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Abstract

Static analysis of carbon nanotubes (CNT) is presented using the nonlocal Bernoulli-Euler beam theory.
Differential quadrature (DQ) method is used for bending analysis of numerical solution of carbon nanotubes.
Numerical results are presented and compared with that available in the literature. Deflection and bending
moment are presented for different boundary conditions. It is shown that reasonable accurate results are
obtained.
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1. Introduction

Carbon nanotubes were discovered in 1991 by Sumio lijima [1]. Carbon Nanotubes (CNT)
have a very basic chemical structure. It easy to think of them as small graphene sheets rolled
into a cylinder. Carbon nanotubes (CNT) are molecular-scale tubes of graphitic carbon with
outstanding properties (Fig. 1). It is accepted that CNT are unique nanostructures with
remarkable electronic and mechanical properties. Since the CNT were discovered extensive
theoretical and experimental studies on mechanical properties of CNT has been performed [2-
10]. Vibration, bending and buckling behavior of CNT has been a subject of interest in the
past five years. Molecular dynamics or atomistic model has been used in order to look into the
mechanics of nanotubes. Moreover, many authors have employed a continuum or structural
mechanics approach for more practical and efficient modeling. For this purpose, rod, beam
and shell theories have been used by researchers [11-16]. In the literature, there have been a
large number of studies, both theoretical and experimental, of the mechanical properties of
carbon nanotubes. Recently, much attention has been devoted to the mechanical behavior of
micro/nano structures such as nanobeams, nanorods, nanotubes and microtubules. Beam
theories have been always used for modeling of this kind of nanodevices. The main goal of
this paper is to present a numerical solution of bending analysis of single walled carbon
nanotubes (SWCNT) based on the nonlocal elasticity theory of Bernoulli-Euler beam. To the
author knowledge, it is the first time the DQ method has been successfully applied to carbon
nanotubes based on linear theory of Bernoulli-Euler beam for the numerical analysis of
bending.

2. Differential Quadrature (DQ) Method

Differential quadrature (DQ) method is a relatively new numerical technique in applied
mechanics. The method of differential quadrature was proposed to solve linear and nonlinear
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differential equations and later it was introduced to solid and fluid mechanics by Bert et al.
[17,18], Shu and Xue [19], and Civalek [20-23]. The method of DQ can yield accurate
solutions with relatively much fewer grid points. It has been also successfully employed for
different solid and fluid mechanic problems.

Unlike the DQ that uses the polynomial functions, such as power functions, Lagrange
interpolated, and Legendre polynomials as the test functions, harmonic differential quadrature
(HDQ) uses harmonic or trigonometric functions as the test functions. Shu and Xue [19]
proposed an explicit means of obtaining the weighting coefficients for the HDQ. When the
f (x) 1s approximated by a Fourier series expansion in the form
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and the Lagrange interpolated trigonometric polynomials are taken as
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for k = 0,1,2,....,N. According to the HDQ, the weighting coefficients of the first-order
derivatives A;; for i =]j can be obtained by using the following formula:
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Where
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The weighting coefficients of the second-order derivatives Bj; for i #j can be obtained using
following formula:

Bl = Al ZAI(il)—nctg X _Xj T 1 i 1j = 112’31"'1Nl (5)
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The weighting coefficients of the first-order and second-order derivatives Aij(p) fori=j are
given as

N _ _ .
Al(ip) -~y Al(jp) ;p=1or2;andfor i=1.2,...,N. (6)
j=1j=i
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A natural, an often convenient, choice for sampling points is that of equally spaced point. It
was also reported that the Chebyshev-Gauss-Lobatto or non-equally sampling grid (NE-SG)
points for spatial discretization as;

i—-1
N-1

1
Xj = E[l — cos( )] (7)

performed consistently better than the equally spaced.

Fig. 1. Typical single-walled carbon nanotubes

For more details of the mathematical background and application of the DQ method in
solving problems in engineering, the readers may refer to some recently published reference
[18-23].

3. Beam Modeling Of SWCNTs

A typical single walled carbon nanotubes (SWCNTSs) based on beam theory is depicted in Fig.
2. In this figure, the letter d is the diameter of beam, L length of the beam.
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Fig. 2. Single-walled CNT

For transversely vibration of carbon nanotubes, the equilibrium conditions of Euler-Bernoulli
beam can be written as

2
oV (x,t) sza w(X,t)

8
OX ot? ®)
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oM (x,1)
OX

V(x1t) = 9)
where V(x,t) and M (x,t) are resultant shear force and bending moment of the beam, p the

mass density, A the area of the cross-section of the beam, w(x,t)is the transverse

displacement of the microtubules and tthe time variable. We obtain the following relation
from Eqs (8) and (9)

2 2
0°M (x,t) sza w(X,t)

x> ot? (10)

According to the linear theory of Euler-Bernoulli beam, the strain-displacements and the
moment are given by

¢ = —y—azw(i"t) (12)
OX
M (x,t) = j yodA (12)

For bending analysis by writing the equilibrium equation for the vertical force for
infinitesimal Euler-Bernoulli beam under uniformly distributed load, we obtain

dVv (x,t)
dx

+q(x)=0 (13)

The moment equilibrium are also written as

V(x,t)dx—M(x,t) + M(x,t) + dM(x,t) —q(x) xdxxdx/2=0 (14)

Then we obtain

V(X,t)_mzo (15)
dx
Substituting this into (13), we obtain
d*M(x,t
q(x) + # =0 (16)

The statements for bending moment and shear force are given as
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M (x,t) = —EI azw—(i"t)=o 17)
OX

V(x.t) = —EI a3‘"’—(;('”=o (18)
OX

According to the nonlocal elasticity theory of Eringen’s [28], the stress at any reference point
in the body depends not only on the strains at this point but also on strains at all points of the
body. This definition of the Eringen’s nonlocal elasticity is based on the atomic theory of
lattice dynamics and some experimental observations on phonon dispersion. In this theory, the
long range force about atoms is considered and thus internal scale effect is introduced in the
constitutive equation. In this theory, the fundamental equations involve spatial integrals which
represent weighted averages of the contributions of related strain tensor at the related point in
the body. Thus theory introduces the small length scale effect through a spatial integral
constitutive relation. For homogenous and isotropic elastic solids, the linear theory of
nonlocal elasticity is described by the following equations:

on, +p(f _(382::'):0’ (19)
50 (X) = [ (X = X}, )7 (X)AV (X), (20)
T (X)) = Ae (X)) 0y + 2ue (X), (21)
n_ L ou (X) ou(X)
fulx) = 2( Py j =

where o, is the nonlocal stress tensor, p is the mass density of the body, f, is the body
(or applied) force density, u,is the displacement vector at a reference point x in the body,
7, (X) is the classical (Cauchy) or local stress tensor at any point x'in the body, ¢, (x')is the

linear strain tensor at pointx” in the body, t is denoted the time, V is the volume occupied by
the elastic body, a|X— x'| is the distance in Euclidean form, 1and x are the Lame constants.

The non-local kernel oc|X — X

defines as the impact of the strain at the point x" on the stress at

the point x in the elastic body. The value of x depends on the ratio (e,a/l) which is material

constant. The value a depends on the internal (granular distance, lattice parameter, distance
between C-C bonds as molecular diameters) and external characteristics lengths (crack length
or wave length) and e, is a constant appropriate to each material for adjusting the model to

match reliable results by experiments or some other theories. For an elastic beam in the one
dimensional case, the nonlocal constitutive relations can be written as below
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For a uniformly distributed load the related equations can be written as

V(x) =—El OISLEX)z—qx—cl (24)
dx
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where c, (i=1,...,4) are constant of integration which must be determined using the related

boundary conditions of the microtubules. If we consider the Euler-Bernoulli beam subjected
to a distributed load and series of concentrated loads P, at x = x; (i=1,2,...,n), the general

nonlocal equation for this case is given below [24]

g W(X) +q00)(e,a)? 2 ( )—q(x)
1 a(x)(e,a)’ Q( )+ZP[5(X x,) - (6,2)26"(x - x,)] (26)
where ¢ is the Dirac delta function and defined as
Sx—x)={ o KT 27
(x=%) = {0, otherwise @7

Three-types of boundary conditions are considered. These are:

For simply supported(S)end: W =0and M =0 (28a)
For clamped (C)end: W =0 and dW /dx=0 (28b)
For free (F)end: V=0and M =0 (28¢)
4. Results

In this section, a number of numerical examples are given to illustrate the application of the
present method. The material and geometric constant of CNT are taken as: L=10 nm, E=2*10°
N/m?, 1=64,33*10¢ m*. A uniformly distributed load has been considered for three different
boundary conditions. For clamped CNT, deflection profile is shown in Figure 3. As expected
maximum deflection is obtained on the center of the beam.
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Fig. 3. Non-dimensional deflection (El/gl*) of C-C SWCNT

In Figure 4, non-dimensional deflection for C-C carbon nanotubes is depicted for different
value of load. It may be concluded that decreasing the load, g will always result in decreased
deflection. In figure 5, three-different boundary conditions are taken into consideration for
bending of carbon nanotubes. It is clearly shown that the deflection response of C-F
nanotubes is higher than the response of C-C and S-S carbon nanotubes.
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Fig. 4. Non-dimensional deflection (E1/1*) of C-C SWCNT for different loading
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Fig. 5. Non-dimensional deflection (EI/I*) of SWCNT for different boundary conditions

500 H

Lt
o« A
R4 N,
375 | £ by
/ \

/ \
& £ —o©—e0a=2.00E-09
o . A
W e y; —8— e0a= 3.00E-09 \
= / — - & - — e0a= 6.00E-09 \

0.00 0.20 0.40 0.60 0.80 1.00
XL

Fig. 6. Static deformation of S-S carbon nanotubes for different nonlocal parameters

5. Conclusions

By using the Euler-Bernoulli beam theory, DQ based numerical approach for deflection and
bending analysis of single walled carbon nanotubes is investigated. Some numerical examples
were provided. Although not provided here, the method is also useful in providing nonlinear
behaviour of single-walled carbon nanotubes [26,27]. The present study is being further
developed to overcome the convergence problems encountered in the nonlinear static and
buckling analysis of carbon nanotubes.
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