
*Corresponding Author: sulgen@antalya.edu.tr 

Anadolu Üniversitesi Bilim ve Teknoloji Dergisi B - Teorik Bilimler    

Anadolu University Journal of Science and Technology B - Theoritical Sciences 
 
2017 - Volume: 5 Number: 2 
Page: 129 - 137 

DOI: 10.20290/aubtdb.305404 

Received: 11 April 2017   Revised: 23 June 2017   Accepted: 28 July 2017 

 

 

EXISTENCE OF SOME RICCI-FLAT FINSLER METRICS 

 

Semail ÜLGEN * 
 

Department of Industrial Engineering, College of Engineering, Antalya Bilim University, Antalya, Turkey 

 

ABSTRACT 
 

This paper shows the existence of some Ricci-flat Finsler metrics defined by a Riemannian metric and 1-form supported 

by an example. 
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BAZI RICCI-DÜZ FINSLER ÖLÇÜMLERİNİN VARLIĞI 
 

ÖZET 

 
Bu makalede bir Riemann metrik ve 1-form kullanılarak tanımlanan bazı Ricci-Düz Finsler metriklerin varlığını gösteriyoruz. 
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1. INTRODUCTION 

One of the main features that distinguishes Riemannian metrics and Finsler metrics defined on a 

manifold is that Riemannian metrics are quadratic metrics, whereas Finsler metrics have no 

restriction on the quadratic property.  One can naturally extends the Ricci curvature Ric in Riemannian 

geometry to Finsler metrics. It is a natural problem to study Finsler metrics F = F (x,y) with isotropic 

Ricci curvature (They are also called Einstein metrics.) Ric = Ric(x,y), i.e., 𝑅𝑖𝑐 = (𝑛 − 1)𝜎𝐹2 , 
where σ is a scalar function in x on the n-dimensional manifold. It is known that there are Einstein 

metrics in a certain form that are Ricci-flat. We consider Finsler metrics defined by a Riemannian metric 

α and a 1-form β in the following form  

                                   F = 𝛼𝜙(𝑠)    where         s =  𝛽
𝛼
,                               (1) 

where ϕ is a positive smooth function. These Finsler metrics in (1) are called (α, β)-metrics.  Randers 

metrics defined by F = α + β are the simplest (α, β)-metrics. W e  h a v e  m ore general (α, β)-metrics 

defined by a polynomial 

                                      𝐹 = 𝛼 ∑ 𝑎𝑘 (
𝛽

𝛼
)

𝑖
,   𝑘 ≧ 2

𝑘

𝑖=0

                                                           (2) 
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where 𝑎0=1 and  𝑎𝑖 
′ s are constants with 𝑎𝑘 ≠ 0. These metrics are called polynomial metrics. Bao-

Robles, [1], presented equations on α and β characterizing constant Ricci curvature Randers metrics. 

There are a lot of constant (zero or non-zero) Ricci curvature Randers metrics. On the other hand, if a 

polynomial metric of non-Randers type in (2) is of constant Ricci curvature, then it is Ricci-flat ([2]). 

Equations on 𝛼, 𝛽 and ϕ characterizing Douglas type Ricci-flat  (𝛼, 𝛽) − metrics were obtained by the 

authors in [3, 5], independently. Next question arises naturally: Are there any non-Douglas type Ricci-

flat (𝛼, 𝛽) − metrics? Cheng-Shen discovered some new Einstein metrics after studying  (𝛼, 𝛽) −
 metrics where β is a Killing form with constant length.  They also found singular Einstein metrics on 

S3 with  𝑅𝑖𝑐 = ±2𝐹2,  and Ric = 0, respectively,  [4]. 

In this paper, we set new assumptions on α, β for an  (𝛼, 𝛽) − metric F defined in (1) with a goal of 

characterizing Einstein metrics. These assumptions came as an inspiration through our published papers 

with Zhongmin Shen, [5,6,7]. Indeed, these papers contain examples for the metrics and similar 

conditions to form the corresponding Einstein Finsler spaces. (We finalized the assumptions below after 

a private conversation with Zhongmin Shen). We compute the Riemann curvature and the Ricci 

curvature for (𝛼, 𝛽) − metrics to characterize Einstein metrics, [2]. 

Let  𝑀𝑛   be an n-dimensional manifold and F an (𝛼, 𝛽) − metric as defined in (1) where   𝛼 =
𝑎𝑖𝑗(𝑥)𝑦𝑖𝑦𝑗 is a Riemannian metric and 𝛽 = 𝑏𝑖(𝑥)𝑦𝑖 ≠ 0 is a 1-form on 𝑀𝑛 . 

𝑟𝑖𝑗 =
1

2
(𝑏𝑖|𝑗 + 𝑏𝑗|𝑖 ),                   𝑠𝑖𝑗 =

1

2
(𝑏𝑖|𝑗 − 𝑏𝑗|𝑖 ) 

 

where “|”denotes the covariant derivative with respect to the Levi-Civita connection of α. We also let 

 

𝑟𝑗 ≔ 𝑏𝑚𝑟𝑚𝑗,       𝑠𝑗 = 𝑏𝑚𝑠𝑚𝑗 

 

where 𝑎𝑖𝑗 ≔ (𝑎𝑖𝑗)−1  and 𝑏𝑗 ≔ 𝑎𝑖𝑗𝑏𝑗. We denote  𝑟𝑖0 = 𝑟𝑖𝑗𝑦𝑗 , 𝑠𝑖0 = 𝑠𝑖𝑗𝑦𝑗, and 𝑟00 = 𝑟𝑖𝑗𝑦𝑖𝑦𝑗, 𝑟0 =

𝑟𝑖𝑦𝑗, 𝑠0 = 𝑠𝑖𝑦𝑗,  etc. Here we have 𝑟𝑖 + 𝑠𝑖 = 0 if and only if  β has constant length with respect to α. 

We have the following Assumption I: 

 

Assumption I: 

 

(a)  𝑅𝑖𝑐 = (𝑛 − 1)𝛼 τ (𝐾1  + 𝐾2 (  𝑏2 − 𝑠2))𝛼2 

(b)   𝑠𝑖𝑗  = 0 

(c)  𝑟𝑖𝑗 = 𝜖(𝑏2𝑎𝑖𝑗 − 𝑏𝑖𝑏𝑗) 

 

where τ and ϵ are scalar functions in x on 𝑀𝑛  with (𝜏, 𝜖) ≠ (0, 0). Then ϵ must satisfy  

 

𝜖𝑥𝑖 = (𝜖̃ 𝑏−2 −
𝜖2

𝑛−2
) 𝑏𝑖,            (3) 

 

where 𝜖̃ ≔ −𝜏𝐾1 −
𝜖2(𝑛−2 )

(𝑛−1)
 𝑏2 (refer to Lemma 2 below). By Assumption I, (a) − (c)  𝑏 ≔ ||𝛽||𝑥 must 

be constant, here 𝐾1 and  𝐾2 are constants and there is no relationship between τ and ϵ. In particular, if  

both τ and ϵ are zero, then  𝑅𝑖𝑐 = 0  𝛼 and 𝑟𝑖𝑗 = 0, 𝑠𝑖𝑗 =  0  (𝛽 is parallel with respect to 𝛼) by 

Assumption I. Then, this is the trivial case and 𝐹  =  𝛼𝜙(𝛽/𝛼) is Ricci-flat for any 𝜙. Hence, we assume 

that (𝜏, 𝜖) ≠ (0, 0) throughout this paper. Next we state the main theorem of the paper. 

 

Theorem 1          Let  𝐹 =  𝛼𝜙(𝑠), 𝑠 =  𝛽/𝛼 be an (𝛼, 𝛽) - metric on an n-dimensional manifold M 

where  𝛼, 𝛽 satisfy Assumption I with (𝜏, 𝜖) ≠ (0, 0).  We have  𝑅𝑖𝑐 =  0 if and only if 
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𝜖2𝐴(𝑠)  +  (𝑛 −  1)𝜏 𝑏 − 2 𝐵(𝑠)  =  0,     (4) 

where    

           𝑏 ∶= √𝑎𝑖𝑗𝑏𝑖𝑏𝑗,  𝜖 ∶=  𝜖(𝑥),  𝜏 ∶=  𝜏 (𝑥)   and  𝜏 =  𝐾3 𝜖2  when 𝐵(𝑠) ≠ 0 

and  

      𝐴(𝑠)      ∶=        (𝑛 −  1){(𝑏2   −  𝑠2 )[3𝑠𝛯 +  2(𝑛 −  2)𝑏2 𝛹] + (𝑏2   −  𝑠2 )2 [ − 𝛯′  +
 2(𝑏2   −     𝑠2  )𝛹𝛯′  −  2𝑠𝛹𝛯 − (𝑏2   −  𝑠2)2 (𝛹′)2]}  + (𝑏2 − 𝑠2)2[ 𝛯 − (𝑏2 − 𝑠2)𝛹′],              (5) 

 

  𝐵(𝑠)    ∶ =        (𝑛 −  1)  [ 𝐾1  +  𝐾2 (𝑏2   −  𝑠2)] 𝑏2  − (𝑏2   −  𝑠2 )(𝐾1  +  𝑏−2)(2𝑏2𝛹 −  𝑠𝛯)        
 

                 (6) 

and 𝐾1 , 𝐾2 , b  are constants, τ and ϵ are scalar functions, and 

 

     𝑄 ∶=
𝜙′

𝜙 −  𝑠𝜙′
   ,       ∆∶=  1 +  𝑠𝑄 +  (𝑏2 − 𝑠2 )𝑄′,              𝛩 ∶=

𝑄 −  𝑠𝑄′

2Δ
 ,                                        

   𝛹 ∶=
𝑄′

2Δ
,                      𝛯 ∶=  (𝑛 −  1)𝛩 + (𝑏2 − 𝑠2 )𝛹′ . 

 

Note that since the equation (4) also depends on 𝑥 ∈  𝑀𝑛, it is not an ODE in s. We divide (4) into some 

cases. Firstly, if 

                                    A(s) = 0,        and            B(s) = 0,      (7) 

 

then regardless of the values of ϵ and τ the equation (4)  holds. We assume that  (𝐴, 𝐵) ≠  (0, 0).  

 

(a) If  𝜖 ≠ 0, then 𝜏 =  𝐾3 𝜖2 for some constant 𝐾3, then the equation (4) is reduced to 

 

𝐴(𝑠)  + (𝑛 −  1)𝐾3 𝐵(𝑠)  =  0.             (8) 

 

(b) If 𝜏 ≠ 0, then 𝜖2  =  𝐾4 𝜏 for some constant 𝐾4, then the equation (4) is reduced to 

 

𝐾4 𝐴(𝑠)  +  (𝑛 −  1)𝐵(𝑠)  =  0.      (9) 

 

By Theorem 1 (a),   (𝑏2)|𝑘 =  2𝑎𝑖𝑗𝑏𝑖𝑏𝑗|𝑘 =  0. Thus 𝑏 ∶= √𝑎𝑖𝑗𝑏𝑖𝑏𝑗 is a constant. 

The equation (8) (or (9)) is a third order ordinary differential equation in  𝜙. By ODE theory, for any 

given initial conditions the local solution of the equation (4) exists nearby 0. It is not possible to express 

the solution by using simple functions defined on an interval containing [− b, b]. This indicates that we 

might have a singular (𝛼, 𝛽) Finsler metric 𝐹 =  𝛼𝜙(𝛽/𝛼) defined by  𝜙. 

 

Example 1.  [4]          For the Lie group 𝑆3 we let  𝜂1 , 𝜂2 , 𝜂3  be the standard right invariant 1-form on 

𝑆3  such that 

𝑑𝜂1 = 2𝑑𝜂2⋀𝑑𝜂3 , 𝑑𝜂2 = 2𝑑𝜂3⋀𝑑𝜂1, 𝑑𝜂3 = 2𝑑𝜂1⋀𝑑𝜂2. 
 

For any number 𝜖 ≥  0, let  𝜃1 ∶=  (1 +  𝜖)𝜂1 ,       𝜃2 ∶= √1 + 𝜖𝜂2,      𝜃3 ∶= √1 + 𝜖𝜂3. 

 

𝛼𝜖  ∶=  √[𝜃1]2 +  [𝜃2 ]2  +  [𝜃3 ]2 ,         𝛽𝜖  =  𝑏𝜃1, 
 

where 𝑏 =  √𝜖/(1 +  𝜖)  <  1. Then �̅� ∶=  𝛼𝜖   + 𝛽𝜖   is a Randers metric on 𝑆3 with constant-flag 

curvature     𝜎 =  1. Further, 𝛼𝜖   satisfies 
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 𝛼𝜖𝑅𝑖𝑐 =  (𝑛 −  1){𝛼2   −
𝑛 +  1

𝑛 − 1
 (𝑏2 𝛼𝜖

2   −  𝛽𝜖
2 )}, 

 

and 𝛽𝜖 = 𝑏𝑖 𝜃𝑖 is a Killing form of constant length b and  

 

𝑠𝑖𝑚𝑠𝑗
𝑚  =  −(𝑏2𝛿𝑖𝑗 − 𝑏𝑖 𝑏𝑗 ), 𝑠0;𝑚

𝑚 = (𝑛 − 1)𝛽𝜖    

 

Thus 𝛼𝜖 and 𝛽𝜖 satisfy Assumption I with 

𝜖 =  0, 𝜏 =  −𝑏2, 𝐾1  =  −𝑏−2 ,   𝐾2  =
𝑛 + 1

𝑛 − 1
𝑏−2. 

 

If 𝜙 =  𝜙(𝑠) satisfies B(s) = 0, then  𝐹 =  𝛼𝜖𝜙(𝛽𝜖  /𝛼𝜖  ) is Ricci-flat. 

 

2. PRELIMINARIES 

 

A nonnegative scalar function 𝐹 =  𝐹 (𝑥, 𝑦) on the tangent bundle  𝑇𝑀𝑛  is a Finsler metric on a 

manifold 𝑀𝑛   where 𝑥 is a point in 𝑀𝑛  and 𝑦 ∈  𝑇𝑥  𝑀𝑛  is a tangent vector at 𝑥. The characterization 

of geodesics for a Finsler metric 𝐹 =  𝐹 (𝑥, 𝑦) in local coordinates are given by 

 

𝑑2𝑥𝑖

𝑑𝑡2
+ 2𝐺𝑖 (𝑥,

𝑑𝑥

𝑑𝑡
) = 0 

where 

                          𝐺𝑖 ∶=  
1

4
𝑔𝑖𝑙(𝑥, 𝑦) {  [𝐹2]𝑥𝑘𝑦𝑙   (𝑥, 𝑦)𝑦𝑘  −   [𝐹2]𝑥𝑙  (𝑥, 𝑦) },            (10) 

 

and 𝑔𝑖𝑗(𝑥, 𝑦) ≔ (
1

2
𝐹2)𝑦𝑖𝑦𝑗. A vector field G – it is called the spray of 𝐹- below is defined by using 

local functions 𝐺𝑖 on 𝑇𝑀𝑛   

𝐺 =  𝑦𝑖
𝜕

 𝜕𝑥𝑖
− 2𝐺𝑖

𝜕

 𝜕𝑦𝑖
. 

 

These local functions 𝐺𝑖   =  𝐺𝑖 (𝑥, 𝑦) are called spray coefficients of 𝐹 for the spray 𝐺. For any 𝑥 ∈
 𝑀𝑛  and 𝑦 ∈  𝑇𝑥  𝑀𝑛  \{0}, the Riemann curvature 𝑅𝑦 ∶  𝑇𝑥  𝑀𝑛    →  𝑇𝑥  𝑀𝑛  is defined by 

 𝑅𝑦(𝑢) = 𝑅𝑖
𝑘(𝑥, 𝑦) 𝑢𝑘  𝜕

𝜕𝑥𝑖 ⃒𝑥  , where  

 

𝑅𝑖
𝑘 ≔ 2

 𝜕𝐺𝑖

𝜕𝑥𝑘
− 𝑦𝑗

 𝜕2𝐺𝑖

𝜕𝑥𝑗𝜕𝑦𝑘
+ 2𝐺𝑗

 𝜕2𝐺𝑖

𝜕𝑦𝑗𝜕𝑦𝑘
−

 𝜕𝐺𝑖

𝜕𝑦𝑗

 𝜕𝐺𝑗

𝜕𝑦𝑘
. 

 

The Ricci curvature is given by 

 

𝑅𝑖𝑐 ≔ 2
 𝜕𝐺𝑚

𝜕𝑥𝑚
− 𝑦𝑗

 𝜕2𝐺𝑚

𝜕𝑥𝑗𝜕𝑦𝑚
+ 2𝐺𝑗

 𝜕2𝐺𝑚

𝜕𝑦𝑗𝜕𝑦𝑚
−

 𝜕𝐺𝑚

𝜕𝑦𝑗

 𝜕𝐺𝑗

𝜕𝑦𝑚
. 

 

Consider an (𝛼, 𝛽)-metric on a manifold 𝑀𝑛   defined by 

 

𝐹 ∶=  𝛼𝜙(𝑠), 𝑠 = 𝛽/𝛼 
 

where 𝜙  =  𝜙(𝑠) > 0 is a 𝐶∞  function on (−𝑏0 , 𝑏0 ),  𝛼  =  √𝑎𝑖𝑗  (𝑥)𝑦𝑖 𝑦𝑗 is a Riemannian metric 

and 𝛽 =  𝑏𝑖(𝑥)𝑦𝑖 is a 1-form with 𝑏(𝑥): = ∥ 𝛽𝑥 ∥𝛼  <  𝑏0. We suppose that 𝜙 satisfies the following 

inequality 
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 ∅(𝑠) − 𝑠∅′(𝑠) + (𝑏2 − 𝑠2)∅′′(𝑠) > 0,          |𝑠| ≤ 𝜌 < 𝑏0.   (11) 

 

Then the (𝛼, 𝛽)-metric 𝐹 is a regular positive definite Finsler metric. The spray coefficients 𝐺𝑖 of 𝐹 

obtained by (10), are given in the following lemma. 

 

Lemma 1.  [8]     The spray coefficients of 𝐹 for an (𝛼, 𝛽)-metric 𝐹  =  𝛼𝜙(𝑠), 𝑠 =  𝛽/𝛼, are given by 

 

𝐺𝑖   =  𝛼𝐺𝑖  +  𝛼𝑄𝑠0
𝑖 +  𝛩{𝑟00   −  2𝑄𝛼𝑠0 }

𝑦𝑖

𝛼
+  Ψ{r00   −  2Qαs0 }bi            (12) 

 

where 𝛼𝐺𝑖 are the spray coefficients of 𝛼, 

 

𝑄 =
𝜙′

𝜙−𝑠𝜙′
 ,     Θ =

𝑄−𝑠𝑄′

2Δ
, 𝜓 =

𝑄′

2Δ
,      Δ = 1 + 𝑠𝑄 + (𝑏2 − 𝑠2)𝑄′, 

 

and      𝑟00 = 𝑟𝑖𝑗𝑦𝑖𝑦𝑗,   𝑎𝑖𝑘𝑠𝑖𝑗 = 𝑠𝑗
𝑘 ,   𝑠0

𝑘 = 𝑦𝑗𝑠𝑗
𝑘 ,    𝑏𝑖𝑠𝑖𝑗 = 𝑠𝑗,   𝑠0 = 𝑠𝑗𝑦𝑗. 

 

We also have that  

 

Δ =
𝜙(𝜙 − 𝑠𝜙′ + (𝑏2 − 𝑠2)𝜙′′)

(𝜙 − 𝑠𝜙′)2
. 

 

In the case that (11) holds, we have  ∆ =  ∆(𝑠)  >  0 for 𝑠 with |𝑠|  ≤  𝑏 <  𝑏0 . 
 

3. PROOF OF THE MAIN THEOREM 1 

 

Next we prove the main theorem Theorem 1. First we introduce the following Lemma. 

 

Lemma 2.           Let  𝐹 =  𝛼𝜙(𝛽/𝛼) be an (𝛼, 𝛽)-metric on an n-dimensional manifold  𝑀𝑛  with 

                  𝛼 =  √𝑎𝑖𝑗 (𝑥)𝑦𝑖 𝑦𝑗 and 𝛽 = 𝑏𝑖(𝑥)𝑦𝑖 satisfying  Assumption I. Then  𝜖 =  𝜖(𝑥) satisfies 

                                                 𝜖𝑥𝑖 = (𝜖̃ 𝑏−2 −
𝜖2

𝑛−2
) 𝑏𝑖,                                         (13) 

 

where 𝜖̃   ≔   −𝜏𝐾1 − 𝜖2 (
𝑛−2

𝑛−1
) 𝑏2. 

 

Proof:         By using Ricci identities, we get that 

 

                                                                     𝑏𝑖|𝑗|𝑘 − 𝑏𝑖|𝑘|𝑗  =   𝑏𝑚   𝛼𝑅𝑖𝑚𝑗𝑘 , 
 

−𝑏𝑘|𝑖|𝑗 + 𝑏𝑘|𝑗|𝑖  =   −𝑏𝑚   𝛼𝑅𝑘𝑚𝑖𝑗 ,                       (14) 

                                                                      𝑏𝑗|𝑘|𝑖 − 𝑏𝑗|𝑖|𝑘  =    𝑏𝑚   𝛼𝑅𝑗𝑚𝑘𝑖. 

 

We also have the following equalities, 

 

                                                                                  𝑏𝑖|𝑘|𝑗 + 𝑏𝑘|𝑖|𝑗  =   2𝑟𝑖𝑘|𝑗 , 

 

                                   −𝑏𝑘|𝑗|𝑖 − 𝑏𝑗|𝑘|𝑖  =   −2𝑟𝑘𝑗|𝑖 .    (15) 

We add all the equations in (14) and (15) to get  
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                                          𝑠𝑖𝑗|𝑘   =    
1

2
(𝑏𝑖|𝑗|𝑘 − 𝑏𝑗|𝑖|𝑘)    =    −𝑏𝑚  𝛼𝑅𝑘𝑚𝑖𝑗 + 𝑟𝑖𝑘|𝑗 − 𝑟𝑘𝑗|𝑖.                    (16) 

 

Hence, we have 

             𝑠𝑗|𝑚 
𝑚 =   𝑏𝑚  𝛼𝑅𝑖𝑐𝑚𝑗 + 𝑟𝑚|𝑗

𝑚 − 𝑟𝑗|𝑚
𝑚 , 

 

𝑠0|𝑚 
𝑚 =   𝑏𝑚  𝛼𝑅𝑖𝑐𝑚0 + 𝑟𝑚|0

𝑚 − 𝑟0|𝑚
𝑚 .    (17) 

 

By using (a) and (b) in the Assumption I, we obtain 

 

𝑏𝑚 𝛼𝑅𝑖𝑐𝑚𝑘 = (𝑛 −  1)𝜏 𝐾1 𝑏𝑘  .     (18) 

 

By using (c) in the Assumption I, we get 

  𝑟𝑖
𝑖 = 𝜖(𝑛 − 1)𝑏2, 

 

𝑟0
𝑖 = 𝜖(𝑏2𝑦𝑖 − 𝑠𝛼𝑏𝑖), 

and hence, 

 

           𝑟𝑖|0
𝑖 = 𝜖0(𝑛 − 1)𝑏2, 

 

𝑟0
𝑖 = 𝜖0𝑏2 − 𝜖̃𝑠𝛼 − (𝑛 − 1)𝜖2𝑠𝑏2𝛼 ,        (19) 

where  

 

𝜖0   =  𝜖𝑥𝑘𝑦𝑘       𝑎𝑛𝑑            𝜖̃ = 𝜖𝑥𝑘𝑏𝑘. 

 

We substitute the results (18) and (19) into the equation (17), then we use (b) to get 

 

   0   =  (𝑛 −  1)𝜏 𝐾1 𝑠 𝛼 + 𝜖0 (𝑛 − 1)𝑏2 − 𝜖0 𝑏2 +  𝜖̃ 𝑠 𝛼 + (𝑛 − 1)𝜖2 𝑠 𝑏2 𝛼                      (20) 

 

We further use the result (16) and get 

 

𝑠|𝑚
𝑚    =    (𝑏𝑙𝑠𝑙

𝑚)
|𝑚

   =    𝑏|𝑚
𝑙 𝑠𝑙

𝑚 + 𝑏𝑙𝑠𝑙|𝑚
𝑚  

 

                                                  𝑠|𝑚  
𝑚   =   −𝑡𝑚

𝑚 − 𝑟𝑚
𝑙 𝑟𝑙

𝑚 − 𝑏𝑚𝑏𝑙    𝛼𝑅𝑖𝑐𝑙𝑚 + 𝑟|𝑚
𝑚 − 𝑏𝑙𝑟𝑚|𝑙

𝑚    (21) 

 

where 𝑡𝑚
𝑚 = 𝑠𝑚

𝑖 𝑠𝚤
𝑚.    By using (b), the equation (21) becomes 

  

0 = −𝑟𝑚
𝑙 𝑟𝑙

𝑚 − 𝑏𝑚𝑏𝑙 𝛼𝑅𝑖𝑐𝑚𝑙 + 𝑟|𝑚
𝑚 − 𝑏𝑚𝑟𝑚|𝑙

𝑚 ,                    (22) 

 

and therefore, we obtain  

𝜖̃ = − 𝜏𝐾1 −
𝜖2(𝑛−2)

𝑛−1
𝑏2.     (23) 

 

Thus, by substituting (23) into (22), we get the relationship between 𝜖0  and 𝜖̃  expressed as 

 

𝜖0 = 𝜖̃𝑏−2 −
𝜖2

𝑛−2
𝛽.     (24) 
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Lemma 3.              Let  𝐹 =  𝛼 𝜙(𝛽/𝛼) be an (𝛼, 𝛽)-metric on an n-dimensional manifold 𝑀 with  

 

𝛼 =  √𝑎𝑖𝑗 (𝑥)𝑦𝑖 𝑦𝑗 and 𝛽 = 𝑏𝑖(𝑥)𝑦𝑖 satisfying the conditions in Assumption I above. Then the Ricci  

curvature of 𝐹 is given by 

𝑅𝑖𝑐    =    𝛼𝑅𝑖𝑐 − (𝑛 −  1)𝜏 [𝐾1  +  𝐾2 (𝑏2  −  𝑠2 )]𝛼2 +
1

𝑛 − 1
[𝜖2𝐴(𝑠) + (𝑛 −  1)𝜏 𝑏−2𝐵(𝑠)],   (25) 

 

where 𝐴(𝑠) and 𝐵(𝑠) are given in equations (5) and (6). 

 

Proof:  Here, we have  𝑏𝑖|𝑗 as follows: 

 

𝑏𝑖|𝑗   =  𝜖(𝑏2𝑎𝑖𝑗  −  𝑏𝑖 𝑏𝑗 ). 

  

We note that (𝑏2)|𝑖 =  2𝑏𝑗 𝑏𝑖|𝑗 = 2𝑏𝑗 𝑟𝑗𝚤 = 0,  and we get that 𝑏 is a constant. Lemma 1 lets us write 

the spray coefficients of 𝐹 as follows 

𝐺𝑖  ∶=   𝛼𝐺𝑖    + 𝑇𝑖 , 
where 

     𝑇𝑖 =  𝑟00 (
𝑦𝑖

𝛼
Θ + Ψbi)  

  
The flag curvature tensor is written as 

𝑅𝑘
𝑖   ∶=    𝛼 𝑅𝑘

𝑖 + 𝐻𝑘
𝑖 , 

 

                                         𝐻𝑘
𝑖  ∶=    2𝑇|𝑘 

𝑖 −  𝑇|𝑗.𝑘 
𝑖  𝑦𝑗 + 2 𝑇𝑗 𝑇.𝑗.𝑘

𝑖 − 𝑇.𝑗
𝑖  𝑇.𝑘

𝑗
 

Then 

𝑹𝒊𝒄 = .   𝜶𝑹𝒊𝒄 + 𝐻𝑖
𝑖                     (26) 

where  

               𝐻𝑖
𝑖   ∶=    2𝑇|𝑖 

𝑖 − 𝑇|𝑗.𝑖 
𝑖 𝑦𝑗 + 2𝑇𝑗𝑇.𝑗.𝑖

𝑖 − 𝑇.𝑗
𝑖  𝑇.𝑖

𝑗
  (27) 

 

By using the assumptions (b) and (c) in Assumption I, and the following identities, we compute the 

Ricci curvature. 

𝑠|𝑖 𝑦𝑖 =  𝜖(𝑏2 −  𝑠2  )𝛼,    𝑠|𝑖 𝑏𝑖 =  0, 𝑠·𝑖 𝑏𝑖 =
1

𝛼
 (𝑏2 −  𝑠2   ),      𝑠·𝑖 𝑦𝑖 = 0,   

 

 𝑠|𝑗.𝑖𝑏𝑖𝑦𝑗 = −𝜖(𝑏2 −  𝑠2  )𝑠, 𝑠|𝑗.𝑖𝑦𝑖𝑦𝑗 = 0,      𝑠.𝑗.𝑖𝑦𝑖𝑦𝑗 = 0,  

 

𝑠.𝑗.𝑖 𝑏𝑖 𝑦𝑗 =  −
1

𝛼
(𝑏2  −  𝑠2 ),     𝑠.𝑗.𝑖 𝑏𝑖 𝑏𝑗   =  −

3𝑠

𝛼2
(𝑏2  −  𝑠2 ).  (28) 

 

We also easily get 

 

 𝑟00|𝑖𝑦𝑖 = 𝜖0(𝑏2 − 𝑠2)𝛼2 − 2𝜖2(𝑏2 − 𝑠2)𝛼3, 

 

      𝑟00|𝑖𝑏𝑖   = 𝜖̃(𝑏2 − 𝑠2)𝛼2, 

 

 𝑟00.𝑖𝑦𝑖 = 2𝜖(𝑏2 − 𝑠2)𝛼2 = 2𝑟00,            𝑟00.𝑖𝑏𝑖  =  0, 
  

                                              𝑟00|𝑗.𝑖𝑦𝑖𝑦𝑗 = 2𝜖0(𝑏2 − 𝑠2)𝛼2 − 4𝜖2𝑠(𝑏2 − 𝑠2)𝛼3   =   𝑟00|𝑖𝑦𝑖, 

 

                                              𝑟00|𝑗.𝑖𝑏𝑖𝑦𝑗 = −2𝜖2𝑏2(𝑏2 − 𝑠2)𝛼2,             𝑟00|𝑗.𝑖𝑏𝑗𝑦𝑖 =  2𝜖̃(𝑏2 − 𝑠2)𝛼2, 
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   𝑟00.𝑖.𝑗𝑦𝑗𝑦𝑖 = 2𝑟00,           𝑟00.𝑖.𝑗𝑏𝑗𝑦𝑖 = 0,               𝑟00.𝑖.𝑗𝑏𝑗𝑏𝑖 =  0 (29) 

 

where 𝜖0   =  𝜖𝑥𝑘𝑦𝑘   𝑎𝑛𝑑  𝜖̃ = 𝜖𝑥𝑘𝑏𝑘. 

 

By using the identities in (28)   and  (29),  we obtain 

 

𝑇|𝑖
𝑖 = [𝜖0 (𝑏2 − 𝑠2  )𝛼 −  2𝜖𝑟00 𝑠]𝛩 +  𝜖𝑟00 (𝑏2 −  𝑠2   )𝛩′ + [ 𝜖(𝑏2 − 𝑠2 )𝛼2   

+  (𝑛 −  1)𝜖𝑟00 𝑏2 ]𝛹, 
 

𝑇|𝑗.𝑖
𝑖 𝑦𝑗 = −  (𝑛 + 1)(𝑏2 − 𝑠2  )(2𝜖2𝑠𝛼 − 𝜖0 )𝛼𝛩     +   (𝑛 + 1)𝜖(𝑏2 − 𝑠2 )𝛼2𝑟00𝛩′ 

 

−  (𝑏2 − 𝑠2  )2(4𝜖2𝑠𝛼 − 𝜖0 )𝛼𝛹′   +   𝜖(𝑏2 − 𝑠2 )2𝑟00𝛹′′, 
 

𝑇𝑗𝑇.𝑗.𝑖
𝑖 = 𝛼−2 𝑟00

2 (𝑏2 − 𝑠2 )2𝛹′′ 𝛹 −  3𝛼−2𝑠 𝑟00
2 (𝑏2 − 𝑠2  ) 𝛹𝛹′   +   (𝑛 + 1)𝛼−2 𝑟00

2 (𝑏2 − 𝑠2  )𝛩′𝛹 

 

+   𝛼−2 𝑟00
2 (𝑏2 − 𝑠2  )𝛩𝛹′  +  (𝑛 + 1)𝛼−2 𝑟00

2 𝛩2   −    (𝑛 + 1)𝑠𝛼−2 𝑟00
2 𝛩 𝛹 

 

𝑇.𝑗
𝑖 𝑇.𝑖

𝑗
= 4𝛼−2 𝑟00

2 (𝑏2 − 𝑠2  )𝛩′𝛹 +  2𝛼−2 𝑟00
2 (𝑏2 − 𝑠2  )𝛩𝛹′  +  𝛼−2 𝑟00

2 (𝑏2 − 𝑠2  )2𝛹′2
 

 

−  4𝛼−2 𝑟00
2 𝑠 𝛹𝛩 +  (𝑛 + 3)𝛼−2 𝑟00

2 𝛩2, 
 

After substituting the equations obtained above in the equations (26), we obtain (25). 

 

We now prove Theorem 1. By assumption on .𝜶 𝑹𝒊𝒄, we have 

 

.𝜶 𝑹𝒊𝒄 = (𝑛 − 1)𝜏(𝐾1 + 𝐾2(𝑏2 − 𝑠2))𝛼2, 

and   Φ satisfies  

𝜖2𝐴(𝑠) + (𝑛 − 1)𝜏𝑏−2𝐵(𝑠) = 0. 
 

Then by Lemma 3, the Ricci curvature  𝑹𝒊𝒄 = 0 and hence the (𝛼, 𝛽) − 𝑚𝑒𝑡𝑟𝑖𝑐 is an Einstein space. 
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