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ABSTRACT

In this paper, we have established some coupled fixed point theorems for a« —Geraghty type contractive mappings in
the context of partially ordered metric spaces. Applying these results, we have deduced fixed point results on metric
spaces endowed with the graph. Also, the effectiveness of our work is validated with the help of a suitable example.
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1. INTRODUCTION AND PRELIMINARIES

One of the most famous results in the fixed point theory
is Banach contraction principle introduced by Banach
[8]. Many authors have studied and proved the fixed
point results in several directions; see, e.g., [9-14].

Let £ be the class of functions y:[0,00) — [0,1) with
y(f) = 1 implies f,, = 0. By using the functiony € L,
Geraghty [4] proved the following remarkable theorem.

Theorem 1. ([4]) Let (X, d) be a complete metric space
and T: X — X be an operator. If T satisfies the following
inequality

d(Tx, Ty) <
y(d(x,y)d(x, y)

forany x,y € X, where y € £, then T has a unique fixed
point.

(1.1

Amini-Harandi and Emami [2] presented the following
results.

*Corresponding author, e-mail: yolacanesra@gmail.com

Theorem 2. ([8]) Let (X, <) be an ordered set endowed
with a metric d and T:X —» X be a given mapping.
Suppose that the following conditions hold:

(X,d) is complete;

(1) T is continuous or (2) if a nondecreasing
sequence {x,} in X converges to some point x € X,
then x,, < x for all n;

T is nondecreasing;
there exists x, € X such that x, < Tx,;

there exists y € L such that forall x,y € X withx >
Y,

d(Tx, Ty) < y(d(x,¥))d(x,y).

Then T has a fixed point. Moreover, if for all (x, y) € X?
there existsaz € X suchthatx < zand y < z, we obtain
uniqueness of the fixed point.

The concept of a —admissible and triangular
a —admissible mappings were introduced by [6] and [7]
respectively.
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Definition 1. ([6]) Let T: X - X and a: X2 — [0, ») be
given mappings. We say that T is @ —admissible if for all
x,y € X, we have

alx,y)=z1= a((Tx, Ty)) > 1.
Definition 2. ([7]) An @ —admissible map T is said to be triangular « —admissible if
a(x,z) 21and a(z,y) = 1imply a(x,y) = 1.
In 2014, Popescu [15] investigated the notion of triangular @ —orbital admissible as follows.
Eefinition 3. ([15]) Let T: X — X be a mapping and a: X? — [0, o0) be a function. We say that T is a —orbital admissible
i
a(x,Tx) > 1= a((Tx,T?x)) > 1.
Moreover, T is called triangular & —orbital admissible if T is & —orbital admissible and
a(x,y) = land a(y,Ty) = 1imply a(x,Ty) = 1.
For more details on a —orbital admissible and triangular @ —orbital admissible mappings, see e.g. [16-19].

Remark 1. As stated in [15] each a —admissible (respectively, triangular a« —admissible) mapping is an a —orbital
admissible (respectively, triangular a —orbital admissible) mapping. The converse is not true ( for more details, see [15,
Example 7]).

Mursaleen et al. [5] introduced a modified type admissibility that re-named (a) —admissible mapping.

Definition 4. ([5]) Let F: X2 —» X and a: X% x X? — [0, o) be two mappings. Then F is said to be (@) —admissible if
a((x,y),wv))=1=a ((F(x, ¥),F(y,x)),(F(u,v),F(v, u))) >1

forall x,y,u,v € X.
Definition 5. Let F: X2 - X and a: X? X X2 — [0, ). We say that F is a (@) —orbital admissible if

a((ey), (Fay), Fo,0)) 2 1=

a ((FGy) F3,0), (F (69, F2(5,5))) = 1.

Furthermore, F is called triangular () —orbital admissible if F is a (a) —orbital admissible and
a((xy),wv))=1and « ((u, v), (F(w,v),F(v, u))) >1=

a ((x, y), (F(u, v),F(v, u))) > 1.
Remark 2. Notice that Definition 4 (resp. Definition 5) is the same with Definition 1 (resp. Definition 3) by selecting X 2.

Lemma 1. Let F be a triangular (a) —orbital admissible mapping. Assume that there exists x4, y; € X such that

a ((xl,yl), (F(xl,yl), F(y1, xl))) >1landa ((yl,xl), (F(yl, x1), F(xq, yl))) >1.
Define sequences {x,,} and {y,,} by x, = F™(xy,y,) and y,, = F"(y;, x1). Then
a(Cen ¥y Gy ¥m)) 2 1 and (3 %), Oy X)) = 1
forall m,n € Nwithn < m.
Proof. Following the lines of the proof of [15, Lemma 8] by selecting X2, we conclude the results. We omit the details.

Definition 6. ([3]) Let (X, d) be a complete metric space, a: X? X X? — [0, ) be a function, and F: X? — X be a map. We
say that the sequences {x,,} and {y, } are (@) —regular if the following condition is satisfied:

If {x,,} and {y,,} are sequences in X such that a((x,, ¥n), (Xn+1, Yn+1)) = 1 and a((n, %), Wnt1, Xns1)) = 1 for all n,
and lim x, =x and lim y, =y, then there exists subsequences {x,u»} of {x,} and {ynu»} of {y,} such that
n—oo n—oo

a ((X'n(k), yn(k)): (x, y)) >1land a ((yn(k)' X'n(k)), (y, x)) > 1 forall k.

Definition 7. ([1]) An element (x,y) € X2 is said to be a coupled fixed point of the mapping F: X2 - X if F(x,y) = x and
F(y,x) =y.
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Definition 8. ([1]) Let (X,<) be a partially ordered set and F: X? — X be a mapping. Then a map F is said to have the
mixed monotone property if F(x,y) is monotone nondecreasing in x and is monotone nonincreasing in y; that is; for any
x,y €X,

X1, %3 € X, x, < x5 implies F(xy,y) < F(xy,y)
and

Yu.Y2 € X, y1 <y, implies F(x,y,) * F(x,y2).
2. MAIN RESULTS

Throughout this section, we said that the tripled (X, <, d) is a partially ordered metric space, if the relation < on X is a
partial order and (X, d) is a metric space. Further, if (X, d) is complete in the sense of metric d, then the tripled (X, <, d) is
called partially ordered metric space. We start this section with the following definition.

Definition 9. Let (X,<,d) be a partially ordered metric space and F: X? - X be a mapping. Then a map F is said to
a —Geraghty type contractive map if there exists two functions a: X2 x X2 — [0, ) and ¥ € £ such that

d(F(x,y), F(w,v)) + d(F(y,x),F(v,w)) (2.1)

2
(d(x. u) +d(y, v)> <d(x, u) +d(y, 17))
<y

a((x,y), (w,v))

2 2

forall x,y,u,v € Xwithx >uandy < v.

Theorem 3. Let (X, <,d) be a partially ordered complete metric space and F:X? — X be a mapping having the mixed
monotone property on X. Suppose that the following conditions are satisfied:

i F is an a —Geraghty type contractive map;
ii. F is a triangular (a) —orbital admissible mapping;

iii. there exists x4, y; € X such that

a ((xl,yl), (F(x1'y1):F(y1:x1))) =landa ((J’1'x1): (F(Y1:x1)'F(x1:)’1))) =1,
iv. F is continuous.

If there exists x;,y, € X such that x; < F(x,,y;) and y; = F(y,,x,), then F has a coupled fixed point, that is, there exists
x,y € X suchthat F(x,y) =xand F(y,x) = y.

Proof. By assumption iii, there exists a point x,y, € X such that
a (Gey,yn), (FGe, y2), FOya,x))) = 1and a (G, 20, (Fra, 20, Fxa, ) 2 1,

and x; < F(xq,y1) = x, and y; = F(y,,x,) = y,. Moreover, we have a point x,, y, € X such that F(x,,y,) = x3 and
F(y,, x5) = y3. By induction, we have two sequences {x,} and {y,} in X by

Xne1 = FQep, y) and vy 01 = F(yp, x,) foralln > 1. (2.2)

Now, suppose that if (x,,, 11, Y, +1) = (Xng Yn,) fOr some ng, then F(xp,, ¥n,) = %p, ad F (Y, X5, ) = Y, Namely, F
has a coupled fixed point. Now, we assume that (x,11, Yn+1) # (n, ¥ for all n = 0. From Lemma 1, we get

a((xn' V) (e, Yn+1)) =1 (2.3)

and similarly,

a((yn, Xn)y Vn+1s xn+1)) =1 (2.4)
for all n € N. Now, we assume that d(x,,_1, x,) + d(¥5_1, ¥») # 0 for all n. By (2.1) and using (2.3) and (2.4), we have

(d(xn'xn+1) + d()/n'yn+1)) X 2_1 (25)
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< (d(xn—l' xn) + d(yn—l' yn)) (d(xn—lﬂ xn) + d(yn—ll yn)>
=V 2 2

which implies

(d(xn'xn+1) + d(Yn'yn+1)) x27t< (d(xn—l'xn) + d(y-n—l'yn)) x 271,
Set wy, == d (X, Xn41) + d(Vn, Yni1), then sequence {w,} is monotone decreasing. Hence, there is some w,, = 0 such that
lim w, = w.

n—-oo

We claim that w = 0. Suppose, to the contrary, that w > 0, then by (2.5), we obtain

d(xn' xn+1) + d(yn' Yn+1) < (d(xn—lixn) + d()’n—h)’n)) <1
d(xn—l!xn) + d(yn—lr yn) - 2 ’

which yields that lim y ({&2=22)240019)) — 4 This implies
n—-oo

d(xp_1,%,) > 0and d(yp_1,y) > 0asn - oo (sincey € L) (2.6)
or
d(p_1, %) + AdYp_1,Vn) 2 0asn - oo (sincey € L) 2.7)
which is a contraction. Therefore w = 0, that is

rlli_l;{}o{d(xnr xn+1) + d(yn' Yn+1)} =0. (28)

Now, we show that {x,,} and {y,,} are Cauchy sequences. Suppose that, to the contrary, that at least one of {x,,} or {y,} are
not Cauchy sequences. Then there exists an & > 0 for which we can find subsequences {x;, }, {xmqe) } of {x,,} and {yn )},
{ym(k)} of {y,,} with n(k) > m(k) = k such that

d(xn(k)’xm(k)) + d(yn(k)JYm(k)) = 2.9

Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest integer with n(k) > m(k) = k
and satisfying (2.9). Then

d(Xngi-1%m)) + d(Yngo-1 Ymai)) < & (2.10)
Let & = d(xnaey Xmo) + d(Vn) Ymao )- From (2.8), (2.9), (2.10) and using triangle inequality, we have
I}im & = €. (2.11)

By the triangle inequality, we obtain
e < Ongo) + Ome) + (@1 Xmo+1) + AVnio+1 Ymao+1)-

By Lemma 1, « ((xn(k),yn(k)), (xm(k)' ym(k))) > 1. Since n(k) > m(k), Xn(k) = Xm(k) and Yn(k) < VYm(k): from (2.1)
and (2.2)

(d(xn(k)+1’xm(k)+1) + d(yn(k)+1rym(k)+1)) x 27t
= (d (F (00 Yn0) F (e @) ) + @ (F(rmaon ), F (ym(k)'xm(k)))) x 27t

) d (F (0, Y00 F (Xm0 ¥m)) + d (F(00, X0 ) F (mrr #mco))
2

sa ((xn(k» @) (X Ymi))

<y d(xn(k)’xm(k)) + d(yn(k)'ym(k)) d(xn(k)'xm(k)) + d(J’n(k)'J’m(k))>
= 2 2

_ (400 Xma) + AYnge Ymao) (f_k )

=Y 2 2

which implies

d(x, 0, X +d(Vnw), Y
(d(xn(k)+1'xm(k)+1) +d(yn(k)+1:ym(k)+1)) SV( GIORIC) > S0 m(k))> Sk -
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Thus,

d(Xn@wy Xma) + A(Ynw Ymaw))
¢k S Wy T W) + V( N “ > z “ k-

Then we have

Sk~ @nw) ~ Om@o _ y d(Xn@wy Xm@) + A(Ynwey Yma)) <1
¢k - 2 '

From (2.8) and (2.11), we have

A(Xn@Xm) +d(YnwYmao)
y( 2 )—)1(ask—>00).

We have
Jim d(%ngo, ¥mo) = 0= lim d(yng, Ymaro):
that means
1im {d(*n g, Xmein) + d(Vnoy Ymaso)} = 0

which is a contradiction. This show that {x,,} and {y,,} are Cauchy sequences. Since X is a complete metric space, there
exists x, y € X such that

X, > xandy, -y (@sn - o). (2.12)
Note that in the hypothesis of the theorem F is given continuous. Taking the limit as n — oo in (2.2), by (2.12), we have
x = lim xp,yq = ImF(x,, ) = F(lim Xy, lim yn) =F(x,y).
n-oo n-oo n—-co n—-oo
Similarly, we show that
y =F(y,x).
Therefore x = F(x,y) andy = F(y, x).

Theorem 4. Let (X, <,d) be a partially ordered complete metric space and F: X2 — X be a mapping having the mixed
monotone property on X. Suppose that the following conditions are satisfied:

i F is an a —Geraghty type contractive map;
ii. F is atriangular (a) —orbital admissible mapping;

iii. there exists x;,y; € X such that

a ((xl’yl)r (F(xlr)ﬁ)‘ F(y1, x1))> =landa ((J’pxl)’ (F(Yp x1), F (x4, J’1))) =1,
iv. {x,} and {y,,} are (a) —regular.
If there exists x;,y, € X such that x; < F(x,,y,) and y; = F(y,,x,), then F has a coupled fixed point, that is, there exists

x,y € X suchthat F(x,y) = xand F(y,x) = y.

Proof. Let x;,y, € X be such that a ((xl,yl), (F(xl, v1), F(y1, xl))) >1and a ((yl,xl), (F(yl, X1), F(xl,yl))) > 1.

Following the lines in the proof of Theorem 3, we know that x,, - x € X and y,, = y € X (as n = o0). From (2.3), (2.4)
and assumption iv, then there exists subsequences {x,)} of {x,,} and {y,,q} of {,} such that

@ ((xn(k)'yn(k))’ €2 3’)) =2 landa ((yn(k),xn(k)), 62 X)) =1 (213)

for all k. By (2.13), we have
(d(F(x,¥),%) + d(F(y,x),y)) x 27"
< (d(F(x, Y Xngo+1) + (X1 %) + A(F (3, X), Yno+1) + d(%(mud’)) x 271
_ d(xn(k)+1,x) + d(yn(k)+1'y) + d (F(x'y)JF(xn(k)Jyn(k))) +d (F(YJ x)'F(yn(k)rxn(k)))
B 2 2

< d(xn(k)+1'x) + d(yn(k)+1'}’) ta )d (F(x, Y)'F(xn(k)'Yn(k))) +d (F(y'x)'F(Yn(k)'xn(k)))
- 2 2

((X, ), Cengiey Ynio))
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_ 40 +1,%) + d(yno+1,¥) iy d(x, X)) + d(y, Yn(k))) (d(xr X)) + Ay, yn(k)))
= 2 2 2

< d(xn@y+1, %) + d(Vnao+1,Y) N d(x, xn00) + A, Ynwo)
- 2 2

which implies

d(F(x,y),x) +d(F(y,x),y) < d(xn(k)+1,x) + d(yn(k)+1,y) + d(x, xn(k)) + d(y, yn(k))
—0ask — oo.
Therefore x = F(x,y) and y = F(y, x). Thus we proved that F has a coupled fixed point.

To ensure the uniqueness of the coupled fixed point of an & —Geraghty type contractive map, we shall consider the following
hypothesis.

A @y, (0 eF, eter a(Cy),(s0)21 and a(@.0),E)) 21 or a((s0, () =1 and
a((t,s), 7,20) = 1.
Here, F denotes the set of coupled fixed points of F.

Theorem 5. In Theorem 3 (resp. in Theorem 4), additionally assume that the condition (A) is hold. Then the coupled fixed
point is unique.

Proof. Suppose that (x*, y*) and (u*, v*) are two coupled fixed point of F. Then

(dix*u”) +d(y*,v)) x 27t

= (d(F(x*,y*),F(u*,v*)) + d(F(y*,x*),F(v*,u*))) x 271

e oy [GFEC YY), F(u,v")) + d(F(y", x™), F(v", u")
Sa((x,y),(u.v))<( )2 ( )
(d(x*,u*) +d(y", v*)) (d(x*,u*) + d(y*,V*)>
=V
2 2

< (d@hu) +dynv)) x 27,

which is a contradiction.

Example 1. Let X = [0, ), and let d(x,y) = |x — y| for all x,y € X. Consider the mapping a: X? x X% - [0, o) defined
as

1, ifxzuy<vorxuy=v,
0, otherwise.

a((,y), W) = {
Lety(t) = g € L. Define F: X? — X as follows

7x—y
9
forall x, y € X. Assume a((x,y), (u,v)) = 1. Without loss of generality, suppose that x > u, y < v. Then

F(x,y) =

a'((x, ), (u, v)) ((d(F(x, v), F(u, v)) + d(F(y, x),F(v, u))) X 2_1)
= (d(F(x, y), F(u, v)) + d(F(y,x),F(v,u))) x 271

1 1
=?|7(x—u)—(y—v)| +EI3(}1—V) —(x—u)l
<Sllv—ul+1y ]
_8 [x—ul+ly-vll

2

=y ((d(x,u) +d(y,v)) x 2'1) ((d(x, u) +d(y,v)) X 2'1)

holds for all x > u and y < v. Otherwise,

O

a((xy), wv)) ((d(F(x, ¥),Fw,v)) + d(F(y,x),F (v, u))) X 2‘1)

=0
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<vy ((d(x, w) +d(y,v)) x 2_1) ((d(x,u) +d(y,v)) x 2_1).

Moreover, F is a triangular (@) —orbital admissible, a ((0,0), (F(0,0),F(0,0))) >land a ((0,0), (F(0,0),F(0,0))) >
Therefore, by Theorem 3, the point (0,0) is the coupled fixed point of F.

3. SOME APPLICATIONS

In this section, we give the existence results for coupled fixed points of a« —Geraghty contraction type mapping endowed
with a directed graph.

Let (X, d) be a metric space, A be a diagonal of X2, and G be a directed graph with no parallel edges such that the set V(G)
of its vertices coincides with X and A < E(G), where E(G) is the set of the edges of the graph. That is, G is determined by
(V(G), E(G)). Furthermore, denote by G~ the graph obtained from G by reversing the direction of the edges in G. Hence,

E(G™) ={(x,y) € X*: (y,x) €E(G)}.

Definition 10. ([20]) F: X? — X is edge preserving if (x,a) € E(G), (y,b) €eE(G™Y) = (F(x, v),F(a, b)) € E(G) and
(F(y,x),F(b,a)) € E(G™Y).

Definition 11. ([20]) Let (X, d) be a complete metric space, G be a directed graph, and F: X2 - X be a mapping. Then

i F is called G —continuous if for all (a,,b,) € X2 and for any sequence {n;}; € N of positive integers
such that F(xp, yn,) = ., F(Yny Xn,) = b. as i—> o and

(F(xn[' yni)’ F(xni+1' yni+1)) ) (F(yni’ xni)' F(yni+1’ xni+1) ) € E(G), we haVE that

ilLrgF(F(xni,yni),F(yni,xni)) = F(a*'b*)

and
lhng (F(yni'xni)’F(xni’yni)) = F(b*'a*);

ii. (X,d, G) has property A, if for any sequence {x,}neny S X With x,, - x asn - oo and (x,,, x,,41) €
E(G) forn € N, then (x,,, x) € E(G);

iii. (X,d, G) has property A, if for any sequence {x,},eny € X With x,, > x asn - oo and (x,,, x,41) €
E(G™Y) forn € N, then (x,,,x) € E(G™1).

Consider the set F of all coupled fixed points of mappings F: X% — X and the set (X2) as follows:
F={(x,y) €EX*x=F(x,y)and y = F(y, x)}
and
XHr ={(xy) € X% (x, F(x, ) € EG), (. F(y, %)) € E(G™H)}.

Theorem 6. Let (X, d) be complete metric space endowed with a directed graph G, and let F: X2 — X be a a —Geraghty
type contractive mapping. Suppose that:

i. F is G —continuous;
or

ii. The tripled (X, d, G) has a properties 4; and A,.
Under these conditions, F # @ © (X?)r # 0.

Proof. Along the lines of the proof of Theorem 3 and Theorem 4, we get the desired results. In view of the analogy, we skip
the details of the proof.

Remark 3. In this case where (X, d, <) is partially ordered complete metric space, letting E(G) = {(x,y) € X X X:x < y},
we obtain Theorem 3 and Theorem 4.
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