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Abstract  

 

The present  work  involves  numerica l  simula tions to  invest igate  the ef fect  o f  in f low 

condit ion on aerodynamic and shock characteris t ics of  under-expanded turbu len t  je t s  

from son ic  nozz le .  The TVD f in i te  vo lume method was  carried ou t  and  two  equation  k-ε  

turbu lence model  was used to  model  the turbulent  st resses of  the compressib le  f lows in  

the present  s imulat ions.  The jet  pressure ra t io  was set t led  f rom 1 .893 to  6 .0  for 

genera ting  perfect ly  expanded to  moderately  high under-expanded  je ts .  The pressure and  

Mach number dist r ibut ions on jet  ax is ,  and the f lowfield  st ruc ture was v isua li zed by 

densi ty  d is t ribu tions.  The  poten tia l  core  and superson ic  f low lengths  were  also  

measured to  make a  quanti ta t ive inves t iga tion  on the je t  s t ruc ture.  The ef fect  o f  in f low 

condit ion a t  nozz le  in le t  was  found  to  be pronounced resul t ing  in  the sonic l ine  moved 

upstream o f  the  nozz le  throa t .  Moreover,  numerical ly  pred ic ted resu lt s  were compared  

wi th  the experimental  data  to  val idate  the  present  numerica l  code .   

 

Keywords:  Compressib le f low;  numerical  analys is ;  potent ia l  core; shock wave; 

supersonic f low lengths 

 

 

1. INTRODUCTION 

 

Supersonic circular and planar jets have occupied attention of the 

researchers for over half a century. Understanding the characteristics of 

supersonic jets is cri t ical to the optimizat ion of thrust generation for rockets, 

gas turbines and so on. Moreover, supersonic jets have many diverse fields 

of engineering applications, such as in supersonic aircrafts, jet propulsion 
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thrust vectoring, fuel injectors for supersonic combustion, soot blower 

device, coating technology for structural materials and so on. A great deal 

of researches have been conducted theoretically, experimentally and 

numerically to obtain detailed flow features of supersonic jets [1-7]. It  has 

been well known that the major structure of supersonic jet is determined by 

nozzle pressure rat io and nozzle configuration. Much effort has been 

devoted to the major characteristics of supersonic jets. According to these 

previous works, the under-expanded supersonic jet is specified by i ts barrel 

shock structure, Mach disk location, jet boundary configuration, velocity 

decay and supersonic length, etc., which are usually determined by jet 

pressure ratios [8-15]. Especially, many works have been done to 

investigate the detai l of Mach disk structure; since it  is important in the 

determination of major characteristics of supersonic jets [4, 16, 17]. 

Moreover, ideally-expanded supersonic jets have been studied through a 

large number of experimental,  analytical and numerical invest igations by 

many researchers over the past years. Most of studies pointed out the effect 

of nozzle divergence angle [5], Pitot pressure distributions [6]; while some 

studies proposed empirical formulae [7] on the spreading rate of the 

turbulent jets.   

In the present study, a numerical work was conducted to invest igate the 

effect of inf low conditions on the aerodynamic and shock characteristics of 

supersonic turbulent jets from sonic nozzle. The pressure and Mach number 

distr ibut ions in the axial direction were determined, and flowfield structure 

was visualized by density distributions. The potential core and supersonic 

flow lengths were also measured to make a quantitative investigat ion on the 

jet structure. Moreover, the numerically predicted results of the correctly-

expanded supersonic free jets from convergent-divergent nozzle were 

compared with the experimental data to validate the present numerical code. 

 

2. NUMERICAL ANALYSIS 

2.1.  Mathematical modeling  

 

Computational Fluid Dynamic (CFD) investigations were performed to 

investigate the effect of inflow condit ions on aerodynamic and shock 

characteristics of under-expanded supersonic turbulent jets. Flow under the 

study was treated as compressible, viscous, unsteady and turbulent. The 

governing equations are given by the conservation forms of mass, 

momentum and energy. The mass averaged, t ime-dependent Navier-Stokes 
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equations were employed to mathematically model the present problem. The 

result ing equations are expressed in an integral form: 
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where F  and G  are the inviscid and viscous f lux vectors in standard 

conservation form and Q  is the dependent vector of primary variables.  
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Here ρ,  v  and p  are the density, velocity, and pressure of the fluid, 

respectively. τ is the viscous stress tensor, and q  is the heat flux.  

In the above equations, H is total enthalpy per unit mass and is related to 

the total energy E by ρpEH += , where E includes both internal and kinetic 

energies. The preconditioning matrix Γ is included in Eq. (1) to provide an 

efficient solution of the present two-dimensional compressible flow. This 

matrix is given by 
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where Tρ  is the derivat ive of density with respect to temperature at constant 

pressure. Here, δ = 1 for an ideal gas and δ = 0 for an incompressible fluid. 

The parameter θ  is defined as  

( )pTr CHU ρρθ +−= 21
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In Eq. (6), the reference velocity rU  is chosen such that eigenvalues of the 

system remain well  conditioned with respect to the convective and diffusive 
timescales and pC is the specific heat at constant pressure.  

To close the governing equations, the standard k-ε turbulent model [18, 19] 

was employed in computations. Robustness, economy, and reasonable 

accuracy for a wide range of turbulent flows explain its popularity in fluid 

flow and heat transfer simulations. It  is a semi-empirical model, and the 

derivation of the model equations relies on phenomenological 

considerations and empiricism. 

 

2.2.  Numerical modeling  

   

The preconditioned governing equations were discretized spatially using a 

cell-centered finite volume scheme, in which the physical domain is 

subdivided into numerical cells and integral equations are applied to each 

cells. A fully implicit method was implemented on the present multi -block 

spatial  domain. The convective fluxes were formulated using the Roe’s flux 

difference splitt ing scheme [20], and the third-order accuracy of this scheme 

was conceived from the original MUSCL (Monotone Upstream Centered 

Schemes for Conservation Laws) [21] by blending a central dif ferencing 

scheme and second-order upwind scheme. For the time derivatives in the 

governing equations, an impl icit  multistage time stepping scheme [22, 23], 

which is advanced from time t  to t ime t  + ∆t  with a 2nd order Euler 

backward scheme for physical t ime and implicit  pseudo-time marching 

scheme for inner iteration, was used.  

 

2.3.  Computational conditions 

 

Under-expanded supersonic turbulent jet flows driven by the cyl indrical 

straight nozzle with exit diameter of φDe=12.7 mm (characteristic length) 

were considered in the present computat ion. The nozzle is composed of a 

convergent curved entrance wall which has a radius of curvature R=De and 

following straight wall with a length of 0.4De. This is exactly the same as 

that used by Addy [4]. The jet pressure ratio was defined as the ratio of 

total pressure p0 at nozzle supply to back pressure pb (=p0/pb). In the present 

study, p0/pb was varied from 1.893 to 6.0. The upstream total temperature T0 

and total pressure p0 were assumed to be maintained constant at 293.15K 

and 101.3kPa, respectively, through the whole computations. 
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Two cases of inflow condit ions at upstream of the computational domain 

were studied in the present simulation works. In case 1, fixed boundary 

conditions were appl ied to upstream boundary of the computational domain 

i.e. at upstream of the nozzle inlet;  while chocked flow condition (Me=1) at 

nozzle exit was employed as inf low condition for case 2. The outlet static 

pressure was used at exit of the computational domain. Adiabatic and no-

slip boundary condit ions were applied to solid wall surfaces. The symmetric 

condition was used at the boundary of nozzle center l ine. The upstream 

domain in the present computations extends to the distance of 100De 

upstream from the nozzle exit for case 1, while the downstream domain 

covers the region of 150De and 100De from the nozzle exit in the x- and y-

directions, respectively. This wide computational domain was required to 

ensure the computational domain independent solutions.  

The computational domain and boundary conditions used for simulat ing 

supersonic turbulent jets from sonic nozzle in the present study are 

i l lustrated in Fig. 1. The computat ional domain was meshed with 

Fig. 1 Schematics of computational domain & boundary condit ion 
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quadri lateral elements with map scheme to yield a regular, structured grid. 

The grid nodes were placed in such a way that there were enough nodes near 

the throat and wall  regions in order to capture the higher variable gradients 

accurately. The computational grids closest to the nozzle walls are located 

at 0.0003De away from the walls. Several preliminary computations have 

been performed on different computational grid meshes to investigate the 

grid-independent solutions. According to these results, the number of grids 

applied is 70×60 in the nozzle region and 200×140 in the jet plume region. 

The solut ion was declared as converged when the residual for each variable 

becomes less than the chosen convergence criterion. In present simulations, 

the convergence criteria for conserved variables were set to a value of 10−4.  

Another convergence criterion is to check the conserved quantit ies directly 

through the computational boundaries. The net mass flux was investigated 

when there was an applicable imbalance through computational boundaries. 

 

3. RESULTS & DISCUSSION 

 

The validation of present computational code in predicting the effect of 

inflow conditions on aerodynamic and shock characteristics of supersonic 

turbulent jets was investigated through the experimental and numerical 

studies of correctly-expanded supersonic jet flows driven by a convergent-

divergent nozzle. The nozzle which designed based upon the method of 

characteristics with a design Mach number of Md=2.0 was considered in the 

present validat ion work. The nozzle has a throat diameter of φD t=20 mm, an 

exit diameter of φDe=26 mm and a straight section near the exit,  as 

schematically shown in Fig. 2. In this validation work, p0/pb was kept 

constant at 7.8 to get nearly correct expansion at nozzle exit.  The upstream 

total temperature T0 and total pressure p0 were assumed to be constant at 

298.15 K and 101.3 kPa, respectively.  

 

 

 

 

 

 

 
Throat

Flow

Fig. 2 Schematic view of convergent-divergent nozzle (Md=2.0) 
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Figure 3 shows the comparison of predicted schl ieren image of correctly-

expanded supersonic jet with experimental data [24]. Figures 3(a) and 3(b) 

show the computed schl ieren image and schl ieren picture obtained by the 

experiment, respectively. At nozzle pressure ratio of p0/pb=7.8, the 

predicted jet Mach number is about M j =2.0 and the flow is ideally-expanded 

at nozzle exit.  In this case, as the pressure at nozzle exit  is nearly matched 

to the back pressure, no shock cel l structure is found in the jet.  However, 

the weak compression waves (C), which observed in Fig. 3, are due to the 

boundary layer effect along nozzle interior wal l. The jet boundary is nearly 

parallel  to the jet axis. The predicted schlieren image is nearly the same as 

visualized by the experiment. From comparison of the computed and 

experimental results, i t  is found that the present computation predicts well  

the correct ly-expanded supersonic jets.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

Numerically predicted density contours of supersonic turbulent jets issued 

from sonic nozzle at pressure ratios p0/pb of 1.893, 2.50 and 6.0 for case 1 

are shown in Figs. 4(a-c). Similarly, Figs. 5(a-c) show the jet flowfields for 

case 2. In these figures, the jet flowfields evolve from correct-expansion to 

moderately high under-expansion. An increase in the nozzle pressure ratio 

p0/pb makes the stream wise extent of the shock cel ls that roughly indicated 

the increment in the length of the ‘supersonic core’.  For case 2, the jet was 

found correctly-expanded at nozzle exit (Me=1) in Fig. 5(a); while sl ightly 

over-expanded jet was found in Fig. 4(a) after employing the fixed boundary 

0 1 2 3 4

-1

0

1

Fig. 3 Comparison of numerical schlieren image with experimental data 

(p0/pb=7.8) 

 



24 

 

conditions at upstream of the computational domain (case 1). This clearly 

noticed a strong influence of inflow conditions on predicting the jet 

structure. In Fig. 5(c), small Mach disk was found in the jet flowfield at 

moderately high under-expansion condition (p0/pb=6.0). On the contrary, for 

case 1, jet becomes moderately under-expanded and Mach disk could not be 

found in the flowfield even if  at same pressure ratio due to the change in the 

inflow condit ion, as shown in Fig. 4(a).       

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Jet centerl ine static pressure distributions for cases of 1 and 2 are presented 

in Fig. 6. The pressures under each operating condition (p0/pb) exhibit 

unique characterist ics. The pressure variation shows the characteristic 

quasi-periodic structure, due to the presence of shock cells in the f lowfield 

of jets at weak to moderately high under-expansion conditions. Moreover, as 

the nozzle pressure rat io p0/pb increases, the flowfield is observed to be 

stretched, where the shock cell  spacing increases, leading to an increase in 

the length over which shocks are present. This phenomena show an 

agreement with the experimental observation of Addy [4]. Furthermore, 

longer shock cells were found for case 2 in comparison with the case 1.  

 

 

Fig. 4 Density contours under different operating conditions (Case 1) 
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Mach number distributions on jet axis for cases of 1 and 2 are i l lustrated in 

Fig. 7. The influence of inflow conditions on the numerical simulations of 

supersonic turbulent jets from sonic nozzle can be clari f ied clearly from this 

figure. At pressure ratio p0/pb=6.0, small Mach disk is appeared in the 

Fig. 5 Density contours under different operating conditions (Case 2) 

 

: Case 1

: Case 2p/
p 0

x/De

p0/pb=1.893

p0/pb=2.50

p0/pb=6.00

Mach disk
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Fig. 6 Static pressure distribut ions on jet axis 
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f lowfield for case 2; while jet become moderately under-expanded for case 1 

– no Mach disk in the shock cel l. It is mentioned that inf low condit ion has 

strong influence on predicting the potential core length of jet. However, for 

case 2, the potential  core length at a given pressure ratio (e.g. p0/pb=2.5) 

was found larger in comparison with the case 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Potential core and supersonic f low lengths under different operating 

conditions (p0/pb) were measured from the Mach contours and distributions 

of Mach number on jet axis, and presented in Fig. 8. Potential  core length xc 

and supersonic f low length xs are normalized by the nozzle exit diameter De. 

Both the potential core xc/De and supersonic flow length xs/De increases with 

the increase in the nozzle pressure ratio p0/pb. Here, it  is mentioned that no 

supersonic flow length was found for case 1 due to the effect of inflow 

condition. Potential  core xc/De and supersonic flow length xs/De were found 

lager for case 2 in comparison with the case 1. 

Figure 9 shows the distribution of sonic l ines near the nozzle exit for cases 

of 1 and 2. Since, chocked condition (Me=1) was applied for case 2 the 

sonic l ines under different operating condition (p0/pb) were found co-l inear 

at nozzle exit. On the contrary, though the Mach number at nozzle exit 

should be theoretical ly 1, the sonic l ine moves to the upstream region from 

the nozzle exit  for case 1 due to the influence of inf low conditions in 

simulating turbulent jets. Moreover, supersonic core at a given nozzle 

pressure ratio p0/pb was found larger in radial direction for case 2 in 

: Case 1

: Case 2

M
a

x/De

p0/pb=1.893
p0/pb=2.50

p0/pb=6.00

End of potential core 

Small Mach disk

0 5 10 15 20 25 30

0.5

1

1.5

2

2.5

3

Fig. 7 Mach number distr ibut ions on jet axis 
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comparison with the case 1. Furthermore, this figure also evident that the 

increase in the nozzle pressure ratio expands the jet configuration outward. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. CONCLUSIONS 

 

In the present study,  two-dimensional axisymmetric turbulent jet flows from 

sonic nozzle were invest igated under different operating conditions (p0/pb). 
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Fig. 8 Potential  core and supersonic flow lengths under different operating 

conditions 

 

Fig. 9 Distr ibutions of sonic l ines near nozzle exit 
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The unsteady, compressible, Navier-Stokes equations have been solved 

numerically to simulate the effect of inflow conditions on the aerodynamic 

and shock characteristics of supersonic jets. The numerically predicted 

results of the correctly-expanded supersonic free jets from convergent-

divergent nozzle were compared with the experimental data to validate the 

present numerical code. A great influence of inflow conditions on the 

aerodynamic and shock characteristics of supersonic turbulent jet were 

found. The conclusions are summarized as follows: the increase in the 

pressure rat io increases the shock cell spacing, potential core and 

supersonic flow lengths. The sonic l ine moves to the upstream region from 

nozzle exit in case of using fixed boundary conditions at upstream of the 

computational domain. Potential core and supersonic flow length were found 

lager when chocked condition was applied at nozzle exit as inflow condition. 

Supersonic core at chocked inflow condition was found larger in the radial 

direction. Moreover, outward expansion of jet configuration was found with 

the increase in nozzle pressure ratio.  
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7. NOMENCLATURE 

 

Symbol Meaning Unit 

D nozzle diameter (m) 

M Mach number  (-) 

p pressure  (Pa) 

T temperature (K) 

x axial distance  (m) 

Sub-script Meaning  

0 stagnation 

b ambient 

c potential core 

d design 

e nozzle exit  

s supersonic flow 

t  nozzle throat 

 

 


