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1 Introduction

In 1999, Molodtsov r18s introduced the concept of a soft set theory as a new mathemat-
ical tool for dealing with uncertainties. This theory provides a very general framework
with the involvement of parameters. The parameters can be expressed in the form of
words, sentences, real numbers and so on. This implies that the problem of setting the
membership function does not arise. Hence, soft set theory has attractive applications
in other disciplines and real life problems, most of these applications was shown by
Molodtsov r18s. Recently, researchers are contributing a lot regarding soft set theory
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and its applications [2, 14, 17, 22].
Maji et.al. [16] combined the concept of fuzzy set and soft set and introduced the

new notion of the fuzzy soft set. Roy et al. [21] presented some results on an appli-
cation of fuzzy soft sets in decision making problem. Then, Tanay and Kandemir [24]
initiated the concept of a fuzzy soft topology and gave the some basic properties of it
by following Chang [7]. Also, the fuzzy soft topology in Lowen’s sense [13] was given by
Varol and Aygün [25]. In recent years, there have been considerable advances in fuzzy
soft sets and their applications r1, 3, 4, 9, 10, 12, 26s.

Filters were introduced in 1937 by Cartan [6]. The study of filters is a very natural
way to describe convergence in a topological space. Moreover, they play a fundamental
role in the development of fuzzy spaces which have applications in computer science and
engineering. Then, many authors have obtained the concept of a fuzzy filter structure
in different approaches. By using fuzzy sets, Vicente and Aranguren [20] defined fuzzy
filters. Burton et al. [5] introduced the different notion of a fuzzy filter. Later, as an
extension of these definitions, Kim et al. [11] proposed a new definition of fuzzy filter
on a set X as a map F : LX Ñ M satisfying certain conditions, where L and M are a
completely distributive lattice.

Extensions of filter structures to the soft sets and also fuzzy soft sets have been
studied by some authors. More recently, Şahin et al. [23] defined soft filters and stud-
ied some of their properties. By using fuzzy soft sets, Çetkin et al. [8] introduced fuzzy
soft filters on the base of definition suggested by Kim et al. [11].

In this work, we continue investigating the properties of fuzzy soft filters in Vicente
and Aranguren’s sense [20]. We define the notion of a fuzzy soft ultrafilter and obtain
a few results analogous to the ones that hold for fuzzy ultrafilters. Also, we show that
each fuzzy soft filter on X induces a fuzzy soft topology on the same set. Moreover, we
investigate the convergence theory of fuzzy soft filters. Finally, we show that a fuzzy
soft filter converge to at most one fuzzy soft point in a fuzzy soft Hausdorff space.

2 Preliminary

In this section, we recall some basic notions regarding fuzzy soft sets which will be used
in the sequel. Throughout this work, let X be an initial universe, IX be the set of all
fuzzy subsets of X and E be the set of all parameters for X.

Definition 2.1. [16] A fuzzy soft set f on the universe X with the set E of parameters
is defined by the set of ordered pairs

f “ tpe, fpeqq : e P E, fpeq P IXu

where f is a mapping given by f : E Ñ IX .

Throughout this paper, the family of all fuzzy soft sets over X is denoted by pIXqE [8].
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Definition 2.2. [1, 16, 25] Let f, g P pIXqE. Then,

(i) The fuzzy soft set f is called a null fuzzy soft set, denoted by rH, if fpeq “ 0 for
every e P E.

(ii) If fpeq “ 1 for all e P E, then f is called an absolute fuzzy soft set, denoted by
rX.

(iii) f is a fuzzy soft subset of g if fpeq ď gpeq for each e P E. It is denoted by
f Ď g.

(iv) f and g are fuzzy soft equal if f Ď g and g Ď f . It is denoted by f “ g.

(v) The complement of f is denoted by f c, where f c : E Ñ IX is a mapping defined
by f cpeq “ 1 ´ fpeq for all e P E. Clearly, pf cqc = f.

(vi) The union of f and g is a fuzzy soft set h defined by hpeq “ fpeq _ gpeq for all
e P E. h is denoted by f \ g.

(vii) The intersection of f and g is a fuzzy soft set h defined by hpeq “ fpeq ^ gpeq
for all e P E. h is denoted by f [ g.

Definition 2.3. [9] Let f and g be two fuzzy soft sets. The difference of two fuzzy soft
sets f and g over X, denoted by fzg, is defined as fzg “ f [ gc.

Definition 2.4. [1] Let J be an arbitrary index set and let tfiuiPJ be a family of fuzzy
soft sets over X. Then,

(i) The union of these fuzzy soft sets is the fuzzy soft set h defined by hpeq “
Ž

iPJ fipeq for every e P E and this fuzzy soft set is denoted by
Ů

iPJ fi.
(ii) The intersection of these fuzzy soft sets is the fuzzy soft set h defined by hpeq “

Ź

iPJ fipeq for every e P E and this fuzzy soft set is denoted by
Ű

iPJ fi.

Theorem 2.5. [25] Let J be an index set and f , g, fi , gi P pIXqE, for all i P J . Then,
the following statements are satisfied.

(1) f [
`
Ů

iPJ gi
˘

=
Ů

iPJpf [ giq.
(2) f \

`
Ű

iPJ gi
˘

=
Ű

iPJpf \ giq.

(3)
`
Ű

iPJ fi
˘c

“
Ů

iPJ f
c
i .

(4)
`
Ů

iPJ fi
˘c

“
Ű

iPJ f
c
i .

(5) If f Ď g, then gc Ď f c.

Definition 2.6. [3, 26] A fuzzy soft set f over X is said to be a fuzzy soft point if there
is an e P E such that fpeq is a fuzzy point in X

`

i.e., there exists an x P X such that
fpeqpxq “ α P p0, 1s and fpeqpx1q “ 0 for all x1 P X ´ txu

˘

and fpe1q “ 0 for every
e1 P Ezteu. It will be denoted by exα.

The fuzzy soft point exα is said to belongs to a fuzzy soft set f , denoted by exα rP f ,
if α ď fpeqpxq.

Let PpX,Eq be the family of all fuzzy soft points on X.
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Definition 2.7. [10] Let pIXqE and pIY qK be the families of all fuzzy soft sets over
X and Y , respectively. Let φ : X Ñ Y and ψ : E Ñ K be two mappings. Then, the
mapping φψ is called a fuzzy soft mapping from X to Y , denoted by φψ : pIXqE Ñ pIY qK .

(1) Let f P pIXqE. Then φψpfq is the fuzzy soft set over Y defined as follows:

φψpfqpkqpyq “

#

Ž

xPφ´1pyq

´

Ž

ePψ´1pkq fpeq
¯

pxq, if ψ´1pkq ‰ H, φ´1pyq ‰ H;

0, otherwise.

for all k P K and all y P Y .

(2) Let g P pIY qK . Then φ´1
ψ pgq is the soft set over X defined as follows:

φ´1
ψ pgqpeqpxq “ gpψpeqqpφpxqq

for all e P E and all x P X.

Theorem 2.8. [3, 10, 25] Let f, fi P pIXqE and g, gi P pIY qK for all i P J where J
is an index set. Then, for a fuzzy soft mapping φψ : pIXqE Ñ pIY qK, the following
conditions are satisfied.

p1q If f1 Ď f2, then φψpf1q Ď φψpf2q.
p2q If g1 Ď g2, then φ

´1
ψ pg1q Ď φ´1

ψ pg2q.

p3q f Ď φ´1
ψ pφψpfqq, φψpφ´1

ψ pgqq Ď g.

p4q φψ
`
Ů

iPJ fi
˘

“
Ů

iPJ φψpfiq.
p5q φψ

`
Ű

iPJ fi
˘

Ď
Ű

iPJ φψpfiq.
p6q φ´1

ψ

`
Ů

iPJ gi
˘

“
Ů

iPJ φ
´1
ψ pgiq, φ

´1
ψ

`
Ű

iPJ gi
˘

“
Ű

iPJ φ
´1
ψ pgiq.

p7q φ´1
ψ prY q “ rX, φ´1

ψ p rHq “ rH

p8q φψp rHq “ rH.

Proposition 2.9. [26] Let φψ : pIXqE Ñ pIY qK be a fuzzy soft mapping and exα P

PpX,Eq. Then φψpexαq “ ψpeqφpxqα P PpY,Kq.

Definition 2.10. [25] Let f P pIXqE and g P pIY qK. The fuzzy soft product f ˆ g is
defined by the fuzzy soft set h where h : E ˆ K Ñ IXˆY and hpe, kq “ fpeq ˆ gpkq for
all pe, kq P E ˆ K.

Definition 2.11. [25] Let f P pIXqE, g P pIY qK and let pX : XˆY Ñ X, qE : EˆK Ñ

E and pY : X ˆ Y Ñ Y, qK : E ˆ K Ñ K be the projection mappings in classical
meaning. The fuzzy soft mappings ppXqqE and ppY qqK are called fuzzy soft projection
mappings from X ˆ Y to X and X ˆ Y to Y , respectively, where ppXqqEpf ˆ gq “ f
and ppY qqK pf ˆ gq “ g.
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Definition 2.12. [24] Let τ be the collection of fuzzy soft sets over X, then τ is said
to be a fuzzy soft topology on X if

pFST1q rH, rX belong to τ .
pFST2q the union of any number of fuzzy soft sets in τ belongs to τ .
pFST3q the intersection of any two fuzzy soft sets in τ belongs to τ

pX, τq is called a fuzzy soft topological space. The members of τ are called fuzzy soft
open sets in X. A fuzzy soft set f over X is called a fuzzy soft closed in X if f c P τ .

Definition 2.13. [24] Let pX, τq be a fuzzy soft topological space and f P pIXqE. The
fuzzy soft interior of f is the fuzzy soft set f o “

Ů

tg : g is a fuzzy soft open set and g Ď

f}.
By property pFST2q for fuzzy soft open sets, f o is fuzzy soft open. It is the largest

fuzzy soft open set contained in f.

Definition 2.14. [19, 25] Let pX, τq be a fuzzy soft topological space and f P pIXqE.
The fuzzy soft closure of f is the fuzzy soft set f “

Ű

tg : g is a fuzzy soft closed set and f Ď

g}.
Clearly f is the smallest fuzzy soft closed set over X which contains f.

Definition 2.15. [24] A fuzzy soft set f in a fuzzy soft topological space pX, τq is called
a fuzzy soft neighborhood of the fuzzy soft point exα if there exists a fuzzy soft open set
g such that exα rP g Ď f .

The fuzzy soft neighborhood system of a fuzzy soft point exα, denoted by N pexαq, is
the family of all its fuzzy soft neighborhoods.

Theorem 2.16. [15, 26] A fuzzy soft set f over X is fuzzy soft open iff f is a fuzzy
soft neighborhood of each of its fuzzy soft points.

Theorem 2.17. [15, 26] Let pX, τq be a fuzzy soft topological space and N pexαq be the
fuzzy soft neighborhood system of fuzzy soft point exα. Then,

pFSN1q N pexαq ‰ H,
pFSN2q If f P N pexαq, then exα rP f ,
pFSN3q If f P N pexαq and f Ď g, then g P N pexαq,
pFSN4q If f, g P N pexαq, then f [ g P N pexαq,
pFSN5q If f P N pexαq, then there is a g P N pexαq such that g Ď f and g P N pe1

yλ
q,

for each e1
yλ

rP g.

Theorem 2.18. Let there be assigned to each fuzzy soft point exα P PpX,Eq a collection
N pexαq of subsets of pIXqE satisfying the above axioms (FSN1)-(FSN5). Then, there
exists a fuzzy soft topology τ on X such that, for each exα P PpX,Eq, N pexαq is the
τ -fuzzy soft neighborhood system of exα.

Proof: Let τ “ tf P pIXqE : f P N pexαq for each exα rP fu. It is clear that
rH, rX P τ.
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Let f, g P τ and exα rP f [ g. Then, exα rP f and exα rP g. Therefore, f, g P N pexαq

and by pFSN4q, we have f [ g P N pexαq. Thus, f [ g P τ .
Let tfiuiPJ Ď τ and exα rP

Ů

iPJ fi. Then, there exists an i0 P J such that exα rP fi0 .
By the definition of τ , fi0 P N pexαq. Hence, from pFSN3q, we have

Ů

iPJ fi P N pexαq.
Now, let us show that N pexαq is the fuzzy soft neighborhood system of exα . Let f

be a fuzzy soft neighborhood of exα . Then there is a g P τ such that exα rP g Ď f . By
the definition of τ , we have g P N pexαq. Thus, since g Ď f , we obtain f P N pexαq.
Conversely, let f P N pexαq. Then, from pFSN5q, there exists a g P N pexαq such that
g Ď f and g P N pe1

yλ
q, for each e1

yλ
rP g. By the definition of τ , g P τ . Also, from

g P N pexαq it follows that exα rP g. Hence f is a fuzzy soft neighborhood of exα .

Definition 2.19. [3, 26] Let pX, τ1q and pY, τ2q be two fuzzy soft topological spaces. A
fuzzy soft mapping φψ : pX, τ1q Ñ pY, τ2q is called fuzzy soft continuous if for each fuzzy
soft point exα in X and each fuzzy soft neighborhood h of φψpexαq, there is a fuzzy soft
neighborhood g of exα such that φψpgq Ď h.

Theorem 2.20. [25] Let tpXi, τiquiPJ be a family of fuzzy soft topological spaces and let
τ be the product fuzzy soft topology on Xp“

ś

iPJ Xiq. τ has as a base the set of finite
intersections of fuzzy soft sets of the form ppXi

q´1
pqEi

q
pfiq, where fi P τi, i P J .

3 Fuzzy Soft Filter

In this section, we study some elementary properties of fuzzy soft filter structures in
Vicente and Aranguren’s sense. We introduce the concepts of a fuzzy soft filter base
and a fuzzy soft ultrafilter and give several related properties. Also, we investigate the
convergence theory of the fuzzy soft filter in a fuzzy soft topological space.

Definition 3.1. [8] A fuzzy soft filter F on X is a nonempty collection of subsets of
pIXqE with the following properties:

pFSF1q rH R F ,
pFSF2q If f, g P F , then f [ g P F ,
pFSF3q If f P F and f Ď g, then g P F .

If F1 and F2 are two fuzzy soft filters on X, we say that F1 is finer than F2 (or F2 is
coarser than F1) iff F1 Ě F2.

Example 3.2. For each α P p0, 1s,

Fα “ tf P pIXqE : fpeqpxq ě α, @e P E, @x P Xu

is a fuzzy soft filter on X.
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Definition 3.3. Let f P pIXqE. Then,
(i) f is said to be finite if there exists a finite parameter subset A Ď E such that

fpeq ‰ 0 for every e P A and fpe1q “ 0 for every e1 P EzA.

(ii) f is said to be countable if there exists a countable parameter subset A Ď E
such that fpeq ‰ 0 for every e P A and fpe1q “ 0 for every e1 P EzA.

It is readily shown that the union of any finite number of finite fuzzy soft sets is a
finite fuzzy soft set. Again, the union of any countable number of countable fuzzy soft
sets is a countable fuzzy soft set.

Example 3.4. (i) Let X “ tx1, x2u and E “ te1, e2, e3, ...u. Then,

f “ tpe1, tx1z0.2, x2z0uq, pe2, tx1z0.5, x2z0.1uq, pe3, 0q, pe4, 0q, ...u

(that is, fpeq “ 0 for each e P Ezte1, e2u ) is a finite fuzzy soft set.

(ii) Let X “ tx1, x2u and E “ tei : i P Ru. If fpeq ‰ 0 for every e P A “ tei : i P Nu

and fpe1q “ 0 for every e1 P EzA, then f is a countable fuzzy soft set.

Example 3.5. (i) Let X be an arbitrary set and E be an infinite set. Then,

F “ tf P pIXqE : f c is finiteu

is a fuzzy soft filter on X.

(ii) Let X be an arbitrary set and E be an uncountable set. Then,

F “ tf P pIXqE : f c is countableu

is a fuzzy soft filter on X.

Definition 3.6. A collection B of subsets of pIXqE is called a base for a fuzzy soft filter
on X if the following two conditions are satisfied :

pB1q B ‰ H and rH R B,
pB2q If f, g P B, then there is an h P pIXqE such that h Ď f [ g.

One readily sees that if B is a base for a fuzzy soft filter on X, the collection

FB “ tf P pIXqE : there exists an h P B such that h Ď fu

is a fuzzy soft filter on X. We say that the fuzzy soft filter FB is generated by B

Example 3.7. Let f be a nonempty fuzzy soft set. Then, B “ tfu is a base for a fuzzy
soft filter on X.



Journal of New Results in Science 8 (2015) 92-107 99

Theorem 3.8. Let φψ : pIXqE Ñ pIY qK be a fuzzy soft mapping and let F be a fuzzy
soft filter on X. Then, tφψpfq : f P Fu is a base for a fuzzy soft filter φψpFq on Y .

Proof: We need to verify axioms pB1q ´ pB2q. It is clear from the definition of
fuzzy soft filter.

Definition 3.9. A fuzzy soft filter F on X is called a fuzzy soft ultrafilter if there is no
finer fuzzy soft filter than F (i.e., it is maximal for the inclusion relation among fuzzy
soft filters ).

Theorem 3.10. Every fuzzy soft filter F on X is contained in some fuzzy soft ultrafilter
on X.

Proof: Let Φ be the collection of all fuzzy soft filters on X finer than F , partially
ordered by F1 À F2 if and only if F1 Ď F2. Now, let us take a chain tFα : α P Λu Ď Φ.
From the fact that if f1 and f2 belong to

Ť

αPΛ Fα, then they both belong to some Fα

by linearity of the inclusion order on tFα : α P Λu it follows that
Ť

αPΛFα is a fuzzy
soft filter on X. Hence,

Ť

αPΛFα is an upper bound of tFα : α P Λu. Thus, by Zorn’s
Lemma, Φ has a maximal element G and therefore, clearly, G is a fuzzy soft ultrafilter
containing F .

Lemma 3.11. If A is a collection of fuzzy soft sets with the finite intersection property,
then there is a fuzzy soft filter F on X such that A Ď F .

Proof: Let F be the collection of all f P pIXqE such that there is a finite tf1, ..., fnu Ď

A with f1 [ ... [ fn Ď f . Then F is a fuzzy soft filter containing A.

Theorem 3.12. Let F be a fuzzy soft filter on X. Then,

(i) F is a fuzzy soft ultrafilter on X if and only if each g P pIXqE such that f[g ‰ rH

for all f P F belongs to F .

(ii) If F is a fuzzy soft ultrafilter on X and f1 \f2 P F , then we have either f1 P F
or f2 P F .

(iii) If F is a fuzzy soft ultrafilter on X, then for every f P pIXqE we have either
f P F or f c P F .

Proof: (i) Let F be a fuzzy soft ultrafilter on X and let g P pIXqE be such that

f [ g ‰ rH for every f P F . Put G “ F Y tgu. Since G has the finite intersection
property, by Lemma 3.11, there exists a fuzzy soft filter H on X such that G Ď H. By
the maximality of F , we have F “ H and thus g P F .

Conversely, suppose that F contains every g P pIXqE such that f [ g ‰ rH for all
f P F . Let us take a fuzzy soft filter G such that F Ď G. Then, there is an h P pIXqE

such that h P G and h R F . If f P F , then f, h P G and therefore f [ h ‰ rH. Thus, by
hypothesis, we have h P F . This is a contradiction.
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(ii) Suppose that f1, f2 R F and let f “ f1 \ f2 P F . By piq, there exist g1, g2 P F with

f1 [ g1 “ f2 [ g2 “ rH. If g “ g1 [ g2, then we have g P F and f [ g “ rH. This implies
that f R F , which is a contradiction.

(iii) Assume that neither f nor f c belongs to F . From (i) it follows that there is a

g P F such that g [ pf \ f cq “ rH. Since g ‰ rH, there exist an e P E and an x P X
with gpeqpxq ‰ 0. For these e P E and x P X we also have fpeqpxq _f cpeqpxq ‰ 0. Thus
we obtain gpeqpxq ^

`

fpeqpxq _ f cpeqpxq
˘

‰ 0, a contradiction.

Theorem 3.13. Let φψ : pIXqE Ñ pIY qK be a fuzzy soft mapping and let B be a base
for a fuzzy soft ultrafilter on X. Then, B˚ “ tφψpfq : f P Bu is a base for a fuzzy soft
ultrafilter on Y .

Proof: We first show that B˚ is a base for a fuzzy soft filter on Y .
pB1q is obvious.
pB2q Let φψpf1q, φψpf2q P B˚. Then, there exists an f3 P B such that f3 Ď f1 [ f2.
Therefore, we have φψpf3q Ď φψpf1q [ φψpf2q. Thus, B˚ is a base for a fuzzy soft filter
on Y .

Let F˚ be the fuzzy soft filter on Y generated by B˚ and suppose that G is another
fuzzy soft filter on Y with F˚ Ă G. Then, there is a g P pIXqE such that g P G and
g R F˚. Let F be the fuzzy soft ultrafilter on X generated by B. If f P F , then there is
an h P B such that h Ď f . Because φψphq and g belong both to the fuzzy soft filter G,
we have φψphq [ g ‰ rH. Therefore, there exist a k P K, y P Y and an α ą 0 such that
φψphqpkqpyq ą α and gpkqpyq ą α. By the definition of φψphq, there exist an e P E and
an x P X such that ψpeq “ k, φpxq “ y and hpeqpxq ą α. Then,

α ă minthpeqpxq, gpψpeqqpφpxqqu “ minthpeqpxq, φ´1
ψ pgqpeqpxqu

“
`

h [ φ´1
ψ pgq

˘

peqpxq

ď
`

f [ φ´1
ψ pgq

˘

peqpxq.

This says that f[φ´1
ψ pgq ‰ rH for every f P F . By Theorem 3.12 (i) we have φ´1

ψ pgq P F
and therefore there exists a g1 P B with g1 Ď φ´1

ψ pgq. From the fact that φψpg1q Ď g
and φψpg1q P B˚ it follows that g P F˚. This contradiction completes the proof.

Definition 3.14. A fuzzy soft filter F on X is called a fuzzy soft free if
Ű

tf : f P

Fu “ rH.

Theorem 3.15. Every fuzzy soft ultrafilter F is fuzzy soft free.

Proof: Assume that
Ű

tf : f P Fu ‰ rH. Then, there exists a fuzzy soft point
exα rP

Ű

tf : f P Fu. Now, take a fuzzy soft point exλ such that λ ă α. For each f P F ,

exλ [ f ‰ rH. Therefore, by Theorem 3.12 (i), we have exλ P F . Thus, exα rP exλ , that
is, α ď λ. This is a contradiction.
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Definition 3.16. [19] Let X be a set and let A be a subset of X. Then, rχA is a fuzzy
soft set on A defined as the following:

rχApeq “ χA for every e P E

where χA is a characteristic function of A.

Theorem 3.17. Let F be a fuzzy soft ultrafilter on X, A Ď X and suppose that for
every e P E and for every x P XzA, there is an f˚ P F such that f˚peqpxq “ 0. If we
set fA “ f [ rχA for each f P F , then

FA “ tfA : f P Fu

is a fuzzy soft ultrafilter on A.

Proof: We first prove that FA is a fuzzy soft filter on A.
pFSF1q Assume that rH P FA. Then, there exists an f P F such that f [ rχA “ rH.

Thus, we have f [ f˚ “ rH P F , which is a contradiction.
pFSF2q Let fA, gA P FA. Then, we have f, g P F and therefore f [ g P F . Since

pf [ gqA “ fA [ gA, we get fA [ gA P FA.
pFSF3q Let fA P FA and let us take a g P pIAqE satisfying fA Ď g. We define an

h P pIXqE by

For each e P E, hpeqpxq “

"

gpeqpxq, if x P A;
1, if x R A.

Then, since f Ď h, we have h P F . Thus g “ hA P FA.
Now, we shall show that FA is a fuzzy soft ultrafilter on A. Let g P pIAqE such that

fA [ g ‰ rH for each fA P FA. Let us define an h P pIXqE by

For each e P E, hpeqpxq “

"

gpeqpxq, if x P A;
1, if x R A.

Since f [ h ‰ rH for each f P F , by Theorem 3.12 piq, we have h P F . Therefore,
g “ hA P FA. Thus, from Theorem 3.12 (i) it follows that FA is a fuzzy soft filter on A.

Theorem 3.18. Let there be assigned to each fuzzy soft point exα P PpX,Eq a fuzzy
soft filter Fpexαq satisfying the following properties:

(a) If f P Fpexαq, then exα rP f ,
(b) If f P Fpexαq, then there is a g P Fpexαq such that g Ď f and g P N pe1

yλ
q, for

each e1
yλ

rP g.

Then, there exists a fuzzy soft topology τ on X such that, for each exα P PpX,Eq,
Fpexαq is the τ -fuzzy soft neighborhood system of exα.
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Proof: It is clear by Theorem 2.18, since Fpexαq has the properties pFSN1q ´

pFSN5q.

Definition 3.19. Let pX, τq be a fuzzy soft topological space. A fuzzy soft point exα rP rX
is said to be in the adherence of a fuzzy soft set f on X (e.g., is adherent to f) if for
each g P N ppexαqcq, g Ę f c, where pexαqc “ ex1´α.

Example 3.20. Let X “ tx1, x2u and E “ te1, e2u. Let us consider the following fuzzy
soft sets on X with the set E of parameters:

f “
␣

pe1, tx1z0.1, x2z0.7uq, pe2, tx1z0.5, x2z0.3uq
(

,

g “
␣

pe1, tx1z0.3, x2z0.6uq, pe2, tx1z0.2, x2z0.3uq
(

.

Then, τ “ t rH, rX, f, g, f \ g, f [ gu is a fuzzy soft topology on X. Also, since h Ę f c

for every h P N pe1
x0.62

q, we see that e1
x0.42

is in the adherence of the fuzzy soft set f .

Theorem 3.21. Let exα P PpX,Eq and f P pIXqE. Then exα rP f if and only if exα is
in the adherence of f .

Proof: Let exα rP f . For every fuzzy soft closed set k which contains f , α ď kpeqpxq.
By taking complement, this fact can be stated as follows: for every fuzzy soft open set
h Ď f c, hpeqpxq ď p1 ´ αq. In other words, for every fuzzy soft open set h satisfying
p1 ´ αq ă hpeqpxq, h Ę f c. Thus, exα is in the adherence of f .

Conversely, let exα be in the adherence of f . Then, for every fuzzy soft open set h
satisfying ex1´α rP h, h Ę f c. Therefore, for every fuzzy soft open set h such that h Ď f c,
we have p1 ´ αq ą hpeqpxq. In other words, for every fuzzy soft closed set k such that
f Ď k, we obtain α ď kpeqpxq. Thus, exα rP f .

Definition 3.22. A fuzzy soft filter F on a fuzzy soft topological space pX, τq is said
to converge to the fuzzy soft point exα, denoted by F Ñ exα, if N pexαq Ď F .

Definition 3.23. Let pX, τq be a fuzzy soft topological space, F be a fuzzy soft filter on
X and exα P PpX,Eq. exα is called a fuzzy soft cluster point of F , denoted by F8exα,
if every fuzzy soft neighborhood of exα intersects all members of F .

Remark 3.24. It is clear that if F Ñ exα, then F8exα. But the converse is not always
true. For example, consider the fuzzy soft topological space pX, τq as defined in Example
3.20. The fuzzy soft filter F “ th P pIXqE : f Ď hu on X has a fuzzy soft cluster point
e1
x0.31

; but does not converge.

Theorem 3.25. Let pX, τq be a fuzzy soft topological space and let F be a fuzzy soft
filter on X. Then, F8exα if and only if there exists a fuzzy soft filter G such that
G Ě F and G Ñ exα.
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Proof: If F8exα , then the collection B “ tf [ g : f P N pexαq, g P Fu is a base for
a fuzzy soft filter G which is finer than F and converges to exα

On the other hand, if G Ě F and G Ñ exα , then every f P N pexαq and every g P F
belong to G. Since G is fuzzy soft filter, f [ g ‰ rH. Thus, F8exα .

Theorem 3.26. Let pX, τq be a fuzzy soft topological space, f P pIXqE and exα P

PpX,Eq. Then, the following conditions are satisfied.

(i) f P τ if and only if for each fuzzy soft filter F on X converging to exα rP f , we
have f P F .

(ii) exα is adherent to f if and only if there exists a fuzzy soft filter F on X such
that f c R F and F Ñ ex1´α.

(iii) f P τ c if and only if whenever F is a fuzzy soft filter on X such that f c R F
and F Ñ ex1´α, then exα rP f .

Proof: (i) The necessity is clear from the definition of a fuzzy soft open set.
To prove sufficiency, by Theorem 2.16 it is enough to show that f is a fuzzy soft

neighborhood of each of its fuzzy soft points. Let exα rP f and take N pexαq “ F . Then,
by hypothesis, we have f P N pexαq.

(ii) If exα is adherent to f , then for each g P N pex1´αq, g Ę f c. Letting F “ N pex1´αq,
we obtain F Ñ ex1´α and f c R N pex1´αq.

For the converse, let F be a fuzzy soft filter on X such that F Ñ ex1´α and f c R F .
Then, for each g P N pex1´αq we have g Ę f c, because otherwise we would have f c P F
which is impossible. Thus, exα is adherent to f .

(iii) Necessity follows from (ii) and Theorem 3.21.
To prove sufficiency, we shall show that f Ď f . Let exα rP f . By Theorem 3.21,

for each g P N pex1´αq, g Ę f c. Considering F “ N pex1´αq, we have F Ñ ex1´α and
f c R N pex1´αq. Thus, from hypothesis it follows that exα rP f .

Theorem 3.27. Let pX, τ1q and pY, τ2q be two fuzzy soft topological spaces and exα P

PpX,Eq. A fuzzy soft mapping φψ : pX, τ1q Ñ pY, τ2q is fuzzy soft continuous if and
only if whenever F converges to exα, φψpFq converges to φψpexαq.

Proof: Suppose φψ is fuzzy soft continuous at exα and F Ñ exα . Let f be any
fuzzy soft neighborhood of φψpexαq in Y . Then, for some fuzzy soft neighborhood g of
exα , φψpgq Ď f . Thus, from the fact that g P F it follows that f P φψpFq.

Conversely, let F “ N pexαq. Since F Ñ exα , by hypothesis, we have φψpFq Ñ

φψpexαq. Then every fuzzy soft neighborhood f of φψpexαq belongs to φψpFq. Therefore,
there is a fuzzy soft neighborhood g of exα such that φψpgq Ď f . Thus, φψ is fuzzy soft
continuous at exα .

Definition 3.28. Let Xi be a set for each i P J and let ei
x
αi
i

P PpXi, Eiq. Then, the

fuzzy soft product
ś

iPJ e
i
x
αi
i

is a fuzzy soft point in
ś

iPJ Xi, denoted by peiqpxiqα where

α “ inftαi : i P Ju.
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Theorem 3.29. Let tpXi, τiquiPJ be a family of fuzzy soft topological spaces and let τ
be the product fuzzy soft topology on Xp“

ś

iPJ Xiq. Then,

(i) A fuzzy soft filter F on X converges to peiqpxiqα P PpX,Eq if and only if
ppXi

qpqEi
qpFq Ñ ppXi

qpqEi
qppeiqpxiqαq “ ei

x
αi
i

P PpXi, Eiq for each i P J .

(ii) If F 8 peiqpxiqα, then ppXi
qpqEi

qpFq 8 ei
x
αi
i

for each i P J .

Proof: (i) Because ppXi
qpqEi

q is fuzzy soft continuous for each i P J , necessity follows
immediately from Theorem 3.27.

On the other hand, suppose ppXi
qpqEi

qpFq Ñ ei
x
αi
i

for each i P J . By Theorem 2.20,

we know that the collection

B “
␣

ę

iPΛ

ppXi
q´1

pqEi
q
pfiq : fi P τi,@i P Λ and Λ Ă J is finite

(

is a fuzzy soft base for τ . We shall show that for each h P B such that peiqpxiqα rP h,
h P F , which will complete the proof. Let us take h “

Űn
j“1ppXij

q´1
pqEij

q
pfijq P B such that

peiqpxiqα rP h. By hypothesis, we have ppXij
qpqEij

qpFq Ñ e
ij

x
αij
ij

for each j P t1, 2, ..., nu and

therefore fij P ppXij
qpqEij

qpFq. From Theorem 3.8 it follows that there exists a gj P F
such that ppXij

qpqEij
qpgjq Ď fij and so that gj Ď ppXij

q´1
pqEij

q
pfijq for each j P t1, 2, ..., nu.

Thus, since
Űn
j“1 gj P F and

Űn
j“1 gj Ď

Űn
j“1ppXij

q´1
pqEij

q
pfijq “ h, we obtain h P F .

(ii) It is clear from (i) and Theorem 3.25.

Definition 3.30. Two fuzzy soft points e1
x
α1
1
, e2
x
α2
2

are said to be equal if e1 “ e2, x1 “ x2

and α1 “ α2. Thus, e1
x
α1
1

‰ e2
x
α2
2

ô x1 ‰ x2 or e1 ‰ e2 or α1 “ α2.

Definition 3.31. [15] A fuzzy soft topological space pX, τq is called fuzzy soft Hausdorff
space if for any two distinct fuzzy soft points e1

x
α1
1
, e2

x
α2
2

P PpX,Eq there exist fuzzy soft

open sets f and g such that e1
x
α1
1

rP f, e2
x
α2
2

rP g and f [ g “ rH.

Theorem 3.32. A fuzzy soft topological space pX, τq is a fuzzy soft Hausdorff space if
and only if every fuzzy soft filter on pX, τq converges to at most one fuzzy soft point.

Proof: Let pX, τq be a fuzzy soft Hausdorff space and F be a fuzzy soft filter on
pX, τq. Suppose that F converges to two distinct fuzzy soft points e1

x
α1
1

and e2
x
α2
2
. By

the fuzzy soft Hausdorff property, there exist fuzzy soft open sets f and g such that
e1
x
α1
1

rP f, e2
x
α2
2

rP g and f [ g “ rH. Since F converges to e1
x
α1
1

and e2
x
α2
2
, then f, g P F .

Therefore, f [ g “ rH P F , contradicting the definition of fuzzy soft filter.
Conversely, assume that every fuzzy soft filter on pX, τq converges to at most one
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fuzzy soft point, but suppose that pX, τq is not a fuzzy soft Hausdorff space. Then,
there are two distinct fuzzy soft points e1

x
α1
1
, e2
x
α2
2

P PpX,Eq such that every pair of

fuzzy soft neighborhoods f of e1
x
α1
1

and g of e2
x
α2
2

intersect. Thus, F “ tf [ g : f P

N pe1
x
α1
1

q, g P N pe2
x
α2
2

qu is a fuzzy soft filter on X. Since every fuzzy soft neighborhood

of e1
x
α1
1

and every fuzzy soft neighborhood of e2
x
α2
2

belongs to F , we get F Ñ e1
x
α1
1

and

F Ñ e2
x
α2
2
. This is a contradiction.

The following example shows that a fuzzy soft filter can converge to more than one
fuzzy soft point in a fuzzy soft topological space which is not fuzzy soft Hausdorff space.

Example 3.33. Let pX, τq be a fuzzy soft topological space which is defined in Example
3.20. Then, pX, τq is not a fuzzy soft Hausdorff space. Also, from the fact that F “

N pe1
x0.72

q “ N pe2
x0.51

q it follows that F Ñ e1
x0.72

and F Ñ e2
x0.51

.

4 Conclusion

The study of filters is a very natural way to talk about convergence in an arbitrary
topological space. Also, they are an important tool used by researchers describing
non-topological convergence notions in functional analysis. Hence, the concept of filter
have been studied by many authors in both the fuzzy setting and the soft setting. In
the present work, we mainly establish some properties of fuzzy soft filters in Vicente
and Aranguren’s sense. We present the concept of a fuzzy soft ultrafilter and study
some of their properties. Also, we investigate convergence of fuzzy soft filters in a fuzzy
soft topological space with related results. Moreover, we show that a fuzzy soft filter
converge to at most one fuzzy soft point in fuzzy soft Hausdorff space. We believe that
the results of this work will contribute to advance and promote the further study on
fuzzy soft topology.
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