— KONURALP JOURNAL OF MATHEMATICS
VOLUME 5 No. 1 pp. 187-192 (2017) ©KJM

THE EQUIVALENCE OF TWO APPROACHES OF
SEIBERG-WITTEN EQUATIONS IN 8-DIMENSION

SERHAN EKER

ABSTRACT. Seiberg—Witten equations which are formed by Dirac equation
and Curvature—equation, have some generalizations on 8 —dimensional mani-
fold [1,3,5]. In this paper we consider the Spin®—structure which was given
in [1]. Then by using this Spin¢—structure, we examine the curvature equa-
tions which were given in [1,3]. Finally we show the equivalence between
them.

1. DEFINITION AND NOTATION

A complex vector bundle S can be constructed by a given Spin® representation
Kn 2 Spinc(n) — Aut(A,) and denoted by S = Pgpine(n) X, An. Also this complex
vector bundle is called spinor bundle for a given Spin®—structure on M. Moreover
sections of S are called spinor fields on M. If the dimension of M is even, then
spinor bundles splits into two pieces S = ST ®@ S~ [4]. K, : R® — End(A,) is a
linear map satisfying the following conditions:

En(0)* + kp(v) =0, Kn (V) Fon (V) = |v|?L

for any v € R™. Let {e1,ea,...,e,} be orthonormal frame on open subset U C M.
Then
p: A2(T*M) — End(S)
n= Y miget Nl = p(n) = 3 mijr(ei)r(e;).
1<j 1<J
can be defined on the frames by extending map x : TM — End(S) of k,. Also p
can be extended to complex valued 2—forms such that

p:A(T*M)®C — End(S).
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The half—spinor bundle S* are invariant under p(n) for all n € A?(T*(M) ® C).
That is,

p)(¥) € S*, Ve St

p(m)() e S™,  VypeS .

Then, we obtain the following maps by restriction pT(n) = p(n)| , p~(n) =
S+

p(n)| . In this case
G-
pt  A2(T*M) @ C — End(ST)
is expressed as follows:
pt(n) = pt (X mge' Ne?) = 3 mighle)rle;).
1< 1<J

A connection V4 on S, which is called spinor covariant derivative operator, is
obtained by using an iR—valued 1—form A € Q(M,iR) and the Levi—Civita con-

nection V on M. At this point the definition of Dirac operator D4 : I'(S) — I'(S)

can be given by
n

Da(V) = Zjl k() VAU,

where U € T'(5), {e1,e2,...,€,} is any positively oriented local orthonormal frame
of TM see [4].

2. SEIBERG-WITTEN EQUATIONS ON 4—MANIFOLDS :

Let us consider the Hodge star operator
% AF(M) — A*=F(M)
and in particular, its action on the 2—forms
*: A2(M) — A2(M).
Since ** = id, * induces a splitting of A?(M) = A% (M) @ A% (M), where A2 (M) =
{n € A2(M)|*n =n}) and A2 (M) = {n € A2(M)| *n = —n} indicate the space of
self—dual and anti—self—dual 2—forms respectively.
The projection of a 2—form n € A*(M) onto the subspace A% (M) is called the
self—dual part of 7 and we denote it by ™, similarly the projection of 1 onto the
subspace A~ is called the anti—self—dual part of n and we denote it by n~.

Also this decomposition can be extended to the iR valued 2—form space Q2(M, iR)
and expressed as in follow:

O3+ (M, iR) ® Q% (M, iR).

If Fy € Q2(M,iR), then it can be written as Fy = F{+F, with F{ € Q>+ (M, iR)
and F; € Q%= (M,iR).

The Seiberg—Witten equations on 4— dimensional Spin® manifold can be ex-
pressed as follow:

(1) Da¥ =0
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+(pt) = *
(2) p*(F1) = (V¥7),

where (\II\I/*)O is the tracefree part of W* [2]. The first part of these equations is
called Dirac equation and the other is called Curvature equation.

In the following section, Seiberg— Witten equations were constructed on 8—dimensional
manifold by using self—duality which is given in [1,3].

3. SEIBERG-WITTEN EQUATIONS ON 8 —MANIFOLDS

Let us consider 8—dimensional manifold M with structure group Spin(7) where
Spin(7) is a subgroup of SO(8). In this case, there is a fundemantal 4—form ® on
M, which is nonzero everywhere. With the aid of this 4—form, Q2(M) splits up
into

O2(M) = Q2(M) & Q3,(M),
where
Q2(M) = {w € (M) * (® Aw) = 3w}
and
Q2 (M) = {w e Q2(M)| * (P Aw) = —w}.

In this study we considered Q2(M) as the space of self— dual 2—forms which is
given in [1,3].
For the iR valued 2—forms decomposition can be written as

QO?(M,iR) = Q> (M,iR) & Q% (M, iR).
F4 is an element of Q?(M,iR), so that we have Fy = Fi + Fy, with Ff €
Q%+ (M,iR) and F; € Q> (M,iR). If FI more explicitly expressed:
Fi = Projozu,mrFa.

With the aid of p* : Q?(M,iR) — End(S%), let the image of Q2(M,iR) be
pt(Q2(M,iR)) = W' C End(S*) and for ¥ € T'(S), let the projection of ¥
on W’ be (PU¥*)* = Projy (U¥*). Then the Seiberg—Witten equations on
8—dimensional manifold with Spin(7)—structure is given as follow [1]:
Di(¥) = 0

(3.1) pt(FE) = (v’

On 8—dimensional manifold with Spin(7)—structure for M = R3 the Seiberg—Witten
equations were obtained as in the following [1].

3.1. Some Local Discussions. In 8—dimensional manifolds, the vector space of
complex 8—spinors is Ag = C6. Tts know that Clg = End(Ag). The Spin structure
is given by

K8 : (Clg — End(As)

e; Hg(@i) =
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where e;, i = 1, ...,8 is the stanndart basis for R® and v : R® — End(C8) is defined
on generators {e1, es, €3, ..., eg} by the followings [1]:

1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
01 0 0 0 0 0 0 0 0 0 0 0 1 0 0
00 1 0 0 0 0 0 0 0 0 0 0 0 1 0
00 0 1 0 0 0 0 0 0 o0 0 0 0 0 1
Ye)=1o 0 0 0o 1 0 0 ol7e2=]15 o o 0 0 0 0 o
00 0 0 0 1 0 0 0 -1 0 0 0 0 0 0
00 0 0 0 0 1 0 0 0 -1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 -1 0 0 0 0
ro 1 0 0 0 0 0 01 ro o o 0o 0 1 0 01
-1 0 0 0 0 0 0 © 0 0 0 0 -1 0 0 0
o 0o 0 1 0 0 0 0 o 0 0 0 0 0 0 -1
o o -1 0 0o 0o o o ~]lo o 0o o o 0o 1 o
yles) =10 o 0 0 0 -1 0 0 yled) = 1o 1 0 0 0 0 0 0
0o 0 0 0 1 0 0 0 -1 0 0 0 1 0 0 ©
0o 0 0 0 0 0 0 -1 0 0 0 -1 0 0 0 0
Lo o o o o o 1 0] Lo o 1 o o0 o0 0 0]
ro o 1 0 0 0 0 07 ro o o 0 0 0 1 o0
0 0 0 -1 0 0 0 0 0o 0o 0 0 0 o0 o0 1
-1 0 0 0 0 0 0 0 0 0 0 0 -1 0 0 0
0o 1.0 0 0 0 0 0 0 0 0 0 0 -1 0 0
Yes)=1o0 o 0o o o o -1 ol ves)=1o 0o 1 0 o0 0 0 0
0o 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 -1 0 0 0 0 0 0 0
Lo o o o o -1 0 o] Lo -1 0 o o o o o]
0o 0 0 1 0 0 0 0 o o o o0 0 0 0 1
0o 0 1 0 0 0 0 0 0o 0 0 0 0 0 -1 0
0 -1 0 0 0 0 0 0 o 0o 0o 0 0 1 0 0
-1 0 0 0 0 0 0 0 0o 0 0 0 -1 0 0 0
yler) = | % o 000 0 o —1|Mes)=1]0o 0o 0o 1 o o0 o o
0 0 0 0 0 0 -1 0 0 0 -1 0 0 0 0 0
0o 0 0 0 0 1 0 0 o 1 0 0 0 0 0 0
0o 0 0 0 1 0 0 0 -1 0 0 0 0 0 0 O

For i = 2,3, ..., 8 these y; matrices are the image of the generators of Cl; under
an explicit isomorphism Cl; & End(C®) @ End(C®) which is obtained from the
periodicity relation Cl,, 12 = Cl,, ®c C [4].

The associated connection on the line bundle Pg: is the connection 1—form and
represented by

8
A=Y At € QRS iR)

i=1

and its curvature 2—form is given by

8
Fp=dA= Z F”dl‘z ANdz? € Q2(R8,iR)

1<j

where Fj; = (%’;b — g‘;‘;) fori,j =1,2,.,8.

The Spin®—connection V4 on R® is given by

ViU = g% + A0,
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where ¥ € T'(S*). According to these explicit form of the first equation D{W¥ =0
is

- %¢1+3$3¢2+3 w3+327¢4+3x2¢5+3x47/}6+3 1/)7+3x8"/)8
+ 3 — 1AL+ A + 12 A3 + Yo Ay +VP3As + 1/)7146 + P4 A7 + ¢8A8) =0
- 3%1/}1 - %d& + aimd% 315 77[]4 3147/}5 + ax2 71}6 + 326 wS 328 1#7
- 1/12/11 + 1/16A2 — 1Az — 5 Ay — P4 As + PgAs + 1/13147 - 1/17A8) =0
- 2 - 8907 o — 8901 3 + 3‘23 thy — 5‘26 s + a%ziﬁ? c‘m g + amg ve
(A vrds + Ay — ds s — Ui s — s As — Yadr + %As) =0
- 2+ 8%51/)2 - 3%31/13 - 3%177/14 - 5%677/16 + 6%41/17 + 6%21/)8 axg s
+ 3 — VaAr + sy — 3 Az + Y7 Ay + Yo As — YA — h1 A7 — ¢5A8) =0
- 2+ 3%41/12 + 3%6?/}3 8111/}5 3231/16 - 3%51/17 (%71/)8 + axg Py
+ %(* 1/15/11 77/11/12 —1pg Az — Y7 As + Y346 — 1/)8A7 + P4 Ag + 77/12/14) =0
- %1/}1 6;v2 P2 + a ¢4 + azg Ps — ail%' 817 Y7 + 825 Vg — a?cg V3
- 'L/}GAI o Ao + s Az — 1Ay + ¢8A5 + 1ﬁ4A6 - 1/)7147 - 7/13148) =0
- %wl Bacz w3 614 w4 + 61:5 ¢5 + 61:7 wﬁ B;El w7 6;E3 wS + 818 wQ
+ 3 (— AL~ Yads — Vs s — Yuds + UsAs — YA + A + 12 ds) = 0
- g+ 3%41/13 - 3%1/14 + 3367 P — 325 e + 3%31/17 axlil)s 328 P1
+ %(— Py Ar — V4 + Y7 Az +P3As — e As — P2 As + Y5 A7 — 77[}1148) =0

+
N|—=
G

+
N|—=
TN

In the following section, the curvature equation on 8—dimensional manifod is
obtained according to [1]

3.1.1. Curvature Equation on R® : The second part of Seiberg—Witten equation,
which is called curvature equation and denoted by p™ (FX) = (\II\I/*)+, is described
by the orthogonal bases of Q%(R?®,iR), which are given in the following [1]:

fl = dSUl N diﬂg) + dSCQ A d.%g + dl’g A d’ll’7 + dllj‘4 N diL’g
fo =dxy Ndxo + dxs Ndxy — dzs A deg — dxy A dxg
f3 =dxy Ndxg — dxo N dxs — dzs A drg + dry N dxy
fa=dx1 Ndx3 — dxo Ndry — dzs A dey + dxg N dxg
f5 = d.l‘l A d337 + dJZQ A dxg - dI3 N d$5 — d1‘4 A dl‘@
fG = dd)l N d:L'4 + d.’EQ A deg - dl’5 A dIg - dl’(} A\ dl‘7
fr =dx1 Ndxg — dxo A dxy + dxs A drg — dxg N dxs.

According to these orthogonal bases p* (FX) = (PU*)T is equivalent to the equa-
tion

T {p+
P = T e
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and the more explicit form of the equation is

Fis + Fog + Fs7 + Fig = % (b1s — shr — totha + Yatha — 57 + 7ids — vaths + Ysths)
Fio 4+ F34 — Fs6 — Frg = (15 — ¥sth1 — tathe + Yetha + thathr — Prids + Yaths — Pstha)
Fig — Fos — Fsg + Fy7 = (17 — 71 + Yaths — stha — ads + Pstds + Yaths — Yetha)
Fis — Foy — Fs7 + Fgg = (12 — path1 + ¥3vha — aths + sbe — Petbs — Yrihs + Psthr)
Fi7 4+ Fog — Fs5 — Fig = (b1va — athr + Yaths — aths — dsds + Psids + Pethr — Pribs)
Fi4 + Foz — Fsg — Fgr = (et — 116 — Y2tbs + stha — hads + atds + Yathr — rips)
Fig — For — Fsg — Fy5 = (b1vs — vsthr — totbr + riha — hade + eths — taths — hstha).
In the following section, by using alternative method Seiberg—Witten equations
were obtained. Then equivalence between 3.1 and 3.2 holds.

3.2. Alternative method for the curvature equation. Let ¥ € I'(ST) then
iR valued 2—form o (%)) is defined by the following formula:

where X,Y € x(M) [4]. Then the Seiberg—Witten equation on 8—dimensional
Spin® manifold can be expressed as follow:

Dav = 0,
1
(3.2) Ff = go(,

where Fj{ is the self—dual part of the curvature F4 and o(¥)" is the projection of
a(¥) on to Q2(M,iR).

In alternative method there is no difference other than curvature equation. Accord-
ing to new method the equation set of curvature equation is obtained as follow:

Fi5 + Fog + Fs7 + Fyg = 1 (Y13 — shr — Paths + aths — Y57 + rihs — Yaths + Psids)
Fio + F34 — Fs6 — Frg = (15 — vsth1 — Y2vbe + Yetha + thahr — rids + Yaths — Pstha)
Fig — Fos — F38 + Fu7 = (17 — ety + hatbs — atba — 3tds + sids + aths — tetda)
Fis — Foy — Fs7 + Fgg = (12 — paths + Ystha — aths + she — Petbs — Yrihs + Psthr)
Fir + Fog — I35 — Fyg = 1 (19 — Yaths + a3 — dahs — st + vsihs + Yetbr — Yribs)
Fi4+ Fos — Fsg — For = (et — 196 — Yaths + Ystha — 3P + Pstds + Yathr — Priha)
Fig — For — F36 — Fu5 = 2(v1v¥s — a1 — Pathr + vrha — vatbs + s — atdhs — sida)..

According to above data equivalence between 3.1 and 3.2 hold.
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