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DINI LIPSCHITZ FUNCTIONS FOR THE GENERALIZED
FOURIER-DUNKL TRANSFORM IN THE SPACE Li,n

S. EL OUADIH, R. DAHER, AND M. EL HAMMA

ABSTRACT. Using a generalized translation operator, we obtain an analog of
Younis Theorem 5.2 in [5] for the generalized Fourier-Dunkl transform for
functions satisfying the Fourier-Dunkl Dini Lipschitz condition in the space
L2 ..

1. INTRODUCTION AND PRELIMINARIES

Younis Theorem 5.2 [5] characterized the set of functions in L?(R) satisfying
the Cauchy Lipschitz condition by means of an asymptotic estimate growth of the
norm of their Fourier transforms, namely we have
Theorem 1.1.  [5] Let f € L?>(R). Then the following are equivalents

8
(@) Nf(w+0) = f@)] =0 (@hys ), e h—00<5<1,920
w [ iopa=of

7,725
[Al=r

(logr)*

where f stands for the Fourier transform of f.

), as r— o0,

In this paper, we consider a first-order singular differential-difference operator A
on R which generalizes the Dunkl operator A,. We prove an analog of Theorem
1.1 in the generalized Fourier-Dunkl transform associated to A in Lim. For this
purpose, we use a generalized translation operator.

In this section, we develop some results from harmonic analysis related to the
differential-difference operator A. Further details can be found in [1] and [6]. In all
what follows assume where @ > —1/2 and n a non-negative integer.

Consider the first-order singular differential-difference operator on R

Af(z) = f'(z) + (a + ;) f(z) — f(—=) B an(—z).

xT x

Date: May 14, 2016 and, in revised form, August 23, 2016.

2000 Mathematics Subject Classification. 42B37.

Key words and phrases. Differential-difference operator, Generalized Fourier-Dunkl transform,
Generalized translation operator.

92



DINI LIPSCHITZ FUNCTIONS ... 93

For n = 0, we regain the differential-difference operator

Aaf(@) = f'(2) + (a+ ;) fe)—fCa)

which is referred to as the Dunkl operator of index a4 1/2 associated with the re-
flection group Zs on R. Such operators have been introduced by Dunkl (see [3], [4])
in connection with a generalization of the classical theory of spherical harmonics.
Let M be the map defined by

Mf(x) =2*"f(z), n=0,1,..
Let L%, ., 1 < p < oo, be the class of measurable functions f on R for which

Hf”p,am = ||M_1f||p,oc+2n < 00,

1/p
1 o = ( / If(x)pla:2“+1dac) |

If p = 2, then we have L2, = L*(R, |z[>**1).
The one-dimensional Dunkl kernel is defined by

(1.1) ea(2) = jaliz) + NatD)

)

where

Jat1(iz), z € C,

where

o - (=1)™(z/2)*
(1.2) Ja(2) —F(O“Fl)mz::om,

z € C,

is the normalized spherical Bessel function of index a. It is well-known that the
functions e, (A.), A € C, are solutions of the differential-difference equation

Aqu = du,u(0) = 1.

From (2) we see that

(1.3) lim 22 =1

z—0 2,’2

Lemma 1.1. For z € R the following inequalities are fulfilled

) (@) <1,

i) |1 = ja(z)| < 2|,

i1) |1 — jo(x)| > ¢ with |x| > 1, where ¢ > 0 is a certain constant which depends
only on «.

Proof. Similarly as the proof of Lemma 2.9 in [2]. O
For A € C, and = € R, put
o) = 2% eqion(idT),
where €442, is the Dunkl kernel of index a + 2n given by (1).
Proposition 1.1. i) ¢y satisfies the differential equation
Apy = idpa.
it) For all A € C, and v € R

[oa(@)] < [af*reltm el
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The generalized Fourier-Dunkl transform we call the integral transform

Fafr /f D a(@)|e* e, A e R, f € LL,

Let f € Lj,,, such that Fa(f) € La+2n = L'(R,|z[?*+4"+1dx). Then the inverse
generalized Fourier-Dunkl transform is given by the formula

z) = / Faf N (@) dbosan(V),
R

where
1

920+2(T(a + 1))2°

|/\|2a+4n+1d)\,

dﬂa+2n()\) = Qa+2n Ao =

Proposition 1.2. i) For every f € La s

FANS)A) = iAFA(f)(N).
i1) For every [ € L , N L2

a,n

/ @) P2+ de = / Faf O Pdpiasan(N).
R R

i11) The generalized Fourier-Dunkl transform Fa extends uniquely to an isometric
isomorphism from L2 . onto L*(R, ftat2n).-

we have the Plancherel formula

n

The generalized translation operators 7, x € R, tied to A are defined by

by = <xy2>2” / J(/2 4y —2ayt) <1+ r

-y
A(t)dt
(22 + y% — 2zyt)” w2 1 y? 2:cyt> (t)

2 — 2xuyt —
/ f(— 23: Va? 4y — 2ayt) 1_ rY A(t)dt,
(z — 2zyt)» 2 4+ y2 — 2zyt
I'a+2n+1)
Vil (a+2n+1/2)
Proposition 1.3. Let x € R and f € L2, ,,. Then 7*f € L2 ,, and

177 fll2,0,n < 27

+

where

At) = (141)(1 = 2)t2n=1/2,

Furthermore,
(1.4) FA(TF)N) = 2" eqran (iX0) FA(F)(N).
2. Fourier-Dunkl Dini Lipschitz condition

Definition 2.1. Let f € L2, and let

a,n’
n+2n

co
(log )7

HThf(m)%—T*hf(a:)—2h2"f(a:) ~v>0,m=0,1,2..

ie.,
h h 2 hitn
I ) 47710 = 2 Dl = O (oo ric )
(log % )"
for all  in R and for all sufficiently small h,C being a positive constant. Then
we say that f satisfies a Fourier-Dunkl Dini Lipschitz of order 7, or f belongs to

Lip(n, ).
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Definition 2.2. If however
7" f(x) + 77" f(x) — 20°" f(2)]

hnt2n
(log )7

2,a,n
— 0,

as h—0,v>0m=0,1,2...

i.e.,

+2n
I F(2) + 7" f(2) — 2027 £ (2) 2.0m = O <(h"> ’

log +)7
then f is said to be belong to the little Fourier-Dunkl Dini Lipschitz class lip(n, 7).

Remark 2.1. Tt follows immediately from these definitions that

lip(n,~y) C Lip(n,7).
Theorem 2.1. Letn > 1. If f € Lip(n,~), then f € lip(1,7).

Proof. For x € R and h small, f € Lip(n,~) we have

_ n pt2n
7" f () + 77" f(2) = 20°" f (@) | 2.00m < C—1
(log 7 )7
Then )
(log 3)7[I7" f(z) + 77" (&) = 20" () 2,0 < CHT*?".
Therefore
(log )7 _ ., ~
s T @) 7 (@) = 207 f (@) |20 < CR
which tends to zero with A — 0. Thus
(log %)W h —h 2n
RE= T 7" f(z) + 77" f(x) = 2R°" f(2)|l2,0.n. — O, h — 0.
Then f € lip(1,7). O

Theorem 2.2. Ifn < v, then Lip(n,0) D Lip(v,0) and lip(n,0) D lip(v,0).
Proof. We have 0 < h <1 and n < v, then h¥ < h". O

3. New results on Fourier-Dunkl Dini Lipschitz class
Theorem 3.1. Let n > 2. If f belong to the Fourier-Dunkl Dini Lipschitz class,
i.e.,

f € Lip(n,v), n>2,7>0.
Then f is equal to the null function in R.

Proof. Assume that f € Lip(n,~y). Then

hn+2n
(log )7
From formulas (1.1), (1.2) and (1.4) we have the generalized Fourier-Dunkl trans-

form of 7/ f(x) + 77" f(x) — 2h2" f(z) is 2h®" (jayron(AR) — 1).
By Plancherel equality, we obtain

17" f(x) + 77" f(z) = 20*" f(2)l|2.0m < C v =0.

4n oo . 2 2 2 h277+4n
4h [Jat2n(AR) = 1| Faf (M) [Fdpaton(A) < C°—1-.
—o0 (log E) v



96 S. EL OUADIH, R. DAHER, AND M. EL HAMMA

Therefore
o Ah) — 12| Faf(N)d A Sk
i — < — .
[ esan) < IPIES O P dason ) < T
Then
e 2 2
[ o) = PIF ) Plhtasan®) o s
o - S e TE
(log %)

Since n > 2 we have

h2n—4
w5 Tlog 177

Then

h—0 J_ A2h2

+o0 s 2
lim (M‘H”(Ah)> MFAF N Pdptaron(X) = 0.

and also from the formula (1.3) and Fatou theorem, we obtain

+oo
/ NFA ) Pdptopan(N) = 0.

Thus A2Fa f(\) =0 for all A € R, then f(z) is the null function. O
Analog of the Theorem 3.1, we obtain this theorem.
Theorem 3.2. Let f € LZ,,,. If f belong to lip(2,0). i.e.,
7" f () + 77" f(z) — 202" (@) | 2,000 = O(R*T2™), as h — 0.
Then f is equal to null function in R
Now, we give another the main result of this paper analog of Theorem 1.1.

Theorem 3.3. Let f € Lin Then the following are equivalents

(a) f€Lip(ny), 0<n<ly=>0, 5
—2
() Faf ) Pdias2n(A) = O ( =

— ), as r— oo.
Al>r 10g7")27>

Proof. (a) = (b). Let f € Lip(n,v) . Then we have

hn+2n
2,am =0 | ——= as h—0.
o (log 7 )7

7" f () + 77" f(x) — 2h*" f ()

From formulas (1.1), (1.2) and (1.4) we have the generalized Fourier-Dunkl trans-
form of 7" f(x) + 77" f(x) — 2R?" f () is 2h*"(jaran(AR) — 1).
By Plancherel equality, we obtain

“+oo
17" f (@) +77" f(2)=2h*" f ()3 0. = 4h4”/ [Jasron(AR) =12 Faf (V) Pdptat2n ().

— 00
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If [A| € [+, 2], then [Ah| > 1 and (4ii) of Lemma 1.1 implies that 1 < %|ja-2n(Ah)—

h'h
1|2. Then
1 .
[ O Pt £ 5 [ L) = PO s
E<a<? ¢ JE<IN<E
1 +oo ‘ ) )
< G [ e (M0) = IPIEFO) P dtasan()
o —h 2 2
12 7" f(x) + 77" f(x) = 27" f(2)[13,0.1n
B2
B O((log,ﬁ)%)'
‘We obtain
—2n
FafO)Pdtason(\) < C——— 1 = 0.
/T<A|<2r A s 2n(3) (logr)*¥
where C' is a positive constant. Now,
[ RO e = 3 [ ) Pl
IAI>r o Jair<in<oir
< ¢ r2n (2r)=2n N (4)=2n
- (logm)2y  (log2r)?r =~ (log4r)*
r2n _ _ _
S gy 42777074277 4 )
r2n
< Ks—-—"r
= logr)2’
where K; = C(1 —2727)~! gince 2727 < 1.

Consequently

| 1Fa ) Paasan) =0
[A[=r

r2n

(logr)?"/)’ as 1 — OQ.

(b) = (a). Suppose now that

—2n
N Pdparon\) = O [ —— ,
/Mmf( Pdjtos2n (V) 0((1ogr)27), a5 1o o0
and write
|7 @) + 7 () — 20 (@) |B = ART(T + D),
where
I = / oszn(AB) — 121 FA ) Pptosan(N),
[A<#
and

I = /|>\> oo (W) = 1P| Faf (V) Pdpas2n ().
Zh

Firstly, we use the formulas |jo12,(Ah)| < 1 and
2 h?"
Bt IOl ) - (
R\ES

WY>7 as h — 0.
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Set
+o00
6@ = [ RSO Pt
xT
Integrating by parts we obtain

/ C X IF FO) P n (V)

/x A2 (N)d\ = —22¢(x) + 2/96 Ap(N)dA

0 0

x

< ¢ / M2 (log \)"27d\ = O(2* " (log 2) ™~ %),
0

where C1 is a positive constant.

We use the formula (4) of Lemma 1.1

—+oo
[ Vo) = PO Pditasan) = O (12 [ NIF0 SO Pipnsan (N
[Al<#

h2n
(s 7)
h27772 h277
= o(nRr——\)+0(—
< <1og,i>27>+ (aog;)?v)

h2n
O -
((log i)”) ’

and this ends the proof. O
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