as obtaining statistics on the basis of questions in 
multiple-choice exams provide detailed information to the 
educator. Since participants are charged for centrally held 
multiple-choice exams, it facilitates the use of optical reading 
systems necessary for the reading and evaluation of these 
exams. Educators who want to prepare their students for 
national multiple-choice exams generally do not have the 
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opportunity to demand money for the exam they have 
prepared themselves. Therefore, educators usually evaluate 
multiple-choice exams manually. Manual multiple-choice 
exam evaluation is prone to errors; moreover, it takes a long 
time to transfer the data obtained to the computer environment 
to get detailed statistics, which is one of the most important 
features of multiple-choice exams. 
 
The aim of this study is to develop a web-based optical form 
evaluation system for optical forms scanned with devices such 
as scanners or mobile phones, which are often in the hands of 
the institution or educator today, instead of purchasing an 
optical reader required for the evaluation of multiple-choice 
exams and using equipment that is costly in technical 
maintenance. The main purpose is to reduce the cost required 
for the evaluation of multiple choice exams. Since the system 
proposed in this study includes the answer sheet design, it will 
allow the use of standard A4 paper. In addition, since the 
proposed system has a module such as creating a session plan, 
it will also minimize cheating, which is the biggest problem 
of multiple choice exams.  
 
Information about previous studies on optical form reading is 
given detailed.  
 
Nguyen et al., in their published article, worked on the 
evaluation with high reliability and efficiency of answer 
sheets scanned with a digital camera by using image 
processing algorithms. Nguyen et al. tested the system they 
designed with 10000 questions and achieved an accuracy rate 
of 99.74% [3]. Aydemir worked on optical form reading in his 
master's thesis. Aydemir tested the system he designed with 
28360 questions answered by 742 students in the foreign 
language exam and determined the accuracy rate of the 
developed system as 99.94% [4]. Al-Marakeby tried to find 
the evaluation results by processing the exam result images 
scanned using a digital camera with parallel processes thanks 
to the multi-core processor in his published article. Finally, 
classifier algorithms were preferred to determine whether the 
box was checked or not. As a result of the tests carried out 
with 200 multiple choice optical forms and 24000 question 
answers using different light, form angle originating from 
scanning, the success of the system was revealed as 99.8% [5]. 
Fisteus et al. have worked on a low-cost and portable 
computer vision-based system called "Eyegrade" for multiple 
choice exams in their article. In order to measure the 
performance of the system called "Eyegrade", the results of 
233 students were evaluated and they measured that system 
made wrong assessment on 9 students paper and revealed the 
success rate as 96.1% [6]. In his article Sattayakawee studied 
a system for the evaluation of multiple choice exams with grid 
type answer sheets used in Thailand. In the tests made with 
300 exam papers and 16500 questions, the accuracy rate of the 
proposed system was measured as 99.91% [7]. In their article, 
Şenol and Fidan designed an exam system that evaluates the 
optical forms scanned with a web camera developed in C# 

language in order to read the optical forms used in multiple 
choice test systems and to provide more detailed and valuable 
information to the educators by making statistical analyzes. In 
order to measure the performance of the designed system, the 
answer sheets of 221 students were scanned with a web 
camera and errors were detected in 7 answer sheets and the 
performance of the system was calculated as 96.83% [8]. Patel 
et al., in their article published in 2015, worked on a mobile 
application based system they named “CheckIt”. Patel et al. 
tried the "CheckIt" system with 310 quizzes and tests 
questions and achieved a success rate of 97.48% [9]. In the 
article they published, Hasan and Kareem worked on a system 
to be used in the evaluation of multiple choice exams. Hasan 
and Kareem determined the accuracy rate of the artificial 
neural network algorithms based system as 99.96% in the test 
they performed with 800 answer sheets and 58000 questions 
[10]. Yüksel et al. have worked on a mobile application-based 
optical form evaluation system in the article they published. 
The highest success of the system was measured as 99.7% in 
the tests made with 1000 questions on 20 answer sheets [11]. 
Gyamfi and Missah worked on the optical form evaluation 
system they proposed for multiple choice exams in their 
published articles. As a result of the tests, it was revealed that 
the system using unsupervised learning on the basis of pixels 
has better performance [12]. Loke et al. proposed a new 
method for optical form recognition in their published paper. 
In the first category, 6000 questions were filled and tested by 
people who were not trained on how to mark, and the accuracy 
rate of the proposed method was measured as 99.97%. In tests 
with printing and scanning errors, the accuracy rate of the 
proposed method was measured as 99.3% [13]. Küçükkara 
and Tümer worked on the reading and evaluation of answer 
sheets for multiple choice exams in their published articles. 
They tested the proposed system with 105750 answer sheets 
in three exams attended by 35250 students in Konya and 
calculated the accuracy rate as 99.76%[14]. Espitia et al., in 
the article they published, worked on the evaluation of the 
answer sheets of exams such as the university entrance exam 
or graduation exam in Colombia using image processing 
algorithms. The system designed by Espitia et al. was tested 
with 64940 answer sheets and it was found that it achieved an 
accuracy rate of 99.70% [15]. In the article they published, 
Afifi and Hussain studied classification-based algorithms for 
multiple choice exams. In their tests using MATLAB, they 
used different classification algorithms and were able to 
achieve the maximum accuracy rate of 99.78% by using the 
CNN classification algorithm [16]. Ha and Thu studied on 
optical form reading using MATLAB in the article they 
published. They measured the success rate of the developed 
system as 100% in their tests using 170 optical forms [17]. 
 
In this study, a system called "Multiple Choice Examination 
System" is proposed instead of costly optical form reading 
systems, in which the optical form designed by using the 
system can be printed on A4 paper and standard scanners are 
used instead of optical scanners. The designed system is 
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separated from previous studies by consisting of modules such 
as creating a seating plan, designing optical form and 
evaluating optical form. 
 
In this article, the image processing steps used during optical 
form evaluation are explained in the second part. The 
application and evaluation steps are explained in detail in the 
third section, and the performance of the system is explained 
in the fourth section. 

2. Material and Method 

The system proposed in this study consists of a three-stage 
structure. The first stage consists of making the definitions 
including the optical form design, the second stage is the 
session plan and the printing of the optical forms customized 
according to the student and the examination, the third stage 
consists of scanning the marked optical forms and performing 
the evaluation process after uploading scanned optical forms 
to the system. Evaluation phase of optical forms consists of 
grayscale conversion, Gaussian smoothing filter, 
morphological opening process, thresholding and conversion 
to binary image, edge detection, contour extraction, and 
Hough circle transform, which are explained in detail below. 

2.1. Convert to Grayscale 

In colored images, each pixel is represented by 24-bit data. 
During image processing, instead of using the color values of 
3 different colors in an image, a grayscale image consisting of 
values between 0 and 255, where a pixel can be expressed with 
8-bit data without losing detail, is used. Thus, the size of the 
optical form image file is reduced to one third. 

2.2. Gaussian Smoothing Filter 

Using the Gauss function to blur the image, reduce detail and 
noise is called a Gaussian smoothing filter. Gaussian 
smoothing filter can be defined as two-dimensional 
convolution in general. The Gaussian smoothing filter can be 
expressed by the function shown in Equation (1) [18]. 
 

𝐺𝐺(𝑥𝑥) =
1

(2𝜋𝜋𝜎𝜎2)𝑁𝑁 2⁄ 𝑒𝑒−(𝑥𝑥−µ)2 �2𝜎𝜎2��  
(1) 

 
In Equation (1), “G” refers to Gaussian probability density 
function, “σ” refers to standard deviation of Gaussian noise, 
“e” refers to base of natural logarithm, “N” refers to the size 
of the image, “x” refers to grayscale value and “µ” refers to 
the mean value of Gaussian noise. 

2.3. Morphological Opening 

It is obtained by applying a dilation process after an erosion 
process. It is used to get rid of noise while preserving the 
properties of large shapes. Equation (2) shows the function of 
the morphological expansion operation. 

 𝑨𝑨 ○ 𝑩𝑩 = (𝑨𝑨𝑨𝑨𝑩𝑩) ⊕𝑩𝑩 (2) 

In Equation (2); “A” refers to image to open and “B” refers to 
the structural element that determines the shape of the opening 
process. 

2.4. Thresholding and Conversion to Binary 

Thresholding, which is one of the most basic segmentation 
methods, is the process of separating the objects in the image 
from the background of the image. The image input, which is 
given as grayscale, is returned as a binary image. Basically, it 
is aimed to change the pixels below the determined threshold 
value in grayscale images to black pixels, i.e. 0, and to change 
the pixels to white, i.e. 255, higher than the threshold value. 
Thresholding is also used to remove noise in the image. Here, 
the success of the thresholding depends on the determined 
threshold value. Basically, the Otsu thresholding algorithm 
returns a single threshold value to minimize the within-class 
variance and maximize the variance between classes. 
Equation (3) shows the variance function between classes. 

 𝝈𝝈𝝎𝝎𝟐𝟐 (𝒕𝒕) = 𝝎𝝎𝟎𝟎(𝒕𝒕)𝝈𝝈𝟎𝟎𝟐𝟐(𝒕𝒕) + 𝝎𝝎𝟏𝟏(𝒕𝒕)𝝈𝝈𝟏𝟏𝟐𝟐(𝒕𝒕) (3) 

In Equation (3); “σw” refers to within-class variance, “t” refers 
to threshold value, weights “ω0” and “ω1” refer to probabilities 
of two classes separated by “t” threshold, “σ0” and “σ1” refer 
to the variance of the two classes separated by the t threshold. 

2.5. Canny Edge Detection 

Canny edge detection method is one of the most common 
methods used to find the edges of objects and shapes in an 
image. In this method, two threshold values are given as 
parameters. The method generally consists of 5 steps. Table 1 
shows pseudocodes of the Canny edge detection algorithm. 
 
Table 1. Canny edge detection pseudocode 

Start:  
 Apply noise reduction with Gaussian Blur 
 Refine edge with non-maximum suppression 
 Perform pixel continuity test using double threshold 

value and detect strong, weak and irrelevant pixels 
 Convert weak pixels to strong pixels by examining 

neighboring pixels by edge tracking with hysteresis. 
End:  

2.6. Contour Extraction 

Contour extraction can be defined as finding a closed curve 
that seamlessly connects pixels of the same color and intensity 
by grouping them together. Commonly contours are objects 
found in an image. 

2.7. Hough Circle Transform 
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The Hough transform was found by Paul Hough in 1962 to 
determine whether mathematically expressible shapes exist on 
the picture, and if so, its location and angle. The method works 
with simple bit voting logic. Dana H. Ballard made 
improvements in 1981 for the detection of objects more 
general to the algorithm[19]. During the Hough transform 
circle detection, the functions shown in Equations (4), (5) and 
(6) are used. 

 𝒓𝒓𝟐𝟐 = (𝒙𝒙 − 𝒂𝒂)𝟐𝟐 + (𝒚𝒚 − 𝒃𝒃)𝟐𝟐 (4) 

 𝒂𝒂 = 𝒙𝒙 − 𝒓𝒓 × 𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) (5) 

 𝒃𝒃 = 𝒚𝒚 − 𝒓𝒓 × 𝐜𝐜𝐬𝐬𝐬𝐬(𝜽𝜽) (6) 

 
In Equations (4), (5) and (6); “r” refers to radius of the circle, 
“a” refers to coordinate of the center of the circle on the x-axis 
“b” refers to Coordinate of the center of the circle on the y-
axis, “θ” refers to angle between (0.2π), “x” refers to 
coordinate of the image point on the x-axis and “y” refers to 
coordinate of the image point on the y-axis. 

2.8. Parallel Programming 

Parallel programming, the foundation of which was laid by 
John Cocke and Daniel Slotnick in 1958 with a computer 
design called SOLOMON, refers to the completion of a large 
and time-consuming computation in a shorter time on multiple 
processors simultaneously [20]. It is predicted that the size of 
the optical form image files to be evaluated within the scope 
of this study will increase as the scanning resolutions increase 
and the evaluation process will take longer. Therefore, in this 
study, parallel programming structure is used to reduce the 
evaluation time. 

3. Application 

In order to create a multiple-choice exam system, first of all, 
pages were designed to carry out the definition processes to 
be made before the exam. In these pages; user operations, unit 
operations, exam definition procedures, exam correct answers 
procedures, student procedures to take the exam, classroom 
procedures, session planning processes and the design of the 
optical form to be used in the exam are carried out. The design 
of these pages is shown in Figure 1. 
 
Figure 2 shows the evaluation workflow of the system. Image 
file containing optical form data respectively is subjected to 
image processing algorithms like grayscale conversion, 
application of Gaussian smoothing filter to reduce noise, 
applying morphological opening to remove black pixel 
distortions, thresholding and binary level transform, angular 
correction, contour extraction, QR code extraction and Hough 

circle transform. To decide whether the option is checked, the 
largest square that will fit inside the circle is found, and the 
option is considered checked if at least 50% of the square's 
area is ticked. 

 
Figure 2. Evaluation workflow 

 
The results obtained when the techniques mentioned are 
applied to the optical form are shown in Figure 3. After the 
aforementioned pre-processing steps, QR code extraction was 
performed as seen in Figure 4. According to the location of 
the QR code found, it is decided whether the image is inverted 
and, if necessary, the image is rotated 180 degrees again. 
 
 
 
 
.
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(a) Unit operations page 

 
(b) User operations page 

  

 
(c) Classroom operations page 

 
(d) Exam operations page 

  

 
(e) Correct answer operations page 

 
(f) Scanned optical form operations page 

  

 
(g) Session planning operations page 

 
(h) Optical form design page 

  
Figure 1. Interface of the system 
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(a) Colored image is 
converted to grayscale image 
for reducing the memory 
space of the file. 

(b) Gaussian filter is applied 
to reduce noise. 

(c) Morphological opening is 
applied to remove the breaks 
in the black pixels. 

(d) Thresholding is applied 
to reduce noise and the 
image is converted to binary 
image. Since image 
processing algorithms 
generally perceive black 
pixels as background, black 
and white pixels are 
switched. 

    

 
(e) Canny edge detection 
algorithm is applied to detect 
the edges in the image. 

 
(f) After edge detection, the 
contours in the image are 
searched and the rectangular 
contour with the largest area 
is selected as the response 
area. 

 
(g) The image translation 
algorithm is applied to reset 
the angle of the selected 
rectangle. 

 

Figure 3. Evaluation detailed steps 
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Figure 4. QR code check 

 
 

Question evaluation steps were applied as shown in Figure 5. 
 

 

 
(a) The question line is determined with the help of the 
previously calculated scale. 
 

 
(b) The circles in the found question line are determined 
using the Hough circle transform algorithm. 
 

 
(c) The largest square to fit inside the detected circles is 
calculated and for each option, the gray color intensity in 
this selected square is proportioned to 255. If the ratio is 
less than 0.5, the option is considered marked. 
 

Figure 5. Question evaluation stages 
 
After evaluating all the questions, the correct answers are 
marked in green, the wrong answers in red, the correct 
answers in the wrong or empty options are marked in blue, and 
the invalid answers are marked in purple. An orange line is 
used for blank questions and a purple cross for invalid 
questions. The resulting markings are shown in Figure 6. 
 

 
Figure 6. Answer sheet marked by the system 

 

4. Result and Discussion 

In order to measure the accuracy and performance of the 
designed system, the evaluation of 5785 questions in 208 
optical forms in 3 different exams of the students studying at 
the Computer Engineering Department of Karamanoğlu 
Mehmetbey University was made at 3 different scanner 
resolution levels. As a result of these tests, the accuracy rate 
of the web-based optical form reading system was measured 
as 99.9%. In Figure 7, 3 different optical form designs used in 
exams are shown. The system designed in the study was tested 
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with questions with 4 or 5 options, different columns and 
questions. 
 
In Table 2, the test results are shown in detail on the basis of 
scanning resolution. Since the evaluation period of the system 
is an important indicator in terms of performance, the tests 
were carried out both in parallel and in series. During the tests, 

the time taken to evaluate one optical form is between 2.8 
seconds and 1.8 seconds when scanned at 200 DPI resolution, 
between 8.3 seconds and 5.8 seconds when scanned at 300 
DPI resolution, and between 16 seconds and 10.9 seconds 
when scanned at 600 DPI resolution. In Table 3, the time 
performance of the system is shown in detail on the basis of 
scanning resolution.

 

   

Figure 7. Optical form designs used in exams 
 
Table 2. The accuracy performance of the system 

  
Number of 

Optical 
Forms 

Uploaded 

Percentage 
of Errorless 

Optical 
Forms 

Number of 
Questions 

Percentage 
of Questions 

Read 
Correctly 

Number of 
Options 

Percentage 
of Correctly 
Evaluated 
Options 

D
PI

 200 208 96.63% 5785 99.88% 25140 99.97% 

300 208 93.75% 5785 99.74% 25140 99.94% 

600 208 87.98% 5785 99.46% 25140 99.88% 
 

Table 3. Time performance of the system 

 Number of Optical Forms 
Evaluated 

1 Optical Form Evaluation 
Time (Second) 

1 Optical Form Evaluation Time 
(Seconds) in Parallel Mode   

200 DPI 208 2.815 1.795 

300 DPI 208 8.277 5.774 

600 DPI 208 16.062 10.882 

As a result of the test studies, it has been revealed that the most 
optimal performance of the system will be achieved with 
200DPI scanning resolution and parallel operation. In order to 
increase the correct reading performance to 100%, it is 

thought that it will be achieved by informing the students more 
about marking and the use of optical form.   
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