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Abstract

In this study, we consider firstly the generalized Gaussian Fibonacci and Lucas
sequences. Then we define the Gaussian Pell and Gaussian Pell-Lucas sequences. We
give the generating functions and Binet formulas of Gaussian Pell and Gaussian Pell-
Lucas sequences. Moreover, we obtain some important identities involving the
Gaussian Pell and Pell-Lucas numbers.
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Ozet

Bu calismada, once genellestirilmis Gaussian Fibonacci ve Lucas dizilerini dikkate
aldik. Sonra, Gaussian Pell ve Gaussian Pell-Lucas dizilerini tanimladik. Gaussian Pell
ve Gaussian Pell-Lucas dizilerinin Binet formiillerini ve iirete¢ fonksiyonlarini verdik.
Ustelik, Gaussian Pell ve Gaussian Pell-Lucas sayilarini iceren bazi énemli 6zdeslikler
elde ettik.
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1. INTRODUCTION

From (Horadam 1961; Horadam 1963) it is well known Generalized Fibonacci
sequence {U,,},

U‘I’H-l = pU‘l’l + qU‘I’l—l ) UO = 0 and Ul = 1,
and generalized Lucas sequence {V},} are defined by
Vir1 =pVa+qVy1 , Vo =2and V; =p,

where p and g are nonzero real numbers and n>1. For p=q =1, we have
classical Fibonacci and Lucas sequences. For p =2, g = 1, we have Pell and Pell-
Lucas sequences. For detailed information about Fibonacci and Lucas numbers one can
see (Koshy 2001). Moreover, generalized Fibonacci and Lucas numbers with negative
subscript can be defined as

-Up
(="

Vn
(="

Uu_, = and 1V, =

respectively. From the reccurence relation related with these sequences we can

write p% +4q >0, a = (p ++/p*>+4q)/2 and p = (p — /P2 + 4q)/2 . So, the

Binet formulas of generalized Fibonacci and Lucas sequences are given by

an—pn

U =25

and V, = a™ + g™
Gaussian numbers are complex numbers z = a + ib,a, b € Z were investigated by
Gauss in 1832 and the set of these numbers is denoted by Z[i].

In Horadam (1963), introduced the concept the complex Fibonacci number called as the
Gaussian Fibonacci number. And then, Jordan (1965) considered two of the complex
Fibonacci sequences and extented some relationship which are known about the
common Fibonacci sequences. Also the author gave many identities related with them.
For example, for these sequences some of identities are given by

GE, = F,+iF,_,, GF_,=IiGF,,

GFn41GFyy — GE} = (-D"(2 -0,
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GFfyy — GFf_y = Fpp_ 1 (1 + 20),
GE? + GF1$+1 = Fon(1+20), Xi=oGF =GFnyp— 1,
for some n = 2.

The above identities are known as the relationship between the usual Fibonacci and
Gaussian Fibonacci sequences. Horadam investigated also the complex Fibonacci
polynomials. In Berzsenyi (1977), presented a natural manner of extension of the
Fibonacci numbers into the complex plane and obtained some interesting identities for
the classical Fibonacci numbers. Moreover, the author gave a closed form to Gaussian
Fibonacci numbers by the Fibonacci Q matrix.

In Harman 1981, gave an extension of Fibonacci numbers into the complex plane and
generalized the methods given by Horadam (1963); Berzsenyi (1977). In Asci&gurel
(2013), the authors studied the generalized Gaussian Fibonacci numbers. Then they
gave the sums of generalized Gaussian Fibonacci numbers by the matrix method. The
authors studied also the Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers.

In this study, we define and study the Gaussian Pell and Gaussian Pell-Lucas sequences.
We give generating functions and Binet formulas for these sequences. Moreover, we
obtain some important identities involving the Gaussian Pell and Pell-Lucas numbers.

Now, let we define the generalized Gaussian Fibonacci sequence U,(p,q;a,b ) as
follows.

GUpry = pGU+qGU,_, GUy=a, GU; =b (2.1)

where a and b are initial values. If we takep =q =1, a=1i, b =1in the equation
(2.1), then we get the Gaussian Fibonacci sequence GU,(1,1;i,1 ) that is

(GE}={,1,1+i2+i3+2i..}.

If we takep=q=1, a=2—i,b=1+2i in the equation (2.1), then we get the
Gaussian Lucas sequence

{GL,}={2—-1i,1+2i, 3+1i, 4+3i, 7+4i,..}.
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If wetakep =2, g =1, a=1i,b = 1in the equation (2.1), then we get the Gaussian
Pell sequence

{¢Gp}=1{i,1,2+1i,5+2i,12+5i,... }.

Ifwetakep =2, q=1, a=2-2i, b=2+2iin (2.1), then we get the Gaussian
Pell-Lucas sequence

{GQ,} ={2—2i,2+2i, 6+ 2i, 14+ 6i, 34+ 14i,... }.
Also we have GP, = B, +iP,_;and GQ, = Q, +iQn_1,

where P, and Q,, are the nth Pell and Pell-Lucas numbers, respectively.

2. GAUSSIAN PELL AND GAUSSIAN PELL-LUCAS SEQUENCES

In this section, we consider Gaussian Pell and Gaussian Pell-Lucas sequences. We
give the Binet formulas for these sequences. Then we obtain the generating functions
and we give some identities involving these sequences.

Binet formulas are well known formulas in the theory Fibonacci numbers . These
formulas can also be carried out to the Gaussian Pell numbers.

In the following theorem we give the Binet formulas for Gaussian Pell numbers.

THEOREM 1. Binet formulas for Gaussian Pell and Gaussian Pell-Lucas sequences
are given by

a-pn .af—Ba™ n>0

GP == o N2

and
GQn = (a"+B") —i(ap™ + pa™), n=0
respectively.

PROOF. From the theory of difference equations we know the general term of
Gaussian Pell numbers can be expressed in the following form
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GP,(x) = ca™(x) +dp™(x),

where c and d are the coefficients. Using the valuesn = 0, 1

C_1+(\/§—1)i d_—1+(\/§+1)i
22 T 22

can be written. Considering the values c,d and making some calculations, we obtain

at—pm .afm"—pBa™

a-f a-g '’

GP, =

In addition to this, we get
GQn = (a™ + B") — i(aB™ + Ba™).

For Gaussian Pell-Lucas sequence {GQ,,} generating function g(t) is a formal power
series. The generating function g(t) of the sequence {GP,} is defined by

g(t) = Ynzo GHt™.

Then we can give the generating functions for the Gaussian Pell and Gaussian Pell-
Lucas sequences in the following theorem.

THEOREM 2. The generating functions to the Gaussian Pell and Gaussian Pell-Lucas
sequences are

__ t+i(1-2t)
9() = 1-2t-t2 '
and
(2-2t)+i(6t—2)
g(t) =——"2

1-2t—t?
respectively.

PROOF. Let g(t) be the generating function of sequence {GPB,}. Then we can write

g(t)=> GPt" =GP, +GPt +GP,t* +...+ GPt" +...
n=0
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If we use the recursive relation of this sequence, then we get
g(t)[1-2t—t* | =GR, +(GP, - 2GR, )t.

Thus, we obtain

t+(1—2t)i
t)=—" 7
9 1-2t—t*

which is desired.

Similarly, the generating function of Gaussian Pell-Lucas sequence {GQ,}

(2-2t)+i(6t—2)
1-2t—t2

g() =

can be obtained. Moreover, we have the negatively subscripted terms of the
sequences {GP,}and {GQ,} by using the recursive relation,

GP, =2GP ., +GP .,
and
GQ, =2GQ 4y +GQ (.,
respectively. Notice that
GP., =P ,+iP_,_;and GQ_,=Q_,+i0Q_,_1.

In the following theorem, we give the relations between the Gaussian Pell and Gaussian
Pell-Lucas sequences involving the negative indices.

THEOREM 3. For n>1, we have the following identities.

) GP_, = (_1)n_1(Pn — Pnyq)

i) GQ_n = (=1)"(Qn — iQn+1)

PROOF. The proof can be seen by the mathematical induction on n .
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In the following Corollary, we give some useful identities concerning the Gaussian Pell
and Gaussian Pell-Lucas numbers, and also give some sum formulas for these numbers
without proof.

COROLLARY 1. Forn > 1, we have the following equations
i) 4Gh, = GQn + GQp-1,
i) GP? + GP2,, = 2P,,(1 + i),
iii) GQ2 + GQ2,, = 16P, Q,(1 + ).

It is well known that the Cassini identity is one of the oldest identities involving the
Fibonacci numbers. In the following theorem, we give the Cassini formula related with
the Gaussian Pell and Pell-Lucas numbers.

THEOREM 4. (Cassini Formula) Let n>1. Then we have
0) GPp41GPyog =GR = (=1)"2(1 — 1)
i1) GQn41GQn-1 — GQy* = (=1)"'16(1 - 1),
respectively.

PROOF. By using the mathematical induction method we get
GP,GP,—GR’ =2(1-i);GP, = i,GP, = (2+i)
GR..GR. *GPkZ = (_1)k 2(1 - i)

GR,GR, ~GR,  =(20R, +GR )| 50R. 3 6B, |-GR.,

1 1 .
=~ GRGR .~ GRGR, —[(—1)k 2(1—|)+ka2}

=%GPkGPk+1—GPk(%GPk_1+ GR)+ (1) 2(1-1i)
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= (-1)"2(1-i).

Similarly, we can prove the other formula by the mathematical induction method. Thus,
the proof is completed.

THEOREM 5. For the Gaussian Pell numbers, we have the following formula.
ZGP = [G P.,+GP —(1-i)].

PROOF. From the recursive relation we can write

GPn = %Gpml _%Gpnl
and
1 1

GR =~ GR -7 GP,

1 1
GR =GP~ GR,

ep-lep-lcp
2
Gﬂ:%Gﬂﬂ—%Gﬂ4

Then, we obtain
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This completes the proof.

THEOREM 6. For all n € N, we have the following sum formula

" 0GQn =5 (GQner +GQn) — 21

In the following corollary, we give some summation formulas for the Gaussian Pell and
Pell-Lucas numbers.

COROLLARY 2. Forn = 1, we have
. 1 .
i) =0 GPyj = ;(GP2n+1 +2i-1),
.. 1 .
ii) 2?:0 GQyj = EGQ2n+1 + (1 —30).

iil) X7, GPyjy =5 (GPy — ),
and

V) X7 GQzo =56Qum — (1 - D).

The above equalities can be seen by Theorem 6.

THEOREM 7 (Catalan Formulas) For nonzero positive integers n, k we have

(_1)k+1(ak + ﬁk)z
4 ,

i) GPyyyGPyy —GBZ> = (D1 —1) |1+

i) GQnikGQnoy — GQ,° = 2(=1)™1(1 — D[4 + (—1)**(a* + p)?].
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PROOF. For the first equality, from the Binet formula

[an+k _ﬂn+k N O{,Bn+k _ﬂamk i][O{n—k _IBn—k +aﬂn—k _ﬂan—k i]_[an _,Bn +0!ﬂn _ﬂan I]2
a-p a-p a-p a-p a-p a-p
B (BN )y (@) (ap D) (),
(a-p)* (a-p)* (a-p)* (a-p)*

=@g%Lnu+“@H%f+ﬁWﬁ

can be written which is desired. Using the same method the other formula can be given
easily.

THEOREM 8 (d’Ocagne’s Identity) For all m,n € Z we have

I)GP, .,

GP, —~GP,GP.

N+l = 2(_1)n+1(1_i)Pm—n
i) GQm+1GQn — GQpGQpyq = 16(—1)"(1 — D) Py_p,
where B, is the nth Pell number.

PROOF. By using the Binet formula fort he Gaussian Pell-Lucas sequence, the proof
can be easily seen.

3. CONCLUSION

In conclusion, we firstly consider the generalized Gaussian Fibonacci and Lucas
sequences. Then we introduce the Gaussian Pell and Gaussian Pell-Lucas sequences.
We give the generating functions and Binet formulas of Gaussian Pell and Gaussian
Pell-Lucas sequences. Furthermore, we obtain some important identities involving the
terms of these sequences.
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