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ABSTRACT 

In this paper, we have established some coupled fixed point theorems for 𝛼 −Geraghty type contractive mappings in 

the context of partially ordered metric spaces. Applying these results, we have deduced fixed point results on metric 

spaces endowed with the graph. Also, the effectiveness of our work is validated with the help of a suitable example. 
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1. INTRODUCTION AND PRELIMINARIES 

One of the most famous results in the fixed point theory 

is Banach contraction principle introduced by Banach 

[8]. Many authors have studied and proved the fixed 

point results in several directions; see, e.g., [9-14]. 

Let ℒ be the class of functions 𝛾: [0, ∞) → [0, 1) with 

𝛾(𝑓𝑛) → 1 implies 𝑓𝑛 → 0. By using the function 𝛾 ∈ ℒ, 

Geraghty [4] proved the following remarkable theorem. 

Theorem 1. ([4]) Let (𝑋, 𝑑) be a complete metric space 

and 𝑇: 𝑋 → 𝑋 be an operatör. If 𝑇 satisfies the following 

inequality 

𝑑(𝑇𝑥, 𝑇𝑦) ≤

𝛾(𝑑(𝑥, 𝑦))𝑑(𝑥, 𝑦)                      (1.1) 

 

for any 𝑥, 𝑦 ∈ 𝑋, where 𝛾 ∈ ℒ, then 𝑇 has a unique fixed 

point. 

Amini-Harandi and Emami [2] presented the following 

results. 

Theorem 2. ([8]) Let (𝑋, ≼) be an ordered set endowed 

with a metric 𝑑 and 𝑇: 𝑋 → 𝑋 be a given mapping. 

Suppose that the following conditions hold: 

i. (𝑋, 𝑑) is complete; 

ii. (1) 𝑇 is continuous or (2) if a nondecreasing 

sequence {𝑥𝑛} in 𝑋 converges to some point 𝑥 ∈ 𝑋, 

then 𝑥𝑛 ≼ 𝑥 for all 𝑛; 

iii. 𝑇 is nondecreasing; 

iv. there exists 𝑥0 ∈ 𝑋 such that 𝑥0 ≼ 𝑇𝑥0; 

v. there exists 𝛾 ∈ ℒ such that for all 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≽
𝑦, 

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝛾(𝑑(𝑥, 𝑦))𝑑(𝑥, 𝑦). 

Then 𝑇 has a fixed point. Moreover, if for all (𝑥, 𝑦) ∈ 𝑋2 

there exists a 𝑧 ∈ 𝑋 such that 𝑥 ≼ 𝑧 and 𝑦 ≼ 𝑧, we obtain 

uniqueness of the fixed point. 

The concept of 𝛼 −admissible and triangular 

𝛼 −admissible mappings were introduced by [6] and [7] 

respectively. 
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Definition 1. ([6]) Let 𝑇: 𝑋 → 𝑋 and 𝛼: 𝑋2 → [0, ∞) be 

given mappings. We say that 𝑇 is 𝛼 −admissible if for all 

𝑥, 𝑦 ∈ 𝑋, we have 

𝛼(𝑥, 𝑦) ≥ 1 ⟹ 𝛼((𝑇𝑥, 𝑇𝑦)) ≥ 1. 

Definition 2. ([7]) An 𝛼 −admissible map 𝑇 is said to be triangular 𝛼 −admissible if 

𝛼(𝑥, 𝑧) ≥ 1 and 𝛼(𝑧, 𝑦) ≥ 1 imply 𝛼(𝑥, 𝑦) ≥ 1. 

In 2014, Popescu [15] investigated the notion of triangular 𝛼 −orbital admissible as follows. 

Definition 3. ([15]) Let 𝑇: 𝑋 → 𝑋 be a mapping and 𝛼: 𝑋2 → [0, ∞) be a function. We say that 𝑇 is 𝛼 −orbital admissible 

if  

𝛼(𝑥, 𝑇𝑥) ≥ 1 ⟹ 𝛼((𝑇𝑥, 𝑇2𝑥)) ≥ 1. 

Moreover, 𝑇 is called triangular 𝛼 −orbital admissible if 𝑇 is 𝛼 −orbital admissible and  

𝛼(𝑥, 𝑦) ≥ 1 and 𝛼(𝑦, 𝑇𝑦) ≥ 1 imply 𝛼(𝑥, 𝑇𝑦) ≥ 1. 

For more details on 𝛼 −orbital admissible and triangular 𝛼 −orbital admissible mappings, see e.g. [16-19]. 

Remark 1. As stated in [15] each 𝛼 −admissible (respectively, triangular 𝛼 −admissible) mapping is an 𝛼 −orbital 

admissible (respectively, triangular 𝛼 −orbital admissible) mapping. The converse is not true ( for more details, see [15, 

Example 7]). 

Mursaleen et al. [5] introduced a modified type admissibility that re-named (𝛼) −admissible mapping. 

Definition 4. ([5]) Let 𝐹: 𝑋2 → 𝑋 and 𝛼: 𝑋2 × 𝑋2 → [0, ∞) be two mappings. Then 𝐹 is said to be (𝛼) −admissible if 

𝛼((𝑥, 𝑦), (𝑢, 𝑣)) ≥ 1 ⇒ 𝛼 ((𝐹(𝑥, 𝑦), 𝐹(𝑦, 𝑥)), (𝐹(𝑢, 𝑣), 𝐹(𝑣, 𝑢))) ≥ 1 

for all 𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑋. 

Definition 5. Let 𝐹: 𝑋2 → 𝑋 and 𝛼: 𝑋2 × 𝑋2 → [0, ∞). We say that 𝐹 is a (𝛼) −orbital admissible if  

𝛼 ((𝑥, 𝑦), (𝐹(𝑥, 𝑦), 𝐹(𝑦, 𝑥))) ≥ 1 ⟹ 

𝛼 ((𝐹(𝑥, 𝑦), 𝐹(𝑦, 𝑥)), (𝐹2(𝑥, 𝑦), 𝐹2(𝑦, 𝑥))) ≥ 1. 

Furthermore, 𝐹 is called triangular (𝛼) −orbital admissible if 𝐹 is a (𝛼) −orbital admissible and 

𝛼((𝑥, 𝑦), (𝑢, 𝑣)) ≥ 1 and 𝛼 ((𝑢, 𝑣), (𝐹(𝑢, 𝑣), 𝐹(𝑣, 𝑢))) ≥ 1 ⟹ 

𝛼 ((𝑥, 𝑦), (𝐹(𝑢, 𝑣), 𝐹(𝑣, 𝑢))) ≥ 1. 

Remark 2. Notice that Definition 4 (resp. Definition 5) is the same with Definition 1 (resp. Definition 3) by selecting 𝑋2. 

Lemma 1. Let 𝐹 be a triangular (𝛼) −orbital admissible mapping. Assume that there exists 𝑥1, 𝑦1 ∈ 𝑋 such that 

𝛼 ((𝑥1, 𝑦1), (𝐹(𝑥1, 𝑦1), 𝐹(𝑦1, 𝑥1))) ≥ 1 and 𝛼 ((𝑦1, 𝑥1), (𝐹(𝑦1, 𝑥1), 𝐹(𝑥1, 𝑦1))) ≥ 1. 

Define sequences {𝑥𝑛} and {𝑦𝑛} by 𝑥𝑛 = 𝐹𝑛(𝑥1, 𝑦1) and 𝑦𝑛 = 𝐹𝑛(𝑦1, 𝑥1). Then 

𝛼((𝑥𝑛, 𝑦𝑛), (𝑥𝑚, 𝑦𝑚)) ≥ 1 and 𝛼((𝑦𝑛, 𝑥𝑛), (𝑦𝑚, 𝑥𝑚)) ≥ 1 

for all 𝑚, 𝑛 ∈ ℕ with 𝑛 < 𝑚. 

Proof. Following the lines of the proof of [15, Lemma 8] by selecting 𝑋2, we conclude the results. We omit the details. 

Definition 6. ([3]) Let (𝑋, 𝑑) be a complete metric space, 𝛼: 𝑋2 × 𝑋2 → [0, ∞) be a function, and 𝐹: 𝑋2 → 𝑋 be a map. We 

say that the sequences {𝑥𝑛} and {𝑦𝑛} are (𝛼) −regular if the following condition is satisfied: 

If {𝑥𝑛} and {𝑦𝑛} are sequences in 𝑋 such that 𝛼((𝑥𝑛, 𝑦𝑛), (𝑥𝑛+1, 𝑦𝑛+1)) ≥ 1 and 𝛼((𝑦𝑛, 𝑥𝑛), (𝑦𝑛+1, 𝑥𝑛+1)) ≥ 1 for all 𝑛, 

and lim
𝑛→∞

𝑥𝑛 = 𝑥 and lim
𝑛→∞

𝑦𝑛 = 𝑦, then there exists subsequences {𝑥𝑛(𝑘)} of {𝑥𝑛} and {𝑦𝑛(𝑘)} of {𝑦𝑛} such that 

𝛼 ((𝑥𝑛(𝑘), 𝑦𝑛(𝑘)), (𝑥, 𝑦)) ≥ 1 and 𝛼 ((𝑦𝑛(𝑘), 𝑥𝑛(𝑘)), (𝑦, 𝑥)) ≥ 1 for all 𝑘. 

Definition 7. ([1]) An element (𝑥, 𝑦) ∈ 𝑋2 is said to be a coupled fixed point of the mapping 𝐹: 𝑋2 → 𝑋 if 𝐹(𝑥, 𝑦) = 𝑥 and 

𝐹(𝑦, 𝑥) = 𝑦. 
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Definition 8. ([1]) Let (𝑋, ≼) be a partially ordered set and 𝐹: 𝑋2 → 𝑋 be a mapping. Then a map 𝐹 is said to have the 

mixed monotone property if 𝐹(𝑥, 𝑦) is monotone nondecreasing in 𝑥 and is monotone nonincreasing in 𝑦; that is; for any 

𝑥, 𝑦 ∈ 𝑋, 

𝑥1, 𝑥2 ∈ 𝑋, 𝑥1 ≼ 𝑥2 implies 𝐹(𝑥1, 𝑦) ≼ 𝐹(𝑥2, 𝑦) 

and  

𝑦1, 𝑦2 ∈ 𝑋, 𝑦1 ≼ 𝑦2 implies 𝐹(𝑥, 𝑦1) ≽ 𝐹(𝑥, 𝑦2). 

2. MAIN RESULTS 

Throughout this section, we said that the tripled (𝑋, ≤, 𝑑) is a partially ordered metric space, if the relation ≤ on 𝑋 is a 

partial order and (𝑋, 𝑑) is a metric space. Further, if (𝑋, 𝑑) is complete in the sense of metric 𝑑, then the tripled (𝑋, ≤, 𝑑) is 

called partially ordered metric space. We start this section with the following definition. 

Definition 9. Let (𝑋, ≤, 𝑑) be a partially ordered metric space and 𝐹: 𝑋2 → 𝑋 be a mapping. Then a map 𝐹 is said to 

𝛼 −Geraghty type contractive map if there exists two functions 𝛼: 𝑋2 × 𝑋2 → [0, ∞) and 𝛾 ∈ ℒ such that 

𝛼((𝑥, 𝑦), (𝑢, 𝑣))
𝑑(𝐹(𝑥, 𝑦), 𝐹(𝑢, 𝑣)) + 𝑑(𝐹(𝑦, 𝑥), 𝐹(𝑣, 𝑢))

2

≤ 𝛾 (
𝑑(𝑥, 𝑢) + 𝑑(𝑦, 𝑣)

2
) (

𝑑(𝑥, 𝑢) + 𝑑(𝑦, 𝑣)

2
) 

 

(2.1) 

for all 𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑋 with 𝑥 ≥ 𝑢 and 𝑦 ≤ 𝑣. 

Theorem 3. Let (𝑋, ≼, 𝑑) be a partially ordered complete metric space and 𝐹: 𝑋2 → 𝑋 be a mapping having the mixed 

monotone property on 𝑋. Suppose that the following conditions are satisfied: 

i. 𝐹 is an 𝛼 −Geraghty type contractive map; 

ii. 𝐹 is a triangular (𝛼) −orbital admissible mapping; 

iii. there exists 𝑥1, 𝑦1 ∈ 𝑋 such that 

𝛼 ((𝑥1, 𝑦1), (𝐹(𝑥1, 𝑦1), 𝐹(𝑦1, 𝑥1))) ≥ 1 and 𝛼 ((𝑦1, 𝑥1), (𝐹(𝑦1, 𝑥1), 𝐹(𝑥1, 𝑦1))) ≥ 1, 

iv. 𝐹 is continuous. 

If there exists 𝑥1, 𝑦1 ∈ 𝑋 such that 𝑥1 ≤ 𝐹(𝑥1, 𝑦1) and 𝑦1 ≥ 𝐹(𝑦1, 𝑥1), then 𝐹 has a coupled fixed point, that is, there exists 

𝑥, 𝑦 ∈ 𝑋 such that 𝐹(𝑥, 𝑦) = 𝑥 and 𝐹(𝑦, 𝑥) = 𝑦. 

Proof. By assumption iii, there exists a point 𝑥1, 𝑦1 ∈ 𝑋 such that 

𝛼 ((𝑥1, 𝑦1), (𝐹(𝑥1, 𝑦1), 𝐹(𝑦1, 𝑥1))) ≥ 1 and 𝛼 ((𝑦1, 𝑥1), (𝐹(𝑦1, 𝑥1), 𝐹(𝑥1, 𝑦1))) ≥ 1, 

and 𝑥1 ≤ 𝐹(𝑥1, 𝑦1) = 𝑥2 and 𝑦1 ≥ 𝐹(𝑦1, 𝑥1) = 𝑦2. Moreover, we have a point 𝑥2, 𝑦2 ∈ 𝑋 such that 𝐹(𝑥2, 𝑦2) = 𝑥3 and 

𝐹(𝑦2, 𝑥2) = 𝑦3. By induction, we have two sequences {𝑥𝑛} and {𝑦𝑛} in 𝑋 by 

𝑥𝑛+1 = 𝐹(𝑥𝑛, 𝑦𝑛) and 𝑦𝑛+1 = 𝐹(𝑦𝑛, 𝑥𝑛) for all 𝑛 ≥ 1. (2.2) 

Now, suppose that if (𝑥𝑛0+1, 𝑦𝑛0+1) = (𝑥𝑛0
, 𝑦𝑛0

) for some 𝑛0, then 𝐹(𝑥𝑛0
, 𝑦𝑛0

) = 𝑥𝑛0
 and 𝐹(𝑦𝑛0

, 𝑥𝑛0
) = 𝑦𝑛0

. Namely, 𝐹 

has a coupled fixed point. Now, we assume that (𝑥𝑛+1, 𝑦𝑛+1) ≠ (𝑥𝑛, 𝑦𝑛) for all 𝑛 ≥ 0. From Lemma 1, we get 

𝛼((𝑥𝑛, 𝑦𝑛), (𝑥𝑛+1, 𝑦𝑛+1)) ≥ 1 (2.3) 

and similarly, 

  

𝛼((𝑦𝑛, 𝑥𝑛), (𝑦𝑛+1, 𝑥𝑛+1)) ≥ 1 (2.4) 

for all 𝑛 ∈ ℕ. Now, we assume that 𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑦𝑛−1, 𝑦𝑛) ≠ 0 for all 𝑛. By (2.1) and using (2.3) and (2.4), we have 

(𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑦𝑛, 𝑦𝑛+1)) × 2−1 

= (𝑑(𝐹(𝑥𝑛−1, 𝑦𝑛−1), 𝐹(𝑥𝑛, 𝑦𝑛)) + 𝑑(𝐹(𝑦𝑛−1, 𝑥𝑛−1), 𝐹(𝑦𝑛, 𝑥𝑛))) × 2−1 

≤ 𝛼((𝑥𝑛−1, 𝑦𝑛−1), (𝑥𝑛, 𝑦𝑛)) (
𝑑(𝐹(𝑥𝑛−1, 𝑦𝑛−1), 𝐹(𝑥𝑛, 𝑦𝑛)) + 𝑑(𝐹(𝑦𝑛−1, 𝑥𝑛−1), 𝐹(𝑦𝑛, 𝑥𝑛))

2
) 

(2.5) 
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≤ 𝛾 (
𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑦𝑛−1, 𝑦𝑛)

2
) (

𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑦𝑛−1, 𝑦𝑛)

2
) 

which  implies 

(𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑦𝑛, 𝑦𝑛+1)) × 2−1 < (𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑦𝑛−1, 𝑦𝑛)) × 2−1. 

Set 𝜔𝑛 ≔ 𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑦𝑛, 𝑦𝑛+1), then sequence {𝜔𝑛} is monotone decreasing. Hence, there is some 𝜔𝑛 ≥ 0 such that 

lim
𝑛→∞

𝜔𝑛 = 𝜔. 

We claim that 𝜔 = 0. Suppose, to the contrary, that 𝜔 > 0, then by (2.5), we obtain 

𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑦𝑛, 𝑦𝑛+1)

𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑦𝑛−1, 𝑦𝑛)
≤ 𝛾 (

𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑦𝑛−1, 𝑦𝑛)

2
) < 1, 

which yields that lim
𝑛→∞

𝛾 (
𝑑(𝑥𝑛−1,𝑥𝑛)+𝑑(𝑦𝑛−1,𝑦𝑛)

2
) = 1. This implies 

𝑑(𝑥𝑛−1, 𝑥𝑛) → 0 and 𝑑(𝑦𝑛−1, 𝑦𝑛) → 0 as 𝑛 → ∞  (since 𝛾 ∈ ℒ) (2.6) 

or 

𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑦𝑛−1, 𝑦𝑛) → 0 as 𝑛 → ∞  (since 𝛾 ∈ ℒ) (2.7) 

which is a contraction. Therefore 𝜔 = 0, that is 

lim
𝑛→∞

{𝑑(𝑥𝑛, 𝑥𝑛+1) +  𝑑(𝑦𝑛, 𝑦𝑛+1)} = 0.            (2.8) 

  

Now, we show that {𝑥𝑛} and {𝑦𝑛} are Cauchy sequences. Suppose that, to the contrary, that at least one of {𝑥𝑛} or {𝑦𝑛} are 

not Cauchy sequences. Then there exists an 𝜀 > 0 for which we can find subsequences {𝑥𝑛(𝑘)}, {𝑥𝑚(𝑘)} of {𝑥𝑛} and {𝑦𝑛(𝑘)}, 

{𝑦𝑚(𝑘)} of {𝑦𝑛} with 𝑛(𝑘) > 𝑚(𝑘) ≥ 𝑘 such that 

𝑑(𝑥𝑛(𝑘), 𝑥𝑚(𝑘)) + 𝑑(𝑦𝑛(𝑘), 𝑦𝑚(𝑘)) ≥ 𝜀. (2.9) 

Further, corresponding to 𝑚(𝑘), we can choose 𝑛(𝑘) in such a way that it is the smallest integer with 𝑛(𝑘) > 𝑚(𝑘) ≥ 𝑘 

and satisfying (2.9). Then 

𝑑(𝑥𝑛(𝑘)−1, 𝑥𝑚(𝑘)) + 𝑑(𝑦𝑛(𝑘)−1, 𝑦𝑚(𝑘)) < 𝜀. (2.10) 

Let 𝜉𝑘 ≔ 𝑑(𝑥𝑛(𝑘), 𝑥𝑚(𝑘)) + 𝑑(𝑦𝑛(𝑘), 𝑦𝑚(𝑘)). From (2.8), (2.9), (2.10) and using triangle inequality, we have  

lim
𝑘→∞

𝜉𝑘 = 𝜀. (2.11) 

By the triangle inequality, we obtain 

𝜉𝑘 ≤ 𝜔𝑛(𝑘) + 𝜔𝑚(𝑘) + 𝑑(𝑥𝑛(𝑘)+1, 𝑥𝑚(𝑘)+1) + 𝑑(𝑦𝑛(𝑘)+1, 𝑦𝑚(𝑘)+1). 

By Lemma 1, 𝛼 ((𝑥𝑛(𝑘), 𝑦𝑛(𝑘)), (𝑥𝑚(𝑘), 𝑦𝑚(𝑘))) ≥ 1. Since 𝑛(𝑘) > 𝑚(𝑘), 𝑥𝑛(𝑘) ≥ 𝑥𝑚(𝑘) and 𝑦𝑛(𝑘) ≤ 𝑦𝑚(𝑘), from (2.1) 

and (2.2) 

(𝑑(𝑥𝑛(𝑘)+1, 𝑥𝑚(𝑘)+1) + 𝑑(𝑦𝑛(𝑘)+1, 𝑦𝑚(𝑘)+1)) × 2−1 

= (𝑑 (𝐹(𝑥𝑛(𝑘), 𝑦𝑛(𝑘)), 𝐹(𝑥𝑚(𝑘), 𝑦𝑚(𝑘))) + 𝑑 (𝐹(𝑦𝑛(𝑘), 𝑥𝑛(𝑘)), 𝐹(𝑦𝑚(𝑘), 𝑥𝑚(𝑘)))) × 2−1 

≤ 𝛼 ((𝑥𝑛(𝑘), 𝑦𝑛(𝑘)), (𝑥𝑚(𝑘), 𝑦𝑚(𝑘))) (
𝑑 (𝐹(𝑥𝑛(𝑘), 𝑦𝑛(𝑘)), 𝐹(𝑥𝑚(𝑘), 𝑦𝑚(𝑘))) + 𝑑 (𝐹(𝑦𝑛(𝑘), 𝑥𝑛(𝑘)), 𝐹(𝑦𝑚(𝑘), 𝑥𝑚(𝑘)))

2
) 

≤ 𝛾 (
𝑑(𝑥𝑛(𝑘), 𝑥𝑚(𝑘)) + 𝑑(𝑦𝑛(𝑘), 𝑦𝑚(𝑘))

2
) (

𝑑(𝑥𝑛(𝑘), 𝑥𝑚(𝑘)) + 𝑑(𝑦𝑛(𝑘), 𝑦𝑚(𝑘))

2
) 

= 𝛾 (
𝑑(𝑥𝑛(𝑘), 𝑥𝑚(𝑘)) + 𝑑(𝑦𝑛(𝑘), 𝑦𝑚(𝑘))

2
) (

𝜉𝑘 

2
) 

which implies 

(𝑑(𝑥𝑛(𝑘)+1, 𝑥𝑚(𝑘)+1) + 𝑑(𝑦𝑛(𝑘)+1, 𝑦𝑚(𝑘)+1)) ≤ 𝛾 (
𝑑(𝑥𝑛(𝑘), 𝑥𝑚(𝑘)) + 𝑑(𝑦𝑛(𝑘), 𝑦𝑚(𝑘))

2
) 𝜉𝑘 . 
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Thus, 

𝜉𝑘 ≤ 𝜔𝑛(𝑘) + 𝜔𝑚(𝑘) + 𝛾 (
𝑑(𝑥𝑛(𝑘), 𝑥𝑚(𝑘)) + 𝑑(𝑦𝑛(𝑘), 𝑦𝑚(𝑘))

2
) 𝜉𝑘 . 

Then we have 

𝜉𝑘 − 𝜔𝑛(𝑘) − 𝜔𝑚(𝑘)

𝜉𝑘 
≤ 𝛾 (

𝑑(𝑥𝑛(𝑘), 𝑥𝑚(𝑘)) + 𝑑(𝑦𝑛(𝑘), 𝑦𝑚(𝑘))

2
) < 1. 

From (2.8) and (2.11), we have 

𝛾 (
𝑑(𝑥𝑛(𝑘),𝑥𝑚(𝑘))+𝑑(𝑦𝑛(𝑘),𝑦𝑚(𝑘))

2
) → 1 (as 𝑘 → ∞). 

We have 

lim
𝑛→∞

𝑑(𝑥𝑛(𝑘), 𝑥𝑚(𝑘)) = 0 = lim
𝑛→∞

𝑑(𝑦𝑛(𝑘), 𝑦𝑚(𝑘)), 

that means  

lim
𝑛→∞

{𝑑(𝑥𝑛(𝑘), 𝑥𝑚(𝑘)) + 𝑑(𝑦𝑛(𝑘), 𝑦𝑚(𝑘))} = 0 

which is a contradiction. This show that {𝑥𝑛} and {𝑦𝑛} are Cauchy sequences. Since 𝑋 is a complete metric space, there 

exists 𝑥, 𝑦 ∈ 𝑋 such that 

𝑥𝑛 → 𝑥 and 𝑦𝑛 → 𝑦 (as 𝑛 → ∞). (2.12) 

Note that in the hypothesis of the theorem 𝐹 is given continuous. Taking the limit as 𝑛 → ∞ in (2.2), by (2.12), we have 

𝑥 = lim
𝑛→∞

𝑥𝑛+1 = lim
𝑛→∞

𝐹(𝑥𝑛, 𝑦𝑛) = 𝐹 ( lim
𝑛→∞

𝑥𝑛, lim
𝑛→∞

𝑦𝑛) = 𝐹(𝑥, 𝑦). 

Similarly, we show that 

𝑦 = 𝐹(𝑦, 𝑥). 

Therefore 𝑥 = 𝐹(𝑥, 𝑦) and 𝑦 = 𝐹(𝑦, 𝑥). 

Theorem 4. Let (𝑋, ≼, 𝑑) be a partially ordered complete metric space and 𝐹: 𝑋2 → 𝑋 be a mapping having the mixed 

monotone property on 𝑋. Suppose that the following conditions are satisfied: 

i. 𝐹 is an 𝛼 −Geraghty type contractive map; 

ii. 𝐹 is a triangular (𝛼) −orbital admissible mapping; 

iii. there exists 𝑥1, 𝑦1 ∈ 𝑋 such that 

𝛼 ((𝑥1, 𝑦1), (𝐹(𝑥1, 𝑦1), 𝐹(𝑦1, 𝑥1))) ≥ 1 and 𝛼 ((𝑦1, 𝑥1), (𝐹(𝑦1, 𝑥1), 𝐹(𝑥1, 𝑦1))) ≥ 1, 

iv. {𝑥𝑛} and {𝑦𝑛} are (𝛼) −regular.  

If there exists 𝑥1, 𝑦1 ∈ 𝑋 such that 𝑥1 ≤ 𝐹(𝑥1, 𝑦1) and 𝑦1 ≥ 𝐹(𝑦1, 𝑥1), then 𝐹 has a coupled fixed point, that is, there exists 

𝑥, 𝑦 ∈ 𝑋 such that 𝐹(𝑥, 𝑦) = 𝑥 and 𝐹(𝑦, 𝑥) = 𝑦. 

Proof. Let 𝑥1, 𝑦1 ∈ 𝑋 be such that 𝛼 ((𝑥1, 𝑦1), (𝐹(𝑥1, 𝑦1), 𝐹(𝑦1, 𝑥1))) ≥ 1 and 𝛼 ((𝑦1, 𝑥1), (𝐹(𝑦1, 𝑥1), 𝐹(𝑥1, 𝑦1))) ≥ 1. 

Following the lines in the proof of Theorem 3, we know that 𝑥𝑛 → 𝑥 ∈ 𝑋 and 𝑦𝑛 → 𝑦 ∈ 𝑋 (as 𝑛 → ∞). From (2.3), (2.4) 

and assumption iv, then there exists subsequences {𝑥𝑛(𝑘)} of {𝑥𝑛} and {𝑦𝑛(𝑘)} of {𝑦𝑛} such that 

𝛼 ((𝑥𝑛(𝑘), 𝑦𝑛(𝑘)), (𝑥, 𝑦)) ≥ 1 and 𝛼 ((𝑦𝑛(𝑘), 𝑥𝑛(𝑘)), (𝑦, 𝑥)) ≥ 1 (2.13) 

for all 𝑘. By (2.13), we have 

(𝑑(𝐹(𝑥, 𝑦), 𝑥) + 𝑑(𝐹(𝑦, 𝑥), 𝑦)) × 2−1 

≤ (𝑑(𝐹(𝑥, 𝑦), 𝑥𝑛(𝑘)+1) + 𝑑(𝑥𝑛(𝑘)+1, 𝑥) + 𝑑(𝐹(𝑦, 𝑥), 𝑦𝑛(𝑘)+1) + 𝑑(𝑦𝑛(𝑘)+1, 𝑦)) × 2−1 

=
𝑑(𝑥𝑛(𝑘)+1, 𝑥) + 𝑑(𝑦𝑛(𝑘)+1, 𝑦)

2
+

𝑑 (𝐹(𝑥, 𝑦), 𝐹(𝑥𝑛(𝑘), 𝑦𝑛(𝑘))) + 𝑑 (𝐹(𝑦, 𝑥), 𝐹(𝑦𝑛(𝑘), 𝑥𝑛(𝑘)))

2
 

≤
𝑑(𝑥𝑛(𝑘)+1, 𝑥) + 𝑑(𝑦𝑛(𝑘)+1, 𝑦)

2
+ 𝛼 ((𝑥, 𝑦), (𝑥𝑛(𝑘), 𝑦𝑛(𝑘)))

𝑑 (𝐹(𝑥, 𝑦), 𝐹(𝑥𝑛(𝑘), 𝑦𝑛(𝑘))) + 𝑑 (𝐹(𝑦, 𝑥), 𝐹(𝑦𝑛(𝑘), 𝑥𝑛(𝑘)))

2
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≤
𝑑(𝑥𝑛(𝑘)+1, 𝑥) + 𝑑(𝑦𝑛(𝑘)+1, 𝑦)

2
+ 𝛾 (

𝑑(𝑥, 𝑥𝑛(𝑘)) + 𝑑(𝑦, 𝑦𝑛(𝑘))

2
) (

𝑑(𝑥, 𝑥𝑛(𝑘)) + 𝑑(𝑦, 𝑦𝑛(𝑘))

2
) 

≤
𝑑(𝑥𝑛(𝑘)+1, 𝑥) + 𝑑(𝑦𝑛(𝑘)+1, 𝑦)

2
+

𝑑(𝑥, 𝑥𝑛(𝑘)) + 𝑑(𝑦, 𝑦𝑛(𝑘))

2
 

which implies 

 

𝑑(𝐹(𝑥, 𝑦), 𝑥) + 𝑑(𝐹(𝑦, 𝑥), 𝑦) ≤ 𝑑(𝑥𝑛(𝑘)+1, 𝑥) + 𝑑(𝑦𝑛(𝑘)+1, 𝑦) + 𝑑(𝑥, 𝑥𝑛(𝑘)) + 𝑑(𝑦, 𝑦𝑛(𝑘)) 

→ 0 as 𝑘 → ∞.                            

Therefore 𝑥 = 𝐹(𝑥, 𝑦) and 𝑦 = 𝐹(𝑦, 𝑥). Thus we proved that 𝐹 has a coupled fixed point. 

To ensure the uniqueness of the coupled fixed point of an 𝛼 −Geraghty type contractive map, we shall consider the following 

hypothesis. 

(A) (𝑥, 𝑦), (𝑠, 𝑡) ∈ ℱ, either 𝛼((𝑥, 𝑦), (𝑠, 𝑡)) ≥ 1 and 𝛼((𝑦, 𝑥), (𝑡, 𝑠)) ≥ 1 or 𝛼((𝑠, 𝑡), (𝑥, 𝑦)) ≥ 1 and 

𝛼((𝑡, 𝑠), (𝑦, 𝑥)) ≥ 1. 

Here, ℱ denotes the set of coupled fixed points of 𝐹. 

Theorem 5. In Theorem 3 (resp. in Theorem 4), additionally assume that the condition (A) is hold. Then the coupled fixed 

point is unique. 

Proof. Suppose that (𝑥∗, 𝑦∗) and (𝑢∗, 𝑣∗) are two coupled fixed point of 𝐹. Then 

(𝑑(𝑥∗, 𝑢∗) + 𝑑(𝑦∗, 𝑣∗)) × 2−1 

= (𝑑(𝐹(𝑥∗, 𝑦∗), 𝐹(𝑢∗, 𝑣∗)) + 𝑑(𝐹(𝑦∗, 𝑥∗), 𝐹(𝑣∗, 𝑢∗))) × 2−1 

≤ 𝛼((𝑥∗, 𝑦∗), (𝑢∗, 𝑣∗)) (
𝑑(𝐹(𝑥∗, 𝑦∗), 𝐹(𝑢∗, 𝑣∗)) + 𝑑(𝐹(𝑦∗, 𝑥∗), 𝐹(𝑣∗, 𝑢∗))

2
) 

≤ 𝛾 (
𝑑(𝑥∗, 𝑢∗) + 𝑑(𝑦∗, 𝑣∗)

2
) (

𝑑(𝑥∗, 𝑢∗) + 𝑑(𝑦∗, 𝑣∗)

2
) 

≤ (𝑑(𝑥∗, 𝑢∗) + 𝑑(𝑦∗, 𝑣∗)) × 2−1, 

which is a contradiction.  

Example 1. Let 𝑋 = [0, ∞), and let 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦| for all 𝑥, 𝑦 ∈ 𝑋. Consider the mapping 𝛼: 𝑋2 × 𝑋2 → [0, ∞) defined 

as 

𝛼((𝑥, 𝑦), (𝑢, 𝑣)) = {
1, 𝑖𝑓 𝑥 ≥ 𝑢, 𝑦 ≤ 𝑣 𝑜𝑟 𝑥 ≤ 𝑢, 𝑦 ≥ 𝑣,
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 

Let 𝛾(𝑡) =
8

9
∈ ℒ. Define 𝐹: 𝑋2 → 𝑋 as follows 

𝐹(𝑥, 𝑦) =
7𝑥 − 𝑦

9
 

for all 𝑥, 𝑦 ∈ 𝑋. Assume 𝛼((𝑥, 𝑦), (𝑢, 𝑣)) = 1. Without loss of generality, suppose that 𝑥 ≥ 𝑢, 𝑦 ≤ 𝑣. Then 

𝛼((𝑥, 𝑦), (𝑢, 𝑣)) ((𝑑(𝐹(𝑥, 𝑦), 𝐹(𝑢, 𝑣)) + 𝑑(𝐹(𝑦, 𝑥), 𝐹(𝑣, 𝑢))) × 2−1) 

= (𝑑(𝐹(𝑥, 𝑦), 𝐹(𝑢, 𝑣)) + 𝑑(𝐹(𝑦, 𝑥), 𝐹(𝑣, 𝑢))) × 2−1 

=
1

18
|7(𝑥 − 𝑢) − (𝑦 − 𝑣)| +

1

18
|3(𝑦 − 𝑣) − (𝑥 − 𝑢)| 

≤
4

9
[|𝑥 − 𝑢| + |𝑦 − 𝑣|] 

=
8

9
×

[|𝑥 − 𝑢| + |𝑦 − 𝑣|]

2
 

= 𝛾 ((𝑑(𝑥, 𝑢) + 𝑑(𝑦, 𝑣)) × 2−1) ((𝑑(𝑥, 𝑢) + 𝑑(𝑦, 𝑣)) × 2−1) 

holds for all 𝑥 ≥ 𝑢 and 𝑦 ≤ 𝑣. Otherwise,  

𝛼((𝑥, 𝑦), (𝑢, 𝑣)) ((𝑑(𝐹(𝑥, 𝑦), 𝐹(𝑢, 𝑣)) + 𝑑(𝐹(𝑦, 𝑥), 𝐹(𝑣, 𝑢))) × 2−1) 

= 0 
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≤ 𝛾 ((𝑑(𝑥, 𝑢) + 𝑑(𝑦, 𝑣)) × 2−1) ((𝑑(𝑥, 𝑢) + 𝑑(𝑦, 𝑣)) × 2−1). 

Moreover, 𝐹 is a triangular (𝛼) −orbital admissible, 𝛼 ((0,0), (𝐹(0,0), 𝐹(0,0))) ≥ 1 and 𝛼 ((0,0), (𝐹(0,0), 𝐹(0,0))) ≥ 1. 

Therefore, by Theorem 3, the point (0,0) is the coupled fixed point of 𝐹. 

 

3. SOME APPLICATIONS 

In this section, we give the existence results for coupled fixed points of 𝛼 −Geraghty contraction type mapping endowed 

with a directed graph. 

Let (𝑋, 𝑑) be a metric space, Δ be a diagonal of 𝑋2, and 𝐺 be a directed graph with no parallel edges such that the set 𝑉(𝐺) 

of its vertices coincides with 𝑋 and Δ ⊆ E(𝐺), where 𝐸(𝐺) is the set of the edges of the graph. That is, 𝐺 is determined by 

(𝑉(𝐺), 𝐸(𝐺)). Furthermore, denote by 𝐺−1 the graph obtained from 𝐺 by reversing the direction of the edges in 𝐺. Hence, 

𝐸(𝐺−1) = {(𝑥, 𝑦) ∈ 𝑋2: (𝑦, 𝑥) ∈ E(𝐺)}. 

Definition 10. ([20]) 𝐹: 𝑋2 → 𝑋 is edge preserving if (𝑥, 𝑎) ∈ 𝐸(𝐺), (𝑦, 𝑏) ∈ 𝐸(𝐺−1) ⟹ (𝐹(𝑥, 𝑦), 𝐹(𝑎, 𝑏)) ∈ 𝐸(𝐺) and 

(𝐹(𝑦, 𝑥), 𝐹(𝑏, 𝑎)) ∈ 𝐸(𝐺−1). 

Definition 11. ([20]) Let (𝑋, 𝑑) be a complete metric space, 𝐺 be a directed graph, and 𝐹: 𝑋2 → 𝑋 be a mapping. Then 

i. 𝐹 is called 𝐺 −continuous if for all (𝑎∗, 𝑏∗) ∈ 𝑋2 and for any sequence {𝑛𝑖}𝑖 ∈ ℕ of positive integers 

such that 𝐹(𝑥𝑛𝑖
, 𝑦𝑛𝑖

) → 𝑎∗, 𝐹(𝑦𝑛𝑖
, 𝑥𝑛𝑖

) → 𝑏∗ as 𝑖 → ∞ and 

(𝐹(𝑥𝑛𝑖
, 𝑦𝑛𝑖

), 𝐹(𝑥𝑛𝑖+1, 𝑦𝑛𝑖+1)) , (𝐹(𝑦𝑛𝑖
, 𝑥𝑛𝑖

), 𝐹(𝑦𝑛𝑖+1, 𝑥𝑛𝑖+1) ) ∈ 𝐸(𝐺), we have that 

lim
𝑖→∞

𝐹 (𝐹(𝑥𝑛𝑖
, 𝑦𝑛𝑖

), 𝐹(𝑦𝑛𝑖
, 𝑥𝑛𝑖

)) = 𝐹(𝑎∗, 𝑏∗) 

and 

lim
𝑖→∞

𝐹 (𝐹(𝑦𝑛𝑖
, 𝑥𝑛𝑖

), 𝐹(𝑥𝑛𝑖
, 𝑦𝑛𝑖

)) = 𝐹(𝑏∗, 𝑎∗); 

ii. (𝑋, 𝑑, 𝐺) has property 𝐴1 if for any sequence {𝑥𝑛}𝑛∈ℕ ⊆ 𝑋 with 𝑥𝑛 → 𝑥 as 𝑛 → ∞ and (𝑥𝑛, 𝑥𝑛+1) ∈
𝐸(𝐺) for 𝑛 ∈ ℕ, then (𝑥𝑛, 𝑥) ∈ 𝐸(𝐺); 

iii. (𝑋, 𝑑, 𝐺) has property 𝐴2 if for any sequence {𝑥𝑛}𝑛∈ℕ ⊆ 𝑋 with 𝑥𝑛 → 𝑥 as 𝑛 → ∞ and (𝑥𝑛, 𝑥𝑛+1) ∈
𝐸(𝐺−1) for 𝑛 ∈ ℕ, then (𝑥𝑛, 𝑥) ∈ 𝐸(𝐺−1). 

Consider the set ℱ of all coupled fixed points of mappings 𝐹: 𝑋2 → 𝑋 and the set (𝑋2)𝐹 as follows: 

ℱ = {(𝑥, 𝑦) ∈ 𝑋2: 𝑥 = 𝐹(𝑥, 𝑦) 𝑎𝑛𝑑 𝑦 = 𝐹(𝑦, 𝑥)} 

and 

(𝑋2)𝐹 = {(𝑥, 𝑦) ∈ 𝑋2: (𝑥, 𝐹(𝑥, 𝑦)) ∈ 𝐸(𝐺), (𝑦, 𝐹(𝑦, 𝑥)) ∈ 𝐸(𝐺−1)}. 

Theorem 6. Let (𝑋, 𝑑) be complete metric space endowed with a directed graph 𝐺, and let 𝐹: 𝑋2 → 𝑋 be a 𝛼 −Geraghty 

type contractive mapping. Suppose that: 

i. 𝐹 is 𝐺 −continuous; 

or 

ii. The tripled (𝑋, 𝑑, 𝐺) has a properties 𝐴1 and 𝐴2. 

Under these conditions, ℱ ≠ ∅ ⇔ (𝑋2)𝐹 ≠ ∅. 

Proof. Along the lines of the proof of Theorem 3 and Theorem 4, we get the desired results. In view of the analogy, we skip 

the details of the proof. 

Remark 3. In this case where (𝑋, 𝑑, ≼) is partially ordered complete metric space, letting 𝐸(𝐺) = {(𝑥, 𝑦) ∈ 𝑋 × 𝑋: 𝑥 ≼ 𝑦}, 

we obtain Theorem 3 and Theorem 4. 
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