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Abstract
In this paper, we define the strip slant helices according to the frame of the strip and introduce some
characterizations for strip slant helices using the curvatures of the strip. We also determine the axis of the
strip slant helices. Moreover, we investigate some characterizations for the strip slant helices when the

curve of the strip is a geodesic curve or an asymptotic curve or a principal curve.
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1 Introduction

Some of the classical results of differential
geometry topics in Riemannian geometry have
been treated by the researchers. Several authors
introduced different types of helices and give some
characterizations of these special curves for a long
time. The helix is generally known as a curve in
DNA double and «-form. Also we can see the helix
curve in the field of computer aided design and
computer graphics. In differential geometry; it is
well-known that a general helix (or a curve of
constant slope) is a curve whose tangent’s makes a
constant angle with a fixed direction, which is
called the axis of the helix. The ratio of the
curvature and the torsion of such curve is a
constant, which is the necessary and sufficient
condition for a curve to be a general helix [1].

In [2] izumiya Izumiya and Takeuchi introduced a
slant helix as a curve in the Euclidean 3-space

having a property that its principal normal vector
makes a constant angle with a constant direction
(see also [3]) and in [4] Kula et al. consider the
tangent spherical indicatrix (the normal and
binormal indicatrix, respectively) and characterize
slant helices by certain differential equations
verified for each one of these indicatrices.
Moreover, in [5] Ali and Ldpez generalize the
definition of slant helices in the Euclidean four-
dimensional space E!, and present different
characterizations of them. Recently, in [6] Ali and
Turgut give some characterizations of slant helices
in the n-dimensional Euclidean space. Moreover,
they introduce the type-2 harmonic curvatures of a
regular curve.

In differential geometry of surfaces, a strip or curve-
surface pair is a natural moving frame constructed
along the curve @ on a surface and it is the analog
of the Frenet-Serret frame. On the strip in
Euclidean space have studied in [7,8]. In [7]
Hacisalihoglu studied a relation between the
Serret-Frenet formulae of a curve « in a
hypersurface A and the curvatures of MM in
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Euclidean space E". In [8] Sabuncuoglu and
Hacisalihoglu calculated the higher curvature of a
strip in E™.

In this paper, we define the strip slant helices
according to the frame of the strip and characterize
the strip slant helices using the curvatures of the
strip. We also determine the axis of the strip slant
helices. Moreover, we investigate some
characterizations for the strip slant helices when
the curve of the strip is a geodesic curve or an
asymptotic curve or a principal curve.

2 Basic Concept

We now recall some basic concepts on classical
differential geometry of space curves and the defi-
nition of the strip in Euclidean 3-space. Let

a: I CcR—E?
5 — as) =

(v (5), az(s), as(s))

be a curve parameterized by arc length. There exist
Frenet frame {7, N, B} at each point of & where
T(s)=4a'(s) is the
N (s) = ”2:% is the principal normal vector and
B(s) =T (s) x N (s) is the binormal vector field.
Differentiating the Frenet frame yields the classic

unit tangent vector,

Frenet equations:

T'(s) 0 k(s) 0 T(s)

N()| = |-k(s) 0 7(s)| [N(s)]|,

B'(s) 0 —7(s) O B(s)
@.1)

where £(s) and 7(s) are the curvature and the tor-
sion of «, respectively.

Definition 1 ([8]) Let M and @ be a surface and a
unite velocity curve on M in [, respectively. The locus
of the surface elements of M, whlch are the part of the
tangent plane of cx at a neighborhood of every point of c,
are called a strip or curve-surface pair along the curve cx
which is showed by (o, M ).

Let o be a regular unit speed curve in E* with the
Frenet frame {7, N, B} lying fully on a regular
surface M and ¢ be a unit normal vector field of
the surface M at the point « (s). Then, we have

(x&=m, (22)
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is the binormal vector field of the strip where
& = T. Thus, we obtain the system of orthonormal
vector fields {£(s),7(s),((s)} is called the strip
three-bundle and we have the following Frenet—
Serret type formulae:

¢'(s) 0 kg En £(s)
W) = |-k, 0 7] |n(s) (2.3)
¢'(s) —ky -7, 0] |C(s)

Here, kn(s) =

(€'(s),¢ ( )) = ksin# is the normal
curvature, k,y(s) = (£'(s),n(s )) = rkcosf is the
geodesic curvature, 74(s) = (1/'(s),¢(s)) =7 — ¢
is the geodesic torsion and # is the angle between
the vectors n and N, [7,8].

3 Strip slant helices in Euclidean 3-space

In this section, we consider a regular unit speed
curve & on a regular surface M in E’and introduce
strip slant helices according to the frame {&,7),(}
of (e, M). We give a classisication of such curves in

the Euclidean 3-space E”. Throughout this section
let Ry denotes R\{0}.

Definition 2 The strip («, M) in B is called & —strip
slant helix if there exists a non-zero fixed direction
U € E? such that

(¢,U) = constant

holds. The fixed direction U is called the axis of the strip
slant helix.

Definition 3 The strip (o, M) in E? is called n—strip
slant helix if there exists a non-zero fixed direction
V' € E? such that

(n, V) = constant

holds. The fixed direction V' is called the axis of the strip
slant helix.

Definition 4 The strip («, M) in B is called { —strip
slant helix if there exists a non-zero fixed direction
W € B3 such that
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(¢, W) = constant

holds. The fixed direction W is called the axis of the
strip slant helix.

Let us first characterize £-type slant helices.

Case 1 (£ —strip slant helices) If («, M) is {— —strip
slant helix parameterized by the arclength s in [E?,
then according to Definition 2, there exists a non-
zero constant vector field U/ € 23 such as

(S Ro.

g(&U) =c, (24)

ith respect to the Frenet frame {&,7),(} of (e, M),
the fixed direction {/ can be decomposed as

U = c€ + ugn + usC, (2.5)

where 19 and u3 are differentiable functions of the
curvatures. Differentiating the equation (2.5) with

respect to s and using equations (2.3), we obtain the
following system of differential equations

ugk, + ugk‘g =0,
uhy — uzTy + cky = 0,
ufy + upTy + cky, = 0.

(2.6)

From the first and the second equations of (2.6) we
get

_ [ Tgkg
Uy = —ce 4 hu

d (f kge! Hrtda g

: ' 2.7)
kg — [ —“'—”,kf ds . Ta%g g ( ’
uz = cple I (f keged Tatds g )

where ¢ € Ry,
Substituting (2.7) in the third equation of (2.6) we

obtain that the curvature functions of {«, M) satisfy
the relation

T ("'—9)2+r]+ﬁ+k —0, (28)
g k?’. g k'r’. T! ? :

(fke Tiz( )

Conversely, assume that (2.8) holds. Consider the

where a = e~ kn
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vector U given by

- Tgk - Tgk
U=ct—ce 0" (j kge! %"'Msd's) n
9ds (f kgef %dedq) C:

+ (’% €
where ¢ € Ry. the previous
equation with respect to s and using the equations
(2.3), we find U" = 0. Hence U is a fixed direction.
It can be easily checked that

9(&,U) = ¢,

Differentiating

c € Ry.

According to Definition 2, (a, M ) is a £ —strip slant
helix with the axis U.

Therefore, we can give the following theorem and
corollary.

Theorem 1 Let (o, M) be a strip in 3 with the
curvatures kg, ky and T4 Then (o, M) is a {—strip
slant helix if and only if its curvature functions kg, ky
and T, satisfy the relation

N N2 2
a[(ig) — Ty (i—y) +Tg]+:—i+kn—0,

"'(k(
(fke kn )

Corollary 1 The axis of the & —strip slant helix (o, M)
in B3 is given by

(2.9)

- Tokg 4
where a = e kn

U=c§—cc_f o

(fk ol Htdsg s) 7
kg — j Lkgd.s’ d Jf Takg ds ;.
+egte Tk [ kge! R Pds ) ¢,

where ¢ € Ry,
Substituting ¢ — 0 in relation (2.6), we get

_ [ Taka g
Uy = A€ I

where a; € Ry.
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Therefore, we obtain the next corollary

Corollary 2 Let («, M) be a &—strip slant helix with
the axis U in B2, If its tangent vector & is orthogonal to
the axis U, then the axis U is given by

_ [ Taka 4 _ [ Iakg
[ kn dér] —_ (],1 ;’:—ye I kn ngq
n ’

U=ae
where a1 € Ry.

Now, we consider the following subcases when the
curvatures k,, k, and 7, are zero, respectively.

Case 1.1 Let the curve  be a geodesic curve (i. e.
kg = 0). In this case, from (2.6) we have

ugky, =0,
’ —
uy — ugTy =0,

wy + uaty + cky = 0.

(2.10)

From the first equation of (2.10) we get k, = 0 or
Uz = 0.

(i) If %k, = 0 for all s, then ¥ = () which means

that the curve « is a straight line.

(ii) If uz =0 for all s, then from (2.10) we get
Uy = —cf_—; € Rg . Also, since k; = kcos = 0, we
find that f# = F3 so by using the definition of &y
and 7, we have k, = +x and 7, = 7. Thus, we
have the frame {&,7),(} of the strip («, M) as
follows:

£'(s) 0 0 k] [&(s)
nis)f=10 0 7 [ns)
('(s) +5x —7 0 C(s)

and the axis of (&, M) always lies in the plane
sp{&,n}and is given by
U = c€ £ 2, (2.11)

where Z = constant and ¢ € Ry.
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Therefore, we can give the following corollary.

Corollary 3 Let (cx, M) be a {—strip slant helix with
the axis U/ is given by (2.11). Then the curve « is a
geodesic curve on M if only if the curve « is a general
helix.

Case 1.2 Let the curve o be an asymptotic curve (i.
e. k, = 0). In this case, from (2.6) we have

’U,gkg = O,
/
ufy + ugry = 0.

2.12)

From the first equation of (2.12) we get k; = 0 or
ug = 0.

(i) If k; = O forall s, then £ = ) which means that
the curve « of («, M) is a straight line.

(if) If up =0 for all s, then from (2.12) we get
uy = ci—z € Ry. Also, since k, = ksinfl =0, we
find that # =kn (k=0,1) so by using the
definition of k, and 7, we have k, = Fx and
7, = 7. Thus, we have the frame {{,7,(} of the
strip (<, M) as follows:

£(s) 0 Fx 0] [£(s)
)| =[x 0 7| [n(s)],
¢'(s) 0 -7 0] [<(s)

and the axis of («, M) always lies in the plane
sp{&,(} and is given by
U=c{FcZ(, (2.13)

where = = constant and ¢ € Ry.

Therefore, we can give the following corollary.

Corollary 4 Let (x, M) be a &—strip slant helix with
the axis U is given by (2.13). Then the curve v is an
asymptotic curve on M if only if the curve x is a general
helix.

Case 1.3 Let the curve & be a principal curve (i. e.
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74 = ), then from (2.6) we have

ugky +ugky, =0,

ufy + ckg =0, (2.14)
ufy + ck, = 0.
and we get
uy = —c [ kyds, 51
. 15
ug = —c [ knds. 2.15)

Substituting (2.15) in the first equation of (2.14), we
obtain that the curvature functions of (c, M)
satisfy the relation as follows

kg [ kods + ky [ knds = 0.
Therefore, the axis of («, M ) is given by

U=ct—c (f kyd,'s) n—c (f knds) C, (2.16)

where ¢ € R.
Therefore, we obtain the next corollary.

Corollary 5 Let (cv, M) be a &—strip slant helix in E?.
If the curve « is a line of principal curvature of M, then
the axis U of the & —strip slant helix (o, M ) is

U =& —c ([ kods)n = c(f kuds) G,
where ¢ € Rgand
k, (f kgds) + ky, (f knds) = 0.
Next, let us consider 73-type slant helices.

Case 2 (n—strip slant helices) If (a, M) is an n—
strip slant helix parameterized by the arclength s in
E?, then according to Definition 3 there exists a
non-zero constant vector field U € E? such that

g(n,V)=¢, ceRy. (2.17)
With respect to the Frenet frame {&, 7, ( } of (v, M),
the fixed direction V' can be decomposed as
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V =&+ en+ vs(, (2.18)
where v; and vy are differentiable functions of the
curvatures. Differentiating the equation (2.18) with
respect to s and using equations (2.3), we obtain the
following system of differential equations

vy — v3ky, — cky =0,
viky — w37y =0,

v + viky, + ey = 0.
(2.19)

From the second and the third equations of (2.19)
we get

_ Tgkn ds ) Tgkn ds
v; = —cile I ogtds jTgeI kg Cds |,
q
. Tgkn . Tgkn.
- ds —“—ds
vy = —ce > (f frgej kg ds),
(2.20)
where ¢ € Ry.

Substituting (2.20) in the first equation of (2.19), we
obtain the relation

Ty d T 2 Tz

(2.21)

_J« 'r_qkn,ds Tgkn ds
where a = ¢ kg fT,}e kg "ds | .

Conversely, assume that (2.21) holds. Consider the
vector V' given by

_ ‘Tgknds Tgknd,
V=—c;—gc I kg (_[’rgc"r ke “ds £

q

_ 'rgknd ) Tykud‘
+cn — ce J o ds (j Tgef kg bds) ¢,
¢ € Ry. Differentiating the

equation with respect to s and using the equations
(2.3) and (2.19), we find V/ = (). Hence V is a fixed
direction. It can be easily checked that

where previous
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g(n,V)=r¢, ceRy.

According to Definition 3, (&, M) is an n—strip
slant helix with the axis V.

Theorem 2 Let (o, M) be a strip in E* with the
curvatures kg, ky and T, Then (o, M) is an n—strip
slant helix if and only if its curvature functions kg, ki,
and T, satisfy the relation

Tq ! T4 2 Tz
() ~ k() —hn| + 7 +hy =0,
qun qun
where a = e - (fTe ke Py s).

Corollary 6 The axis of n—strip slant helix (o, M) in

IE3 is given by
_ 'Tg;‘"r:d T‘jkﬂ.d
V= —c;—gc oy ds (f’rqcf ds) &
q * "
_ 'rgknd 'rgk”d
+en —ce U (jre,“'r kg bs)g’,
where ¢ € Ry,

Putting ¢ — 0 in relation (2.19), we get

/ N
v] — v3k, =0,
vikg — v37y = 0,
v + vk, = 0.

and
.y %:L—;
U1 = a9 k—?
j Tgkn g
9
V3 = aq€ s

where a2 € Ry.
Therefore, we obtain the next corollary.

Corollary 7 Let («v, M) be a n—strip slant helix with

the axis V' in B2, If its binormal vector 7 is orthogonal
to the axis V', then the axis V' is given by

CBUJ. of Sci., Volume 13, Issue 1, 2017, p 113-123
o -rqi.n ds Tgkn

- .
V:agﬁe §+age

ds

kg C
’

where ao € Ry,

Now, we consider the following special cases when
the curvatures kg, k, and 7, are zero, respectively.

Case 2.1 Let the curve o is a geodesic curve (i. e.
ky = 0), then from (2.19) we have

vy — v3k, = 0,
U3Tg = Oa
vy + ik, + ey = 0.

(2.22)

From the second equation of (2.22) we get 7, = 0 or
Ug = 0.

@) If 7, =0 for all s, then from the first and the
second equations of (2.22) we get

d (1 dvy —

Putting p(s) = the above equation can be

rewritten as

kn(s)’

4 () %) + 25 0.

By changing the variables in the above equation by
t(s)=[ p(s)ds we find

12w
ﬁyﬁ-vl 0.

The solution of the previous differential equation is
given by

vy (t) = Ccos (t) + Casin (t),
= [ kn (s

vy = C] cos (] knds) + Cysin (f knds) )

and since ¢ (: s) ds, we get

Also, the first equation of (2.22) we have

v3 = —C' sin (f .l{:”d!:s’) + (s cos (f k:rﬂff,ﬂf) .
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On the other hand, since k; = x cos# = 0, we find
that # = =% so by using definition k;,, and 7, we
have k;, = Fx and 7, = 7 = (). Therefore, the axis
of («, M) is given by

V =umé+en+vsl, (2.23)

where

v = C] cos (j Hds) F Oy sin (j ﬁds) ,
vy = —Cysin ([ kds) F Cycos ([ kds) .

(ii) If v3 =0 for all 5, then from (2.22) we get
v = —c;—: € Ry. Also, since ky = rcosf =0, we
find that / = F7 so by using the definition of A,
and 7, we have k, = Fx and 7, = 7. Thus, we
have the frame {{,7),(} of the strip (a, M) as
follows:

¢ (s) 0 0 Fx| [&s)
)| =10 0 7| |[ns)],
¢'(s) +k -7 0 ¢(s)

and the axis of (&, M) always lies on the plane
sp { £, -r)} and is given by

V ==ci{ +on, (2.24)

where E = constant and ¢ € Rg.

Therefore, we can give the following corollaries.

Corollary 8 Let (o, M) be an n—strip slant helix with
the axis V' is given by (2.23). If the curve v of (o, M ) is
a geodesic curve on M, then the position vector of the
curve cv always lies in the plane sp {&,(}.

Corollary 9 Let (¢, M ) be an n—strip slant helix with
the axis V' is given by (2.24). If the curve cv of (ce, M) is
a geodesic curve on M, then the curve v is a general
helix.

Also, we can give the following corollary which
gives the relationship between £ —strip slant helices

CBUJ. of Sci., Volume 13, Issue 1, 2017, p 113-123
and n—strip slant helices.

Corollary 10 Let the curve cx be a geodesic curve on M.
Then, (v, M) is a &—strip slant helix if and only if
(e, M) is an m—strip slant helix with the axis (2.24).

Case 2.2 Let the curve «r is an asymptotic curve (i.
e. k, = 0), then from (2.19) we have

vy — cky =0,
viky —v37g = 0,
vy + 1y = 0.
(2.25)

From the first and the third equation of (2.25), we
get

v = ¢ [ kyds,
vy = —c [ 14ds.
(2.26)

Substituting (2.26) in the second equation of (2.25),
we obtain that the curvature functions of {«, M)
satisfy the relation as follows

kg [ kgds + 74 [ T4ds = 0.

Also, since k,, = ksinf = 0, we find that € = kx
(k =10,1) so by using the definition of k, and 7,
we have k, = =+ and 7, = 7. Therefore, the axis
of («x, M) is given by

V =%¢ (f H,ds) E+en—c (f’rds) ¢,
(2.27)

where ¢ € Ry. Thus, we have the frame {£, 1, (} of
the strip (v, M) as follows:

§'(s) 0 £r 0] [&(s)
n'(s)| = [F& 0 7| |n(s)
¢'(s) 0 —7 0] [C(s)

Case 2.3 Let the curve « is a principal curve (i. e.
Tg = 0), then from (2.19) we have
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{ vy — vsky, — cky =0,
vikg =0,

v + vk, = 0.

(2.28)

From the second equation of (2.28) we get £, = (
oru; = 0.

@) If £, = O for all s, then from the first and third
equation of (2.28) we have

4 (1 dv —
& (L4) +viku =0

The solution of the previous differential equation is
given by

vy = C cos (] kpnds) 4+ Cy sin (f k:nds) )
Also, the first equation of (2.28) we have

vy = —C sin (] kyds) + Cy cos ([ knds) .

On the other hand, since k; = x cos @ = 0, we find
that # = FF so by using the definition of &, and 7,
, we have L, = Fx and 7 = (). Therefore, the axis
of («, M) is given by

V =v1€+ en+ vs(,
where

v = C] cos (j Hds) F Oy sin (j ﬁds) ,
vy = —Cisin ([ kds) F Cycos ([ kds) .

(ii) If v1 =0 for all s, then from (2.28) we get
vy = —C%i € Ry so by the definition of &, and k,
we get 0 =0y = constant. Thus, we obtain
k, = ksinfly, kg = kcosfly and 7 = 0. Thus, we
have the frame {{,7),(} of the strip (a, M) as
follows:

£(s) 0 cosfly sinfy] [£(s)
n'(s)| =k |—cosy 0 0 n(s)|,
¢'(s) — sin fy 0 0 ¢(s)
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and the axis of («, M) always lies in the plane
sp{n,(} and is given by

V = en — ek (tan b)) ¢,
(2.29)

where ¢ € Ry and 6y = constant.

Therefore, we can give the following corollary
which gives the relationship between &—strip slant
helices and n—strip slant helices.

Corollary 11 Let the curve v be a principal curve on M
. Then, («e, M) is a &—strip slant helix if and only if
(v, M) is an ny—strip slant helix with the axis (2.29).

Finally, let us characterize (-type slant helices.

Case 3 ((—strip slant helices) If («, M) is a { —strip
slant helix parameterized by the arclength s in E¥,
then according to Definition 4, there exists a non-
zero constant vector field U € E? such that

c e Ry.
(2.30)

) (C I’V) =G

With respect to the Frenet frame {&, 1, (} of («, M),
the fixed direction U can be decomposed as

W = wi§ + wan + c(,
(2.31)

where w1 and w9 are differentiable functions of the
curvatures. Differentiating the equation (2.21) with
respect to s and using the equations (2.3), we obtain
the following system of differential equations

wy — weky — cky, =0,
wh + wikg — ety =0,
wiky, +uty = 0.
(2.32)

From the first and the third equations of(2.32) we
get
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knkg knkg
- ds ds
J Zgtds Ik k.nef o ds |,

'n]‘h knk
td (]kef o ds),

(2.33)

w) = ce

w9 fck'“ e f
T

where ¢ € Ry. Substituting (2.33) in the second
equation of (2.32), we obtain that the curvature
functions of («, M) satisfy the relation

N/ 2 .2
() =5 () -]+ B
_ J,« knkg

(2.34)
knk
5 o (fkne i ds)

Conversely, assume that (2.34) holds. Consider the
vector W given by

where g = ¢

kn knk
W= ce ”*(fk e w"’dd)g
chnkg oo -k kg
_(-";Jefj g 08 (fknej "qldsds) 1+ ¢C,
a
where ¢ € R. Differentiating the previous

equation with respect to s and using the equations
(2.3) and (2.32), we find W' = (. Hence W is a
fixed direction. It can be easily checked that

g W)=¢, ceRy.

According to Definition 4, («, M ) is a { —strip slant
helix with the axis W

Therefore, we can give the following theorem and
corollary.

Theorem 3 Let (o, M) be a strip in E® with the
curvatures kg, ky, and T, Then (e, M) is a {—strip
slant helix if and only if its curvature functions kg, ky,
and T, satisfy the relation

N 2 2
o[(8) -5 () -]+ B o

where T4 # 0 for all 5 and
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R‘nkyd _ knkg d
(o)

Corollary 12 The axis of a {—strip slant helix (o, M)
in B3 is given by

knk ;'u-i*
W=c (f e ngdsds) e e

bnkg g — [ knka g
c'ﬁ (jk‘ e T s ) e

¢

n+ cC,

where ¢ € Ry,
Putting ¢ = () in relation (2.32), we get
wy — woky =0,

wh + wiky = 0,
wiky + waty = 0.

and
_ I knkg ds
wp =age "9 ,
knkg
_ by = Tyt ds
)9 = —a3—€ g N
wa azye :

where ag € R{].
Therefore, we obtain the next corollary.
Corollary 13 Let («v, M) be a { —strip slant helix with

the axis W in 2. If its normal vector ¢ is orthogonal to
the axis W, then the axis W is given by

_ knk_q _ knky .
Il ™ (hﬁ—aqﬁe f—Tg dls’l’],

A
W = age 357,

where a3 € R,

Now, we consider the following special cases when
the curvatures kg, £k, and 7, of the strip are zero,
respectively.

Case 3.1 Let the curve  is a geodesic curve (i. e.
kg = 0), then we find that # = FJ so by using the

definition of &, and 7, we have k, = F# and
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Ty = T. Also, from (2.32) we have

w) — ck, =0,

wh — c1g = 0,
wiky, +waty = 0.
(2.35)

From the first and second equations of (2.35) we get
wy] = cfknds = :Fcf Kkds,

wg:cfrgds:cfrds.
(2.36)

Substituting (2.36) in the third equation of (2.35),

we obtain that the curvature functions of («, M)
satisfy the relation as follows

kg f kqds + 74 f Tads = 0,
or
h‘fﬁds—i—?'frds =0.

Thus, we have the frame {&,7,({} of the strip
(cv, M) as follows:

¢ (s) 0 0 Fx| [&(s)
)| =10 0 7| |[ns)],
¢'(s) +r —1 0| [¢(s)

and the axis of («, M) always lies in the plane
sp{n,(} and is given by

W = w& + wan + C,
where ¢ € Ry and

wy] = :Fcfff,ds,
wy = c [ 7ds.

Case 3.2 Let the curve « is an asymptotic curve (i.
e. k, = 0), then from (2.32) we have

w) — waky = 0,
wh + wiky — ¢y = 0,
waTy = 0.
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(2.37)

From the third equation of (2.37) we get 7, = 0 or
g = 0.

@) If 7, = 0 for all s, then ky = £+ and 7 = 0. So
from (2.37) we get

w) = T Cos v,
we = rsinu,

where r ¢ BT and v =F f tds. Therefore, the
axis of («, M) is given by

W =rcos(v)E+rsin(v)n+ e
(2.38)

where ¢ € R.
(ii) If w9 = 0 for all s, then from (2.37) we have

-
w) = (:k—g = constant.
g9

Also, by using the definition of k; and 7,, we have
ky = Fr and 7, = 7 since k,, = 0. Then

wy = Fep,
and the axis of {(«, M) is

U= FeL& + c(,
(2.39)

where % = constant and ¢ € Ry.

Therefore, we can give the following corollaries.

Corollary 14 Let (v, M) be a {—strip slant helix with
the axis W is given by (2.39). If the curve cv of (v, M)
is an asymptotic curve on M, then the curve o is a
general helix.

Also, we can give the following corollary which
gives the relationship between £ —strip slant helices

and { —strip slant helices.

Corollary 15 Let the curve cx be an asymptotic curve on
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M. Then, (c, M) is a &—strip slant helix if and only if
(cv, M) is a {—strip slant helix with the axis (2.39).

Case 3.3 Let the curve e is a principal curve (i. e.
74 = (), then from (2.32) we have

w) — waky — cky =0,
wy +wiky =0,

wrky, = 0.

(2.40)

From the third equation of (2.40) we get &, = 0 or
U = 0.

@) If £, = O for all 5, then £, = +x and 7 = (. So
from (2.40) we get

w, = Rcosp,
wg = Rsin g,

where R € R™ and ¢ = F f kds. Therefore, the
axis of {«, M) is given by

W = Rcos (@) § + Rsin (@) n + ¢
where ¢ € Ry.

(ii) If w = O for all s, then from (2.40) we have

wy = fcl}‘% = constant.
q

Also, by using the definition of 7, we have
6 = [ 7ds. Thus, we obtain k, = ksin ( i Tds),
kg = rcos ([ 7ds) and the axis of (cx, M) is

W = —cjn + ¢, (2.41)

where ¢ € Ry.

Therefore, we can give the following corollary
which gives the relationship between 7—strip slant
helices and { —strip slant helices.

Corollary 16 Let the curve « of («, M) be an
asymptotic curve on M. Then, (, M) is an 1n—strip
slant helix with (2.24) if and only if (o, M ) is a { —strip
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slant helix with the axis (2.41).
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