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OZET

Bu ¢alismanin temel amaci Tangent demette almost paracontact yaprya gére X' ve X “ye

uygulanan Tachibana ve Vishnevskii operatorlerini aragtirmaktir. Ayrica, elde edilen bu
bagmtilar almost paracontact yapi igerisindeki bazi O6zel vector alanlart igin de
incelenilecektir.
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ABSTRACT

The main aim of this paper is to investigate Tachibana and Vishnevskii Operators applied to
XY and X © in almost paracontact structure on tangent bundle T (M) . In addition, this results
which obtained shall be studied for some special vector fields in almost paracontact structure.
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1. INTRODUCTION

Let M be an n—dimensional differentiable manifold of class C* and let T,(M) be the
tangent space of M at a point p of M. Then the set (Yano 1973)
(1.1) T(M)=[JT.(M)

peM

is called the tangent bundle over the manifold M. For any point p of T(M), the
correspondence P — p determines the bundle projection z:T(M)— M, thus z(p) = p,

where 7:T(M) — M defines the bundle projection of T(M)over M. The set z*(p) is
called the fibre over pe M and M the base space.

Suppose that the base space M is covered by a system of cooordinate neighbourhoods
{U :x"}, where (x") is a system of local coordinates defined in neighbourhood U of M.

The open set 7 '(U) < T(M)is naturally differentiably homeomorphic to the direct product
U xR", R" being the n—dimensional vektor space over the real field R, in such a way that
apoint peT,(M)(peU)is represented by an ordered pair (P, X) of the point peU , and
avector X € R", whose components are given by the cartesian coordinates (y") of pin the

tangent space T, (M) with respect to natural base {8h}, where 0, =%. Denoting by (x")
X

the coordinates of p=#z(p) in U and establishing the correspondence
(x",y") = pex*(U), we can introduce a system of local coordinates (x",y") in the open
set 7 (U)cT(M). Here we call (x",y")the coordinates in 7z *(U) induced from (x") or
simply, the induced coordinates in z(U).

We deneto by 3;(M) the set of all tensor fields of class C”and of type (r,s) in M. We

now put 3(M) = Z 3. (M), which is the set of all tensor fields in M. Similarly, we denote

r,s=0
by J:(T(M)) and 3(T(M)) respectively the corresponding sets of tensor fields in the
tangent bundle T(M).

1.1. Vertical lifts. If f is a funtion in M, we write f" for the function in T(M) obtained
by forming the composition of 7:T(M) —> M and f:M — R, so that
(1.2 f¥="for

Thus, if a point pez*(U) has induced coordinates (x",y"), then

(1.3) f'(p) =" (xy)=fox(p)=1(p)=f(x).
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Thus the value of fY(p) is constant along the each fibre T,(M) and equal to the value
f(p). We call f" the vertical lift of the function f (Yano et al 1973).

Let X e 3L(T(M)) be such that Xf" =0for all f e3°(M).Then we say that X is a vector

v h

field. Let { ~h} be components of X with respect to the induced coordinates. The X is
X

vertical if and only if its components in 7' (U) satisfy

s8]

Suppose that X e J;(M), so that a vector field in M. We define a vector field X" in T(M)

X

by

(1.5) XY (10) = (wX)"

o be an arbitrary 1-form in M. We call X" the vertical lift of X (Yano et al 1973).

Let @e 3 (T(M)) be such that @(X)’ =0 for all X € 3;(M). Then we say that @ is a
vertical 1-form in T(M). We define the vertical lift " of the 1-form @ by

(1.6) o’ =(@)" (dx')"

in each open set 7" (U), where (U :x") is coordinate neighbourhood in M and o is given
by w=ewdx' in U. The vertical lift »' of @ with local expression w=wdx' has
components of the form

(1.7) o’ (a',0)

with respect to the induced coordinates in T (M).

Vertical lifts to a unique algebraic isomorphism of the tensor algebra 3(M)in to the tensor
algebra 3(T(M)) with respect to constant coefficients by the conditions (1.8)

(P®Q)' =P'®Q",(P+R)’ =P' +R"

P,Q and R being arbitrary elements of J(M). The vertical lifts F' of an element
F e 3;(M) with local components F." has components of the form (Yano et al 1973)
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Y. Oh O.
F" 0

Vertical lifts has the following formulas (Omran et al 1984; Yano et al 1973):
(1.9) (fX)Y =YXV, 1YXY =0,7"(XY)=0
(fn) = V7" [X¥.¥V]=0,0" X" =0
XV =0,
hold good, where f e 3p(M), X,Y e 3(M),ne (M), pe I;(M), 1 =id,,

1.2. Complete lifts. If f isafunctionin M, wewrite f© fort the function in T (M) defined

by

(1.10) £ = (df)

and call f¢ the comple lift of the function f. The complete lift f¢ of a function f has the

local expression

(1.11) fC=yo f=of

with respect to the indicent coordinates in T(M), where of denotes y'o, f .
Suppose that X e 3% (M ). Then we define a vector field X in T(M) by
(1.12) X =(Xf)",

f being an arbitrary functionin M and call X° the complete lift of X in T (M) (Das 1993;

Yano et al 1973). The complete lift X of X with components x" in M has components

70



Tachibana And Vishnevsku Operators Applied To X Y And X In Almost Paracontact Structure On
Tangent Bundle T (M)

c _ X"
(1.13) X _(axh]

with respect to the indicent coordinates in T(M).

Suppose that @ € 37(M). Then a 1-form »“in T(M) defined by
(1.14) o° (X)) = (wX)©

X being an arbitrary vector field in M. We call ° the complete lift of @. The complete
lift »°of w with components o in M has component of the form

(1.15) o° (0w, @)

with respect to the indicent coordinates in T (M) [2].

The complete lifts to a unique algebra isomorphism of the tensor algebra in 3(M) into the
tensor algebra 3(T (M)) with respect to constant coefficients, is given by the conditions

(1.16) (P®Q)° =P*®Q" +P' ®Q°,(P+R)® =P +R°,

where P,Q and R being arbitrary elements of J(M). The complete lifts F© of an element
F € 3;(M) with local components F." has components of the form

FC. Fih 0
\oF" E")

In addition, we know that complete lifts are defined by (Omran et al 1984; Yano et al 1973):

(1.17) (fX)S = FEXY + fVYXC = (XF)©,
XY = (XF) " (X°) = (X)),

XY 1€ =(X0)’ 0" X = (pX)",
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" XY = (pX)",(pX)* =9 XE,
7' (X)) =m(X),n° (X)) =(n(X))"
[XY, Y =X, Y], 1€ = 1,1V X© = XY, [X®,Y°]=[X,YT.

Definition 1. Let M be an n- dimensional diferentiable manifold. Diferential
transformation D = L, is called Lie derivation with respect to vector field X € J;(M) if

(1.18) L, f =Xf,vf e 3(M),

LY =[X,Y],VX,Y € 3-(M).
[X,Y] is called by Lie bracked. The derivative L, F of a tensor field F of type (1,1) with
respect to a vector field X is defined by ([8])

(1.19) (L, F)Y =[X,FY]-F[X,Y].

Proposition 1. Forany X e 3, (M), f € 33(M) and L, is the Lie derivation with respect to

vector field X Yano et al (1973)
iy L, £ =0,
i) L, € =(L, )",
i) Lo Y =(L f)",
iv) Lo fC=(L,f)°.

Proposition 2. For any X,Y € 3;(M)and L, is the Lie derivation with respect to vector

field X Yano et al (1973)
i) L,Y' =0,

i) L, Y =(LY)",
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i) LYY =(LcY),

iv) L .YC =(LY)S,

Definition 2. Let M be an n- dimensional diferentiable manifold.

transformation of algebra 3(M ), defined by
D=V, :3(M) - 3(M), X €3t (M),
is called a covariant derivation with respect to vector field X if
(1.20) Vgt = TV, t+gV L,
Vv, f=Xf,
where Vf,g e 3p(M),VX,Y € T;(M), vt e S(M).
On the other hand, a transformation, defined by

Vi3 (M) TH(M) - (M),

Differential

is called an afin connection ([5],[8]). In addition, the complete lift of an afine connection V

in M to T(M) is denoted by V° and defined by the conditions of

(1.22) Ve B =0V, O =(V, )",
Vie £ =(Vy F) V5 £C =(Vy £)°,
VoYY =0,V5, Y =(V,Y),
VoYY =(V, ) V5 =(V,Y)°

forany X,Y e 3(M), f € 33(M) (Yano et al 1973).
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2. MAIN RESULTS

2.1.Tachibana Operators Applied to X" and X ¢ in Almost Paracontact Structure.

Definition 3. Let an n— dimensional differentiable manifold M be endowed with a tensor
field ¢ of type (1,1), a vector field &, a 1-form 7, | the idendity and let them satisfy

(2.1) P =1-n®¢&,  p(&)=0, nop=0, n(&)=1.

Then (¢, &,77) define almost paracontact structure on M (Omran et al 1984; Salimov &
cayir 2013). From (2.1), we get on taking complete and vertical lifts

(2.2) (@) =1-1" ®& —n°xg",
¢°&" =0,0°¢° =0,17" 09° =0,
n°ep®=0,n"(£")=0,7"(&%) =1,
n°(&")=1n°(&"%)=0.
We now define a (1,1) tensor field J on J(M )by
(23) J=¢° =& &n' - on°.

Then it is easy to show that J?X" = X" and J?X© = X, which give that J is an almost

product structure on 3(M). We get from (2.3)

IXY = (@X)" =(m(X))' &°

IXE = (@X)" =(m(X))’ &' ~(m(X))°&*

forany X e 3;(M).
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Definition 4. Let p € 3;(M), and I(M) = Z 3 (M) be an tensor alebra over R. A map

r,s=0

*

:3(M) — 3(M) is called a Tachibana operator or ¢, operator on M if

Py

r+s—0

a) ¢, is linear with respect to constant coefficient,
b) ¢,:3(M)— 3_,,(M) forallrands,

0) 4,(K®L) = (4,K)®L+K®4,L forall K,Le (M),

d) 4,Y =—(L,@)X forall X,Y e 35(M), where L, isthe Lie derivation with respect to

Y
e) (,xmY =(d(&7(¢X)—(d(z (7o) X +n((L, @) X)
= (@X@Ym)(PX) =X (z,,7) +1((L, @) X)
for all 7€ 30(M) and X,Y € 32(M) , where 4.7 =(Y) =7 ®Y, 3" (M) the module of all

pure tensor fields of type (r,s) on M with respect to the affinor field ¢ (Salimov 2013).

Theorem 1. For ¢, Tachibana operator on M, L, the operator Lie derivation with respect

to

X,J e 31(3(M)) defined by (2.3) and 7(Y) =0, we have
i) ¢ XY =—(L,J)Y" =0,
i) g,c XY =—(L I)YC =—=((Ly@)Y)" +((Lym)Y)’ &5,

i) g X =—~(L )Y =~((Li@)Y)" +(Lem)Y)' &5,
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V) gy X = =(Lc )Y ==((Le@)Y)* +((Lum)Y)" & + (L)) &S,
where X,Y € 3;(M), atensor field ¢ e 3;(M), a vector field ¢ and a 1-form 7 e 32 (M).
Proof. For J is defined by (2,3) and 7(Y) =0, we get
i) g XY =—(L I)YY
=L, (¢° &' ©n' £ @n° W' +(p° -& ®p’ ~EC @p°)L, Y
=—L. (oY) +L. (7" (V))& + L. (n(Y))' &°
=L, (o)
=0
i) ¢ XV =—(L,J)Y°
=L (¢° &' ®n' —&F @ )Y +(p° -&" ®@n' - &F @)L Y"
==L @Y L (V) & + L. (1Y) & + 9% (L Y)
17" (LY) & = (m(L,Y))' &°
= (L @)Y =0 (L YO) +0° (LY) = (L (n(Y)))" &° +(Ly ((Y)))" &°
=—((Ly@)Y)" +((Lm)Y)' &%,
iii) ¢, X =—(LJ)Y"
=L (¢°—& ®n' —EC @)WY +(p° —&' ®n' £ @p°)L Y

_ CyV \Y \" V V £C C \%
=LY +L . (Y))S +Lm(Y)) & +o LY
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7" (L Y) & —(m(LY))" &°
= (L@ )" =" (LY )+ LYY = (L (m(Y))" & +((Lym)Y)' &°
= ~((Le@)Y)" +((Lem)Y)' &5,
V) X =—(L,I)Y°
=L (p° =& ®n' & @) +(p° -&' @'~ @)L YC
==L oY+ L ((7Y))E +Lc(m(Y)E +9 L, YC
—((LY))" & = (LY ) &
= (L@ ) =0 (L, YO) +0 LYo = (L (Y ))& +((Lem)Y)' &
(L (NN ES +(Lem)Y)©&°
= (L)) +(La)Y)' &7 +((Lem)Y)© &7,
where 7L, Y = L,n(Y)—(L»)Y and oY € 3;(M,).
Corallary 1. Ifwe put Y = &, i.e. 7(£) =1 and & has the condition (2.1), then we have
) 4. X =—(L,)",
i) ¢ X' ==((Ly@)&)” + (L&)’ &5,
iii) ¢, X° ==((Ly@)&)" + (L&) +((Lim)E)" &7,

V) @) X ==((Lk@))® +(Le&)" +((Lim&)" & +((Lem&)° &,

77



H. Caywr

2.2 Vishnevskii Operators Appliedto XY and X°© in Almost Paracontract Structure.

Definition 5. Suppose now that V is a linear connection on M, and let ¢ € 3;(M). We can

replace the condition d) of defination 4 by

(2.4) d) w Y =V Y -oV,Y

for any X,Y € 3, (M) . Then we can consider a new operator by a Vishnevskii operator or

v, — operatoron M, we shall meanamap v, :3(M)— 3(M), which satisfies conditions
a), b), ¢), e) of definition 4 and the condition (d') (Salimov 2013).

Theorem 2. Let y, Vishnevskii operator on M, V¢ the complete lift of an affine

connection

VinM to T(M) and J e 31 (3(M)) defined by (2.3), then we get

i) i YY ==(X)V.Y),

i) 30 Y = ((Vy@)X)' =((L@)X)’ =(2(X))" (V&) +m(X))" (L, &)°
+(7(Vy X)) 5 = (7L, X)" £°,

i)y Y = ((Vy)X)' = (L) X)" = (@(X)° (V4 &) +m(X)° (L, &)
+(7(V, X)) = (L, X)" &°,

iv) w5 Y = ((Vy@)X)° = (L) X) = (X)(V, &) + (X)L, &)
—((X))° (Vy&)° + (X)) (L E)° + (Y, X)) € = (L, X)" &

+(17(V, X)) E° = (7L, X)° &9,
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where X,Y e 33(M), atensor field g e 3;(M), a vector field ¢ and a 1-form 7 € 32(M).
Proof. Let J e 3}(3(M)) defined by (2.3), then we have

i)y, Y =V

A AENAGR

=V ooy (@7 =& @7 =& @n°)VI,YY
=V Y —m(X) VLY

=—(n(X))" (V.Y)"

=-(X)V,Y)",

i) y, Y =VC

JxV

C Iv7C C
Ye-Jvey

Ve YO -(p° -&" ®n' —E°@n° )V, Y

= YV (ox) —(r(x)) &

= VoY € = (7(X)) VoY =% (V, Y)Y + (" (Vi Y)")E"
+(7° (V)" )E°

= (V)" = (7(X) (VY)° =(V V)" + (Y Y)))E°

= (VypX +[pX, YD) = (0(X)) (V£ +[£ YD -0 (Vy X + X, Y]
+H(Vy X+ X, YD) &6

= (Vy)X)" +(@Vy X)' =(L@)X)" = (oL, X)" =((X))" (V,)°
+7(X) (L&) =(@(Vy X)) + (oL X)" +((Vy X)) £° = (L, X)" £°,

= (Ve X)" = (LX)’ = (X)) (V4 &) + (X)) (L, &)
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+(Vy X)) E° (L, X)" &°,

i) yo YV =V Y - IVEYY
_vC V_ ¢ v .o e oy
=V ooy & —moapeY (@ =& @ =gm TV LY
—_ C \Y _ v C V] _ c c v _ c v
=V —@O) VEYY = (XD VLYY =% (V,Y)

+7 (Vi Y) &+ (YY) &€
=(V,xY)' —(X)(VY) =@V, Y) +(V,Y) &
= (Vy@)X)" +[oX, Y] = (X)) (VyE+IE YD) = (o(Vy X +[X,Y])
+H(Vy X+ X, YD) &6
= (Vy0)X)" +(@(V, X)) =(L@)X)" = (0L, X))" = (@(X)° (Vy&)"
+(X)N° (L&) =(p(Vy X)) +(p(Ly X)) +(7(V, X)) = (L, X)" &
=(Vy@)X)" = (L @)X)" =((X))° (V&) +((X)° (L, &)"
+(7(Vy X)) = (L, X)" £°,

iv) w, Y© =V

Jx¢

Y -JVEY©
. vAY C C v v c CyvC vC
=Vt & -goopseY —(@ =& O —m @)V, Y

= (VY)° = (X)) VEY© ~(7(X))°VEY© —g°(V,Y)°

+07' (Vi Y))E +(m° (V,Y)9)E*
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=(V,x V) = (X)) (V.Y)’ =((X)(V,Y)® —(¢VY)°
H(V YN )E + (VY ))&
= (VyX)° +[pX YT° = ((X))" (Vi E+[E YD = (X)) (Vy & +[EYD)°
—(@(Vy X HIX YD) + @V X +DXGYD)Y Y +((Vy X +[X, YD) E°
= (Vy2)X)° +(0(Vy X))° = (L 9) X)° = (L, X))° = ((X)(Vy £))”
+((X)L ) = (XN (V&) + (XD (L, E)° = (p(V, X))
+Hp(L X)) +((Vy X)) & =L, X) & +(m(Vy X)) E° = (L, X)°&°
= ((Vy@)X)° = (L) X)° =@V &) + (X)L, &)
—((X)° (Vv &) + XN (L&) +((Vy X)) & = (7L, X)" &

+(1(V, X)) E° = (L, X)C &°

Corollary 2. If we put X =¢&, i.e. (&) =1 and & has the condition (2.1), then we get

)y Y =~(V,Y),

i) .Y = (V) —(L)E)" —(V,H + (L, &)° - (Vyn)&) &°

+((Lym)e)’ &°

iil) yic Y = (V) - (L)E) —((Vym)E)” +((Lym)E)” &°
V) ¥ Y = (Vo)) — (L @)D —((Vym)&)' +(L,&) —((VymE)' &

H(Lm)E) & —((Vym)E)® E° +((Lm)&E)° &°
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