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ABSTRACT

In this paper, we establish some common fixed point theorems for two mappings satisfying set-valued Presic-
Chatterjea type contractive conditions. The new theorems generalize and unify some well-known theorems of the
literature. We also provide some examples to illustrate and confirm the usability of the obtained results.
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1. INTRODUCTION AND PRELIMINARIES

Let X be a nonempty set and x € X. Then x is called a
fixed point of a mapping T:X - X if Tx =x. The
existence of fixed points of self-mappings is considered
by several authors in different spaces. Most of the results
on fixed points are the generalizations of the famous
Banach contraction principle which ensures the existence
and uniqueness of the fixed point of self-mappings
defined on complete metric spaces. It states that: if
T:X — X is a Banach contraction on a complete metric
space(X, d), that is, T satisfies the condition:

d(Tx,Ty) < Ad(x,y)

for all x,y € X, where 4 €[0,1), then T has a unique
fixed point.
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Kannan [3] extended the Banach's principle for the
mappings T: X — X satisfying the following condition:

d(Tx,Ty) < A[d(x,Tx) + d(y,Ty)]

for all x,y € X, where 4 € [0,1/2). We notice that, the
conditions of Banach and Kannan are independent.
Kannan [3] showed the existence and uniqueness of fixed
point by using the above condition.

Another generalization of Banach's principle is due to
Reich [8]. He unified the above two conditions for the
mappings T: X — X by assuming the following condition:

d(Tx, Ty) < Ad(x,y) + pd(x,Tx) + 6 d(y, Ty)
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for all x,y € X, where 4,u,§ are nonnegative constants
such that A+ u+8<1. He also showed that the
conclusions of Banach and Kannan about the existence
and uniqueness of fixed point remain true for the above
unified contractions.

Chatterjea [1] assumed the following condition:
d(Tx,Ty) < Ald(x, Ty) + d(y, Tx)]

for all x,y € X, where 1€[0,1/2), and proved the
existence and uniqueness of the fixed point of mapping T.

Let CB(X) be the class of all nonempty, closed and
bounded subsets of X. A mapping H: CB(X) x CB(X) -
[0, o) defined by

a€A \beEB b€EB \a€A

H(A, B) = max {sup {infd(a, b)} ,Sup {infd(b, a)}}

is called a Pompeiu-Hausdorff metric on CB(X). The
mapping H is indeed a metric on CB(X).

The following lemma can be found in [5].

Lemma 1.1 ([5]). Let (X,d) be a metric space and
A,B € CB(X). Then for all € > 0 and a € A there exists a
point b € B such that d(a, b) < H(4,B) + €.

For a nonempty set X, the mapping T:X — CB(X) is
called a set-valued mapping. A point x € X is called a
fixed point of T if x € Tx. Nadler [5] extended the
Banach contraction principle from the setting of single-
valued mapping to the setting of set-valued mappings and
proved the following fixed point theorem.

Theorem 1.2 ([5]). Let (X, d) be a complete metric space
and let T be a mapping from X into CB(X) such that for
all x,y € X,

H(Tx,Ty) < Ad(x,y),
where A € [0,1). Then T has a fixed point.

On the other hand, Presi¢ [6,7] extended the Banach
contraction principle for the mappings defined from the
product X* (where k is a positive integer) into the space X
and proved the following theorem.

Theorem 1.3 Let (X, d) be a complete metric space, k a
positive integer and T: X* — X be a mapping satisfying
the following contractive type condition:

d(T(xp Xz, oo X)), T (X2, X3, . 'xk+1))

K
< Z qid(x;, xi41) (€9
=

for every xi, x5, ..., X, X 41 € X, Where q4,q5, ..., q; are
nonnegative constants such that g; + g, + -+ q, < 1.
Then there exists a unique point x € X such that
T(x,x,...,x) = x. Moreover if xq,x,, ..., x;, are arbitrary
points in X and for n €N,

Xnark = T(Xn, Xn41, - Xnik—1), then the sequence {x,} is
convergent and

limx, = T(limx,,limx,, ..., limx,).

A mapping satisfying (1) is called a Presi¢ type
contraction. There are several applications of Presi¢ type
contractions, e.g., in the convergence of sequences [6,7],
in solving the nonlinear difference equations [2,14], in
solving the nonlinear inclusion problems [9], in the
convergence problems of nonlinear matrix difference
equations [4] etc..

The mapping T: X* — CB(X) is called a set-valued Presi¢
type contraction (see [11]) if it satisfies the following
property: there exist nonnegative constants «; such that
Yk a;<1land

H(T(xl, Xz, ey X3 ), T (X3, X3, .., xk+1))
k

< Z a; d(x;, xi1) (2)

i=1
forall x1, x, ..., X, Xx 41 € X.

Shukla et al. [11] extended the result of Presi¢ for set-
valued mappings and proved some fixed point results for
set-valued Presi¢ type contraction. The results proved in
[11] were the generalization and unification of the results
of Nadler [5] and Presi¢ [6,7]. Shukla [10] unified the
results of Assad-Kirk and Presi¢ and proved Assad-Kirk
type theorems in product spaces. He also discussed some
stability results concerning set-valued Presi¢ type
mappings. Shukla and Sen [12] introduced the set-valued
Presi¢-Reich type contractions which extend and
generalize the result of Reich [8] in product spaces. In the
recent paper [9], Shazad and Shukla generalized the
results of [11] in the spaces consisting graphical structure
and applied the corresponding results to the difference
inclusion problems. Another generalization for set-valued
Presi¢ type mappings in the partial metric setting can be
found in the recent paper of Shukla [13].

In this paper, we introduce the set-valued Presic-
Chatterjea mappings in metric spaces and prove some
common fixed point results for a mapping T: X¥ — X and
a single-valued self-mapping of space X. Our results
extend the results of Shukla et al. [11] for Chatterjea type
contractive conditions and generalize and unify the results
of Nadler [5], Presi¢ [6] and Chatterjea [1].

The following definitions and assumptions will be needed
in the sequel.

Let k be a positive integer and T: X* — CB(X) be a
mapping. Then T is said to be a set-valued Presic-
Chatterjea type contraction if,
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H(T(xy, %, oo, x1), T(X2, X3, ooe) Xic 1))
k+1k+1

i=1 j=1
i*j
for all xg, x4, ..., X, Xx+1 € X, Where A is a constant such
that 0 < Ak?(k+1) < 1.

Note that the set-valued Presi¢-Chatterjea type contraction
in the case k =1 reduces to set-valued Chatterjea type
contraction. Therefore, the set-valued Presi¢-Chatterjea
type contractions are a generalization of set-valued
Chatterjea type contractions.

Definition 1.4 ([11]). Let X be a nonempty set, k a
positive integer, T: X* - CB(X) and g:X — X be two
mappings.

@) If x € T(x, ..., x), then x € X is called a fixed point of
T.

(b) An element x € X is said to be a coincidence point of
T and g if gx € T(x, ..., x).

() If w=gx €T(x,..,x), then w is called a point of
coincidence of T and g.

(d) If x=gx €T(x,..,x), then x is called a common
fixed point of T and g.

(e) Mappings T and g are said to be weakly compatible if
whenever gx € T(x,..,x) we have g(T(x,..,x)) S
T(gx, ..., gx).

We denote the set of all fixed points of the mapping T by
Fix(T).

Now we can state the main results of this paper.
2. MAIN RESULTS

The following theorem is a coincidence point result for a
mapping on product space and a self-mapping of space,
and a generalization of fixed point result for set-valued
Presi¢-Chatterjea type contractions.

Theorem 2.1. Let (X,d) be any complete metric space
and k be a positive integer. Let T:X* - CB(X) and
g:X — X be two mappings such that g(X) is a closed
subspace of X and T(A) c g(X), where A=
{(x,x, ...,x): x € X} is the diagonal of Cartesian product
X*. Suppose the following condition holds:

H(T(xy, %, oory 1), T(X2, X3, ov0) Xie41))
k+1 k+1

SAZZd(gxi,T(xj,xj, ...,xj)) 4)
i=1 j=1
i#j
for all x4, x5, ..., xx, X114 € X, Where 4 is a constant such

that 0 < Ak%(k + 1) < 1. Then T and g have a point of
coincidence v € X.

Proof. Let x, € X be arbitrary. As T (xy, ..., xy) € CB(X)
and T(A) c g(X) we haveT(xg,...,xo) € g(X), let
V1 = gx; € T(xy, ..., xo) for some x; € X, so by Lemma
1.1 there existsy, = gx, € T(xq, ..., %1), X, € X such
that
d(gxi,gx,) < H(T(xq, ..., x0), T(x1, o, 1)) + 6,
where 6 > 0 is arbitrary. Similarly, there exists y; =
gxs € T(xy, ..., x5) such that
d(gxz, gx3) < H(T(xy, ., 1), T (3, .0, X2))
+ 62,
Continuing this procedure we obtain y,,q = gxp41 €
T(xp, ..., x,) and

a(gxn, gxni1)
< H(T (1, oo Xn-1), Tty o, %)) +6™  (5)

for all n € N. For simplicity, set

di = d(yi,yi+1), Di,j =d (gxi, T(Xj,Xj, ...,Xj)) v l,] €
{1,2,..., k}.
As H is a metric on CB(X), for any n € N it follows from
(5) that
dpn = dWn Ynt1) = A(Gxn 9Xn+1)
< H(T(xp—1, o » Xp-1), T (X, ey X)) + O™
=< H(T(xn—lr R xn—l)J T(xn—lr o Xn—1, Xn))
+H(T(Xn_1, e Xp—1, Xn), T(xn—lr ey Xp—1, X, Xn))
+ o+ H(T (g, Xy oo %), T Oy oo, ) ) + O™
Using (4) in above inequality we obtain
dyp < Ak(k —1)Dy_15-1 +AkDy_1 4
+AkDy 1 + Ak — 1)(k —2)Dy_1n—1
+2M(k = 1)Dy_qn + 2A(k — 1)Dyy 1
+2 N 1).Dn’n + b + 2 ° 1an_1’n_1
+2A(k — 1)Dpy_q 5 + 2A(k — 1)Dp 51
+AC(k = 1)(k = 2)Dp, + AkDyy g + AkDyy 4
+Ak(k —1)Dy, + 6"
=Ak&k—1D+&k-1Dk—-—2)-+2-1]
X [Dp-1n-1 + Dyu] + Alk + 2(k — 1) + -+ + k]
X [Dp-1n + Dppn_y] + 0"

that is,

Ak(k?—1)
n < # [Dn—l,n—l + Dn,n]

Ak(k + 1) (k +2)
+ 7 [Dn—l,n + Dn,n—l]

+om. (6)

Since y, = gx, € T(xp_q, ., xq—1) for all n €N, by
definition we have
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Dpn = d(gxn, T(xn, ., %))
< d(yn'yn+1) =dy,
Dpn-q = d(gxn:T(xn—ll ---rxn—l))
< dWnyn) =0

and Dn—l,n = d(gxn—er(xnr ---rxn)) < d(Yn—ern+1)v
therefore we obtain from (6) that

Ak(k?—1)
dn < f[dn—l + dn]
Ak(k + 1) (k+2)
+—

6

Ak(k? -1
< %[dn—l +dy]
Ak(k+ 1) (k+2)
A

[d(Vn-1, Yn+1)] + 0"

ldp_1 +d,]+06™
that is,

Ak2(k +1) 20m

< = S
P Ve L Rl yuy T

For simplicity, set u = Ak?(k + 1) and a = ﬁ then by

assumption we have 0 <u <1 and 0 <a < 1. Since
0 > 0 was arbitrary, choose 8 = a, then from (7) we
have

2am™
2—u
It follows from successive application of (8) that

o = a|ady_, + 25| 4 22
n = @ |Qlp_2 2—p 2—u
4a™

2—p

dn < a’dn_1 +

®)

= azdn_z +

2—u
Repeating in similar manner we obtain:

2na™
dnSa"d0+2_

As 0 < a <1, therefore 3 ja™ < oo and Y na™ <
oo, we have

z d(ynryn+1) = z dn
n=0 n=0

It follows from (9) that the series Yoo d(Vn, Yns1) iS @
convergent series, and so, the sequence of its partial sums
must be a Cauchy sequence. Suppose, € > 0 be given,
then there exists ny € N such that X7, d(y;, vis1) < &
forall n,m > n,.

Now, for n,m € N with m > n we have

d()’n:.)’m) =< d(.Vnr.Vn+1) + d()’n+1ryn+2)
+ot d(ym—l:ym)

m—1
= Z Ay, Yie1)
i=n

<e&

for all n,m > ny. Therefore {y,} = {gx,} is a Cauchy
sequence in g(X). As g(X) is closed and X is complete,
there exists u, v € X such that v = gu and

lim d(y,, v) = lim d(gx,, gu) = 0. (10)
n—oo n—-oo
We shall show that u is a coincidence point of T and g.
AS Vi1 = gXns1 € T(xy, ..., x,) forall n € N, we have

d(v, T, ..., w)
<dW,yne) + d()’n+1: T(u, ...,u))
<dW,yns1) + H(T(xn, v X)), T (1, ...,u))
< dW,yns1) + H(T Gy oo, 2), Ty wovy X, 1))
+H(T ey ey X, ), Ty o, Xy w, 1))
+e 4 H(T(xn, u,...,u), T(u, ...,u)).

Using (4) in the above inequality we obtain

d(v,T(w, .., w)
<dW,yp4) + A=) + -+ 2-1]
X [d(gxn,T(xn, ...,xn)) + d(gu,T(u, ...,u))]
Ak +2(k — 1)+ +2(k —1) + k]
X [d(gxn,T(u, ...,u)) + d(gu,T(xn, ...,xn))]
< d(U,yn+1)
2
+w [d(yn,yn+1) + d(v,T(u, ...,u))]
Ak(k+ 1) (k+ 2)
e
X [d(yn,T(u, ...,u)) +d(v, yn+1)]

Using (10) in the above inequality we obtain

d(v, T, ...,w)

<2 0,1, w)
+wd(u TG oy ))

= wd(v,T(u, )

2
= gd(v, T(u, ,u))
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Since 0 < u < 1, therefore it follows from the above
inequality that d(v,T(u, ...,u)) =0, that is, v=gu €
T(u, ...,u). Thus u is a coincidence point and v is a point
of coincidence of T and g

O

Taking g = Iy in the above theorem we obtain the
following fixed point result for a set-valued Presic-
Chatterjea type contraction.

Corollary 2.2. Let (X,d) be any complete metric space
and k be a positive integer. Let T: X*¥ - CB(X) be a set-
valued Presi¢-Chatterjea type contraction. Then T has a
fixed point v € X.

Now we give two examples which show that the
conditions (2) and (3) are independent of each other, that
is, a set-valued Presi¢ type contraction need not be a set-
valued Presi¢-Chatterjea type contraction and a set-valued
Presi¢-Chatterjea type contraction need not be a set-
valued Presi¢ type contraction, and therefore the results
of this paper are proper extensions of the result of Shukla
etal. [11].

Our first example shows that a set-valued Presi¢ type
contraction may not be a set-valued Presi¢-Chatterjea type
contraction.

Example 2.3. Let X =[0,1], then (X,d) is a complete
metric space, where d is the usual metric on X. Let b be a
positive number such that 1 < b < 7. For k = 2, define
T: X2 - CB(X) by

b—1 1

forall x,y € X. Then, at points x =y = 0,z = 1 we have

1 b+5
(G, 76,2) = H (03] o =5
6b ’

d(x, T, y)) +d(x,T(z,2)) + d(y,T(x,x))

+d(y,T(z, z)) + d(Z,T(x, x)) + d(z,T(y, y))

_2b-1)

==
Therefore, if (3) is satisfied then we have

b—1_2a0b-1)
6b b

that is, —<A But then Ak*(k+1)=121>1.
Therefore, T is not a set-valued Presi¢-Chatterjea type
contraction. On the other hand, since b > 1, taking

b—1
@ = =g

we have

b—1
0<l11+a2=?<1.

Now it is easy to see that T is a set-valued Presi¢ type
contraction with ¢y = a, = %.

Next example shows that a set-valued Presi¢-Chatterjea
type contraction may not be a set-valued Presi¢ type
contraction, also that the fixed point of a set-valued

Presi¢-Chatterjea type contraction may not be unique.

Example 2.4. Let X =[0,1], then (X,d) is a complete
metric space, where d is usual metric on X. Let a, b, c are
positive numbers such that b+ ¢ < 1,c < a and 7a < b.
For k = 2, define T: X? - CB(X) by

T(x,y)
_ {{O, a}, ifx,y €[0,b] X [0,b] U (b,1] X (b,1]
~ Yoy, otherwise.

Then, at points x=y=b,z=b+c we have

H(TG,y),T(,2)) =a and d(x,y) =0,d(y,2) =c.
Because ¢ < a, therefore we cannot find the nonnegative
constants @, a, such that @; + @, < 1 and

H(T(x,y),T(y,2) < a1d(x,y) + a,d (v, 2).

Therefore T is not a set-valued Presi¢ type contraction.

a

On the other hand, since 7a < b for 1 = 2o Ve have
12a 14a — 2a
2 = =
Ak +1) = 2(b—a) 2(b-a)
_2b—2a _
2(b—a)

Now it is easy to see that T is a set-valued Presic-

Chatterjea type contraction with 1 = z(ba_a). Thus, all the

conditions of Corollary 2.2 are satisfied and T has two
fixed points, namely, Fix(T)={0, a}.

The following theorem provides a sufficient condition for
the uniqueness of common fixed point of mappings.

Theorem 2.5. Let (X,d) be any complete metric space
and k be a positive integer. Let T:X* — CB(X) and
g: X — X be two mappings such that, all the conditions of
Theorem 2.1 are satisfied. Suppose in addition that T and
g are weakly compatible in such a way that, for any
coincidence point u of T and g we have T(y,...,u) =
{gu}, then T and g have a unique common fixed point.

Proof. The existence of coincidence point u and point of
coincidence v of the mappings T and g follows from
Theorem 2.1. Suppose T and g are weakly compatible in
such a way that, for any coincidence point u of T and g
we have T (v, ..., u) = {gu} = {v}. We shall show that the
point of coincidence v is unique.
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If v is another point of coincidence with
coincidence point v’ of T and g, then T(u,...,u") =
{gu'} = {v'}.

As H is metric, we obtain
dw,v") = H{v},{v'})
= H(T(u, o), T(u, ...,u))
< H(T(u, wo,w), T(u, ...,u,u’))
+H(T(u, wouu), T, ... u, u’,u’))
+-- 4 H(T(u, u',.,u), T, ..., u’)).
Using (4) and the process as used several times before, we
obtain
dwv,vV)<AMk(k—1D)+k—-1)(k—=2)+--+2-1]
x [d(gu, T, ...,w) +d(guw’, TW, ..., u))]
Ak + 2k =D+ -+ 2(k—1) + k]
x [d(gu, T, ...,u)) +d(gu’, T(u, ..., )]

- w [dw,v") + d(v', v)]
_ w A, 0",

Since Ak?(k + 1) < 1, therefore
Me(k+1D)(k+2) k+2
< <1
3 3k

and so, it follows from above inequality that d (v, v") = 0,
that is, v = v'. Thus the point of coincidence of T and g
is unique.

Since T and g are weakly compatible, therefore we have

9(T@w, .., w) € T(gu, .., gu) =T, ..., v), that is,
{gv} c T(v,..,v).

Therefore, gv € T(v,...,v), which shows that gv is
another point of coincidence of T and g and by uniqueness
we have v=gv € T(v,..,v). Thus, v is the unique
common fixed point of T and g.
m}
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