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Abstract - In this study, we define new paranormed se- . .

= = - Keywords - Matriz domain
quence spaces ¢o(u,v;p, @) and ¢(u,v;p,G) by combining a gen- p
eralized weighted mean and a generalized difference operator of a sequence space, paranorme

B = B(r, s,t). Furthermore, we compute the a— and f— duals sequence spaces, weighted mean

. . matriz, Matriz transformations
and obtain bases for these sequence spaces. Finally, we charac- ’ f ’

terize the classes of matrix mappings from the new paranormed Schauder basis, a— and ff— du-

sequence spaces to the spaces p(q) for p € {c, ¢, £} als.

1 Introduction

By w, we shall denote the space of all real valued sequences. Any vector subspace
of w is called as a sequence space. We shall write {,,c and ¢y for the spaces of all
bounded, convergent and null sequences, respectively. Also by bs,cs,f; and ¢, ; we
denote the spaces of all bounded, convergent, absolutely and p— absolutely convergent
series, respectively; 1 < p < oo.

A linear topological space X over the real field R is said to be a paranormed space if
there is a subadditive function ¢ : X — R such that g(8) = 0, g(x) = g(—=z) and scalar
multiplication is continuous, i.e., |, —a| — 0 and g(x,—z) — 0imply g(a,z,—az) — 0
for all o/s in R and all z’s in X, where 6 is the zero vector in the linear space X.

Assume here and after that (px) be a bounded sequences of strictly positive real
numbers with supp, = H and M = max{l, H}. Then, the linear spaces c(p), co(p)
(o (p) and £(p) were defined by Maddox [36, 37] (see also Simons [39] and Nakano [38])
as follows:
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{x: (z) Ew:ljim |z, — [|P* = 0 for somele((j}7
CO(p) = {x = (xk;) cEw:. k-hm |$k|pk = O} ,
{JJ = (x) € w :sup |z |PF < oo}
keN

which are the complete spaces paranormed by

gi(x) = sup |z |*™ iff inf p, > 0,
keN keN

and the space

) = {a = (00 €w: Yl < oo}

k
is the complete paranormed by

o2() = (Z \xwk)w.

We shall assume throughout that p,' + (p,)~' = 1 provided 1 < infp, < H < 00
and use the convention that any term with negative subscript is equal to zero. For
simplicity in notation, here and in what follows, the summation without limits runs
from 0 to co. By F and N, we shall denote the collection of all finite subsets of N and
the set of all n € N such that n > k, respectively.

Let (X, h) be a paranormed space. A sequence (by) of the elements of X is called a
basis for X if and only if, for each € X, there exists a unique sequence («ay) of scalars

such that
h(x—Zakbk> — 0 as n — oo.

k=0
The series > agbr which has the sum z is then called the expansion of x with respect
to (b,) and written as x = ) aybg.

Let X,Y be any two sequence spaces and A = (a,;) be an infinite matrix of real
numbers a,;, where n, k € N. Then, we say that A defines a matrix mapping from X
into Y, and we denote it by writing A : X — Y if for every sequence x = (z3) € X
the sequence Ax = ((Az),), the A-transform of z, is in Y, where

(Az), = Zankxk, (n € N). (1)

k

For a sequence space X, the matrix domain X4 of an infinite matrix A is defined

by
Xa={r=(2y) cw: Ar e X} (2)
By (X :Y), we denote the class of all matrices A such that A : X — Y. Thus,

A € (X :Y) if and only if the series on the right-hand side of (1) converges for each
n € N and every x € X, and we have Az = {(Az), }ney € Y for all x € X. A sequence
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x is said to be A- summable to « if Az converges to a which is called as the A- limit
of z.

__ Let r, s and ¢ be non-zero real numbers, and define the generalized difference matrix
B = B(r,s,t) = {bu(r,s,t)} by

r, (k
buk(r, s, t) = tS’ EZ -
(0

for all n, k € N.

We write by U for the set of all sequences u = (u,,) such that u, # 0 for all n € N.
For u e U, let 1/u = (1/u,). Let u,v € U and let us define the matrix G(u,v) = (gnx)
and A = (0,%) as follows:

| upv, (0<Ek<n), P (—1)" % (n—1<k<n),
Ie=N 0,  (k>n), " =00, (0<k<n—1ork>n),

for all n,k € N, where u,, depends only on n and vy only on k. The matrix G(u,v),
defined above, is called as generalized weighted mean or factorable matrix.

The main purpose of this study is to introduce the sequence spaces co(u,v;p, @)
and c(u, v; p, @) which is the set of all sequences whose G (u, v; E)—transforms are in the
spaces ¢o(p) and ¢(p), respectively, where G(u, v; E) denotes the matrix G(u,v; E) =
G(u,v)B = G = (§) defined by

Up VT + Up V1S + UpUpyot, (kK <mn—1)

) upU T Uy ups, (k=n-—1)

Ik =N wvpr, (k =n) (4)
0, (otherwise)

for all k,n € N. Also, we have investigated some topological structures, which have
completeness, the a— and 3— duals, and the basis of these sequence spaces. Finally,
we characterize some matrix mappings on these spaces.

AN

2 The Paranormed Sequence Spaces ¢y(u, v; p, G) and
c(u,v;p, G)
In this section, we define the new sequence spaces cq(u, v; p, @) and c(u, v; p, @) derived
by using the generalized weighted mean and generalized difference operator, and prove
that these sequence spaces is the complete paranormed linear metric spaces and compute
their a— and — duals. Also, we give the basis for these spaces.
Let r and s be non-zero real numbers, and define the double-band matrix B(r,s) =

{bni(r,s)} by

r, (k=n),

bur(r,s) =< s, (k=n—-1),
0, (0<k<n-—1ork>n),

for all k,n € N.
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Altay and Bagar [6] have examined topological properties of the space ¢(u,v;p)
which is defined by

k
luv,p) ={x=(2)) Ew:y= (Zukvjxj> € l(p)}.
=0
Bagarir and Kara have recently defined the sequence space £(u,v;p, B ) in [26], which
consists of all sequences such that G B-transforms are in ¢(p), where G = G(u,v) is the
weighted mean transform and B = B(r, s) is the generalized difference transform.
Following Altay and Basar [6] and Basarir and Kara [26] we define the sequence

spaces A(u,v;p, B) by

Au,v;p, G) = {x = (z) €Ew: (iummi + smig + miz)) € A(p)}

1=0

~ ~

for A € {cy,c}. We may redefine the spaces cy(u,v;p,G) and c(u,v;p,G) using the
notation (2) as follows:

colu,v;p, G) = {co(p)}y and  c(u,v;p, G) = {c(p)}g-

If pr. and r, s,t are selected as suitable, this definition includes the special cases in
the articles [6, 7, 8, 15, 16, 24, 26, 30, 31].
Now, we define the sequence y = (yx) as the G-transform of a sequence z = (),
Le.
k—2
Yk = Uk Z(Wz‘ + SVig1 + i) T + Up(TVp—1 + SUE) T + URVLTTY, (5)
i=0

for all £ € N.

Theorem 2.1. The sequence spaces co(u, v;p, @) and c(u, v; p, @) are the complete lin-
ear metric spaces paranormed by g, defined by

k pr/M

Z upvj(ra; + srj_y +tr;_2)
=0

g(x) = sup
keN

Proof: The proof of this theorem follows from the similar arguments as in the
Theorem3.1 in [26]. So we omit the detail.

~ -~

Theorem 2.2. The sequence spaces c(u,v;p, @) and co(u,v;p, G) are linearly isomor-
phic to the spaces c(p) and co(p) , respectively, where 0 < pp < H < 0.

-~

Proof: We establish this for the space c(u,v;p,G). To prove the theorem, we

~

should show the existence of a linear bijection between the spaces c(u,v;p, G) and ¢(p)
for 0 < p, < H < oo. With the notation of (5), define the transformations 7" from

~

c(u,v;p,G) to c(p) by x +— y = T'xz. The linearity of T is trivial. Further, it is obvious
that © = 6 whenever Tx = 6 and hence T is injective.
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Let y = (yx) € ¢(p) and define the sequence x = (z}) by

k j
1
me=Y di; > (=1) i (6)
j=0 I

i=j—1

for kK € N where d,,;, = 0 for £ > n and

5 ey (e

Apie = —
F 2r 2r

v=0

for 0 < k < n. Then, we get that

k-2 pr/M
g(xr) = sup |ug Z(rvi + SViq1 + i) T + up(TVp—1 4 SVE)Tp—1 + URVLT Ty
keN | =5
= sup |y = gi(y) < co.
keN

~

Thus, we deduce that x € ¢(u, v; p, G) and consequently T is surjective and is paranorm
preserving. Hence, T' is a linear bijection and this says us that the spaces c(u, v; p, @)
and ¢(p) are linearly isomorphic, as desired.

Let A € {co,c}. Because of the isomorphism T between the sequence spaces

~

A u,v;p, G) and A(p) is onto, the inverse image of the basis of the space A(p) is the basis

~

of the space A(u,v;p,G) . Therefore, we may give a corollary with respect to Schauder

~

basis of the new sequence spaces A(u, v;p, G):

Corollary 2.3. Let oy, = @k(:ﬁ) for all k € N and limy_ @k(x) = [. Define the
sequence b*) = {b%k)}neN for every fized k € N by

dnk . dn,k—H

, (n>k)
») uki}k Uk Vk+1
= , (n=F) ¥
TURVE
0, (n < k).

Then, the following statements hold:

~ ~

(i) The sequence {b®)}en is a basis for the space co(u, v;p, G) and any x € co(u, v;p, G)
has a unique representation of the form x =), ab®) .

(1) The sequence {b,b® bM b2 .Y is a basis for the space c(u,v;p, @), where
b= (b) = Z?:o dij |, and any x € c(u,v;p, CAJ) has a unique representation of the

form

=1+ [ap— 1o
k
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3 The a— aAnd B— Dual of The Spaces c(u, v; p, CA?) and
co(u, v; p, G)
For the sequence spaces X and Y, define the set S(X,Y) by
S(X,Y)={z=(z) 22 = (xpz) €Y for all ze X}, 9)

With the notation of (9), the a— and f— duals of a sequence space X, which are
respectively denoted by X and X* are defined by

X*=8(X,¢,) and X? = S(X, cs)
We shall quote some lemmas which are needed in proving our theorems.

Lemma 3.1. [33, Theorem 5.1.1 with ¢ = 1] A € (co(p) : £1) if and only if

sup Z Z ankB_l/p’“

Ker ™ kCK

< o0, (IB€Ny). (10)

Lemma 3.2. [34, Corollary 2] A € (co(p) : ¢) if and only if

supz |ank| BYP < 00, (3B €Ny), (11)
neN &
lim a,, = ap exists for every fized k. (12)

Theorem 3.3. Let K* ={k e N:0<k<n}NK for K€ F and B € Ny. Define the
sets G1(p), Go(p), G3(p), G4(p), G5(p) and Gg(p) as follows:

Gi(p) = U{a:mk)ewzsupz S B <oo},

B>1 KeF "7 | ek

Ga(p) = {a—(ak)ew:; ;cnk <oo},
G = | {o= o) cwtap S ponln <o,

B>1

Gip) = | {a: (ar) €Ew: {%Bl/m} e&o},

B>1

Gs(p) = {a = (ar) € w: lim gx(n) = oy, exists for every fized k},
L

< 00 and d:xa; exists for each k € N
T URVk Z 9k= f }

j=k

Ges(p) = {a = (ar) € w: ilelg

Then,

~ o~

{co(w,v;p, G)}* = Gi(p), {c(u,vip, G)}* = Gi(p) N Galp),

{co(u,v;p, G} = Gip), fe(w,vip, G)} = {co(u,vsp, G} Nes,
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~

Proof: We give the proof for the space co(u,v;p, G). Let us take any a = (a,) € w
and define the matrix C' = (¢,;) via the sequence a = (a,) by

dnkan B dn,k+1an (k‘ < n)

)

uéclvk Uk Vk4+1
TUpUn,
0, (k> n)

where n, k € N. Bearing in mind (5) we immediately derive that

n k
_i 1
AnTy = Zdnk Z (—1)k Jmanyj
k=0

j=k—1
n—1
dn dn Qp, ap
- Y (o),
0 VL Vk+1 U TUpUp,
= Ch(y) (13)

for all n € N. We therefore observe by (13) that ax = (a,z,) € ¢; whenever z €
co(u,v; p,G) if and only if Cy € ¢; whenever y € co(p). This means that a = (a,) €
{co(u, v;p, G)}* whenever x = (z,,) € co(u,v;p, Q) if and only if C € (co(p) : £1). Then,
we derive by Lemma 3.1 that

~

{co(u,v;p, G)}* = Gi(p).

We show that now f—dual of the space {co(u,v;p, @)}5 For this purpose we use
the following equation;

n n k i
o1
Do = 32| Sy 3 o
k=0 k=0 - j=0 i=j—1 J
- Ik _ =N doas
> (i) ()
S [y Y dik 1 a,
o Uk Uk Uk+1 T UnUnp
n—1
. L an
= > Gen)yr+ -——yn
T Up U,
k=0
where E = (e,;) is defined by
gr(n),  (k<mn)
e L k -
Enk TUnUn’ ( Tl)
0, (k>mn)

for all k,n € N. Thus, we deduce from Lemma 3.2 with (14) that az = (arxy) € cs

~

whenever x = (z3) € co(u,v;p,G) if and only if Fy € ¢ whenever y = (yx) € co(p).
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This means that a = (a,,) € {co(u,v;p, @)}ﬁ whenever = = (z,,) € co(u, v; p, G) if and
only if E € (co(p) : ¢). Therefore we derive from Lemma 3.2 and (14) that

{colu,v;p, G)} = ﬂ Gi(p).

4 Some Matrix Mappings on the Sequence Spaces
co(u, v;p, G) and c(u,v; p, G)

In this final section, we state some results which characterize various matrix mappings

~ ~

on the spaces co(u, v; p, G) and c(u,v;p, G). We shall write throughout for brevity that

) = o |

m m
ek dikaie D djk1k

UV Vk+1

1 for k <m
Uk

and

Qpk = —
U

o0 (e e]
ek e Gk
Vg Vk+1

for all k&, m,n € N provided the series on the right hand to be convergent.

Theorem 4.1. Let A be any given sequence space and p € {co,c}. Then, A = (an) €

~

(u(u,v;p, G) = X) if and only if B € (1 : \) and
B™ € (u:c) (15)
for every fized n € N, where by, = Gpi, and B™ = (ij,Z)

ane(m), (k<n)
b — " (k=n)
0, (k>mn)

for all k,m € N.

Proof: This result can be proved similarly as the proof of Theorem 3.1 in [§].

Now, we may quote our corollaries on the characterization of some matrix classes

-~ ~

concerning with the sequence spaces ¢o(u, v; p, G) and ¢(u, v; p, G). Prior to giving the
corollaries, let us suppose that (g,) is a non-decreasing bounded sequence of positive
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real numbers and consider the following conditions:

qn

sup [Z k| B7V/P%| < o0, (3B eN), (16)
neN

qn
sup Q| < 00, (17)
neN &
sup ani B~ 1/” <00, (dB€eN), 18
2. , (19)
! qn
Jo € R> lim Zank—a =0, (20)

k

I(w) CR > lim lane — ag|™ =0, (Vk eN), (21)
El(ak)CRasupKl/qnzmk—ak|B Ure < 00, (VK,3BeN) (22)

neN
Supz || B~V/P < 00, (B € N) (23)

neN

Now, we can give the corollaries:

Corollary 4.2. A = (a,x) be any infinite matriz. Then the following statements hold:
(i) A= (am) € (colu,v;p,G) : €(q) if and only if (18) holds with Gy instead of an
and (15) also holds with A = ¢.

(ii) A= (am) € (colu,v;p,G) : c(q)) if and only if (21), (22) and (23) hold with G
instead of anr and (15) also holds with A\ = cg.

(iii) A = (am) € (colu,v;p, G) : lo(q)) if and only if (16) and (17) hold with Gy
instead of any, and (15) also holds \ = ¢y.

Corollary 4.3. A = (a,x) be any infinite matriz. Then the following statements hold:
(i) A= (am) € (c(u,v;p,G) : €(q)) if and only if (18) and (19) hold with Gy, instead
of i and (15) also holds with A\ = c.

(i) A= (an) € (c(u,v;p,G) : c(q)) if and only if (20)-(23) hold with Gy instead of
anx, and (15) also holds A = c.

(iii) A = (am) € (c(u,v;p,G) : los(q)) if and only if (16) and (17) hold with Gy
instead of any, and (15) also holds \ = c.
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