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ABSTRACT

The intent of this paper is to introduce the concept of G,-cone metric and we describe some basic properties of such
metric. Further, we establish some fixed point theorems for self-mappings satisfying the contractive type conditions
and a common fixed theorem for two weakly compatible self-mappings satisfying the contractive condition in G,-
cone metric spaces without the assumption of normality. Moreover, some examples are provided to illustrate the

usability of the obtained results.
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1. INTRODUCTION

Metric spaces play significant in mathematics and applied
sciences. So, some authors havetried to give generali-
zations of metric spaces in several ways. The main
revolution in the existence theory of many linear and
non-linear operators happened after the Banach
contraction principle. After this principle many
researchers put their efforts into studying the existence
and solutions for nonlinear equations (algebraic,
differential and integral), a system of linear (nonlinear)
equations and convergence of many computational
methods [23]. Banach contraction gave us many
important  theories like variational inequalities,
optimization theory and many computational theories
[23-24]. Due to wide spreading importance of Banach
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contraction, many authors generalized it inseveral
directions [25, 27-28].

The notion of D-metric space is a generalization of usual
metric spaces and it is introduced by Dhage [1-4].
Mustafa and Sims [5-6] have shown that most of the
results concerning Dhage’s D-metric spaces are invalid.
In [5-6], they introduced an improved version of the
generalized metric space structure which they called G-
metric spaces. For more results on G-metric spaces, one
can refer to the papers [11-17]. Beg, Abbas and Nazir
[22] introduced G-cone metric space and established
some fixed point theorems. Recently, Asadollah
Aghajani, Mujahid Abbas and Jamal Rezaei Roshan [21]
introduced G,-metric space and established common
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fixed point of generalized weak contractive mappings in
partially ordered G,-metric spaces.

In this paper, we introduce the concept of G,-cone metric
and we describe some basic properties of such metric.
Further, we establish some fixed point theorems for self-
mappings satisfying the contractive type conditions and a
common fixed theorem for two weakly compatible self-
mappings satisfying the contractive condition in G,-cone
metric spaces without the assumption of normality.
Moreover, some examples are provided to illustrate the
usability of the obtained results.

2. PRELIMINARIES

Throughout this paper R and R, will represents the set
of real numbers and nonnegative real numbers,
respectively.

The following definition is required in the sequel which
can be found in [21].

Definition 2.1 Let X be a non-empty set and s > 1 be a
given real number. Suppose that a mapping G : X x X X
X - Rtsatisfies:

(GBl). G(x,y,z) = 0ifx =y = z,
(GB2). 0<G(x,x,¥),Vxy€X with x # y,
(GB3). G(x,x,¥) <G(x,v,2),Vx,y,z € Xwith
Yy #z,
(GB4). G(xy,2z) = G{p(x,zy)} (Symmetry),
(GB5). G(x,y,2z) < S(G(x, a,a) + G(a,y, Z)),
V x,y,z,a € X (Rectangle inequality).

Then G is called a generalized b-metric, or, more
specially, G,-metric on X, and the pair (X, G) is called a
Gp-metric space. If s = 1, then G is called a generalized
metric on X, and the pair (X, G) is called a G-metric space
(see [6]).

Definition 2.2 Let E be a real Banach space, a subset of
P of E is called a cone if and only if:

a) Pisclosed, non empty and P = {6} .

b) ab€R ab=0, x,yEP = ax+by €
P, more generally, ifa,b,c € R, a,b,c =2 0,x,
y,ZEP s ax+by+cz€eP

) x€EPand—x€P=>x=80,e.i.PNn(-P) =

{6}

Given a cone P c E, we define a partial ordering < with
respect to P by x<y if and only if y—x€eP. A
cone P c E is called normal if there is a number for all
K > 0 such that for all x,y € E,0 < x <y implies ||x||
< K||y|l. The least positive number satisfying the above
inequality is called the normal constant of P, while x «< y
stands for y — x € intP, (intP denotes the interior of P),
while x < y means that x < y but x # y.

Now, we introduce the concept of G,-cone metric space.

Definition 2.3 Let X be a nonempty set and E be a real
Banach space equipped with the partial ordering < with
respect to the cone P. A vector-valued function G : X x
X XX - E is said to be a generalized cone b-metric
function on X with the constant s > 1 if the following
conditions are satisfied:

(GBC1). G(x,y,z) = Oifx = y = z,
(GBC2). 6 < G(x,x,y)whenever x # y,Vx,y €X,
(GBC3). G(x,x,y) < G(x,y,z), whenever y # z,V x,y,
z€EX,
(GBC4). G(x,y,2) = G{p(x,z,y)} (Symmetry)
(GBC5). G(x,v,2) < S(G(x, a,a)+ G(a,y, z)),
V x,y,z,a € X, (Rectangle inequality).

Then the pair (X,G)is called a generalized G,-cone
metric space or, more specifically, a G,-cone metric
space. Obverse that if s =1 the ordinary rectangle
inequality in a generalized cone metric space is satisfied,;
however, it does not hold true when s > 1. Thus the
class of G,-cone metric spaces are effectively larger than
that of ordinary G-cone metric spaces. That is, every G-
cone metric space is a Gp-cone metric space, but the
converse need not be true. Therefore, it is obvious that
Gp-cone metric spaces generalize G,-metric spaces and
G-cone metric spaces.

We can present a number of examples, as follows, which
show that introducing a G,-cone metric space instead of a
G-cone metric space is meaningful since there exist a G-
cone metric spaces which are G-cone metric space.

Example 2.4 Let X=R andE=R?, P={(x,y) €
E:x,y =0} c E. Define G:X X X x X - E by

G(x,y,z) = max{(|x — y|?, alx — y|?)
Ly —zI?, aly — z|P)
,(z = x|P, alz — x|P)}

VX, y,z€X wherea >0and p>1 are two constants.
Then (X, G) is a G,-cone metric on X, but not a G-cone
metric. In fact, we only need to prove (GBC5) in
Definition 2.3 as follows: let x,y,z,w € X. Set u =x —
w, v=w—1Y,50 u+v=ux—y.Fromthe inequality

(a + b)? < (2 max{a, b})?
< 2P(a? + bP), Va,b = 0,
we have
lx—yIP = lu+vl?
< (lul + lvD?
< 2P(Jul? + [v[P)
=2P(lx —=w[P + |w — yIP)
Similarly,
ly —z|P < 2P(lw — w|P + |y — 2|?)
[x —z|? < 2P(|lx —w|? + |w — z|P)
Hence
max{(|x — y|P, alx — yI?)
,(ly —zIP,aly — z|P)
,(Iz = x|?, alz — x|P)}
< 2P max{(|x — w|P, a|x — w|P)
,(w = wl?, alw —w(?P),

X = wlP, alx — w[P}
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+2P max{(lw — y|P, alw — y|P)
Sy —zIP,aly — z|P)
s Iw —z|P, alw — z|P}
which is implies that
G(xy,2) < s(G(x, w,w) + G(w,y,2))
with s = 2P > 1.Taking account of the inequality
(a +b)? > (a? + b?),Va,b >0,
we arrive at
lx—ylP =lx—w+w-—ylP
=(x-w+w-—y)P
> (x—w)P +(w—y)?
=lx—wl? +[w—y?
forall x > w > y. Similarly,
ly—zIP 2 lw—w|? + |y —z|?
[x —z|? = |x — w|P + |w — z|P.

Thus, rectangle inequality in Definition G- cone metric
space (see [22]) is not satisfied, i.e., (X, G) is not a G-
cone metric space.

Example 2.5 Let X = [0, +0) and E = C}[0,1] with the
norm ||x|| = llxlle + l1x'|lcc and consider

P={x€eE:x(t) >00n/0,1]}
Define G: X X X x X - E by
G(x,y,2z) = max{|x —yI|?, |y — z|?, |z — x|P} o,

Vx,y,z € X, withp =1, where ¢:[0,1] > R such that
@(t) =e* .Then (X,G) is a complete G,-cone metric
space with the coefficient s = 2P~1,

If we define G: X X X X X - E by
Gxy2z) = (x—yl* +ly—zI> + [z — x)e,

vV x,y,z € X.Then (X,G) is not a G,-cone metric space.
However,

G(xy,z) = max{|x —y|? ly — zI* |z — x|*}p
is a G,-cone metric space on X with s = 2.

Example 2.6 Let X = [0,1] and E = CA[0,1] with the
norm ||x|| = l|x]l + llx'lle and consider

P ={x € E:x(t) =00n[0,1]}.
Define G: X x X x X - E by
G(x,y,2) =(x—yl+ |y —z|l + ]z — x|)?0p,

Y x,v,z € X, where ¢:[0,1] - Rsuch  that ¢(t) = et.
Then (X, G) is a complete G,-cone metric space with the
coefficient s = 2.

Definition 2.7 A G,-cone metric space (X, G) is said to
symmetricifVx,y € X,G(x,y,y) = G(y,x,x).

Let (X,G) be a Gy-cone metric space, define dg,: X X
X - E by

dg,(x,y) = G(x,y,y) + G, x,X).
Then (X, dg,)is a cone b-metric space. It can be noted
that
2
Gy, Y) < 5oy e, (0, 9)-

2s+1

Obverse that if s = 1, that is, G be a G-cone metric on X,
then

2
G(X,y,y) < ;dG(x'y)
If X is a symmetric G,-cone metric space, then
dGb(er) = ZG(x,y,y)

Definition 2.8 Let (X, G) be a G,-cone metric space. A
sequence (x,,) in X is said to be:

1) a Gp,-cone Cauchy sequence if, for every c € E
with 8 « c, there exists N € N such that for all
n,m,l > N,G(x,, Xy, x) < C.

2) a Gp-cone convergent sequence if, for every
c € E with 8 « c, there is N €N such that for
allm,n > N, G(xy,, X, x) < ¢ for some fixed x
in X. Here x is called the G,-limit of (x,) and is
denoted by G, —lim;,, . X, = x OF X, = xas
n — +oo,

Definition 2.9 A G,-cone metric space X is said to be a
Gp-complete cone metric space, if every G,-cone Cauchy
sequence in X is G,-cone convergent inX.

Using above definitions, we prove the following some
lemmas and propositions.

Lemma 2.10 Let (X, G) be a G,-cone metric space. Then
for ¢ € Ewith ¢ > 0, there is & > Osuch that ||x|| <
6 impliesc —x € intP.

Proof Sincec > 0, then € intP . Hence find§ > 0
such that Ns(c) = {x € E: ||x — c|| < 6} c intP. Since
lc=cll=6<46, then c€ Ns(c) and so Ng(c) #
@. Now if |[x|| < &, then

llxll = llx — ¢ +cll
=|=1llx —c +cll
=|l-x+c—cl
=|l(c—x)—c|l <6é.

Then ¢ —x € Ng(c) and since Ns(c) cP. So c—x €
intP.

Lemma 2.11 Let (X, G) be a G,-cone metric space, P be
a normal cone with normal constant K. Let (x,)be a
sequence in X. Then (x,) is G,-cone convergent to x if
and only if G(xp, x,, x) > 6 asm,n > +oo.

Proof: Suppose that (x,,) is G,-cone convergent to x. For
every real € > 0, choose ¢ € E with ¢ > 6 and K||c|| <
e. Then there is N € N, for all n,m € N, G(xp, Xp, X)
& c. Since P is a normal cone with normal constant K,
when n,m €N, ||G(Xy, X, X)|| < K||c|| < e. Therefore
G(Xm, Xn,X) = 8, asm,n - +oo. Conversely, suppose
that means G(Xpy,Xp,X) > 0,85 m,n — +oo. From
Lemma 2.10, for every ¢ € E with ¢ > 6, there is § >
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Osuch that ||x|| <& implies —x € intP . For this &
there isN € N, such that ||G(Xy,Xq,X)|| <& for all
n,m,l = N. So0c¢— G(Xp, Xy, X) € intP. This means
G(Xpm, Xp, X) K c. Therefore (x,) is G-cone convergent to
X.

Proposition 2.12 Let (X, G) be a G,-cone metric space, P
be a normal cone with normal constant K, then the
following are equivalent:

(1). (xp) is G,-cone convergent to x,
(2). G(Xp,%Xp,x) = 6,asn > 4o,
(3). G(Xp,%x,%) > B,asn - +oo,

(4). G(Xp,Xp,X) = B,as m,n - +oo,

Proof (1) = (2): Suppose that the sequence (x,) is G-
cone convergent tox. From Lemma 2.11, G(Xy, Xp, X) —
0,asm,n - +oo. If we choose m = n, then G(xp, X5, X)
-0, as n - 4©.(2) = (3): Suppose that G(xp, Xp, X)
— 0,asn - 4. From (GBC5),

G(x,Xp, X) < s[G(X, Xp, Xp) + G(Xp, Xp, X)].
From (GBC4), we have G(x,xp,X,) = G(X,, X, %) and
since G(xp, Xp, X) = 0, asn - +oo, for any € > 0, there
is N € N such that for alln > N, ||G(xy,, Xy, Xl < ﬁ
Since P be a normal cone with normal constant K,

IG(x, %, I < SKING(, X, Xn) + G, X, Xl
< SKIG(X, %n, x| + SKIGGn, Xn, )|

& &
< sK (ZS_K + ZS_K) = E.
From (GBC4), G(X, X, x) = G(Xp, X,X), so for any € > 0,
there is N € N such that for alln > N, ||G(x,, x, )|l < &.
This means G(x,,%X) = 6,asn — 4. (3) = (4):
Suppose that G (xp,, %x,X) = 6,as n — +oo, From (GBC5),

G(Xpm) X, X) < S[G(Xp, X, %) + G(X,Xp, X))

From (GBC4), G(X, Xy, %) = G(X,,%,X) = 6,asn - 4w
and G (X, %, X) = 6,as m - +o0. So for any € > 0, there
is N € N such that for all n,m > N, [|G(x, %, %) || < ZSLK

and [|G(x, xp, ¥ < ZSLK Since P be a normal cone with
normal constant K,

Gy %, )| < SKIG (i, X, %) + G(X, X, )|
= sKIlG(xm, %, )| + sKIIG(x, xp, Xl

& &
< sK (25_1( + 25_1() =€
So for any € > 0, there is N € N such that for all n,m >
N, [|GXp, X, X)|| < &. This means G(xp,,Xn, %) — 6,
asn,m — +o. (4) = (1): Suppose that G(xp,, Xy, X) —
0,as n,m — +o. From Lemma 2.11, the sequence (xy,)
is Gp-cone convergent to x.

Lemma 2.13 Let (X,G) be a complete G,-cone metric
space with the coefficient s > 1, P be a normal cone with
normal constant K. Let (x,) be a sequence in X. If
(%) Gp-cone converges to x and also (x,) Gy-cone
converges to y, then x = y. That is the limit of (x,) is
unique.

Proof Fromx, —» x and x, - yas n - 4+, For every
real e > 0, choosec € E with ¢ > 0 and K]||c|| < e.
Then there is N € N such that for all n,m > N,

c

G(Xp, Xm, X) K 357

G(Xm, Xp, y) K %,
and G(xp, X,, y) < i
From (GBC5) and (GBC4), we have
G(x, %X, ¥) < S[G(X, X, Xm) + GXpm, X, ¥)]
«s(5+m) ==
Again, from (GBC5)and (GBC4), we have
G(x,%,y) < s[G(X, Xy, Xp) + G(Xy, X, ¥)]

c 2c
Ks (; + z) =cC.
Since P be a normal cone with normal constant K,
1GCe,x, Ml < Kllell <e. Since e is arbitrary,
G(x,x,y) = 0, therefore x = y.

Proposition 2.14 Let (X, G) is a G,-cone metric space, P
be a normal cone with normal constant K. Then sequence
(x4) is Gp-cone Cauchy if and only if G(xy, X, %) = 6,
asn,m,l = +4oo.

Proof Suppose that (x,)is G,-cone Cauchy. For every
real € > 0, choose ¢ € E with ¢ > 0 and K||c|| < £.Then
there is N € N such that for all n,m,l > N, G(Xp, Xm, X1)
& c¢. Since P be a normal cone with normal constant K,
whenn,m,l > N, ||GXp, Xm, x|l < K||c]| < e.Therefore
G(Xp, Xm, X)) = 8, asn,m,l - 4o, Conversely, Suppose
that G(xp,Xm, %)) = 6,asn,m,1 - 4. From Lemma
2.10, for every c € E with ¢ > 8, there is § > 0 such that
[[x]| < & implies —x € intP . For this & thereis N € N
such that for alln,m,l = N, ||G(xXp, Xm, x|l < 6.0 ¢ —
G(Xp, Xm, X)) € intP. This means G(xp, Xy, X)) < C.
Therefore (x,) is G,-cone Cauchy.

Lemma 2.15 Let (X,G)be a Gp,-cone metric space,
(x,) be a sequence in X. If (x,) is a G,-cone convergent
to x in X, then (x,) is a G,-cone Cauchy sequence in X.

Proof Suppose that (x,) is a G,-cone convergent to X in
X. For any c € Ewith ¢ > 0, there isN € N such that
for alln,m,l > N, G(X,Xp, Xm) < % and G(x,Xp, X)) <

— . From (GBCS), we have
G(Xp, Xm, X1) < S[G(Xp, %,X) + G(X, X, X1
Also from (GBC3) and (GBC4), we have
G(xp, %, X) = G(X,X,X,)
< G(X, Xm, Xp)
= G(X, Xp, Xm)-
Thus
G(xp, X, X) < G(X, Xp, X)) K Z—CS

and then

c c
G(Xp, Xm, X1) K S (Z + Z) =c
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Therefore, (x,) is a G,-cone Cauchy sequence in X.

Proposition 2.16 Let (X, G) be a G,-cone metric space,
then the following are equivalent:
(1). (xy) is G,-cone Cauchy in X.
(2). Forevery c € E with ¢ > 6, there is N € N such
that for all n,m > N, G(Xp, Xm, Xm) K C.

Proof (1) = (2): Suppose that (x,) is a G,-cone Cauchy
in X, for every c € E with ¢ > 6,there is N € N such that
for allm,m,l >N, G(Xp, Xy, X)) < c. If we choose
m = [ then, for every c € E with ¢ > 6,there is N € N
such that for alln,m > N, G(Xp, X, Xy) K ¢.(2) =
(3): Suppose that for every ¢ € E with ¢ > 6, there is
N €N such that for alln,m > N,G(Xy, Xm, Xm) < C.
From (GBC5) and (GBC4), we get

G(an Xm:Xl) < S[G(Xn: Xm» Xm) + G(Xm: Xm» Xl)]-
For this arbitrary for every c € E with ¢ > 6, there is
N €N such that for all n,m,l > N, G(Xy, X Xmm) < é
and G(Xpy, Xm, X)) < % Hence using (GBC4), we have

G(Xy, Xy X)) K S (% + %) =c.

This means (x,) is G,-cone Cauchy in X.
Proposition 2.17 Let (X, G) is a G,-cone metric space, P
be a normal cone with normal constant K. Let (x,) and
(yn) be two sequences in X and suppose that x, —
X,Yn =y @ n— +0o.Then G(Xp,Xp, ¥n) = s?G(X,X,y)
asn — +oo.

Proof For every real e > 0, choose ¢ € E with ¢ > 0
and Kl|c|| < e. Then there is N € N such that for
alln > N,

G(an Xn:X) << % and G(Yn' y: Y) << ZC?
From (GBC5) and (GBC4), we have
G(Xn, Xn, Yn) < S[G(yn, % %) + G(Xp, Xy, X)].

< s2[G(x,%,Y) + G(yn, v, ]

+SG(an an X)
Thus

G(Xn:xnr YH) - SZG(XI X, Y)
< $%G(yn, ¥, ¥) + sG(xq, X, X)
c,c_
< > + 3= C

Since P be a normal cone with normal constant K,
therefore

1G(Xp) Xny ¥n) — S2Gx, %, Y|
< K|lc|l < e.
This means G(xp, Xy, Yn) = 52G(X,X,y) asn — +oo.

Proposition 2.18 Let (X, G) be a G,-cone metric space, P
be a normal cone with normal constant K. Then the
function G(x,y,z) is jointly continuous in all three of its
variables

Lemma 2.19 [26] For the case of non normal cones, we
have the following properties.

(PT1). Hfusvand v K w,thenu K w.

(PT2). Hfu<Kvand v<w,thenu K w.

(PT3). Hu«Kvand v K w,thenu K w.

(PT4). If6 <u K cforeachc € intP,thenu = 6.

(PT5). Ifa<b+cforeachc € intP,thena < b.

(PT6). If E be a real Banach space with a cone P, and
if a < Aa,wherea € Pand 0 <1< 1, then
a=280.

(PT7). If c €intP, a, € E and a, — 6, then there
exists an ng such that, for all n > n,, we have
a, <c.

Definition 2.20 Let (X, G) be a G,-cone metric space with
the coefficient s> 1. A mapping T: X — Xis called
Lipschitzian if there exists k € R such that

G(Tx, Ty, Tz) < kG(x,y,2)

for all x,y,z € X. The smallest constant k which satisfies
the above inequality is called theLipschitz constant of T,
denoted Lip(T). In particular T is a contraction if Lip(T)

€ [oé).
3. MAIN RESULT

In this section, we will present some fixed point and
common fixed point theorems for contractive mappings
in the setting of G,-cone metric spaces. Furthermore, we
will give examples to support our mainresults.
Throughout this section, we not impose the normality
condition for the cones, but the only assumption is that
the cone P is solid, that is, intP # @.

We begin with a simple but a useful lemma.

Lemma 3.1 Let (x,) be a sequence in a G,-cone metric
space (X, G) with the coefficient s > 1 relative to a solid
cone P suchthat

(3.1) G (X, Xpy1, Xpa1) = AG(Xp_q, X, Xp)

where 1 € [O,E)and n=12.. Then (x,)is a

Cauchy sequence in (X, G).
Proof Let m > n > 1. It follows that
(3.2) G(xp, Xy Xm)
= s[G Oy Xny 1, Xna1) + G(Xng1, Xmy X))
= 5G (X, Xns1, Xns1) + S2[G(Kns1, Xnt2) Xns2)
+G6 (Xn2) X X)) ]
= 5G(Xn, Xn41, Xn41) + 526 (Knt1, Xns2, Xns2)
+53G (Xng2) Xng3 Xnez) F o0 werore vun
+5s™ G (X1, Xy Xm)
Now, (3.1) and sA < 1 imply that
(3.3) G(xp, X, Xm) = GO, X4 1, Xnt1)
+52G (Xn41, Xn42s Xna2)

3
+s G(xn+2'xn+3rxn+3) +



664 GU J Sci, 28(4):659-673 (2015) /Manoj UGHADE, R. D. DAHERIYA

+Sm_nG(xm—1'xm' xm)

= sA"G (o, X1, %1)
+522"*1G (%0, %1, X1)
53726 (xg, %1, %,) + -
+s™TALG (%0, X1, %1)

= sA*(1 + sA + (sA)?

F ot (S DE (xg, X1, %1)

sAT
< mG(xo,xl,xl) — fasn > .

According to Lemma 2.19 (PT7), and for any ¢ € E with

¢ >» 0, there exists Ny € N such that for any n >

NO,%G(XO,XI,XQ & c. Furthermore, from (3.3) and

forany m > n > Ny, Lemma 2.19 (PT1) shows that
(3.4) G(Xp, Xm, Xm) K C.

Hence, by Proposition 2.16, (x,) is a Cauchy sequence in
X.

4. FIXED POINT THEOREM

Now, our first main results as follows.

Theorem 3.2Let (X,G) be a complete G,-cone metric
space with the coefficient s > 1 relative to a solid cone P.
Supposethe mapping T: X — X satisfies the contractive
condition

(3.5) G(Tx, Ty, Tz) < AG(x,y,2),V x,v,z € X,

where 1 € [O,i)is a constant.Then T has a unique fixed
point in X. Furthermore, theiterative sequence
(T™x) converges to the fixed point.

Proof Choosex, € X. We construct the iterative
sequence (x,), where x, = Tx,_;,n = 1,0.e. Xppq =
Tx, = T"*1x,. From (3.5), we have
(3.6) G(Xp,Xn+1,Xn+1) = G(Txy_1, TXy, TXy)

ﬁ AG(Xn—lﬁXn/Xn)
So, by Lemma 3.1,(x,) is Cauchy sequences in (G, X).

Since (X, G) is a complete G,-cone metric space, for any
ce€E with ¢ > 6, there exists x* € X such that

G(xp, X, x*) K i and G(xpyq,x%x") K i for all
n > ng. Hence
(3.7 G(x*x*,Tx*)

< s[G(x*, x*, Txy) + G(Txy, Txy, Tx™)]

< s[G(x*, x*, xpy1) + AG (xpn, X, x™)]

c [
«s[(5)+2GH)] =«
for each n > ny. Then by Lemma 2.19 (PT4), we deduce
that G(x*,x*, Tx*) = 0, i.e. Tx* = x* and so x* is fixed
point of T. Now we show that the fixed point is unique. If
there is another fixed pointy*, by the given condition
(3.5), we have

(3.8) G(&x*, y*, ¥y) =G(Tx", Ty", T y*)

<AG(Kx", ¥yt ¥

By Lemma 2.19 (PT6), we have x* = y*. The proof is
completed.

Next example illustrates Theorem 3.2.

Example 3.3 LetX = [0, +) and E = CA[0,1] with the
norm |lx|| = llxlle + llx'llcc and consider

P={x€E:x(t) =00n[0,1]}.
Define G: X X X X X - E by
G(x,y,2z) = max{|x — y|P, ly — z|?, |z = x|P} o,

Vx,y,z € X,with p > 1, where ¢:[0,1] -» R such that
@(t) =e* .Then (X,G) is a complete G,-cone metric
space with the coefficient s =2P~1, Let us define
T:X->XasTx = %x — %xzfor all x € X. Therefore

G(Tx, Ty, Tz)
= max{|Tx — Ty|P, |Ty — Tz|P, |Tz — Tx|P} e,

= max{| G —522) - Gy =37
Gy =3) - G322
Gz =322) - Gx =3}

maX{E(x -y —%(x—y)(x +y)|p,

Lo-2-10-20+2)|.

E(z —x) —%(z—x)(z +x)|p}et

1 01 p
maX{Ix—ylp-|;—;(x+y)| ,
1 01 p
ly—zP.f-20+2)|,
p|1_1 P ¢
|z — x| '|§_Z(Z+x)| }e
1 t
ﬁEmax{lx—ylp,Iy—le,|Z—x|p}e
1
ﬁz—pG(X,y,z).

Here 0 € X is the unique fixed point of T.

Theorem 3.4 Let (X,G) be a complete Gy,-cone metric
space with the coefficient s > 1 relative to a solid cone P
and let a; =0, (i = 1,2,3,4) be constants with s(a; +
a,) +az +a, < 1.Suppose the mapping T: X » X
satisfies the contractive condition

(3.9) G(Tx Ty, Tz) < a;G(x,y,2) + a,G(x, Tx, Tx)
+a3G(y, Ty, Ty) + a,G(z, Tz, Tz)

Vx,y,z€ X. Then T has a unique fixed point in X.
Furthermore, theiterative sequence (T™x) converges to
the fixed point.

Proof Choose x, € X. We construct the iterative
sequence (x,), where x, = Txp_;,n>1,ie. Xp.q =
Tx, = T"*1x,. From (3.9), we have
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(3.10) G(Xn)Xn+1, Xn41) = G(TXp—q, Txy, Txy)
=< a;G(Xp—1, Xn, Xn)
+a,G(xn-1, TXn-1, TXn-1)
+a5G(xy, Txy, TXy)
+a,G(xy, Txy, Txy,)
< a;G(Xq—1, X, Xp)
+a,G(Xp—1, Xn, Xn)
+a3G(Xn, Xn41, Xn+1)
+a,4G(Xn, Xn+1, Xn+1)

Thus, we have

asta;

(311) G(Xn,Xn+1,Xn+1) =< ( )G(Xl’l—llxl’lﬂxl’l)

1-az—a,
= )\G(Xn—ll Xn» Xn)

2t 150, by Lemma 3.1, (x,,) is G-
1-az—a, s
Cauchy sequences in (G, X). Since (X,G) is a complete
Gp-cone metric space, for any ¢ € E with ¢ > 0, there
exists x* € X such that

where 1 =

(1-say)c

(3.12) G (xp, Xp, x*) K

3sa;

(1-sa4)c

* K
G(xn+1!x X ) « 3s y

(1-sa4)c
3s(az+az)

GO Xn41, Xn41) <
for all n > ny. Hence
(3.13) G(x*, x*,Tx*)

<s[G(x*, x*, Tx,) + G(Txp, Txy, Tx™)]
<sG(x*, x*, Xpt1)
+sa;G (X, xp, X*)
+sa,G(xy, Txp, TXy)
+saz G(xy, Ty, Txy)
+sa,G(x*, Tx*, Tx*)
< sG(x*, x* Xpy1)
+sa; G (xy, xp, X*)
+52;G(%n, Xp11, Xns1)
+sa3GQxn, Xn41 Xne1)
+sa,G(x*, x*, Tx*)

Thus, we obtain
S
(1-say)
sa,
(1-say)

(3.14) G(x*, x*, Tx*) =

G(X*, x*'xn+1)

+ G (X, Xp, x*)
s(az+asz)

+ (1-say)

G(xn’ Xn+1 xn+1)

s (1-say)c
(1-say) 3s

sa; (1-say)c
(1-sa,) 3sa;

s(az+az) (1-say)c
(1-say,) 3s(az+az)

=cC

for each n > ny. Then by Lemma 2.19 (PT4), we deduce
that G(x*, x*, Tx*) = 6, i.e. Tx* = x* and so x* is fixed
point of T. Now we show that the fixed point is unique. If
there is another fixed point y*, by the given condition
(3.9), we have

(3.15) GG&x*, y*, ¥y) =G(Tx", Ty , T y*)
<a,G(x", y*, ¥")
+a,G(x*, x*, Tx*)

+a3G(y", ¥, Ty")
+a,G(y", ¥, Ty")
<a,G(x", y*, ¥")
+a,G(x*, x*, x*)
+a3G(y", y*, ¥7)
+a,G(y", y*, ¥7)
=a,G(x", y*, ¥")

By Lemma 2.19 (PT6), we have x* = y*. The proof is
completed. =

Theorem 3.5 Let (X,G) be a complete Gy,-cone metric
space with the coefficient s > 1 relative to a solid cone P
and let a; =0, (i = 1,2,3,4) be constants with s(a; +
a, +az) +a, <1. Suppose the mapping T: X = X
satisfies the contractive condition

(3.16) G(Tx, Ty, Tz) < a;G(x,y,2) + a,G(x,x, Tx)
+a3G(y,y, Ty) + a,G(z,z, Tz)

Vx,y,z€ X. Then T has a unique fixed point in X.
Furthermore, the iterative sequence (T™x) converges to
the fixed point.

Proof Choose x, € X. We construct the iterative
sequence (x,), where x, = Txp_;,n>1,ie Xp.q =
Tx, = T"*1x,. From (3.16), we have

(3.17)  G(xpsXn, Xn+1) = G(TXq_1, Txp_1, TXy)
=< a;G(Xp-1,Xn-1,Xn)
+a;G(Xp-1, Xn-1, TXn—1)
+a3G(Xp-1,Xn-1, TXn-1)
+a,G(xp, X, TXp)
=< a;G(Xp-1,Xn-1,Xn)
+a,G(Xn-1, Xn-1, Xn)
+a3G(Xn-1, Xn-1, Xn)
+a,G(Xn, Xn) Xn+1)

Thus, we have
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al+az+a3

(3.18) G(xp,Xp, Xpt1) = ( )G(Xn—ltxn—lrxn)

1-a,
= }\G(Xn—lr Xn—1, Xn)

where A=M<§. So, by Lemma 3.1, (x,) is
—G4

Cauchy sequences in (G, X). Since (X, G) is a complete

Gp-cone metric space, for any ¢ € E with ¢ > 6, there

exists x* € X such that

(1-say)c

(3.19) G(xp, xp, x¥) K

3sa;

(1-say)c

G(xpyp, x5 x%) < =

(1-sa4)c
3s(az+az)

Gotn, X, Xp4q) <

for all n > ny. Hence

(3.20)  G(x*,x*Tx*)
< s[G(x* x*, Tx,) + G(Tx,, Tx,, Tx™)]
< sG(x*, X", Xn41)
+5a,G (x, X, )
+5a,G(xp, Xp, Txy,)
+sa3Gxy, X, Txy)
+sa,G(x*, x*, Tx*)
< sG(x", X", Xpy1)
+5a,G (xp, X, x*)
+5a,G (X, Xn) Xntq)
+5a,G(xp, X, Xp41)
+sa,G(x*, x*, Tx*)

Thus, we obtain

S
(1-sa,)

(3.21) G(x*, x*, Tx*) < G(x*, x*, Xpy1)
sa;

+ (1-say)

G (xp, Xp, x¥)

s(az+az)
(1-say) G(xn!xn!xn+1)
s (1-say)c
(1-say) 3s
sa; (1-say)c
(1-sa,) 3sa;

s(az+az) (1-say)c
(1-say) 3s(az+az)

=C

for each n > n,. Then by Lemma 2.19 (PT4), we deduce
that G(x*,x*, Tx*) = 0, i.e. Tx* = x* and so x* is fixed
point of T. Now we show that the fixed point is unique. If
there is another fixed pointy*, by the given condition
(3.16), we obtain

(3.22) G(x*, y*, y*) = G(Tx*, Ty*, T y*)
<G, ¥, ¥
+a,G(x*, x*, Tx*)

+azG(y”, y", Ty")
+a,G(y", y", Ty")
< a,G(x", y*, y*)
+a,G(x*, x*, x*)
+azG(y”, y*, ¥7)
+a,G(y", y*, ¥°)
=a;G(x", y*, y")

By Lemma 2.19 (PT6), we have x* = y*. The proof is
completed.

Next examples illustrate Theorem 3.4 and Theorem 3.5.

Example 36 Let X =[01], E=R? and P =
{(x,y)€EE:x = 0,y = 0}. Define G: X x X XX - E

by
G(xy,z) = max{(|x — yI?, [x = y|?),
(y —zI*ly -z,
(Iz = xI%, 1z — x|*)}

Then, it is easy to see that (X,G) is a Gy-cone metric
space with the coefficient s = 2. But it is not a G-cone
metric space since the rectangle inequality is not

satisfyied. Let us define T: X — Xas Tx=%x2 for
all x € X.Therefore

G(Tx, Ty, Tz) = max{(|Tx — Ty|?, |Tx — Ty|?),
,(ITy — Tz|?, | Ty — Tz|?)
,(ITz — Tx|?, |Tz — Tx|*)}

2 2
2 1. 2_1 2
Iy2_1
y | '|6 oY )'

1

e yPAx —yl2 lx - y1?),

=max{
sely + 2y — 212 1y = 219
3617+ %120z = x12, 12 = x12)}
=< smax{(lx = y? Ix = y1?)
Sy =z ly — 21
Iz = xI?, 1z — x%)}

<5G(xy,2)

where a; = %,az =az;=a,=0 with s(a;+a,+
az) +a,=0222<1 and s(a;+ay)+az+a,=
0.222 < 1. It is clear thatthe conditions of Theorem 3.4
and Theorem 3.5 are satisfied.Therefore, T has a fixed
pointx = 0.
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5. COMMON FIXED POINT THEOREM

Now, we give a common fixed theorem for two weakly
compatible self-mappings satisfying the contractive
condition in G,-cone metric spaces without the
assumption of normality.

We need the following definition:

Definition 3.7 (see [29-30]) LetSand T be two self-
mappings on a nonempty set X. Then S and Tare said to
be weakly compatible if they commute at all of their
coincidence points; that is, Sx = Tx for some x € X and
then STx = TSx.

Lemma 3.8 (see [30]) LetS and T be weakly compatible
self-mappings of a nonempty setX. If S and T have a
unique point of coincidence w = Sx = Tx, then w is the
unique common fixed point of S and T.

Now, our common fixed point theorem as follows.

Theorem 3.9 Let (X, G) be a cone G,-metric space with
the coefficient s > 1 relative to a solid cone P. Let
S, T:X = X be two mappings and assume that there exist
non-negative constants a; € [0,1),i = 1,2,3,4,5,6,7 with

4 7
3$a1+(s+2)Zai+(sz+s+1)Zai<3
i=2 i=5

such that the following contractive condition holds for all
X,V,Z € X:

(3.23) G(Sx, Sy, Sz) < a,G(Tx, Ty, Tz) + a,G(Tx, Sx, Sx)
+a;G(Ty, Sy, Sy) + a,G(Tz, Sz, Sz)
+azG(Tx, Sy, Sy) + a¢G(Ty, Sz, Sz)
+a,G(Tz, Sx, Sx)

If the range of S contains the range of T and T(X) or S(X)
is a complete subspace of X, then S and T have a unique
point of coincidence inX. Moreover, if Sand T are
weakly compatible. Then S and T have a unique common
fixed pointin X.

Proof For an arbitrary x, € X, since because S(X) c
T(X), there exists an x; € X such that Sx, = Tx;. By
induction, a sequence (x,) can be chosen such that
Sxp = Txpyr M2 1) If Txy_y = TXy, = SXq,—1 fOr
some natural number n,, then x, _; is a coincidence
point of S and T in X. Suppose that Tx,_, = Tx, for
alln > 1. Thus, by (3.23) for any n € N, we have

(3.24) G(Txp, TXn+1, TXn41)
= G(Sxp_1,Sxy, Sxp)
< a,;G(Tx,_q, TXp, TXy)
+a,G(Txp_1,SXp—1, SXp—1)
+a5G(Txy, Sxp, SX,)
+a,G(Txy, Sxp,, SX,)
+asG(Txy_1, SXp, SXp)
+a4G(Txy, SXp,, SX,)

+a,G(Txy, SXp_1, SXp_1)
= a;G(Txp_1, TXp, TXp)
+a,G(Tx,_q, Txy, TXp)
+a3G(Txp, TXp+1, TXn+1)
+a,G(Txy, Txnt1, TXns1)
+asG(Txq_1, TXn41, TXn41)
+a6G(Txp, TXp+1, TXn+1)
+a,G(Txy, Txy, TXy)
< a;G(Txp_1, Txp, TXy)
+a,G(Tx,_q, TXy, TXp)
+a3G(Txy, TXp41, TXn41)
+a,G(Txy, TXp41, TXn41)
+ass[G(Tx,_q, TXp, TXp)
+G(Txp, TXn41, TXn41)]
+a6G(Txy, TXp41, TXn41)
Set
(325)  Gp = G(Txp, TXpt1, TXps1)-
Thus, from (3.24) we have
(3.26) G, =< (a; +a, +sas)Gy_q
+(az + a4 +sas +ag)G,
Similarly,
(3:27)  G(Txp41, Txn, TXn41)
= G(Sxp, SXp_1,SXp)
< a; G(Txy, TXp_q, TXp)
+a,G(Txy, SXp, SXp)
+a3G(TxXy_1,SXn—1,SXn_1)
+a,G(Txy, SXp, SXp)
+asG(Txy, SXpn—1, SXn-1)
+a6G(Tx,—_1, SXp, SXp)
+a;G(Txy, SXp, SXp)
= a;G(Txy, Tx,_1, TXy)
+a,G(Txy, TXn41, TXn41)
+a5G(Txp_q, TXp, TXp)
+2a,G(Txy, Txp41TXn41)
+agG(Txy, Txy,, TXy)
+2a6G(TxXp—1, TXn41, TXn41)
+a7G(Txp, TXn41, TXn41)
< a;G(Txy, TXp_q1, TXp)
+a;G(Txp, TXn 41, TXn41)
+a3G(Txy_1, TXy, TXy)

667
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+2a,G(Txp, TXp 41 TXn 1)
+ags[G(Txy_1, Txp, TXp)
+G(TXp, T 11, TXn11)]
+a;7G(Txp, TXn+1, TXn+1)
Thus,
(3.28) G, < (a; + a3 +sag)Gy_q
+(ay + a4 +sag +a,)G,
and
(3:29)  G(Txpt1, TXn41, TXn)
= G(Sxy, SXp, SXp_1)
< a;G(Txp, TXp, TXp_1)
+a,G(Txy, SX,, SXp)
+a3G(Txy, Sxp, Sxp)
+a,G(Txy_1,SXn—1, SXp_1)
+agG(Txy, SXy, SXp)
+a6G(Txy, SXp—1, SXp—-1)
+a,G(Tx,_1, SXp, SXn)
= a;G(Txy, Txp, TXp_1)
+a,G(Txp, TXn4+1, TXnt1)
+a3G(Txp, TXn4+1, TXnt1)
+2a,G(Txp_1, TXp, TXp)
+a5G(Txp, TXn4+1, TXnt1)
+agG(Txy, TXp, TXy)
+a7G(TXp—1, TXn41, TXn41)
< a;G(Txy, Txp, TXp_1)
+a,G(Txp, TXn4+1, TXnt1)
+a3G(Txy, TXp41, TXp41)
+a,G(Tx,_1, Txy, TXy,)
+a5G(Txp, TXn4+1, TXnt1)
+a,s[G(Txy_1, TXp, TXp)
+G(Txy, TXn 41, TXn41)]
Thus,
(3.30) G, < (ay +a,+sa;)Gp_q
+(a, + a3 + a5 +sa;,)G,
Adding (3.26), (3.28) and (3.30), we obtain
3G, =< [3a; +a, +az+a, +s(as+ag+a,)]G,_4
+[2(a; + a3 +a,) + (s + 1)(ag + ag + a,)]G,
Thus

3a;+%, ai+s X s a;
(3:31) Gp = (3—22{‘=2 ai—(s+1) ¥/ s a; G-

Since

4 7
35a1+(S+2)Zai+(sz+s+1)2ai <3,
i=2 i=5

we have
(3.32) Gp = AGp_q 2 P%Gpy < - < A6,

4 7
3a;+Xi,ai+s X5 aj

where A =
3-2%f,ai—(s+1) ¥ c a;

. Obviously, 1 € [0 %)

Thus, setting any positive integers m and n, we have
(3.33) G(Txpn, TXn+m> TXn+m)
< sG(Txp, TXp+1, TXn41)
+5G(Txp+1, T¥n+m TXnsm)
< sG(Txp, TXn+1, TXns1)
+52G(TXp+1, T¥nt2, T¥n42)
+52G(TXp42 TXn+m TXn+m)
< sG(Txp, TXn41, TXn41)
+5%G(Txn+1, TXn42) TXn42)
+53G(Txn+2, TXn43, TXn43) + -
+s™ 1 G(TXp+m-2, TXn+m-1, TXn+m-1)
+s™ 1G(TXp+m—1, TXn+m> TXn+m)

< (sAM 4 sZANFL 4y gmnim-1y G

_ sAM[1-(sA)™]
- 1-s1 GO
sA?
— 1-sA GO
. 1 . sAn
Since A € [0,;), we notice that 1_SAG(TX0,TX1, Tx,) =

15—/15,1 Gy—>6as n— +oo for anym € N. By Lemma

2.19 (PT7), for c € intP, we can choose n, € N such
that %Go « ¢ for all n>ny. Thus, for each c €

intP, G(TXp, TXn4m» TXn4m) K c forall n>ngy, m=>
1. Therefore (Tx,) is a G,-cone Cauchy sequence in
T(X). If T(X) € X is complete, there exists g € T(X)
and p € X such that Tx,, - gasn — +oo and Tp = q. (If
S(X) c X is complete, there exists g € S(X) such that
Sx, = qas n - +oo. Since S(X) c T(X), we can find
p € Xsuchthat Tp = q.)

Now, we shall show that Sp = q. From (3.23), we have
(3.33)  G(Txp+2,Sp,Sp)
= G(Sxn+1,Sp, Sp)
< a,G(Txp41, Tp, Tp)
+2,G(TXp 41, SXpt1, SXn41)
+a3G(Tp, Sp, Sp)
+a,G(Tp, Sp, Sp)
+a5G(Txp11, Sp, Sp)
+a6G(Tp, Sp, Sp)
+a;G(Tp, SXn+1, SXn+1)
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< 2;G(Txp+1, Tp, Tp)
+a2G(Txn+1, TXn+2, TXn+2)
+a3G(Tp, Sp, Sp)
+2a,4G(Tp, Sp, Sp)
+a5G(Txp+1, Sp, Sp)
+a5G(Tp, Sp, Sp)
+a;G(Tp, Txn+2, TXn+2)
= (a; + a5)G(Txp41,9,Q)
+a,G(Txn+1, TXn+2, TXn+2)
+(az + a4 +a4)G(q, Sp, Sp)
+a;G(q, TXp+2, TXn42)
Similarly,
(3.34)  G(Sp, Txn42,Sp)
= G(Sp, Sxn+1,Sp)
< a;G(Tp, Txn41, TP)
+a,G(Tp, Sp, Sp)
+a3G(TXn+1, SXn+1, SXnt1)
+a,4G(Tp, Sp, Sp)
+asG(Tp, Sxn+1, SXn+1)
+a6G(Txp+1, Sp, Sp)
+a;G(Tp, Sp, Sp)
= a,G(Tp, Txn+1, Tp)
+a,G(Tp, Sp, Sp)
+a3G(Txn+1, TXn+2, TXn42)
+a,4G(Tp, Sp, Sp)
+a5G(Tp, Txn+2, TXn+2)
+a6G(Txn+1, Sp, Sp)
+a;G(Tp, Sp, Sp)
= (a; + a6)G(q, Txp4+1,9)
+(az + a4 + a;)G(q, Sp, Sp)
+a3G(Txn+1, TXn+2, TXn42)
+a5G(q, TXn+2, TXn+2)
and
(3.35) G(Sp, Sp, Txn+2)
= G(Sp, Sp, Sxn+1)
< a;G(Tp, Tp, Txn+1)
+a,G(Tp, Sp, Sp)
+a;G(Tp, Sp, Sp)
+a4G(TXp 41, SXn 41, SXns1)

+asG(Tp, Sp, Sp)

+a6G(Tp, Sxn+1, SXn+1)
+a;7G(Txp+1, Sp, Sp)

= a;G(Tp, Tp, Txn41)
+a,G(Tp, Sp, Sp)
+a3G(Tp, Sp, Sp)
+24G(Txp+1, TXn+2, TXn42)
+asG(Tp, Sp, Sp)
+a6G(Tp, Txn+2, TXn+2)
+a;7G(Txp+1, Sp, Sp)

= (a; +2a7)G(q, q, Txp41)
+(az + a3 +a5)G(q, Sp, Sp)
+a,G(TXp41, TXn42, TXn42)
+a6G(q, TXps2, TXn42)

Adding from (3.33) to (3.35), we obtain that

7
3G(Txp42, Sp, Sp) =< (331 + Z ai) G(TXn+1,9,9)
i=5

4 7
+ (2 Z aj + Z ai> G(q, Sp, Sp)
i 5

i=2 i=

4
+ (Z ai) G(TXn+1' TX1r1+2' TXn+2)

i=2

7
+ (Z ai) G(Q! TXn+2! TXn+2)

i=5

7
= (331 + ai) S[G(Txp41, TXn42, TXn42)
i=5

+ G(TXn+2, q4 Q)]

4 7
+ (2 Ya+) ai> S[G(Q, TXn 12 Tns2)
5

+ G(TXn+2' Spr Sp)]

i=2 i=

d

7
+ (Z ai> G(Q TXns2 Tins2)

i=5

ai) G(Txnt1, TXn42) TXn42)

4
i=2

Thus,

i=2 i=5

7
<s (331 + Z ai) G(Txn12,9,9)

i=5

4 7
3—s (2 z aj + z ai) G(TXp42, Sp, Sp)
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4 7
+ (252 aj+(s+1) Z ai> G(q, Txn+2) TXn42)
. L

i=2 i=
4

a; + Z ai) G(Txn+1' TXn+2, TXn+2)

7
i=5 i=2

+ <3sa1 +s

Since

n | W

4 7
0S2231+Zai<
i=2 i=5

We have
(3.36) G(Txn42,Sp,Sp)

s(3a;+¥/_sa;)
- (3—5(2 Th,a+Ylsa;)

) G(TXn+11 q! q)
(2s i ai+(s+1) ¥ s ay)
(3—5(2 i, aitIis ai))

(3sa1+s Zi7=5 ai+Zf=2 ai)
(3_5(2 Thoai+is ai))

G(q' TXn+2' TXn+2)

G(TXn+1, TXn+2, TXn42)

Since (Txy) is a Gp-cone Cauchy sequence in T(X) and
Tx, - q as n — +oo, for any c € intP, we can choose
n, € Nsuch that for all n > n,,

(3_5(2 Tioait+Yls ai))C
3s(3a,+X7_sa;)

G(TXp41,9,9) <

(3_5(2 Z?:z ai+217=5 ai))C

G(q TXn+2, TXn+2) < 3(2s3i,ai+(s+1) X s a;)’

(3_5(2 E?:z ai"'2i7=5 ai))c

G(TXn+1, TXn+2, TXn+2) < 3(3531+Szi7:5 ai+z?:2 ai).

Thus, from (3.36), for any c € intP, we have
G(TXp42, Sp, Sp)

s(3a;+¥/_s a;) (3—5(2 i, ai+ Xl El‘i))C
(3—5(2 h, ai+Zi7=5ai)) 3s(3a;+%]_sai)

(2s 3, ai+(s+1) ¥ s a)) (3—5(2 PEIED Y ai))C
(3—5(2 PIIPE-TED Y 3i)) 3(2sTL, ai+(s+1) X5 a)

(3sa;+sY]_sai+Xi,a;) (3—5(2 i, ai+3s 3i))c

(3—5(2 DIIPEIED YA ai)) 3(3say+s ¥l sai+Ti,a1)

=cC

for all n > n,. Therefore, by Lemma 2.19 (PT7), we have
Txn42 = Sp and then from Lemma 2.13,Tp = Sp = q.
Assume that there exist u, v in X such that Tu = Su = v.
From (2.23), we have

(3.37)  G(Tu, Tp, Tp)
= G(Suy, Sp, Sp)
< a;G(Tu, Tp, Tp) + a,G(Tu, Su, Su)
+a;G(Tp, Sp, Sp) + a,G(Tp, Sp, Sp)
+a5G(Tu, Sp, Sp) + a¢G(Tp, Sp, Sp)
+a;G(Tp, Su, Su)
= a;G(Tu, Tp, Tp) + a5G(Tu, Tp, Tp)

+a;G(Tp, Tu, Tu)
< (a; + a5 + 2sa;)G(Tu, Tp, Tp)
(3.38) G(Tp, Tu, Tp)
= G(Sp, Su, Sp)
< a,G(Tp, Tu, Tp) + a,G(Tp, Sp, Sp)
+a3G(Tu, Su, Su) + a,G(Tp, Sp, Sp)
+a5G(Tp, Su, Su) + agG(Tu, Sp, Sp)
+a,G(Tp, Sp, Sp)
= a;G(Tp, Tu, Tp) + asG(Tp, Tu, Tu)
+a¢G(Tu, Tp, Tp)
< (a; + 2sas + ag)G(Tu, Tp, Tp)
(3.39) G(Tp, Tp, Tu)
= G(Sp, Sp, Su)
< a;G(Tp, Tp, Tu) + a,G(Tp, Sp, Sp)
+a3G(Tp, Sp, Sp) + a4G(Tu, Su, Su)
+a5G(Tp, Sp, Sp) + agG(Tp, Su, Su)
+a;G(Tu, Sp, Sp)
= a,G(Tp, Tp, Su) + acG(Tp, Tu, Tu)
+a,G(Su, Sp, Sp)
< (a; + 2sag + a;)G(Tu, Tp, Tp)
Adding from (3.37) to (3.39), we have
(3.40) 3G(Tp, Tp, Tu)

<

7
3a; + (1 + ZS)Z ai] G(Tp, Tp, Tu)
i=s5

Hence

(3.41) G(Tp, Tp, Tu)

7
1+ 2s
< [a1 + ( 3 )Z ai] G(Tp, Tp, Tu)
i=5

Since 1 + 2s < s? + s + 1 because s > 1 and then

7
3a; + (1 +25)Zai <3
i=5

That is,

7

1+2s
a1+( 3 )Zai<1

i=5
Thus, by Lemma 2.19 (PT7), we can obtain that
G(Tp,Tp,Tu) = 6,

i.ee.v=Tp=Tu=q.

Moreover, the mappings S and T are weakly compatible,
by Lemma 3.8, we know that g is the unique common
fixed pointof Sand T.
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Example 3.10 LetX = [1,+), E = C§[0,1] with the
norm ||x|| = |[x]lw + [1x'|lc and consider

P={p€eE:p=0}cE.
Define G: X X X x X - E by
G(x,y,z) = max{|x — y|?, ly — z|?, |z — x|%}e",

Vx,y,z € X. Then (X,G) is a complete G,-cone metric
space with the coefficient s = 2,but it is not a cone
metric space. We consider the functions S,T:X - X
defined by

Sx=%lnx+1and Tx = Inx+ 1.

Obviously, S(X) c T(X) is a complete subspace of
X.Here

G(Tx, Ty, Tz) = max{|Tx — Ty|?, [Ty — Tz|?
LTz — Tx|?}et
= max{|lnx —Iny|? |Iny —Inz|?
,|[Inz — Inx|?}et
G(Tx, Sx, Sx) = |Tx — Sx|?%et

2
= lnx—%lnx et
_ 25 2.t
=2 (Inx)?%e
G(Ty, Sy, Sy) = |Ty — Sy|%e*
t

1 2
= lny—glny e

_ 25 2.t
= Z(ny)e

[Tz — Sz|%et

G(Tz, Sz, Sz)

1 2
= |1nz—glnz| et

_ 25 2.t

= (Inz)%e
G(Tx, Sy, Sy) = |Tx — Sy|?et

_ _1 z .

= |1nx 61ny| e
G(Ty, Sz, Sz) = |Ty — Sz|?et

2
= |1ny —%lnz| et
G(Tz, Sx,Sx) = |Tz — Sx|?et
= |1nz - %1nx|2 et
Now,
G(Sx, Sy, Sz)

= max{|Sx — Sy|?, |Sy — Sz|?, |Sz — Sx|?}et
1 1 2 n 1 2
= max{|glnx - glny| ,|glny —glnz

2
1 1

,|—1nz——lnx| }et
6 6

5i[max{|lnx— Iny|? |Iny —Inz|?,
+|Inz —Inx|?} + (Inx)? + (Inx)?
1 2
+(nx)? + |1nx—glny|
2 2
+ |lny—%lnz| + |lnz—%lnx| ]et
5imax{|lnx— Iny|? |Iny —Inz|?,

+Inz — Inx|?}et + =2 (Inx)2et

2536
132 2ot 4 125 2t
+2536(lnx) e +2536(lnx) e

2 2
+i|lnx—llny| et+i|lny—llnz et
36 6 36 6

2
1 1

+= lnz——lnx| et
36 6

= a,G(Tx, Ty, Tz) + a,G(Tx, Sx, Sx)
+a3G(Ty, Sy, Sy) + a,G(Tz, Sz, Sz)
+agG(Tx, Sy, Sy) + acG(Ty, Sz, Sz)
+a;G(Tz, Sx, Sx)

where

and

4 7
3sa1+(s+2)2ai+(sz+s+1)2ai=1.23<3

i=2 i=5

Also S1 = T1 = ST1 = TS1,that is, the pair (S,T) is
weakly compatible. It is clear that the conditions of
Theorem 3.9 are satisfied. Here x* = 1is a unique
common fixed point of S and T. [

6. CONCLUSION

In this paper, introduced the concept of G,-cone metric
space and we described some properties of such metric.
Also, we established some fixed point and common fixed
theorems for contraction mappings in Gp-cone metric
spaces using the idea of weakly compatible mappings.
Also, presented examples are showing that our results are
real generalization of known ones in fixed point theory.
Our results may be the motivation to other authors for
extending and improving these results to be suitable tools
for their applications.
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