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ABSTRACT. In this paper, we present some fixed point theorems for contraction of rational type by using a class
of pairs of functions satisfying certain assumptions with C-class functions in a complete partial metric space. Also,
an example are given to support our main result. Our result extends and generalizes some well known results of [7]
and [8] in metric spaces.
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1. INTRODUCTION

Banach’s contraction principle is one of the cornerstones in the development of fixed point theory. Its significance
lies in its vast applicability to a great number of branches of mathematics and other sciences, for example, theory of
existence of solutions for nonlinear differential, integral and functional equations, variational inequalities and optimiza-
tion and approximation theory. There are many generalization of this principle. These generalizations are made either
by using contractive conditions or by imposing some additional conditions on the ambient spaces.

On the other hand, a number of generalizations of metric spaces have been done and one of such generalization is
partial metric space initiated by Matthews ( [15, 16]) in 1992. In partial metric spaces, the distance of a point in the
self may not be zero. After the definition of partial metric space, Matthews proved the partial metric version of Banach
fixed point theorem. Then, many authors gave some generalizations of the result of Matthews and proved some fixed
point theorems on this space (see, e.g. [1-3,10-13,17,19]).

Das and Gupta [6] proved the following fixed point theorem using contractive conditions involving rational expres-
sions.
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Theorem 1.1 ( [6]). Let (X, d) be a complete metric space and T : X — X be a mapping such that there exists a, 8 > 0
with a + B < 1 satisfying
dy, Ty)[1 + d(x, Tx)]

d(Tx,Ty) < ad(x,y) + T+ dry) s

(1.
forall x,y € X. Then T has a unique fixed point.

Recently, Karapinar et al. [11] proved some fixed point theorems for mappings satisfying rational type contractive
condition using auxiliary functions.

The main purpose of this paper is to give fixed point theorems for contractions of rational type by using C-class
functions in partial metric spaces.

2. PRELIMINARIES

First, we recall some definitions of partial metric spaces and some properties of theirs.

A partial metric on a nonempty set X is a function p : X X X — R* such that for all x,y,z € X:

(p1) x=y & p(x,x) = p(y,y) = p(x,y),

(p2) p(x,x) < p(x,y),

(p3) p(x.y) = p(y,%),

(Pa) p(x,y) < p(x,2) + p(2,) = p(2,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X. It is clear that if
p(x,y) = 0, then x = y. Butif x = y then p (x,y) may need not be zero. A basic example of a partial metric space is
the pair (R*, p), where p(x,y) = max {x, y} for all x,y € R*.

Each partial metric p on X generates a Ty topology 7, on X which has as a base the family of open p—balls
{Bp(x,e) x€eX, > O}, where B, (x,&) ={y € X : p(x,y) < p(x,x) + &} forall x € X and & > 0.

If p is a partial metric on X, then the function p* : X X X — R* is given by

p'(x,y) =2p(x,y) — p(x, %) = p(y,y), 2.1)
is a metric on X.
Let (X, p) be a partial metric space, then we have the following.
(i) A sequence {x,} in a partial metric space (X, p) converges to x € X, if and only if p (x, x) = lim p (x, x,,).
(i1) A sequence {x,} in a partial metric space (X, p) is called a Cauchy sequence if and only if :}_nl)glm p (X, x,,) eXxist

and finite.
(iii) A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} € X converges, with respect
to 7p, to a point x € X such that p (x,x) = lim p (x,, x,).
n,m— oo

(iv) A mapping f : X — X is said to be continuous at xo € X, if for each £ > 0, there exists > 0 such that
f (B (x0,0)) € B(f (x0), &)

In September 2014, the concept of C-class functions (see Definition 2.1) was introduced by A.H. Ansari in [4] that
is pivotal result in fixed point theory, for example see numbers (1), ( 2), (9) and (15) from Example 2.2. Also see [5]
and [9] .

Definition 2.1 ( [4]). A mapping F : [0, ®)?> — R is called C-class function if it is continuous and satisfies following
axioms:

(1) F(s,t) < s

(2) F(s,t) = s implies that either s = 0 or t = 0; for all s, ¢ € [0, 00).

Note for some F we have that F(0,0) = 0.
We denote C-class functions as C.

Example 2.2 ( [4]). The following functions F : [0, 00)? — R are elements of C, for all s, ¢ € [0, oo):
(D) F@s,ty=s—t, F(s,t)y=s=>1t=0;
) F(s,t) = ms, O<m<1, F(s,t) = s = s =0;
3) F(s,t) = ﬁ;re(o,oo),F(s,t)z s=>s=0o0rt=0;
@) F(s,t) =log(t +a*)/(1 +t),a>1,F(s,t) =s=>s=0ort=0;
S) F(s,t)=In(1 +a*)/2,a>e, F(s,1)=5s=>s=0;
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(6) F(s,t) = (s + DV — [ 1> 1,7 € (0,00), F(s,) = s = t = 0;

(7) F(s,t) = slog,,,a,a>1,F(s,t)y=s=>s=0ort=0;

®) F(s,t) =s— (ﬁ)(ﬁ), F(s,=s=1t=0;

(9) F(s,t) = sB(s), B : [0,00) = [0, 1), and is continuous, F(s,t) = s = s =0;

(10) F(s,0) = s — =, F(s,0) = s =1 = 0;

(11) F(s,t) = s — @(s), F(s,1) = s = 5 = 0, here ¢ : [0,00) — [0,00) is a continuous function such that
e =0s1=0;

(12) F(s,1) = sh(s,1), F(s,t) = s = s = 0, here h : [0, 00) X [0,0) — [0, 00) is a continuous function such that
h(t,s) < 1forallt,s > 0;

(13) F(s,)) = s — 3Dt F(s,) = s = t

(14) F(s,t) = VIn(1 + s"), F(s,t) = s = s = 0.

(15) F(s,t) = ¢(s), F(s,t) = s = s = 0, here ¢ : [0, 00) — [0, o) is a continuous function such that ¢(0) = 0, and
¢(t) < tfort >0,

(16) F(s,t) =

0.

re(0,0), F(s,n)=s=s5s=0;

(1:3)* >
Definition 2.3 ([14]). A function ¢ : [0, c0) — [0, o) is called an altering distance function if the following properties
are satisfied:

(i) ¢ is non-decreasing and continuous,
@)y (@) =0ifand only if r = 0.

Definition 2.4 ( [4]). An ultra altering distance function is a continuous, nondecreasing mapping ¢ : [0, c0) — [0, co)
such that ¢(r) > 0, r > 0 and ¢(0) > 0.

Remark 2.5. We denote @, set ultra altering distance functions.
We will use the following lemmas of [11] and [16] in order to prove our main results.

Lemma 2.6. 1) A sequence {x,} is Cauchy in a partial metric space (X, p) if and only if {x,} is Cauchy in a metric
space (X,p*).
2) A partial metric space (X, p) is said to complete if a metric space (X, p®) is complete. That is,
lim p*(x,x,) =0 p(x,x) = lim p(x,x,) = lim p (x,, X;).
n—00 n—oo n,m—oo
Lemma 2.7. Let x, — z as n — o in a partial metric space (X, p), where p (z,z) = 0. Then lim p (x,,y) = p(z,y) for
n—oo
everyy € X.

Lemma 2.8 ([18]). If {x,} with lim,— p*(Xy+1, X,) = 0 is not a Cauchy sequence in (X, p), then for each € > 0 there
are two sequences {m(k)} and {n(k)} of positive integers such that n(k) > m(k) > k, that the following four sequences

PXnys Xn)+1)s PXom)s Xn)s Pomk)=1> Xn+1)> PXomk)=1> Xn(k))

tend to € > 0, when k — .

3. MaIN REsuLrs

We start with the following our main result.

Theorem 3.1. Let (X, p) be a complete partial metric space and T : X — X be a self map such that there exists a pair
of functions ¢ € ¥, ¢ € ®,, F € C such that

o (p(Tx.Ty)) < max { F(e(p(x,y)), ¢ (p (x,¥))), )) }

1 T x 1 T
F(g(p (. Ty) S22 g (p (v, Ty) L2

forall x,y € X. Then T has a unique fixed point.

Proof. Let xo € X be arbitrary. Consider the sequence {x,} in X defined by
Xpe1 = Tx, for n>0. (3.1
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From contractive condition, we have

O(p(Xn+1, X)) = @(P(T X4, Txp-1)) (3.2)

< max {F(@(p(n, Xu-1)) ¢(p(tns Xa-1))),
1+ p(x,, Txy,)
1+ p(xns xn—l)
< max {F(@(p(n, Xn-1)) ¢(pChns X-1)),

1+ p(Xy, Xps1) 1+ p(xy, Xps1)
1+ P(Xn, xn—l))’ ¢(p(xn—1» < I+ p(xn, xn—l)) }

Now, let us assume that there exists ny € N such that p(x,,+1, X,,) = 0. In this case, x,,+1 = X, and consequently, by
3.1

1+ p(x,, Txn)) }

F(p(pCn1, Ty 1) )

)+ #(PCormt. Txm1)

F(g(p(xa-1, x)

Txng = Xng+1 = Xng»
i.e. x,, would be the fixed point of T".
Consequently, we can suppose that p(x,+1, x,) # 0 for all n € N.

Now we consider the following cases.
Case 1. If

max {F(e(p (s Xa-1))s (P (s Xn-1)),
1+ p(xu, Xn+1) 1+ p(xn, Xn+1)
PP o s b e o o)

= F(‘p(p(xm Xn-1 ))’ ¢(p(xm Xn—-1 ))7
From (3.2), we have
@(Pp(Xns1, X)) < F(Q(p(Xns Xn-1)), $(P(Xn, Xp-1)) < @(P(Xs X-1)), (3.3)

and since ¢ € ¥, we deduce that p(x,41, X,) < p(Xu, Xn1)-
Case 2. If

max {F(()D(p(xn’ Xn—1 ))’ ¢(p(xn7 Xn-1 ))’
1+ p(-xn, -xn+1)

1+ p(x, Xp-1) )’ ¢(
L+ p(xns Xne1)
1+ p(xna -xn—l)

Pt x )1 +P(xn,xn+1)) }
B 1+p(xnaxn—l)

L+ p(xu, Xnt1)
)’ ¢(p(xnfl,xn)%)

F (-1, %)

= F(e(p(xa-1, %)
then from (3.2), we get

1+ p(xn’er_ )
P(Pp(Xns1, Xn)) < F(()D<p(xn—l,xn)m)’ )
1 + p(xn, Xn+1)
#(pCxnr, xn)m))
< ‘P(P(xn_l,xn)M)

1+ p(xm xn—l)
and since ¢ € ¥, we deduce that
1+ p(Xy, Xn+1)
p(xn+l7 -xn) < p(-xn—I» xn)u,
1 + p(xns Xn—1
which implies that p(x,+1, X,) < p(x4, X4-1)-
In any case, we see that {p(x,+1, X,,)} is a decreasing sequence.
Put r = lim,,_,o, p(X441, X,), Where r > 0, and denote
A ={n € N :n satisfies (3.3)},
B ={n e N :n satisfies (3.4)}.

Now, we make the following remarks.
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(1) If Card A = oo, then from (3.2), we can find infinitely many natural numbers satisfying (3.3) and since
’}1_)11;10 p(xn+17 X,) = ,}1_{?0 P(Xm Xpo1) = F and 90(”) < F(QD(V)’ ¢(r))’

s0, ¢(r) = 0 or ¢(r) = 0, we deduce that r = 0.
(2) If Card B = oo, then from (3.2), we can find infinitely many natural numbers satisfying (3.4) and using the same
argument one used in Case 2, we obtain

@(r) < F(p(r), ¢(r)),

s0, ¢(r) = 0 or ¢(r) = 0, we deduce that r = 0.
Therefore,

lim p(x,+1,x,) = 0. 3.5)
From (2.1), we have
px(xn+l’ xn) < ZP(an, -xn)‘
Thus
lim ps(xn+l, xn) =0.
Now, we showe that {x,} is a Cauchy sequence in X, i.e. we prove that

lim p(x,,x,) = 0.

n,m—co

In the contrary we suppose that the sequence {x,} is not a Cauchy sequence in (X, p), then sequences in Lemma 2.8
tend to £ > 0, when k — oo.
Now applying the contractive condition, we have

O(PXmiy> Xni))) = @P(T Ximgy-1, T Xny-1)) (3.6)

< max {F(@(pCngtr-1- Xutor-1))s $PEinto-1: Xnio-1))):
1+ p(Xm-1> T Xm(ry-1 ))
1+ p(Xmgo-1 Xn-1) 7
1 + ponw)-1, Txm(k)—l)))}

L+ p(Xm(iy-1> Xn()-1)
= max {F (@(PXm@t)-15 Xn(t-1))> AP X -1> Xn(y-1)))
1+ p(Xm-1> X)) )
1+ pmiy-15 Xny-1)”

L+ p(Xm@iy-1> Xm(k))
L+ p(Xm@)-15 Xn()-1)

F (90(p(xn(k)—l’ T Xn(t)-1)

¢(P(Xn(k)71 T Xngiy-1)

F (‘/’(P(xn(k)—l s Xn(l))

¢(P(xn(k)—1, Xn(k)) ))} for all k € N.

Let us put

C = {k e N : o(p(Xmwy> X)) < OPXmi)=1> Xn(i)-1))}s

1+ p(Xmy-1> Xmek)) )}

D = {k € N1 @(p(Xm@): Xn()) < G\ P(Xniiy-15 Xny)
{ PP, St ¢(p S B T,

By (3.6), we have Card C = oo or Card D = co.
Let us suppose that Card C = co. Then there exists infinitely many k € N such that

@Ky Xn(ky)) < F(@(P(Ximit)-15 Xn(ky-1))> SPXimiy—15 Xni)—1)))-
Taking the limit as k — oo in the above inequality, we get
@(€) < F(p(e), p(e)),

s0, ¢(e) = 0 or ¢(e) = 0, which implies that € = 0, a contradiction, € > 0.
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Let us suppose that Card D = co. In this case, we can find infinitely many k € N such that
1+ pComgiy-1> Xm(e))
O(PXmys Xny)) < F (@l p(Xn(ry-15 X)) ,
0> 2 ( b A0y p(xm(k)—l»xn(k)—l))
L+ pCongty-15 Xm(ey)
A P(Xn(y-1> Xn(k)) )
( "o "0 p(xm(k)fl’xn(k)fl))

Taking limit as k — oo and in view of (3.5), it follows that
@(e) < F(p(0),9(0)) < ¢(0) =0,

so, € = 0 and we get a contradiction.
Therefore, in both possibilities, we obtain a contradiction and so we have lim,, ;e p(xp, X)) = 0.

Since lim,, ;,—00 p(Xy, X)) exists and finite, we have {x,} is a Cauchy sequence in (X, p).
From (2.1), we know p®(x,, X,n) < 2p(x,, X,,). Therefore
lim p*(x,, x,) = 0.

n,m— oo

Thus, by Lemma 2.6, {x,} is a Cauchy sequence in (X, p®) and (X, p).
Since (X, p) is a complete partial metric space, there exists x € X such that lim,— p(x,,x) = p(x,x). Since

limy, ;o0 P(Xn, Xm) = 0O, then again by Lemma 2.6, we have p(x, x) = 0.
Next, we will show that x is a fixed point of 7. Suppose that Tx # x.
From contractive condition and Lemma 2.7, we have

max { F(g(p(x. x)). ¢(p(x. x,))),

1 , T
F(g(pCxn, Tx,o%), #(p(xa, Tx)

e(p(Tx,Txy) <
1+ p(x, Tx)))}

I+ p(x, x,)

We can distinguish two cases again.
Case (i) There exist infinitely many n € N such that

e(p(Tx, Txn)) < F(@(p(x, X1)), §(P(X, X0)))-

Letting n — oo, we get

¢(lim p(Tx,Tx,)) < F(g(0), $(0) < ¢(0).

S0,
lim Tx, = Tx. 3.7
where to simplify our consideration, we will denote the subsequence by the same symbol {T'x,}. By (3.1)
(3.8)

Tx=1lim Tx, = lim x,,;.
n—oo

n—oo
Since x, — x in X, this means that lim sup p(x,, x) — 0 and consequently, lim,_,. x,+; = x. From this last result
and (3.8), we deduce that Tx = x, which means that x is a fixed point of 7.

Case (ii) There exist infinitely many » € N such that
+ p(x,Tx)

1
Pp(T. Tx)) < Flp{pCen T s

We will denote the subsequence by the same symbol {7 x,} in order to simplify our consideration. Since F' € C and

1+ p(x, Tx)
)7 ¢(p(xn’ Txn)%) .

Tx, = X,4+1, we have
1+ p(x, Tx)
p(Tx,Tx,) < p(x,, Txn)p—
I+ p(x, x,)

If we take the limit as n — oo and by (3.5), lim,,—,e p(x;,, X,+1) = 0. That is, we get (3.7). From the above Case (i),

forany neN.

we obtain that x is a fixed point of 7.
Therefore, in both the cases we have shown that x is a fixed point of T'.
Finally, we will prove the uniqueness of the fixed point. Suppose that y is another fixed point of 7" such that x # y.
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Now using contractive condition, we get

o(p(x,y) = ¢(p(Tx,Ty)) (3.9)
< max {F((p(x, ), ¢(p(x, y))),

1+ p(x,Tx) 1+ p(x,Tx)
Fg(p(y, Ty)m)a (P, T)’)m))}

< max{F(p(p(x,y)), p(p(x,y))), F(p(0), $(0))}.

Now there are two cases.
1. Consider max{F(¢(p(x,y)), ¢(p(x,¥))), F(p(0), $(0))} = F(o(p(x,)), p(p(x,))). From (3.9), we get

o(p(x,y)) < Fle(p(x,y)), ¢(p(x, y))).

So, ¢(p(x,y)) = 0 or ¢(p(x,y)) = 0, which implies that p(x,y) = 0, thatis, x = y.
2. Consider max{F(¢(p(x,y)), #(p(x,y))), F(©(0), $(0))} = F(¢(0), #(0)). Then from (3.9), we get

p(p(x,y)) < F(p(0), $(0)) < ¢(0),
which implies that p(x,y) < 0. Therefore, p(x,y) = 0, that is, x = y.

Hence in both the cases x =y, that is, the fixed point is unique. This completes the proof of the Theorem 3.1. O

From Theorem 3.1, we have the following corollaries.

Corollary 3.2. Let (X, p) be a complete partial metric space and T : X — X be a self map such that there exists
Sfunctions ¢ € ¥, ¢ € ®©,, F € C satisfying

e(p(Tx,Ty)) < F(e(p(x,y)), ¢(p(x,))),
forall x,y € X. Then T has a unique fixed point in X.

Corollary 3.3. Let (X, p) be a complete partial metric space and T : X — X be a self map such that there exists
functions g € ¥, ¢ € O, F € C satisfying

+ p(x, Tx)

1 1 T
o(p(Tx,T)) < F(g(p(y. T) ) + p(x x>))’

). #(pG Ty) T+ p(ry)

forall x,y € X. Then T has a unique fixed point in X.

Remark 3.4. The contractive condition (1.1) in Theorem 1.1 in [6] implies that

d(y, Ty)[1 + d(x, Tx)]}
1 +d(x,y)

dy, Tyl +d(x, T
Smax{(a+ﬁ)d(x’y)’(a+ﬁ) O i))-[FdJ(rx’;))c x)]}

d(Tx,Ty) < (a + ) max {d(x, y),

for all x,y € X.

This condition is a particular case of the contractive condition appearing in the Theorem 3.1 with the functions
F(s,t) = (@ +B)t,a + B < 1 given by ¢(¢) = t. That is, Theorem 3.1 is considered as an extension and generalization
of Theorem 1.1 in complete partial metric spaces.

Example 3.5. Let F(s,1) = ﬁ, X =[0,1] and p(x,y) = max{x,y}, then it is clear that (X, p) is a complete partial
metric space. Assume 7 : X — X such that Tx = § forall x € X. Let ¢, ¢ : [0, 00) — [0, ) as follows:

ln(% + Z—)‘)—ln(]—l2 + %‘)

2
1 3x
In (E + ﬁ)

cp(x)zln(l 7—") and ¢(x) =

§+12 , forall x € [0, ).
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Without loss of generality, suppose that x > y. Then we have

1
e(p(Tx, Ty)) = In (= + —p(Tx Ty))

12
=1In (11—2 + 1—12 max{x, y})
1 1
= IH(E + Ex)
On the other hand,
o(p(x,y)
oy - " * 1P)
=1In (1—12 + % max{x, y})
1 3
= IH(E + EX)
and
o(pon TV EES) 1+ p(x, Tx)
1+ ¢(p(y, Ty) lrflgf;z?;)) = n(ﬁ + E(P(y, TY) T+ p(r,y) ))
1 3,1+
=I5+ ﬁ(yﬁ))
1 3
= IH(E + Ey)
So,
ey PO TNTEET) 13 13
= In(— + —x),1 —
{1 + P 1+ ¢(p(o, Ty)';flgfj;))} max| (12 12 9 n(12 12y)}
1 3
= ln(ﬁ + E.X')
From the observations above, we obtain
o(p(Tx,Ty)) = ln(% + %x)
1 3
< ln(ﬁ + E)C)
RLESD) o(p0n TV REET) J
L+ o) 1+ g(p0, Ty SEET)

This shows that the conditions of Theorem (3.1) are satisfied. Hence T has a unique fixed point, that is, x = 0 is the
required fixed point.
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