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Abstract
In this paper we defined the Img, category and researched the properties of monomorphism, epimorphism

and isomorphism for digital categories which are related with the categorical structure in [1]. Also initial and
terminal objects in digital categories are defined by using K — adjacency relation. Hence we determined the
initial and terminal objects of digital categories which have digital image with K — adjacency as objects. In
addition to this we proved that the objects of the same type in a digital category are isomorphic.
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1. Introduction

Digital Topology is a field of mathematical science which
investigates the image processing and digital image pro-
cessing. Many Researchers, for example Rosenfeld [2], Han
[3], Kong [4], Boxer [5,6], Karaca [7] and others have con-
tributed this area with their research. The notion of digital
image, digital continuous map is studied in [2, 3, 4, 5, 6].
Their characterization and effective computation became a
useful tool for our research. Then we carry this notion to
category theory and we construct some fundamental cate-
gory models in digital topology.

We introduce the Img, Category and give the monomor-
phism and epimorphism properties of Img, category. Also
we define the initial and terminal objects in Img,_ and

prove that initial and terminal objects are isomorphic in
Img, .

2. Preliminaries

In this study we indicate the set of integers by [] . Then [] "
denotes the set of lattice points in Euclidean N— dimen-

sional spaces. A finite subset of [1" with an adjacency re-
lation is said to be digital image.

Definition 2.1. ([5] and [6])

(1) Two points p and q in [J are 2—adjacent if
|p—ql=1.
(2) Two points p and q in [1° are 8—adjacent if

they are distinct and differ by at most 1 in each coor-
dinate.

(3) Two points p and q in [1° are 4—adjacent if
they are 8—adjacent and differ by exactly one co-
ordinate.

(4) Two points p and q in [° are 26 —adjacent if

they are distinct and differ by at most 1 in each coor-
dinate.

(5) Two points p and q in [J° are 18 —adjacent if
they are 26 —adjacent and differ in at most two co-
ordinates.

(6) Two points p and q in [1° are 6—adjacent if
they are 18 — adjacent and differ by exactly one co-
ordinate.

Suppose that K be an adjacency relation defined on [ "

. Adigital image X <" is k —connected [5] if and
only if for every pair of points {X, y} < X, X #y, there
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(/
isaset {X,,X,...,X.}< X such that x=x,,x, =Y
and x, and x;, are x —neighbors,i{0,1,...,c-1}.

Definition 2.2. Let X and Y are digital images such that

Xcl™, Yc[O™. Then the digital function
f : X =Y isafunction which is defined between digital
images.

Definition 2.3. ([5] and [6]) Let X and Y are digital im-
ages such thatX c0™, Y c[O™. Assume that
f : X —Y beafunction. Let x;, be an adjacency re-
lation defined on [1", ie{0,1}. f is called to be
(%, &,) —continuous if the image under f of every
K, —connected subset of X is x; —connected .

A function satisfying Definition 2.3 is referred to be digi-
tally continuous. A consequence of this definition is given
below.

Proposition 2.4. ([5] and [6]) Let X and Y are digital
images. Then the function f:X —Y s said to be

(x,,x;)—continuous if and only if for
{X,, Yo} = X such that x;, and x, are x,—adjacent,
f(x,)="Ff(x) or f(x,) and f(x) are
x, —adjacent.

every

either

The basic notions of Category Theory is given in [8], [9].
Also digital and soft properties of categories are investi-
gated in [1], [10].

Definition 2.5. [1] A category C consists of the following
data:
e Objects: A B,C,...
e Arrows: f,g,h,..
e Foreacharrow f , there are given objects
dom(f), cod(f)
called the domain and codomain of f . We write
f:A->B
to indicate that A=dom(f) and B =cod(f)

e Givenarrows f:A—> B and g:B — C, that
is, with
cod(f)=dom(g)
there is given an arrow
gef:AC
called the composite of f and g .
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e  Foreach object A, there is given an arrow
1,:A—>A
called the identity arrow of A.
This data required to satisfy the following laws:

Associativity:  ho(go f)=(hog)o f for  all
f:A>B,g:B—>Cadh:C—>D.
Unit: fol,=f=1,0f forall f:A—>B.

3. The Category Img,

e The objects of Img_ are x —adjacent digital
images,

e The morphisms of Img, are x —continuous
(digitally continuous) functions,

e Foreach morphism f in Img_

dom(f) and cod(f)
are kK —adjacent digital images.

e Let (A k), (B,x) and (C,«) be x —adjacent
digital images, i.e., objects in Img, . Given mor-
phisms f:(Ax)—(B,x) and
g:(B,x) > (C,x) with cod(f)=dom(g).
Then the function go f : (A x) —> (C,x) is a

& —continuous function, since the composition of
two digital continuous ( & — continuous) is contin-

uous. Thus go f : (A ,x) - (C,x) an Img,_ —
morphism.
e Foreach (A k), Img,_ —object, the identity map

1no (A Kx)—(AK) is a x—continuous

function. Therefore 1 , ., isan Img,_ — morphism.

(Ax)
e  Composition:
For all f:(Ax)— (B x),
g:(B,x) > (C,x) and h:(C,x)—> (D,«x)

Img, — morphisms, we have
ho(ge f)=(hog)o f
e Identity:
For each f:(Ax)—>(B,x) Img_ -
morphism
folpeg="1=1s,

Thus we have construct the Img, category of digital im-

ages and digital continuous functions.
Let now investigate some properties of Img, category.
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4. Epis and Monos in Img,_

Definition 4.1: Let (A,x),(B,x) and (C,x) be
Img, —objects which have the same cardinality. For
givenany h,g:(C,x) = (A, x) Img,_— morphism, if
f og=f oh impliesthat g = h, then

f:(Ax)—>(B,x)

Img,_ — morphism is called a & — monomorphism.

g

. f
1('.&']_: (A K) —» (B.K)

h

Definition 4.2: Let (A k),(B,x) and (D,x) be
Img, —objects which have the same cardinality. For
givenany i, j:(B,x) — (D,x) Img, — morphism, if
iof =jof impliesthat i = j,then

f:(Ax)—> (B,x)
Img, — morphism is called a &K — epimorphism.
f‘ f:
(A:K-) ‘_> (B- K‘) (D=K-)
J
Definition 4.3: In category Img,_,an Img, — morphism

f:(Ax)—>(B,x)

is said to be an K —isomorphism if there is a
g:(B,x) > (A,x) Img,_— morphism such that

go f :1(A,r() and f og :1(B,K)'
It is written as (A, x) = (B, ).

Lemma  4.4: |If f:(Ax)—>(B,x) and
g:(B,x) > (C,x) be two K — monomorphisms in
Img, category,then go f : (A x) > (C,x)isa K —
monomorphism.

Proof: Let f:(Ax)—(B,x) and
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g:(B,x) — (C,«) betwo K — monomorphisms. Sup-
pose that h,k:(C,x) —> (A/x) are Img_— mor-
phisms. If

(gof)oh=(gof)ok
then it follows that

go(foh)=go(fok)
from the associativity property of Img,_ —morphisms.
Since g is an K — monomorphism, we obtain that
f oh= f ok. On the other hand, since f isan K—

monomorphism, we have h=Kk. Therefore go f is a
K — monomorphism. u

Lemma  45: |If f:(Ax)—>(B,x) and
g:(B,x) > (C,x) be two K — epimorphisms in
Img, category, then go f : (A k) > (C,x) isa K —
epimorphism.

Proof: Let f:(Ax)—(B,x) and
g:(B,x) > (C,x) betwo K — epimorphisms. Assume
that h,k : (B,x) — (D, ) are Img,_ — morphisms. If

he(gef)=keo(gef),

(hog)o f =(kog)of

We have

From the associativity property. Since f is an K — epi-
morphism, we obtain that hog =k o g, and since g is
an K — epimorphism, we get h =K . Consequently g o f
isa K — epimorphism. ]

Theorem 4.6: Every isomorphism in Img,_ is both K —
monomorphism and K — epimorphism.

Proof: Consider the following diagram:

X
m
(4x) T2 (B.x) —> (C.x)
A“

]_ :
(B,x) —= (D.x)
J
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ioeom: joeom:iol(By’() = jol(B,;()'

Thus we obtain that i = j. Consequently M isa K — epi-
morphism.

Definition 4.7: An object (U, x) of a category Img, . is
said to be an initial object if for every object (X, x) of
Img, . the set Mor,,, (U, x),(X,«)) is asingeleton.
Dually (U, ) is said to be a terminal object if for every
object (X,x) of Img, . the set
Mor,,, ((X,x),(U,x)) isasingeleton.

Theorem 4.8: Let Img,  be a category of digital images

and digital continuous functions. Then any two initial ob-
jectsin Img, are isomorphic.

Proof: Let (U,,x) and (U,,x) be initial objects in
(U, ), (U,, x)) con-
tains an isomorphism. If (U,, k) is an initial object for
Img,.. then Mor,,, ((Uy,x),(U,,x)) ={a} for any
object (U,,«x).If (U,,x) isaninitial object for Img,_,
then Mor,, ((U,,x),(U,,x)) ={p} for any object
(U, x) - Weget ao g e Mor,, ((U,.x),(U,,x)) by

the composition property of morphisms.  Therefore
ae B =id, - Similarly we have goqa =id, . It follows

Img,_ . We must show Mor,

Img,

that @ isanisomorphismwith 8= *and (U,, x) and
(U,, x) are isomorphic.

Theorem 4.9: Let Img,_ be a category of digital images

and digital continuous functions. Then any two terminal ob-
jectsin Img, are isomorphic.

Proof: Assume that (O,,x) and (O,, x) are terminal
Img, . We that
Mor,,, ((O,,«),(0,,x)) contains an isomorphism. If
(O,,x) is a terminal object for then
Mor,, ((O;, %), (0, x)) ={f} for object
(O,,x).If (O,, k) isaterminal object for Img,, then
Mor,., ((0,,x),(0,,x))={g} for any object
(O,,x). We have gof=id, ., and similarly

objects in want to show

Img,.,
any
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fog :id(oﬁ) by the composition property of mor-

phisms. Therefore f is an isomorphism with f =g
and (O,,x) and (O,, x) are isomorphic.

Corollary 4.10: The objects of the same type in Img,
are isomorphic.

Proof: The proof is obtained by Theorem 4.8 and Theorem
4.9.

5. Conclusion
We have construct the category Img, and worked on

some properties of Img,_ in this paper. We have obtained

some foldings deal with monomorphism and epimorphism
properties of Img,_ . Also we concluded that the objects of

the same type in the category Img,_ are isomorphic.
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