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Dog over any field of characteristic 5 is established in terms of split extensions
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1. Introduction

Let KG denote the group algebra KG of the group G over the field K and
U(K Q) denote the unit group of KG. The homomorphism ¢ : KG — K given

by € Z agg | = Z ag is called the augmentation mapping of KG. It is well
geG geG
known that U(KG) = V(KG) x U(K) where V(K@) is the units of augmentation

1. Currently there exists techniques to find the decomposition of KG and hence
the structure of U (K G) when the the characteristic of the field K does not divide
the order of the group G. See [9] for further details on group algebras. However
very little is known about U (K G) when the characteristic of the field K is p and
the order of the group is ap™ where p is a prime, (a,p) = 1 and a,m € Ng.

It is well known that if G is a finite p-group and K is a field of characteristic
p, then V(KQG) is a finite p-group of order |K\|G|71. Let [« is the Galois field of
pF-elements. A basis for V(F,G) is determined where F, is the Galois field of p
elements and G is an abelian p-group in [10] and a basis for V. (FG) is established
where F is any field of characteristic p and G is an abelian p-group in [1] where
Vi.(FG) are the unitary units of V(F'G). Also in [2], there are conditions provided
when V. (FG) is normal in V(FG).

Let Dypm be the dihedral group of order 2p™ where p is a prime and m € Ny. In
[3] and [6], the structure of U (Fsx Dg) and U (Fsx D1p) are established in terms of split
extensions of elementary abelian groups. The order of U(FF,x Da,m ) is determined
to be p2*P" =1 (pk — 1)2 in [5].
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Let J(KG) and denote the jacobson radical of KG and Z(G) denote the center
of G. In [11], it is shown that V; and V1/Z (V1) are elementary abelian 3-groups
where Vi = 14 J(F4: Dg). In [8], it is also shown that U(Fsx D1g)/Va = Csi_12, Vs
is nilpotent of class 4 and Z(Vs) & C5%* where Vo = 1+ J(FsrD1g) and C, is the

cyclic group of order n. Our main result is:

Theorem 1.1. V(Fsx Dag) 2 ((C5'%% 1 C5**) 3 C5%) 3 Cg_y®.

Define a circulant matrix over R to be

ai a2 az ... Qn,
[e2%) ap az ... Qp—1
. Ap—1 Gnp A1 ... Gp—2
circ(aq, ag,...,a,) =
a as aq ... aq

where a; € R. For further details on circulant matrices see Davis [4].

If G = {g1,...,9n}, then denote by M(G) the matrix (g, 'g;) where i,j =

1,...,n. Similarly, if w = Z ag,9; € RG where R is aring, then denote by M (RG, w)
i=1

the matrix (g, -14,), which is called the RG-matrix of w.

Theorem 1.2. (see [7]) Let G be a finite group of order n. There is a ring
isomorphism between RG and the n x n G-matrices over R, which is given by
o:w— M(RG,w).
4
Let kK = 21‘21((3414_1 + aipex”’ + ip11y + @iv162°y) € FyuDog where a; € Fax,

i=0
then

A B C D
B A D C
cT DT AT BT
DT OT BT AT

o(k) =

where A = circ(aq, g, ag, ag, a5), B = circ(ag, ar, as, ag, a10),

C = circ(ai1, a2, @13, 04, a15) and D = circ(age, a17, g, 19, o).

Proposition 1.3. (see [5]) Let A = circ(ag, az, . ..,apm_1), where a; € Fyr, pis a

prime and m € Ny. Then
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Proof of Main Theorem. Define the group epimorphism

0 : U(Fsr Dag) — U(F51(Cy x C3)) given by

4 4

24 5 5 — — ——
E 7 (010G 62° + iy 1Y+ Qi162°Y) E (Qip1+ 6T+ 4117+ Qi416T Y)
=0 1=0

where Cy x Co = (7,7 | 7% = 5? = 17y = 7). Let

w : Z/{(Fg,k (CQ X CQ)) —_— u(]FSkDQ())

be the group homomorphism defined by a + by + cZ + dTy — a + bx® + cy + dz’y.

Then fotp(a+by+cT+dTy) = a+by+cT+dTy and U (Fse Do) is a split extension of

U(F5:(Cy x C3)) by ker(0). Thus U(FsxDao) = H x U(Fsk(Cy x Cq)) where H =
4

ker(0). Let a = Z in(ai+1 + Qipex® + aip11y + ai+16x5y) € U(F51.Dyp) where

=0
4

a; € Fsx. Now a € H if and only if Zai_i'_l =1 and
i=0

4 4 4
ZajJrG = Zal+11 = Z Q16 = 0.
§j=0 1=0 m=0
Thus |H| = (5%)* = 516,

Lemma 1.4. H has exponent 5.

Proof. Let
4
h=1-— Z(Ozl —+ ai+4:c5 + 048y + Oéi+12$5y)
i=1
4
+ Z ¥ (0 + @i a®® + iy + aip102’y) € H,
i=1
then
A5 0 0 0
5 0 A° 0 0
(o(a))” = .

0 0 (AT 0
0 0 0 (A7)

4
where A = circ (1 + Z(—ai), a1, Qg,as, a4> and «; € Fsr. Using Proposition 1,
i=1

A5 = ((1 + z;;l(—ai))s + z;‘_l(ai)f?) Iy =Is. O
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4
Lemma 1.5. Let T be the set of elements H of the form 1 —|—7‘Zim2iy where

i=0
r€Fse. Then T = Cs".
4 4

Proof. Let a =1 +7°Zix2’y €T and = 1—1—322’962’;1/ € T where 1,5 € Fss.

i=0 =0
Then

4
af = 1+(T+S)Zix2’y eT.
i=0

Thus T is closed under multiplication. It can easily be shown that T is abelian. [J

Lemma 1.6. |Ng(T)| = 5%,

4
Proof. Ny(T)={h€ H|T" =T} Lett=1+rY iz*yecT and
=0
4
h=1- Z(ai + Qipa®® + aigsy + ip122°Y)

=1
4
+ Z 2% (o + aiax® + iysy + ip122’y) € H,
i=1

where ay,r € Fs.

hy _
W=ler p 1 o

D CT 0 I
where C' = circ(rdy, r(1 4+ 81),7(2+ 61),7(3 + 61),7(4 + 61)) and
D = cire(rda, rds, rde, rde, rd2), 1 = Qiiai and §, = 2iiai+4. Then h € Ny (T)
iff 61 = 6o = 0. Therefore ay = a3 +i§0142 + 3as and a;ﬂ: as + 206 + 3a7. Thus

every element of Ny (T) has the form

w

1+ Z (4 — i) + az® + (ii)2® + (4 — D) aip32® + a2 + (ioy3)2°)
4

+ Z [(_Oéj+6)y + ozj+6x2jy + (—aj+10)x5y + Oéj+10x2j+5y] .
j=1

Therefore |Ng (T)| = 514F. O

Lemma 1.7. Let S be the set of elements of H of the form

L+r(@® + a1 -2 1 +y) +ri(z+2°)(2° = 1) (1 +y)
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where 1,1, € Fyi. Then S = C5F.
Proof. Let
a=1+r@@*+2)1 -2l +y) +ri(z+2*)2® -1 +y) e S
and
B=1+s@*+a )1 -2t (1 +y) +si(z+2°)(2® 1)1 +y) S
where 7,71, s,s; € Fsr. Then
af =1+ (r+s)(@*+2) 1 -2 )1 +y) + (r+ s) (@ +2%)(2® = (1 + ).
Thus S is closed under multiplication. It can easily be shown that S is abelian. [

Lemma 1.8. H = Ny (T)x S.

Proof. Let
n=1+ Z — i)y + a; 2 + (i )x +(4—i)ays + iy 4 (iai+3)x3}
4

+ Z —jt6)Y + ajer?y + (—aj110)2°y + o102 TPy] € Ny (T)

and s = 1+ 7(z? + 2Y)(1 — 2H)(1 + y) + ri(z + 2%) (2% — 1)(1 + y) € S where
a;, 7,71 € Fgr. Then

A B C D
B A D (C
CT DT AT BT
DT CT BT AT

o(n®) =

3 3
where A = circ |1 + 2(4 — )y, aq + 01, g + 201, a3 + 367, Ziai + 401 |,
i=1 i=1
3 3
B = circ |}. + 2(4 - i)ai+37 oy + 09, as + 202, ag + 302, Zio[i+3 + 465 |,
i=1 i=1
4 4
C =cire | > (=75): 7,72, 73,74 | » D =cire [ > (=vj14), 75,7677, 7 | »
Jj=1 j=1
4
o1 = Zirﬁ(aiﬂo + Bicio(r? + %) + r((ar — ag) + (1o — 9)) + r1((an1 — ar2) + (a1s — a13)),
i=1

4
62 = Zirrl(ai+6 + 3i0[i+10(T2 + 7’12)) + T’((Oéll — 0112) + (Oé14 — 0413)) + 7"1((057 - Oég) + ((110 - ag)),
i=1
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a;,r, 71 € Fsre and the v;’s are functions of oy, r and 1.

Clearly n® € Ng(T), S normalizes Ny (T) and (Ng(T'),S) = Nu(T)S. By the
Second Isomorphism Theorem Ny (T)S/S = S/Ng(T)NS. Now Nyg(T)NnS = {1},
therefore H = Ny (T)S = Ny(T) x S. O

Consider the set
3
U={1+ Z [(4— )i + az® + (ic;)z® + (4 — D) ovis + ir32® ™ + (io43)2”]
i=1

+ [3(ar + ag) + a7(9c2 + xs) + ag(x4 + xG) + 3(ag + alo)m5 + ag(gc3 + x7) + ago(z + xg)]y b,

where «; € F5i. It can easily be shown that U is a group and U = C51% . Also it

can be shown that the set

V={14+3(a1+ o) +ai(z? +28) + as(z? + 2%) + 3(a3 + ag)z® + az(2® + 27) + ay(z + 29)
+os(1—2%) + ag(2® — 2°) + ar(2® —27) + as(a” —2)ly },

is a group and V 2 C5%* where o; € Fy.

Lemma 1.9. Ny (T) = C5'% x C5**.

Proof. Let
3
u=1+ Z [(4 — i)y + a4 (iog)a® + (4 — i) oigs + iz 4+ (iaHg)mS]
i=1

+ [B(ar + ag) + az(@? + 2%) + ag(z* + 2°) + 3(ag + a10)z® + ag(@® + 27) + aro(z + %))y € U
and
v=1+3(81 + Ba2) + Bu(2® + 28) + Ba(2* + 2%) + 3(B3 + Ba)2® + B3(2® + 27) + Ba(x + 2°)

+ [Bs(1 — 2®) + Bg (2 — 28) + Br(a® — 23) + Bs(a” — )]y €V
where oy, 3; € Far. Then

A B C D
| a4 b ¢
W=le p ar pr

D C BT AT

3 3
where A = circ (1 + 2(4 — i)Oéi, aq + 01, an + 201, az + 301, Ziozi + 451) ,

i=1 i=1

3 3
B = circ (1 + Z<4 — i)ai+3, ay + 09, a5 + 209, ag + 399, Ziai+3 + 4(52) R
=1 =1
C = circ(3ar + 3as + 03, a7 + 03, ag + I3, ag + d3, ar + J3),

D = circ(3ag + 3ang + 04, atg + da, 10 + 04, 19 + 04, g + 64),
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01 = ( )(285 + B6) + (9 — a10) (2687 + Bs),

02 = (a7 — ag)(2B87 + Bs) + (a9 — 10) (285 + B6),

03 = (a2 — a3)(205 + fs) + 11 (a7 — ag) + (a5 — o) (287 + Bs) + V2 (a9 — a1p),

61 = (a2 — a3)(267 + Bs) + 119 — a10) + (a5 — a6) (285 + Bs) + 12(ar — as),

Y1 = 3057430586 +206"+367°+3670s+20s" and 7o = 485+ 6537 +33687+305 Bs.
Clearly u” € U and V normalizes U and (U,V) =UV. Let

ar —ag +
_|_

R=UNV ={1+3(a+b)+a(x*+ 2% + b(a* + 2%) + 3(c + d) + c(z® + 27) + d(z + 2°)}

where a,b,¢,d € F3x. Now Ny (T) = UV by the second Isomorphism Theorem.
Let V = R x W = C5* x C5* since V completely reduces. Clearly W NU = {1}
and W normalizes V. Thus Ny (T) = U x W = C5'% x 5. O

Recall that U(FsxDa) & H x U(F5:(Cy x C3)). Also H = Ny(T) x S =
(C510k X C54k) X C52k. Now

]Fsk (CQXCQ) = (Fg)k CQ)CQ = (]Fg)lc @IFg)k)CQ = F5kCQ@F5k CQ = Fg)k @]FS)\Z @F5k @Fg)k

Therefore

U(F5k DQO)

1%

((051% “ 054k) “ C5zk) “ C5k,14

1%

{((C&;lok X C54k) X C52k) X C5k,13:| X U(F5k)
(|
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