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ABSTRACT

In [8], the authors obtained the non-zero solutions of the equation A(x)=0, x e E/"*", in Lorentzian space E*"*,

where A is a skew-symmetric matrix corresponding to the linear map A and got normal forms of the skew-
symmetric matrix A, depending on the causal characters of the vector x. Taking into consideration the structure of
the matrix A, we generate Matlab codes and make some Matlab applications for normal form of skew-symmetric
matrix. Also, we give some Matlab codes for the linear first order system of differantial equations which the
solution of the system gives rise to integral curves of linear vector fields in such a space. Moreover, we give some
application with respect to special case of n and causal characters of the vector x for Matlab.
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Lorentz Uzaylarinda Anti-simetrik Matrisler ve Integral Egrileri I¢in
Matlab Uygulamalari

OzeT

[8] de, yazarlar (2n+1) boyutlu Lorentz uzayinda, A matrisi A lineer doniisiimiine karsilik gelen anti-simetrik
matris olmak tizere, A(X)=0 denkleminin sifirdan farkli ¢6ziimlerini ve X vektoriintin kosul karakterlerine gore A
anti-simetrik matrisinin normal formlarini elde ettiler. Bu ¢alismada, A matrisinin yapisi géz Oniine alinarak, anti-
simetrik matrislerin normal formlar1 i¢in baz1 Matlab uygulamalar1 ve Matlab kodlar1 iiretildi. Ayrica bu uzayda
cozlimleri lineer vektor alanlariin integral egrilerine karsilik gelen birinci mertebeden lineer diferansiyel denklem
sistemleri icin Matlab kodlar1 verildi. Dahasi 6zel durumlar ve X vektoriiniin kosul karakterlerine gore Matlab
uygulamalari yapildi.

Anahtar Kelimeler: Lorentz uzay, Anti-simetrik matris, Vektor alani, Matlab.
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|. INTRODUCTION

Lorentzian Geometry, which is simultaneously the geometry of special relativity, has an important
role in differential geometry. The structural and characteristic differences of Lorentzian geometry
has attrached the attention of many researches. So, there is a lot of literature dealing with the geometry
of vectors, curves and surfaces with respect to their causal character in Lorentzian geometry.

We interest to normal forms of skew-symmetric matrices and vector fields on the Lorentzian space E*"**

that are linear with respect to a chosen linear map A: EZ"** — E"*". Note that when n=3 and the index

is zero, such vector fields can be specified by integral curves. We recall that an integral curve is a
parametric curve that represents a specific solution to an ordinary differential equation or system of
equations. If the differential equation is represented as a vector field, then the corresponding integral
curves are tangent to the field at each point. Such curves could represent the histories of small text
particles, in which case they would be geodesics, or they might represent the flow lines of a fluid [2].
Integral curves are called by various other names, depending on the nature and interpretation of the
differential equation or the vector field. In physics, such curves for an electric field or magnetic field are
known as field lines, and for the velocity field of a fluid are known as streamlines. In dynamical systems,
the integral curves for a differential equation that governs a system are referred to as trajectories or orbits

[4].

The purpose of this paper is to transfer the normal forms of skew-symmetric matrices and system of
differantial equations obtained by Turhan and Ayyildiz in Lorentzian (2n+1)-spaces into computer
environment with the aid of MATLAB (short for MATrix LABoratory) program. This software is a
special and important computer program optimized to perform engineering and scientific calculations
[2, 5]. Also, the solutions of system of differantial equations are given with the aid of such a program.
So, we think that this program simplifies the works related with integral curves and skew-symmetric
matrices in (2n+1)-dimensional Lorentzian space.

We first recall some general notions and notations needed throughout the paper, and repeat some of the
definitions mentioned in the introduction more formally. Section 3 deals with some applications on
MATLAB program for the skew-symmetric matrices in such a space. Section 4 deals with some
applications for the system of differantial equations and their solutions. Also this section contains some
examples with respect to specific values of n.

ll. PRELIMINARIES

E2n+1

The Lorentzian space (E*",<,>)=E"is the (2n+1)-dimensional vector space E*""endowed with

the pseudo scalar product

<v,w >= —vw; + Y vw, (1)
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where v = (V1, Va, ..., Vane1), W = (W1, Wa, .., Wane1) in E2"1, We say that the vector v e EX™™ is spacelike,
lightlike or timelike if (v,v) >0o0rv =0, (v,v) >0andv #0, and (v, v) <0, respectively, [6]. The
norm of a vector v e E/"" is defined by [|v]| = /[(v, v)|.

The signature matrix S in (2n+1)-dimensional Lorentzian space E/""is the diagonal matrix whose

diagonal entriesare s; = —lands, = s; = - = s,,,,; = +1. We call that A is a skew-symmetric matrix
in (2n+1)-dimensional Lorentzian space if its transpose satisfies the equation A” = —SAS, [6].

Let X be a vector field on EX""". By an integral curve of the vector field X we understand a curve
a :(a,b) — EZ"* such that its every tangent vector belongs to the vector field X. If % = Xa@), VL €I,
is satisfied, then the curve a is called an integral curve of the vector field X. A vector field X on Ef”+1 is

called linear if X,=-(SAS)(v) for all v € E2"**, where A is a linear mapping from E " into E2"*" and
S is a linear mapping corresponding to matrix S, [7, 8].

A frame field @ = {uy, ..., Uy, ..., Upp, Upns1} ON EZ" L is called a pseudo orthonormal frame field, [6],

if

(UznsUzn) = —(Uzns1Uznt1) = — 1 (Uzn, Uznsq) =0,
(Ug wi) = (Uap+n W) = 0,(upw) =655, 4,j =1,...,n (2)

Definition 2.1. Let a(s), s being the arclength parameter, be a non-null regular curve in semi-Euclidean
space Ef“*l.The changing of a pseudo orthonormal frame field {u, ..., uy,, ..., Usp, Usp41} OF Ef”*l
along a is given by

u(s) = (s)uy(s)
u;(s) = —&4EK, ()4 (8) + i (S)u; 4 (8), 2<i<2n, ®)
u;n+1 (S) = _82n82n+1K2n (S)UZn (S)

These equations are called the Frenet-Serret type formulae for «(s), where «;(S), 1<i<2n, is the
curvature function of o, &;(S)=¢,,, <U/(S),u;,,(s) >, and g; is the signature of the vector u;,1 <i <

2n, [10].

i+1

I11. MATLAB APPLICATIONS FOR SKEW-SYMMETRIC MATRICES

In this section, we give some applications on MATLAB program for the skew-symmetric matrices

provide the citation to the paper by Turhan and Ayyildiz in Lorentzian (2n+1)-spaces. For the non-zero
solutions of the equation A(x)=0, xeE"",in the Lorentzian space E{™**, where A is the skew-

symmetric matrix corresponding to the linear map A, the normal forms of the matrix A with respect to

causal character of x can be written as:
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Case 1: If the vector x is timelike, then we get;

0 0 0 0 0 0 0
0 0 —L 0 0 0 0
0 L 0 0 0 D0
0 0 0 0 I, 0 0
00 0 -—L, 0 : :
0 0 0 0 0 0 §
L0 0 0 0 0 L, 0 ]

where L, e R—{0},1<i<n, [8].

Case 2: If the vector x is spacelike, then we get;

0 L, 0 0 0 0 0
L, 0 0 0 0 0 0
0o 0 o0 I 0 0 0
0 0 —-L, 0 0 0 0
O 0 0 0 0 L 0
00 0 0 0 -L, 0 0

0o 0 0 0 0 0 0 0

where L; e R—{0},1<i<n, [9].

Case 3: If the vector x is lightlike, then we get;

0 0 L1 I‘z La T L2n—2 LG—l
0 0 L1 I‘z L3 T LGfz L?n—l
L1 7L1 0 7Lfm 7L2n+1 T 7L4n—4 7L4n—3
Lz _Lz LG 0 _L-ln—2 e _Lﬁn—7 _Lﬁn—ﬁ
L.z 7[‘3 L2n+1 /\4:172 0 7Lrln—11 7LRn—1[]
LGf'z 7L2n—2 [‘41174 LGn—? men e 0 7[‘,1‘72)7—1)
L “on—1 7L2n—1 Lm—a Lﬁn—l'} 8n—10 e n(2n—1) 0 4

where L, e R—{0},1<i<n, [8].

MATLAB loop structures and comparison blocks were used in this application which was formed
according to characteristic features of these matrices. A screenshot of this application is given below:

B Lorentz Spaces - X

THE NORMAL FORMS OF SKEW-SYMMETRIC
MATRIX IN LORENTZ (2n+1)-SPACES

forn=

ClforL,; 1

x-timelike x-spacelike x-lightlike

Figure 1. The screenshot for characteristic features of the matrices
614



For example, if we get n = 3, produced matrices with respect to

respectively;

Meanwhile, if the checkbox is set, the value of L; e[R—{0}is assumed as 1 and the matrices are

produced for this value. A part of the code block which produce matrix for L, € R —{0}, n parameters

‘0" or o ‘0* ‘o ‘o' e

‘e’ ‘e’ aL1' ‘e’ ‘e’ ‘e’ ‘8’

‘e’ 5 EL” ‘e’ ‘e’ ‘e ‘e’ ‘8’

‘e’ K:h ‘e’ ‘0 L2 ‘o' ‘0

'8’ 9" ‘e .12 8 ‘e’ ‘8’

‘e’ ‘o ‘e ‘e’ ‘o' ‘e’ ‘L3

‘e’ KX ‘e ‘8’ 9 T-L3’ ‘o’

Figure 2. The matrix for the timelike vector x

‘e A E ‘e ‘e ‘e’ ‘e ‘e’

R ‘9’ ‘e’ ‘e’ ‘e’ ‘e’ ‘e

‘e ‘e ‘e Y o % ‘e ‘e’ ‘e’

‘9 ‘o’ -L2 ‘9" ‘e’ ‘e’ ‘e’

‘e’ ‘e’ ‘e’ ‘e ‘9 * 49" ‘e’

‘e’ ‘o’ ‘e’ ‘9" .13’ ‘o ‘e’

‘e 8 ‘0 ‘e ‘9 8 ‘9’

Figure 3. The matrix for the spacelike vector x

‘9" ‘e’ .. ' B2} L3’ ' L4 L3 51
‘e’ ‘e’ A & b ‘L2t o 5 st 45’
5 G 11’ 0’ ‘-L6" o e e ‘-L8" *-19°
A0 B tep2’ L6’ ‘e’ ‘-L10" *.L11' '.112°
R s L3’ 0 b X ‘L' ‘e’ "-L13' 114"
' e’ L4’ ' L8’ ol > & ' 113’ ‘e’ '-115"

et '-L5’ ' Lo’ o3 5 L ' L4’ - gy5t ‘e’

Figure 4. The matrix for the lightlike vector x

and the timelike vector x is as below:

n=(n*2)+1;
lvalue=get (handles.checkboxl, 'value');
for 1=1:n
for j=1:n
maTrix(i,3)={'0"):

end
end
if (lvalue==1)

for 1=1:£ix(n/2)

if i==1
MaTrix (2*1,2*1+1)={"-1"};
matrix(2*i+l,2%i)={'1'}:

elze
maTrix(2+i,2*1+1)={'1'}:
marrix (2*i+1,2%i)={"-1"};

end

i=3i+1;

end
end

Figure 5. A part of the code block for the timelike vector x

causal character of x are given,




IV. MATLAB APPLICATIONS FOR INTEGRAL CURVES

A C
Let X be a linear vector field in E2™*! determined by the matrix {O l}With respect to a pseudo-

orthonormal frame {0; u,,u,,...,u

st Where Ais a normal formed skew-symmetric matrix and C is a

(2n+1)x1 column matrix such that

a2 n-1
a2

n

_a2n+1_

The screenshot of the MATLAB program written for the differential equation system which gives
integral curves of this linear vector field is given below:

B Lorentz Spaces

X

- X

THE SYSTEM OF DIFFERENTIAL EQUATIONS
FOR INTEGRAL CURVES

for n=

CforlL; «1

timelike x-spacelike x-lightlike

Figure 6

. A screenshot for the differential equation system

Produced differential equation systems for (n = 3) and the timelike vector x is given below,

<) == X

Differential Equations System in Lorentz7-Space

dx1/dt=al

dw2/dt=-L1.x3+a2
dw3/dt= L1.x2+a3
dwd/dt= L2 x5+ad
du5/dt=-L2 x4+a5
dwB/dt= L3.x7+a6
du?/dt=-L3.x6+a7

Figure 7. A screensh

ot for the differential equation system for the timelike vector x
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A part of the code block which produces the differential equation system with respect to the timelike
vector x is as below:

[c,d]=3ize (naLriX);

for iwl:d-1
st=(atrcat{'dx"', numzatr(i),'/dt=" macrix(1l,1)));
for j=2:c
if not{isenpuy(matrix{i,1i}))
if stromp(matrix{j,i}(1),"'~")==0

sg=acrcat(se, '+, maccix(y,£));
elseif sctrcmp(macrix(],1i}(1),'-")==1
stestrcat (sc,matrix(j,i)):
end
end
end
if length(szs{i})<=8
st=stTrcatisc, 'd');
end
stri{i,l)=st;
end
[e,f]l=31ze(aTr)
for temp=e:-1:1
ecr(vemp+3, i)=2str(terp,l);
end
atr(l,l)={msg}; s=cr(2,l)={""'}; stz{(3,l)={""'}:
magbox (sTr)

Figure 8. A part of the code block for differential equation for the timelike vector x.
If the checkbox is set in order to facilitate solving differential equation systems, the value of

LeR- {0} is assumed as 1. For instance, if we select n = 3, the following differential equation systems
and its solution is produced by clicking x-spacelike button.

)| - X

Differential Equations System in Lorentz7-Space

dx1/dt=x2+al

du2/dt=x1+a2
du3/dt=xd+a3
ded/dt=-x3+ad
dx5/dt=xE+a5
dx6/dt=-25+ab

du?/dt=a7
c8
xi= C4 exp(t) - a2 - —----- x4= C6 cos(t) - a3 - C2 sin(t)
exp(t)
x5= a6 + C10 cos(t) + C7 =in(t)
ce
x2= C4 exp(t) = al + ==w===-
exp(t) x6= C7 cos(t) - a5 - Ci0 sin(t)
x3= a4 + C2 cos(t) + C6 sin(r) x7=C5 + al ¢

Figure 9. A screenshot for the differential equation system and its solution for the spacelike vector x

The program not only produces solutions of differential equation systems but also their graphs for n =
1. For example, the solution and graph for the x-spacelike is given as
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xi= Cl + al ¢t

x2= - a3 - C3 cos(t) - C2 sin(t)

x3= a2 + C2 cog(t) - C3 sin(tv)

Figure 10. The solution for the differential equation system and its graph for the spacelike vector x, respectively,

Similarly, the solution and graph for the x-lightlike is given as

2 3 3 2
Cis ¢ al t© az ¢© a3 ¢
x1 = CI1 +Cl13 +Cl2 € + 81l € 4 —=mem= & —ceme = cocme ¢ —eee-
2 6 3 2
2 3 3 2
Cis t al t© a2 t a3 t
X2 w C11 #Cl2 € 4 82 € # ==m=mm= & =;m;ee = =-ce= & =—————
2 & 6 2
2 2
al t© az t
x3 = C12 + C13 t + 83 £ + =mmm= = ==---

120
100

804

40
20 4

0.l
2000

-500
<1000 -1000
¥ x

Figure 11. The solution for the differential equation system and its graph for the lightlike vector x, respectively,

Moreover, it is possible to classify integral curves of linear vector fields according to the rank of [AC]
matrix, [3]. The screenshot of the MATLAB programme which gives differential equation systems
according to the rank of [AC] matrix is as below:

B Lorentz Spaces - X

THE SYSTEM OF DIFFERENTIAL EQUATIONS
FOR INTEGRAL CURVES

for n=
rank=
OforL =1

x-timelike x-spacelike

Figure 12. A screenshot for the matrix [AC]
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If we use x-spacelike button with parameter n = 3 and rank = 5, the programme output for matrix

A C
{O J and differential equation system are as below:

Y

‘8

Figure 14. The differential equation system for the spacelike vector x and the rank [AC]=5

e

T E

‘9
‘0
‘0

e

vev
aen
-ou
-_L2'
nel
teu
'0.

Py Pe ‘o
P ‘o ™
% o ‘e’ ‘e’
‘0 P 0
‘0 ‘0r ‘o
‘9 P ‘o
‘0" ‘o ‘0
‘0" ‘0r 0

g
‘0
‘0
‘0

8
0
0
‘e

Figure 13. The matrix [AC] for the spacelike vector x

— >

Differential Equations Syztem in Lorentz7-Space

dwl/dt=L1. 152 +a1
dw2/dt=L1 %1 +a2
dw3ddt=L2 x4+a3
dud/dt=-12 x3+ad
dub/dt=a5
dx6/dt=0
dx7/dk=0

.ﬂl'
uazc
uaau
.34'

Also, if the checkbox is set with parameters n = 3 and rank = 5, the programme outputs for the matrix

of the linear vector field and differential equation system are as below:

Figure 15. The matrix [AC] for the spacelike vector x with aid of checkbox

)

" ‘o
‘9’ e
‘o' e
‘0’ g
‘g’ ‘o
‘9’ ‘g’
‘9’ '8’
‘9’ e

OO0 0 0O

CEOO0 08O

0666666
COOO00 e

‘a1’
‘a2’
'a3’
'ag’
‘a5’

[
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m BN - x

Differential Equations System in Lorentz7-Space

dul/dt=x2+al
dr/dt=w1+a2
dud/dt=nd+a3
drd/dt=-x3+ad
dxb/dt=ab
dub/dt=0
dwfAdt=0

Figure 16. The differential equation system for the spacelike vector x with aid of checkbox

A C
A part of the code block which produces the matrix [0 1 } with respect to the rank of the matrix [AC]
and the spacelike vector x is as below:

{a,b}=size (mactrix):

if rank==)
for i=1:a
for j=1:b-1
macrix(i,3)={'0"};
end
end

elseif rank>l
if mod(rank, 2}==0
for i=(rank+l): (a-1)
for 3j=1l:b
matrix(i,3)={'0'}:

end

Figure 17. A part of the code block for the rank of the matrix [AC] for the spacelike vector x.

V. CONCLUSION

This work gives and develops the Matlab codes for the normal form of skew-symmetric matrices and
system of differantial equations in Lorentzian (2n+1)-spaces. So, this study may shed light on future
work between differential geometry and computer sciences.
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manuscript.
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