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1. INTRODUCTION

The impulsive differential equations are form a mathematical apparatus for
modelling of processes which at certain moments of their development undergo
rapid changes. There are many good monographs on the impulsive differential
equations|2, 3, 4, 6, 7]. Moreover partial difference equations arise from considera-
tions of random walk problems, the study of molecular orbits, mathematical physics
problems and finite-difference schemes. In the recent years, the investigation of the
oscillation of partial difference equations with continuous variables has attracted
more and more attention in the literature, see e.g. [5, 8, 10, 11].

Let 0 =29 <21 < ... <Zp < XTpy1 < ..., be fixed points with lim,,_,, x, = oo,
and let for n € N x4, = x,, + 7, where r is a fixed natural number, and 7 > 0 is a
constant. Define Jim, = {2,152, RT =1[0,00), J = {(2,y) : © € Jimp,y € RT}.
In 2009 Agarwal and Karakoc studied the oscillation of solutions of impulsive partial
difference equations with continuous variables of the type

p1z2(x+a,y+b) +p2z(x+a,y) +psz(z,y+b) —paz(z,y)+ Pz, y)z(r -7,y —0) = 0,
(z,y) € (RT x RT)\ J,

Z(x:{vy)—z(ffmy) :an(:v;,y), (xmy) €J,
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where Z(ZE+7 y) = lim(q7s)—)(w,y) Z(Qv 5)7 Z(xia y) = hm(q,s)—»(:uy) Z(Qa 8)[ ]
q>T q<z
This paper is concerned with the impulsive partial difference equations with contin-
uous variables of the form
au(z +a,y +b) + cou(z + a,y) + csu(z,y +b) — cau(z,y)

(1.1) +z”: Pz, y)ule — iy — o) =0,  (z,9) € (RT x R\ J,

=1
(1.2) w(zh,y) —u(z,,y) = Lyu(z,,y),  (Tn,y) € J,
where u(l'Jr; y) = hm(q,s)—)(a;,y) U(Qa S)v u(xia y) = hm(q,s)—»(@y) U(q, S) and
> q<x

q>z
P; € C(RT x RY,RT — {0}), a,b,7;,0; are positive constants, ¢;, i = 1,2,3,4, are
nonnegative.
A function u(z,y) in [-7,00) X [—0,00) is said to be solution of (1.1)-(1.2) if
(i) for (z,y) € (RT x R*)\ J, u is continuous and satisfies (1.1),
(ii) for (z,y) € J, u(z™,y) and u(z™,y) exist, u(z™,y) = u(zr,y), and satisfy
(1.2).

A solution u(z,y) of (1.1)-(1.2) said to be eventually positive (or negative) if
u(z,y) > 0 (or u(z,y) < 0) for all large z and y. It is said to be oscillatory
if it is neither eventually positive nor eventually negative otherwise, it is called
nonoscillatory.

2. MAIN RESULTS

Throughout this paper we shall assume that

(A1) {L,}, is a sequence of positive real numbers such that Y.~ | L, < oo,
(A2) C2,C3 > cy > O7
(A3) 7, = kja+ 0;, 0, = ;b + n;, where k;,l; are nonnegative integers, 0; € [0,a)

and 7; € [0,b).
(Ad) Qi(z,y) =min{Pi(s,t):x <s<ax+a,y<t<y+b}
and

lan’L(xvy):q’LZOa i:1,2,...,1}

Lemma 2.1. Assume that u(z,y) be an eventually positive solution of (1.1)-(1.2).
Then for (z,y) € RY x RT the function

(2.1) w(x,y)—/;ﬂ/yw( I1 (1+Lm)*1)u(s,t)dtds

To<Tm <S
is an eventually positive solution of the partial difference inequality
aw(z +a,y +b) + cow(r + a,y) + czw(z, y +b)

(2.2) e [ O+ Ln)wl@y) + Y Qi y)w(e — kia,y — 1b) < 0.
ro<Tm<zTta i=1

Here the symbol HZO<ZM<S am denotes the product of the members of the sequence

{am} over m such that x,, € (xo,s) N Jimp. If (x0,8) N Jimp = &, or 2o > s, then

we assume that || am = 1.

To<Tm<s M

2



OZPINAR et al. /TIMCS (2013), Article ID 20130029, 14 pages

Proof. So that

H (1+ L) _1u(a:, y)

ro<Tm<T

is continuous for (z,y) € RT x R,

(2.3)
Ow ytb -1 -1
e :/ [ H (1+ L) ulz+at)— H (1+ L) u(x,t)] dt
z Y Lo <L <T+a To<Tp <T
y+b
:/ 1T (1+Lm)1[ [T +Lw)  u@+ar u(:r,t)}dt,
Y o< Ty <T <y <r+a
(2.4)

2T ) uts - wts s

T0<Tpm <5
Since u(z,y) is an eventually positive solution of (1.1)-(1.2),
(2.5) au(x + a,y+b) + cou(z + a,y) + czu(x,y + b) — cau(z,y) <0
for (z,y) € (RT x RT)\ J. From (A2) and (2.5)

u(z + a,y) —u(z,y) <0 and u(z,y +b) —u(z,y) <0,

eventually. Moreover since 0 < [] (1 + Lm)f1 < 1 we obtain,

r<zym<zta

(2.6) H (1+ Lm)flu(x +a,y) —u(x,y) <0

<y, <z+a

Let (z,y) € J and say = x,,. From (1.2) and (2.6), we have

1
U(T,y) = T I u(at,y)
1 1 n
> Il (0+Lw) ull +ay)

z <zm<atta

H (1+Lm)_1u(mn—|—a7y).

Ty <Ty <Tp+a

Thus for all (z,y) € (RT x RT) ?T: < 0 and %‘/’ < 0. Therefore

w(x—ry—o)=w(x—(ka+0),y—(Ib+n))
(2.7) >w(x — ka,y — Ib).
3
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Since 0 <[] 1+ Lm)fl <1 from (1.1) we obtain

To<Tm<TH+a (

(2.8)
zta py+b z+a py+b
0=c / / u(s+ a,t + b)dtds + co / / u(s + a,t)dtds
x

‘ y x y
z+a ry+b y+b
+ 03/ / u(s,t + b)dtds — 04/ / (s,t)dtds
y+b U
/ / (s,t)u(s — 7, t — 0;)dtds

>Cl/ / H (14 L)~ uls + a, t + b)dids

I0<$m<s
+02/ / H (1+ L, ) u(s + a,t)dtds
To<Tm<S
y—+b 1 z+a y+b
+03/ / II (4 Lm) ulst+b)deds — c4/ / u(s, t)dtds
To<Tm<$ z Y
r+a y+b U
+ / / Z P;(s,t) H (1+ Lm)_lu(s — 7t — o;)dtds.
z Y i=1 To<Tm < S

Using the definition of w and Q; from (2.7), (2.8) we have eventually

aw(@+a,y+b) +cw@+ay) +esw@y+b)—cs  [[ (14 Lm)w(z,y)
ro<Tm<zt+a

+ Z Qi(x,y)w(x — kia,y — ;) <O0.
Therefore w(x,y) is an eventually positive solution of inequality (2.2). O

Since w(x,y) > 0 from (2.2), for sufficiently large x and y, we have

cow(x + a,y) < ey H (1+ L) w(z,y),

zro<Tm<rTt+a

csw(z,y+b) < ey H (1+ L) w(z,y).

ro<Tm<rta

Let Ay = 0. Then for sufficiently large x and y, we find

wa—ay) >e M2 H (1+Lm)7lw(l”vy)

C
4 To<Tm <T

ki
w(z — kia,y) > e kit (g)ki H ( H (1+ Lm)_l)w(x,y)

J=1 Yzo<zm<z—(j—1)a

4
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and

w(x,y —b) > e B H (1+Lm)_1w(x,y)

= ro<Tm<Tt+a
w(z,y — 1;b) > e liM (03)1 H (1+ Lm)iliw(m,y).
¢4 To<Tm<zT+a
Therefore
ki
_ L. _ 1. —kidy (€2 ki -1 _ 1.

w(x — kja,y —1;b) > e 1(04) < H (1 +Lm) )w(x,y 1;b)

Jj=1 zo<Tm<z—(j—1)a

ki
(kI Ay (C2\ ki (C3\ s -1
> e (kitl)A (a) (a) H ( H (1+ L) )

Jj=1 *zo<zm<z—(j—1)a

X H (1 +Lm)7liw(as,y).

ro<rm<zta
From (2.2) and ((A4)) we obtain
(2.9)
cw(z+a,y+b) + cow(x + a,y) + csw(z,y +b) — ¢y H (1+ Ly)w(z,y)

To<Tm<T+a

+ Z qw(x — kia,y — 1;0) < 0.

Hence
1 & I CoN ks CBN
< 1 Lm 1_ _ i —(er"!‘ZZ))\l 72 B 73 ¢
czw(x+a7y)_C4Io<11;[<z+a( + )[ C4EQe (c4> (04)
ki
X ( I1 (1 +Lm)1> I «a +Lm)(““)]w(x,y)
Jj=1 ro<zm<z—(j—1)a Lo <Tm <zta
and
csw(z,y+b) <y H (1 + Lm) |:1 1 Z qie_(ki-‘rli)/\l (Cj)kz (@)li
T0<Tm<zta Ca i=1 “ “
ki
AL T ) T Oz ete),
j=1 370<377n<x_(j_1)a To<Tm <T+a
eventually.
Let

ki
1 & Zq e~ (kA (£2) )" ( 11 (1+ Lm)_1>

J=1 “zo<zm<z—(j—1)a
< I (1+Lm)*“i+”.

To<xm<zt+a
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It is clear that Ay < X\ = 0.

Thus
Il (4 L) e+ ay) < w(a,y)
€4 To<Tm<Tt+a
and
2L (L) ey +0) < wlay),
€4 zo<Tm<zta
eventually.
Hence
Cok ki
so-kan = NI T L) ete)
Cq ; .
J=1 Yzo<zm<z—(j—1)a
and

w(z,y — 1;b) > el (Cﬁ)l H (1+ LT,L)_liw(m, y).

ro<Tm<zta

By induction, for n > 1,

wa—ay)>e ™2 T (14 L) (@)
¢4 To<Tm <T

k.

Wl — hiay) > e ()" I ( I -+ Lm)‘l)w(x,m

j=1 Mzo<zpm<z—(j—1)a

and
w(z,y —b) >e @ H (1+ Lm)_lw(x, )
= ro<Tm<Tt+a
wia,y 1) = e () T (14 L) wlay),
¢4 To<Tm<zTt+a
where

An 1——2(] e~ (hitliAn—1 (£2) lH( 11 (1+Lm)_1)

Jj=1 Yzo<azm<z—(j—1)a
< I (1+Lm)*<““>.

ro<Tm<zt+a

Remark that —oco < A\, < A\p—1 < ... < A1 = 0. Hence lim,,_,o A\, = \* < 0 exists
and

(2.10)
ki

6)\ =1- a Zq e_(k +i ))‘* 02 li ( H (1 + Lm)_1>

j=1 “zo<zm<z—(j—1)a
< I (1+Lm)*“i+”.

To<xm<zt+a
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Thus
(2.11)

ki
wla = kia,y — i) Ze(rHON (Z2)8 (2" H( II « +Lm)_1>
4 .

Cq

j=1 Yzo<zm<z—(j—1)a
X H (1+ Ly,) _liw(x, )
To<Tm<z+a
From (2.2)
(2.12)
cy H (14 Lip)w(z,y) > crw(z + a,y + b) + cow(x + a,y) + caw(z,y + b)
To<Tm<z+a

+ Z Qi(z, y)w(z — kia,y — 1;b).
i=1

From (2.11), we obtain

—(ki+l;—1)\* (C2\ki—1 (C3\L;
C4 C4

(T @) T e e e

To<Tm<T—ja To<Tm<T+a

w(x — kja,y — 1;b) >e

and

1 <& 11yt i ;
W) 2 2 D7 Qulayle BTN ()R (2
1=1

Cq Cq
e 1 I;+1
<11 ( I () ) [I (+z) " Pe@—ay).
j=1 Mzo<zm<z—ja Lo <L <T+a
Therefore

1 ” 4. * Co\k;—1 ,C3\1;
w(x + _ . (ki+l;—1)X 2\ ki 3\ li
( aay) 204 ingz(x'l-a,y)e (—64) (704)

x 1:[ ( II (1+Lm)_1> [T +Ln) oy,

zo<Tm<zr—(j—1)a T0<Tm<zT+2a

By the same way we have

oy +6) 2 3 Qulayy + b IV (2 ()t
i=1

i Cyq Cq
- -1 —1
BT ) T 0 e
j=1 Yzo<zm<z—(j—1)a To<Tm<z+a

7
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and

T * Co\k;—1 ,C3\1;—
w(z +a,y+b) > ZQZx+ay+b) D GO )

ki—1

(T er?) TL b et

zo<zm<z—(j—1)a To<Tm <T+2a

Substituting the above inequalities into (2.12), we obtain

(2.13)
%
o JI O+ Ln)w@y) = LS Qule +a,y + bje A (2ykt Byl
zo<Tm<z+a o St Cq Cq
ki—1
X H ( H (1+Lm)_l> H (1+Lm)_liw(m,y)
ji=1 Yzo<zm<z—(j—1)a 20 <Ly <T+20
(ki+l;—1)A* (C2\ki—1 (C3\1;
23 G+ ae” (e

i=1

k;—1
« ( II (1+Lm)_1> [T +Ln) oy

zo<zm<z—(j—1)a To<Tm<zT+2a

FES Qo b () ()

Cq Cq

< (1+ Lm)1> I+ Lw) "l

20<Tm <r (j—1)a ro<tm<zrta

S H:w

—(kil—1)A* (C2\ki=1 (C37\ i
i v)e ()"

1:[( 11 (1+Lm)_1) [T (+Ln) w@—ay).

ro<Tm<Tr—ja ro<Tm<T+a

8

ET
\,_.
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(C4 H (1+Lm)_%ZQi(x+a,y+b)e*(ki+li*2)/\*(Cﬁ)ki*(cj)lﬁl
=1

C C
ro<Tm<z+a 4 4

X
>
=
N\

11 (1+Lm)‘1> [T @+Ln)™

j=1 “zo<zm<z—(j—1l)a 20<Tm <z+2a
v
_& , —(ki+li—1)A" (C2\kim1 (C3\Li
- ;Qz(x +a,y)e (04) (04)
gy 1 Li+1
< I1 < 11 (1+Lm)> [ @+L.) "
j=1 “zo<zm<z—(j—1)a T0<Tm <T+20a

v
C3 (k.1 0\* /C2\ ki ,C3\1;—1
_= (g +b (ks+1l;—1)A* (€2 3\l
o 2 Qilmy+ e G

H< I 0em?) T et "oty

zo<zm<z—(j—1)a zro<Tm<rTta
>3 Qe RO (Z)RT (2
=1
k;—1
X H < H (1+Lm)1> H (1+Lm)7liw(rfa,y).
Jj=1 zo<zm<z—ja To<Tm<Tt+a
Set
(2.14)
R(.Z‘7y) =C4 H (1 +Lm) — ﬁZQZ'(I'—|—a7y—|—b)e_(ki+li_2)>\*(Cj)ki_l(cj)li_l
To<Tm <zT+a €4 i=1 C4 Cy4
ki—1
< [ ( I1 (1+Lm)1> [T @+Ln)™
j=1 “zo<zm<z—(j—1)a 20 <Tm<T+20
2] - ) —(kili—1)A* (C2\ki—1 (C3\ 1
_ i + , 4 e
30 e Y (2
ki—1
I T een)) I aen)
j=1 Yzp<zm<z—(j—1)a 20 <Tm<z+2a
3w bl 1IN s CoN ks C3ND—1
_& Az, ple—(kitli—1)x* (€2\ki (€311
C4;Q(xy+ )e (64) (64)
ki
(T eem?) T e
Jj=1 Yzo<zm<z—(j—1)a T0<Tm<zTta

9
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Then from (2.13), we obtain

(2.15)
3 — (kA —1)A* (C2\ki—1 C3\1;
w(z,y) zm;Qz(x,y)@ (ki+l;—1)A (a) (i)
ki—1 ) l
<11 ( Il (i) ) [I (+Ln) w@-ay).

Jj=1 To<Tm<Tr—ja ro<rm<zta

Similarly, we obtain

(2.16)
o (kgL —1)A* (€2 ks (C3\1;—1
w(ffay)ziR(%y);Qi(%y)e R G B e
ki
AL T 0we™) T1 0t ety
Jj=1 Yzo<zpm<z—(j—1)a To<Tm<T+a
and
(2.17)
1 v " « , Cokim1,C31\1;—1
- _ —(ki+li—2)A" (C2\ ki1 (C3\Li
W(.’E,y) ZR(J?,Z/) ;Qz(l',y)e <C4) (04)
e —1 —(li—1)
X H H (1+Lm) H (l—l—Lm) w(x —a,y —b).
J=1 To<Tm<T—ja ro<Tm<z+a

10
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From (2.12), we have

1> 1 w(a:+a,y+b)+ ) w(z + a,y)
4 ng<1‘m <z+ta (1 + Lm) w(x’ y) Ca on<a:m<x+a (1 + Lm) w(:r, y)
+ C3 UJ(Z‘, Yy —+ b)

C4 HI0<Im<$+{1 (1 + Lm) w(l" y)

1 - w(x — kia,y — 1;b)
callay<np <ata (14 Lm) ; w(z,y)

c1 1 ” (koD —2)\* ,C2\ki—1 ,C3\1;—1
L S , b)e—(kitli—2)A" (€2 ]
Y e (©2)(2)

+

ki

<1 I (1+Lm)_1> [ (+L,)

Jj=1 Yzxo<zm<z—(j—2)a 20 <Tm<z+2a

v

c 1 (al— 1)\ C2\ki—1  C3\ L
O R e 2 Gl e I ()T

x H I1 (1+ Lm)l) [T @+L)™

Jj=1 Yzo<zm<z—(j—2)a zo<Tm<z+20

Cj; 3 . —(ki+li—1)\* Cj k; Cj l;i—1
+C4R(x7y+b);Q’(x’y+b)e ()" ()

xf( 0 Gem) T 0ema”

=1 “zo<zm<z—(j—1)a zo<Tm<z+a
1« (ki LA €2\ ki (€3N
+— i, y)em BN (=) (=)
64;Q( ) () ()
(2.18)
i 1 (Li+1)
- —(la+
AT o)) T ) =T,
Jj=1 Yzo<zm<z—(j—1)a To<Tm<TH+a
for all large = and y.
From (2.18), we obtain the following main result.

Theorem 2.2. Suppose that
(2.19) limsup T'(x,y) > 1.

T,y—00
Then every solution of (1.1)-(1.2) is oscillatory.

From (2.10), we obtain for all large x and y,

v

_q,_ L (k)N (C2\ ki (C3 Nl (kytli1)
e’ =1 64;%6 (64) (04) L :
11
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where L =[], (1+ Ly,).
Therefore

2.20 L(1- (it ( €2\ ki (C8\Li b —(kitl)
@20)  all-d qu " ,

eventually.
By using (2.14) and (2.20), we have, for all large = and v,

R(z,y)<ea [  (1+Lm iz ~ (b lim2)AT (E2y kel Gyl

C. C.
To<Tm<zTta 4 4

X kﬁl ( 10 (s Lm)l) I (1+ Lm)fzi

zo<tm<z—(j—1)a ro<Tm<zT+2a

qu (ktti =T (2Rt (290

C C
i=1 4 4

xH( I Gem)™) T 0™

Jj=1 “zo<zm<z—(j—1)a 20 <Tm <z+2a

_= — (k4L —1)\* (C2\ki (€3 1i—1
C4qu () ()

i—1 Cq Cy4
(T 0em?) T G
i=1 Yxp<zpm<z—(j—1)a o <Tm<zT+a
A 2 Ay 2a €
<cyL — —cyL (1 —e )e —
Cq C2C3
—0—204L(1 — e”\*)eA* & 6—304L(1 — e”\*)e)‘* &
Cq C2 Cq C3
C4L[1 —(1—eM)eN (ClC4L A +2)].
CoC3

12
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Hence
(2.21)

1 a 2 A%\ _20* &
T(z,y) > —cLP(1— e )e?t —

caL |:1 — (1 — e)‘*)e” (%Lek* + 2)} {C4 C2C3

H2e(1- ) Dy Dep (1 - o) } Y Qe r

Cy4 C2 Cy4
ki
ererii( ) T e
1 Yzo<zm<z—(j—1)a zo<Tm<T+a
176 <C164Le S
—(kitl)A* (E2\ki (B3
fE D Qe () (2)

1— (1 —eN )e>‘* (Clc“Le)‘ + 2)
c2C3

x ﬁ < 11 (1+ Lm)l) [ (1L "

Jj=1 *zo<axm<z—(j—1)a T0<Tm<T+a

Corollary 2.3. If

i 370 ()8 ()"

xz,y—oo C4 Cq

x H( 11 (14 L 1) (14 L) "+
j=1

zo<rm<z—(j—1)a ro<Tm<T+a

(2.22)
1-2(1—e")eN <0104Le + 2)
Cc2C3

1—(1—e)eM (ClC4Le’\ + 2)
C2C3
then every solution of (1.1)-(1.2) is oscillatory.
From (2.18),

>

(1—e*)er (giiLe’\* + 2)

1— (1 - e)‘*)e/\* (°1°4Le)‘ + 2)

Cc2C3

(223) T(.’E, y) Z + (]— - ek*)’

for all large = and y.

Corollary 2.4. If
(1—er)e (Clc“Le’\* + 2)
c2C3

1— (1 — e)‘*)e/\* (ClC4Le)‘ + 2)
c2C3
13

(2.24) +(1-€)>1,
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then every solution of (1.1)-(1.2) is oscillatory.

Remark that the special case of (1.1): v=1,k=1=0,c¢; =c2 =c3 =c¢4 = 0.
From Theorem 9 of [2], if

limsup Q(z,y) > L

x,Yy—r0o0

then every solution of (1.1)-(1.2) is oscillatory.
. B

In this case, e} =1 — #. By Corollary 2.3, if

_ 1-24(1-4)(L—q+2)
2.25 1 y) > L L L ,
(2:25) imsup Q) > L ) (L= q +2)

then every solution of (1.1)-(1.2) is oscillatory.
It is clear that the right-hand side of (2.25) is less than L. So our result is sharper
than that in [2] in this case.
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(6]
(7]
(8]
(9]
[10]
(11]

(12]
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