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Abstract 
We define a semi-symmetric metric connection in an S-manifold and study CR-submanifolds of an S-manifold 
with a semi-symmetric metric connection. Moreover, we also obtain integrability and parallel conditions of 
the distributions on CR-submanifolds. Finally, we give some results of the sectional curvatures of CR-
submanifolds of an S-space form with a semi-symmetric metric connection.  
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1 Introduction 
Many authors have studied the geometry of submanifolds 
of Kaehlerian and Sasakian manifolds. In this manner, the 
notion of a CR-submanifold of Kaehler manifold was 
introduced by Bejancu in [4]. Later, CR-submanifold of 
Sasakian manifolds were studied by Kobayaski in [17]. For 
manifolds with an f-structure, Blair has initiated the study 
of S-manifolds, which reduce, in particular cases, to 
Sasakian manifolds. Mihai [18] and Ornea [19] have 
investigated CR-submanifold of S-manifolds. Also, 
Algahemi studied CR-submanifold of an S-manifold in [3]. 
For CR-submanifolds see also: ([11], [12], [20]). In [10], 
Cabrerizo et al. are studied curvature of submanifolds of an 
S-space form. They are investigated some properties of 
invariant and anti-invarinat submanifolds of an S-space 
forms with constant sectional curvature. 
 
Let ∇ be a linear connection in an n-dimensional 
differentiable manifold M. The torsion tensor T and the 
curvature tensor R of ∇ are given respectively by [5]. 
 

𝑇𝑇(𝑋𝑋,𝑌𝑌) = ∇𝑋𝑋𝑌𝑌 − ∇𝑌𝑌𝑋𝑋 − [𝑋𝑋,𝑌𝑌], 
𝑅𝑅(𝑋𝑋,𝑌𝑌)𝑍𝑍 = ∇𝑋𝑋∇𝑌𝑌𝑍𝑍 − ∇𝑌𝑌∇𝑋𝑋𝑍𝑍 − ∇[𝑋𝑋,𝑌𝑌]𝑍𝑍. 

The connection ∇ is symmetric if the torsion tensor T 
vanishes, otherwise it is non-symmetric. The connection ∇ 
is a metric connection if there is a Riemannian metric g in 

M such that ∇g = 0 otherwise it is non-metric. It is well 
known that a linear connection is symmetric and metric if it 
is the Levi-Civita connection. In [16], Friedmann and 
Schouten introduced the idea of a semi-symetric linear 
connection. A linear connection ∇ is said to be semi-
symmetric connection if its torsion tensor T is of the form  
 

𝑇𝑇(𝑋𝑋,𝑌𝑌) = 𝜂𝜂(𝑌𝑌)𝑋𝑋 − 𝜂𝜂(𝑋𝑋)𝑌𝑌 
where 𝜂𝜂 is a 1-form. In [23], Yano studied some properties 
of semi-symmetric metric connections. The semi-
symmetric connection is important in Riemannian 
manifolds having also physical applications. The purpose 
of the present paper is to study CR-submanifolds of an S-
manifold endowed with a semi-symetric metric connection. 
 
The paper is organized as follows: In Section 2, we give a 
brief description of S-manifolds. In Section 3, we give some 
properties of CR-submanifolds of S-manifolds and find 
necessary conditions for the induced connection on CR-
submanifolds of an S-manifold with a semi-symmetric 
metric connection to be also a semi-symmetric metric 
connection. In Section 4, we obtain some basic lemmas of 
CR-submanifold of an S-manifold with a semi-symmetric 
metric connection. In Section 5, we investigate the 
integrability conditions of D and D⊥ distributions of CR-
submanifolds of an S-manifold with a semi-symmetric 
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metric connection. In Section 6, we study the geometry of 
foliations of CR-submanifolds of an S-manifold with a 
semi-symmetric metric connection. Finally, in the last 
section, we give CR-submanifolds of S-space forms with a 
semi-symmetric metric connection. Some results of the 
sectional curvatures of CR-submanifolds  of S-space forms 
are studied. 
 
2 S-manifolds 
Let (𝑀𝑀� ,𝑔𝑔) be a (2n+s)-dimensional Riemannian manifold. 
Then, it is said to be a metric f-manifold if there exist on 
(𝑀𝑀� ,𝑔𝑔)  an f-structure f, that is a tensor field f of type (1,1) 
satisfying 𝑓𝑓3 + 𝑓𝑓 = 0 (see [22]), of rank 2n and s local 
vector fields 𝜉𝜉1, … , 𝜉𝜉𝑠𝑠 (called structure vector fields) such 
that, if 𝜂𝜂1, … , 𝜂𝜂𝑠𝑠 are the dual 1-forms of 𝜉𝜉1, … , 𝜉𝜉𝑠𝑠 then  

 

𝑓𝑓𝜉𝜉𝛼𝛼 = 0, 𝜂𝜂𝛼𝛼 ∘ 𝑓𝑓 = 0, 𝑓𝑓2 = −𝐼𝐼 + �𝜂𝜂𝛼𝛼 ⊗
𝑠𝑠

𝛼𝛼=1

𝜉𝜉𝛼𝛼          (2.1) 

 

𝑔𝑔(𝑋𝑋,𝑌𝑌) = 𝑔𝑔(𝑓𝑓𝑓𝑓, 𝑓𝑓𝑓𝑓) + �𝜂𝜂𝛼𝛼(𝑋𝑋)𝜂𝜂𝛼𝛼(𝑌𝑌)
𝑠𝑠

𝛼𝛼=1

      (2.2) 

 
for any 𝑋𝑋,𝑌𝑌 ∈ Γ(𝑇𝑇𝑀𝑀�) and 𝛼𝛼 = 1, … , 𝑠𝑠 The f-structure f is 
normal if  

[𝑓𝑓, 𝑓𝑓] + 2∑ 𝜉𝜉𝛼𝛼 ⊗ 𝑑𝑑𝑠𝑠
𝛼𝛼=1 𝜂𝜂𝛼𝛼 = 0,  

  
 where [𝑓𝑓, 𝑓𝑓]is the Nijenhuis tensor fields of f. Let F be the 
fundamental 2-form defined by 𝐹𝐹(𝑋𝑋,𝑌𝑌) = 𝑔𝑔(𝑋𝑋, 𝑓𝑓𝑓𝑓), for 
any 𝑋𝑋,𝑌𝑌 ∈ Γ(𝑇𝑇𝑀𝑀�).  Then 𝑀𝑀� is said to be an S-manifold if 
the f-structure is normal and  
 

𝜂𝜂1 ∧ …∧ 𝜂𝜂𝑠𝑠 ∧ (𝑑𝑑𝜂𝜂𝛼𝛼)𝑛𝑛 ≠ 0,   𝐹𝐹 = 𝑑𝑑𝜂𝜂𝛼𝛼 
  

 for any 𝛼𝛼 = 1, … , 𝑠𝑠  In this case, the structure vector fields 
are Killing vector fields. When s=1 S-manifolds are 
Sasakian manifolds. 
 
The Riemannian connection ∇� of an S-manifold satisfying 
([7]) 
�∇�𝑋𝑋𝑓𝑓�𝑌𝑌 = ∑  {𝑔𝑔(𝑓𝑓𝑓𝑓, 𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼 + 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓2𝑋𝑋}𝑠𝑠

𝛼𝛼=1       (2.3)  
and  

∇�𝑋𝑋𝜉𝜉𝛼𝛼 = −𝑓𝑓𝑓𝑓                             (2.4) 
 

for any 𝑋𝑋,𝑌𝑌 ∈ Γ(𝑇𝑇𝑀𝑀�) and 𝛼𝛼 = 1, … , 𝑠𝑠. 
 
3 CR-Submanifold of S-Manifolds 
 
Definition 3.1 An (2m+s)-dimensional Riemannian 
submanifold M of S-manifold M�  is called a CR-
submanifold if 𝜉𝜉1, … , 𝜉𝜉𝑠𝑠 is tangent to M and there exists on 
M two differentiable distributions D and D⊥ on M 

satisfying: 
  

    1.  𝑇𝑇𝑇𝑇 = 𝐷𝐷⊕ D⊥ ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠}  
 

    2.  The distribution D is invariant under f that is 𝑓𝑓𝐷𝐷𝑥𝑥 =
𝐷𝐷𝑥𝑥  for any 𝑥𝑥 ∈ 𝑀𝑀 

 
    3.  The distribution D⊥ is anti-invariant under f, that is, 
𝑓𝑓D⊥ ⊆ Tx⊥M  for any 𝑥𝑥 ∈ 𝑀𝑀 where 𝑇𝑇𝑥𝑥𝑀𝑀 and Tx⊥M  are the 
tangent space of M at x.  

 
We denote by 2p and q the real dimensions of 𝐷𝐷𝑥𝑥 and Dx

⊥ 
respectively, for any 𝑥𝑥 ∈ 𝑀𝑀. Then if p=0 we have an anti-
invariant submanifold tangent to 𝜉𝜉1, … , 𝜉𝜉𝑠𝑠 and if q=0 we 
have an invariant submanifold. 
 
Now, we give the following example. 

 
Example 3.1 In what follows, (ℝ2𝑛𝑛+𝑠𝑠, 𝑓𝑓, 𝜂𝜂, 𝜉𝜉,𝑔𝑔) will 
denote the manifold ℝ2𝑛𝑛+𝑠𝑠 with its usual S-structure given 
by 

 
𝜂𝜂𝛼𝛼 = 1

2
(𝑑𝑑𝑧𝑧𝛼𝛼 − ∑ 𝑦𝑦𝑖𝑖𝑛𝑛

𝑖𝑖=1 𝑑𝑑𝑥𝑥𝑖𝑖),   𝜉𝜉𝛼𝛼 = 2 𝜕𝜕
𝜕𝜕𝑧𝑧𝛼𝛼

  
  

𝑓𝑓 (∑ (𝑋𝑋𝑖𝑖𝑛𝑛
𝑖𝑖=1

𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

+ 𝑌𝑌𝑖𝑖
𝜕𝜕
𝜕𝜕𝑦𝑦𝑖𝑖

) + ∑ 𝑧𝑧𝛼𝛼
𝜕𝜕
𝜕𝜕𝑧𝑧𝛼𝛼

𝑠𝑠
𝛼𝛼=1 ) = ∑ (𝑌𝑌𝑖𝑖𝑛𝑛

𝑖𝑖=1
𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

−

𝑋𝑋𝑖𝑖
𝜕𝜕
𝜕𝜕𝑦𝑦𝑖𝑖

) + ∑ ∑ 𝑌𝑌𝑖𝑖𝑛𝑛
𝑖𝑖=1

𝑠𝑠
𝛼𝛼=1 𝑦𝑦𝑖𝑖

𝜕𝜕
𝜕𝜕𝑧𝑧𝛼𝛼

  
 
𝑔𝑔 = ∑ 𝜂𝜂𝛼𝛼 ⊗ 𝜂𝜂𝛼𝛼𝑠𝑠

𝛼𝛼=1 + 1
4

(∑ 𝑑𝑑𝑥𝑥𝑖𝑖𝑛𝑛
𝑖𝑖=1 ⊗ 𝑑𝑑𝑥𝑥𝑖𝑖 + 𝑑𝑑𝑦𝑦𝑖𝑖 ⊗ 𝑑𝑑𝑦𝑦𝑖𝑖),  

 
( 𝑥𝑥1, … , 𝑥𝑥𝑛𝑛 ,𝑦𝑦1 , … ,𝑦𝑦𝑛𝑛 , 𝑧𝑧1, … , 𝑧𝑧𝛼𝛼) denoting the Cartesian 
coordinates on ℝ2𝑛𝑛+𝑠𝑠. The consider a submanifold of ℝ10 
defined by 

𝑀𝑀 = 𝑋𝑋(𝑢𝑢, 𝑣𝑣𝑣𝑣, 𝑙𝑙, 𝑡𝑡1, 𝑡𝑡2) = 2(𝑢𝑢, 𝑘𝑘, 0,0, 𝑣𝑣, 0, 𝑙𝑙, 0, 𝑡𝑡1, 𝑡𝑡2) 
  

Then local frame of TM 
𝑒𝑒1 = 2 𝜕𝜕

𝜕𝜕𝑥𝑥1
, 𝑒𝑒2 = 2 𝜕𝜕

𝜕𝜕𝑦𝑦1
, 𝑒𝑒3 = 2 𝜕𝜕

𝜕𝜕𝑥𝑥2
,   

 
𝑒𝑒4 = 2 𝜕𝜕

𝜕𝜕𝑦𝑦3
, 𝑒𝑒5 = 2 𝜕𝜕

𝜕𝜕𝑧𝑧1
= 𝜉𝜉1 , 𝑒𝑒6 = 2 𝜕𝜕

𝜕𝜕𝑧𝑧2
= 𝜉𝜉2  

and  
𝑒𝑒1∗ = 𝜕𝜕

𝜕𝜕𝑥𝑥3
, 𝑒𝑒2∗ = 𝜕𝜕

𝜕𝜕𝑦𝑦2
  

  
from a basis of T⊥M. We determine 𝐷𝐷1 = 𝑠𝑠𝑠𝑠{𝑒𝑒1, 𝑒𝑒2}  and 
𝐷𝐷2 = 𝑠𝑠𝑠𝑠{𝑒𝑒3, 𝑒𝑒4}. Then 𝐷𝐷1, 𝐷𝐷2 are invariant  and anti-
invariant distribution, respectively. Thus 𝑇𝑇𝑇𝑇 = 𝐷𝐷1 ⊕
𝐷𝐷2 ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, 𝜉𝜉2} is a CR-submanifold of ℝ10. 

 
Let ∇� be the Levi-Civita connection of 𝑀𝑀� with 

respect to the induced metric g. Then Gauss and Weingarten 
formulas are given by 
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 ∇�  𝑋𝑋𝑌𝑌 = ∇𝑋𝑋∗ 𝑌𝑌 + ℎ(𝑋𝑋,𝑌𝑌)                   (3.1) 
∇� 𝑋𝑋𝑁𝑁 = ∇𝑋𝑋∗⊥𝑁𝑁 − 𝐴𝐴𝑁𝑁𝑋𝑋                     (3.2) 

  
for any 𝑋𝑋,𝑌𝑌 ∈ Γ(𝑇𝑇𝑇𝑇) and 𝑁𝑁 ∈ Γ(𝑇𝑇⊥𝑀𝑀). ∇∗⊥ is the 
connection in the normal bundle, h is the second 
fundamental from of 𝑀𝑀� and 𝐴𝐴𝑁𝑁 is the Weingarten 
endomorphism associated with N. The second fundamental 
form h and the shape operator A related by  

𝑔𝑔(ℎ(𝑋𝑋,𝑌𝑌),𝑁𝑁) = 𝑔𝑔(𝐴𝐴𝑁𝑁𝑋𝑋,𝑌𝑌).           (3.3) 
 
Let M be CR-submanifold of 𝑀𝑀�. M is said to be totally 
geodesic if ℎ(𝑋𝑋,𝑌𝑌) = 0 for any 𝑋𝑋,𝑌𝑌 ∈ Γ(𝑇𝑇𝑇𝑇). 
 
 We denote by 𝑅𝑅�  and R the curvature tensor fields associated 
with ∇� and ∇ respectively. The Gauss equation is given by 
 
𝑅𝑅�(𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊) = 𝑅𝑅(𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊) + 𝑔𝑔�ℎ(𝑋𝑋,𝑍𝑍), ℎ(𝑌𝑌,𝑊𝑊)�

− 𝑔𝑔(ℎ(𝑋𝑋,𝑊𝑊), ℎ(𝑌𝑌,𝑍𝑍)) 
for all 𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊 ∈ Γ(𝑇𝑇𝑇𝑇). 
 
The projection morphisms of TM to D and D⊥ are denoted 
by P and Q respectively. For any 𝑋𝑋,𝑌𝑌 ∈ Γ(𝑇𝑇𝑇𝑇) and 𝑁𝑁 ∈
Γ(𝑇𝑇⊥𝑀𝑀), we have 

𝑋𝑋 = 𝑃𝑃𝑃𝑃 + 𝑄𝑄𝑄𝑄 + ∑ 𝜂𝜂𝛼𝛼(𝑋𝑋)𝜉𝜉𝛼𝛼𝑠𝑠
𝛼𝛼=1 , 1 ≤ 𝛼𝛼 ≤ 𝑠𝑠  (3.4)  

𝑓𝑓𝑓𝑓 = 𝐵𝐵𝐵𝐵 + 𝐶𝐶𝐶𝐶                         (3.5) 
 
where BN (resp. CN) denotes the tangential (resp. normal) 
component of fN. 
 
Now, we define a connection ∇� as 

∇�𝑋𝑋𝑌𝑌 = ∇� 𝑋𝑋𝑌𝑌 + ∑ {𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 − 𝑔𝑔(𝑋𝑋,𝑌𝑌)𝑠𝑠
𝛼𝛼=1 𝜉𝜉𝛼𝛼}.  

  
Then, ∇� is lineer connection. 
Let T� be the torsion tensor of ∇�. Then, for all 𝑋𝑋,𝑌𝑌 ∈ Γ(𝑇𝑇𝑀𝑀�)   

T�(𝑋𝑋,𝑌𝑌) = ∇�𝑋𝑋𝑌𝑌 − ∇�𝑌𝑌𝑋𝑋 − [𝑋𝑋,𝑌𝑌] 
= ∑ {𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 − 𝜂𝜂𝛼𝛼(𝑋𝑋)𝑌𝑌}    𝑠𝑠

𝛼𝛼=1  (3.6) 
 
Then ∇� is semi symmetric. Morever we get, 

(∇�𝑋𝑋𝑔𝑔)(𝑌𝑌,𝑍𝑍) = 𝑋𝑋[𝑔𝑔(𝑌𝑌,𝑍𝑍)] − 𝑔𝑔(∇�𝑋𝑋𝑌𝑌,𝑍𝑍) − 𝑔𝑔(𝑌𝑌,∇�𝑋𝑋𝑍𝑍). 
  

 In view of (3.6) and the above equation, we give the 
following theorem. 
 
Theorem 3.1 Let ∇� be the Riemannian connection on an S-
manifold 𝑀𝑀�. Then the linear connection which is defined as 

∇�𝑋𝑋𝑌𝑌 = ∇� 𝑋𝑋𝑌𝑌 + ∑ {𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 − 𝑔𝑔(𝑋𝑋,𝑌𝑌)𝑠𝑠
𝛼𝛼=1 𝜉𝜉𝛼𝛼}    (3.7)   

is a semi-symmetric metric connection on 𝑀𝑀�.  
 

Theorem 3.2  Let M be CR-submanifolds of an S-manifold  
𝑀𝑀�. Then  
(∇�𝑋𝑋𝑓𝑓)𝑌𝑌 = ∑ {𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼 − 𝑔𝑔(𝑋𝑋,𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼 −   𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 𝑠𝑠

𝛼𝛼=1   
−𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓}                                   (3.8)  

for all 𝑋𝑋,𝑌𝑌 ∈ Γ(𝑇𝑇𝑇𝑇).  
 

Proof. By the use of (3.7), we get  
(∇�𝑋𝑋𝑓𝑓)𝑌𝑌 = �∇�𝑋𝑋𝑓𝑓�𝑌𝑌 − ∑ {𝑔𝑔(𝑋𝑋, 𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼 −   𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋𝑠𝑠

𝛼𝛼=1 }        
  

for all 𝑋𝑋,𝑌𝑌 ∈ Γ(𝑇𝑇𝑇𝑇). Now using (2.3), we obtain (3.8).   
 

As an immediate consequence of Theorem 3.2 we have the 
following result. 

 
Corollary 3.1 Let M be CR-submanifolds of an S-manifold 
𝑀𝑀� with a semi-symmetric metric connection ∇�. Then 

 ∇�𝑋𝑋𝜉𝜉𝛼𝛼 = −𝑓𝑓𝑓𝑓 − 𝑓𝑓2𝑋𝑋                           (3.9) 
 

for all 𝑋𝑋 ∈ Γ(𝑇𝑇𝑇𝑇).   
 
Theorem 3.3 Let M be CR-submanifolds of an S-manifold 
𝑀𝑀� with a semi-symmetric metric connection ∇�.  Then, M is 
trans Sasakian manifold of type (1,1) with s=1.  

 
We denote by same symbol g both metrics on 𝑀𝑀� and M. Let 
∇� be the semi-symmetric metric connection on 𝑀𝑀�  and ∇ be 
the induced connection on M. Then, 

∇�𝑋𝑋𝑌𝑌 = ∇𝑋𝑋𝑌𝑌 + 𝑚𝑚(𝑋𝑋,𝑌𝑌)                    (3.10) 
  

where m is a tensor field on CR-submanifold M. Using (3.1) 
and (3.4) we have,  
∇𝑋𝑋𝑌𝑌 + 𝑚𝑚(𝑋𝑋,𝑌𝑌) = ∇𝑋𝑋∗ 𝑌𝑌 + ℎ(𝑋𝑋,𝑌𝑌) + ∑ 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋𝑠𝑠

𝛼𝛼=1 . (3.11)  
  

Comparing tangential and normal components from both 
the sides in (3.11), we get 

𝑚𝑚(𝑋𝑋,𝑌𝑌) = ℎ(𝑋𝑋,𝑌𝑌) 
and  

∇𝑋𝑋𝑌𝑌 = ∇𝑋𝑋∗ 𝑌𝑌 + ∑ 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋𝑠𝑠
𝛼𝛼=1  .                  (3.12) 

  
Thus ∇ is also a semi-symmetric metric connection. For 𝑋𝑋 ∈
Γ(𝑇𝑇𝑇𝑇) and 𝑁𝑁 ∈ Γ(𝑇𝑇⊥𝑀𝑀) from (3.2) and (3.12), we have  
∇𝑋𝑋𝑁𝑁 = ∇𝑋𝑋∗ 𝑁𝑁 + ∑ 𝜂𝜂𝛼𝛼(𝑁𝑁)𝑋𝑋𝑠𝑠

𝛼𝛼=1 = −A𝑁𝑁𝑋𝑋 + ∑ 𝜂𝜂𝛼𝛼(𝑁𝑁)𝑋𝑋𝑠𝑠
𝛼𝛼=1 .  

 
Now, Gauss and Weingarten formulas for a CR-
submanifolds of a S-manifold with a semi-symmetric 
metric connection is given by  

∇�𝑋𝑋𝑌𝑌 = ∇𝑋𝑋𝑌𝑌 + ℎ(𝑋𝑋,𝑌𝑌)                         (3.13) 
 

∇�𝑋𝑋𝑁𝑁 = −A𝑁𝑁𝑋𝑋 + ∇𝑋𝑋⊥𝑁𝑁 + �𝜂𝜂𝛼𝛼(𝑁𝑁)𝑋𝑋
𝑠𝑠

𝛼𝛼=1

     (3.14) 

 
for all 𝑋𝑋,𝑌𝑌 ∈ Γ(𝑇𝑇𝑇𝑇), 𝑁𝑁 ∈ Γ(𝑇𝑇⊥𝑀𝑀), h second fundamental 
form of M and A𝑁𝑁 is the Weingarten endomorphism 
associated with N. 

 
Theorem 3.4 The connection induced on CR-submanifolds 
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of an S-manifold with a semi-symmetric metric connection 
is also a semi-symetric metric connection.  
4 Some Basic Lemmas 
 
Lemma 4.1 If M be CR-submanifolds of an S-manifold 𝑀𝑀� 
with a semi-symmetric metric connection. Then, 
P∇𝑋𝑋𝑓𝑓𝑓𝑓𝑓𝑓 − 𝑃𝑃A𝑓𝑓𝑓𝑓𝑓𝑓𝑋𝑋 − 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 

= −∑ {𝜂𝜂𝛼𝛼(𝑌𝑌)𝑃𝑃𝑃𝑃𝑠𝑠
𝛼𝛼=1 + 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓𝑓𝑓},                  (4.1) 

Q∇𝑋𝑋𝑓𝑓𝑓𝑓𝑓𝑓 − 𝑄𝑄A𝑓𝑓𝑓𝑓𝑓𝑓𝑋𝑋 − 𝐵𝐵ℎ(𝑋𝑋,𝑌𝑌) = 
−∑ 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑄𝑄𝑄𝑄𝑠𝑠

𝛼𝛼=1 ,         (4.2)  
 
ℎ(𝑋𝑋, 𝑓𝑓𝑓𝑓𝑓𝑓) − 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 + ∇𝑋𝑋⊥𝑓𝑓𝑓𝑓𝑓𝑓 

= −∑ 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓𝑓𝑓𝑠𝑠
𝛼𝛼=1 + 𝐶𝐶ℎ(𝑋𝑋,𝑌𝑌)           (4.3)  

 
∑ {𝜂𝜂𝛼𝛼(∇𝑋𝑋𝑓𝑓𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼𝑠𝑠
𝛼𝛼=1 − 𝜂𝜂𝛼𝛼�A𝑓𝑓𝑓𝑓𝑓𝑓𝑋𝑋�𝜉𝜉𝛼𝛼} =

                 ∑ {𝑠𝑠
𝛼𝛼=1 𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼 − 𝑔𝑔(𝑋𝑋, 𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼 + 𝜂𝜂𝛼𝛼(∇𝑋𝑋𝑌𝑌)𝜉𝜉𝛼𝛼    

−𝜂𝜂𝛼𝛼(𝑋𝑋)𝜂𝜂𝛼𝛼(𝑌𝑌)𝜉𝜉𝛼𝛼}                          (4.4) 
 
 for all 𝑋𝑋,𝑌𝑌 ∈ Γ(𝑇𝑇𝑇𝑇). 

 
Proof. By direct differentiating covariantly, we have 

∇�𝑋𝑋𝑓𝑓𝑓𝑓 = (∇�𝑋𝑋𝑓𝑓)𝑌𝑌 + 𝑓𝑓∇�𝑋𝑋𝑌𝑌. 
By virtue of (3.4), (3.8), (3.13) and (3.14), we get 
∇𝑋𝑋𝑓𝑓𝑓𝑓𝑓𝑓 + ℎ(𝑋𝑋, 𝑓𝑓𝑓𝑓𝑓𝑓) + �−A𝑓𝑓𝑓𝑓𝑓𝑓𝑋𝑋 + ∇𝑋𝑋⊥𝑓𝑓𝑓𝑓𝑓𝑓� =
∑ {𝑠𝑠
𝛼𝛼=1 𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼 − 𝑔𝑔(𝑋𝑋, 𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼 + 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓}  +

𝑓𝑓∇𝑋𝑋𝑌𝑌 + 𝑓𝑓ℎ(𝑋𝑋,𝑌𝑌).   
 
Then, from (3.4), we have 
𝑃𝑃∇𝑋𝑋𝑓𝑓𝑓𝑓𝑓𝑓 + 𝑄𝑄∇𝑋𝑋𝑓𝑓𝑓𝑓𝑓𝑓 + ℎ(𝑋𝑋, 𝑓𝑓𝑓𝑓𝑓𝑓) − 𝑃𝑃A𝑓𝑓𝑓𝑓𝑓𝑓𝑋𝑋 −
𝑄𝑄A𝑓𝑓𝑓𝑓𝑓𝑓𝑋𝑋 + ∇𝑋𝑋⊥𝑓𝑓𝑓𝑓𝑓𝑓 = ∑ {𝑠𝑠

𝛼𝛼=1 𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼 − 𝑔𝑔(𝑋𝑋, 𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼 −
𝜂𝜂𝛼𝛼(𝑌𝑌)𝑃𝑃𝑃𝑃 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑄𝑄𝑄𝑄 − 𝜂𝜂𝛼𝛼(𝑋𝑋)𝜂𝜂𝛼𝛼(𝑌𝑌)𝜉𝜉𝛼𝛼 + 𝜂𝜂𝛼𝛼(∇𝑋𝑋𝑌𝑌)𝜉𝜉𝛼𝛼 −
𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓𝑓𝑓 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓𝑓𝑓} + 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 + 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 +
𝐵𝐵ℎ(𝑋𝑋,𝑌𝑌) + 𝐶𝐶ℎ(𝑋𝑋,𝑌𝑌. )  
 
Comparing tangential, vertical and normal components in 
above equation, we get desired results.  
 
Lemma 4.2 If M be CR-submanifolds of an S-manifold 𝑀𝑀� 
with a semi-symmetric metric connection. Then, 
−A𝑓𝑓𝑓𝑓𝑋𝑋 − 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 − 𝐵𝐵ℎ(𝑋𝑋,𝑌𝑌) = ∑ {𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼  𝑠𝑠

𝛼𝛼=1      
−𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓                    (4.5) 

 
∇𝑋𝑋⊥𝑓𝑓𝑓𝑓 = 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 + 𝐶𝐶ℎ(𝑋𝑋,𝑌𝑌)               (4.6) 

for all 𝑋𝑋,𝑌𝑌 ∈ Γ(D⊥ ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠}).  
 

Proof. By the use of (3.8) and 𝑓𝑓𝑓𝑓 ∈ Γ(T⊥𝑀𝑀), then for all 
𝑋𝑋,𝑌𝑌 ∈ Γ(D⊥ ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠}) we get  
(∇�𝑋𝑋𝑓𝑓)𝑌𝑌 = ∑ {𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓𝑠𝑠

𝛼𝛼=1 }.  
  

From the above equation, we have  
∇�𝑋𝑋𝑓𝑓𝑓𝑓 − 𝑓𝑓∇�𝑋𝑋𝑌𝑌 = ∑ {𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 −𝑠𝑠

𝛼𝛼=1
𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓}.  

 
Now using (3.13) and (3.14) in the above equation, we have 
−A𝑓𝑓𝑓𝑓𝑋𝑋 + ∇𝑋𝑋⊥𝑓𝑓𝑓𝑓 − 𝑓𝑓∇𝑋𝑋𝑌𝑌 − 𝑓𝑓ℎ(𝑋𝑋,𝑌𝑌) = ∑ {𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼 −𝑠𝑠

𝛼𝛼=1
𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓}  
 
or  
−A𝑓𝑓𝑓𝑓𝑋𝑋 + ∇𝑋𝑋⊥𝑓𝑓𝑓𝑓 − 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 − 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 − 𝐵𝐵ℎ(𝑋𝑋,𝑌𝑌) −
𝐶𝐶ℎ(𝑋𝑋,𝑌𝑌) = ∑ {𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓𝑠𝑠

𝛼𝛼=1 }           
 

 for all 𝑋𝑋,𝑌𝑌 ∈ Γ(D⊥ ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠}) Now, comparing 
tangential, vertical and normal components in the above 
equation, we get desired results.  

 
Lemma 4.3 If M be CR-submanifolds of an S-manifold 𝑀𝑀� 
with a semi-symmetric metric connection. Then, 
∇𝑋𝑋𝑓𝑓𝑓𝑓 − 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 = ∑ {𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼 − 𝑔𝑔(𝑋𝑋, 𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼}𝑠𝑠

𝛼𝛼=1        
−𝐵𝐵ℎ(𝑋𝑋,𝑌𝑌)                                (4.7) 

ℎ(𝑋𝑋, 𝑓𝑓𝑓𝑓) = 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 + 𝐶𝐶ℎ(𝑋𝑋,𝑌𝑌)            (4.8) 
for all 𝑋𝑋,𝑌𝑌 ∈ Γ(𝐷𝐷). 
 
Proof. From (3.8), we have  

∇�𝑋𝑋𝑓𝑓𝑓𝑓 − 𝑓𝑓∇�𝑋𝑋𝑌𝑌 = ∑ {𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼 − 𝑔𝑔(𝑋𝑋, 𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼𝑠𝑠
𝛼𝛼=1 }  

 
for all 𝑋𝑋,𝑌𝑌 ∈ Γ(𝐷𝐷). Now using (2.2), we get  
∇𝑋𝑋𝑓𝑓𝑓𝑓 + ℎ(𝑋𝑋, 𝑓𝑓𝑓𝑓) − 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 − 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 − 𝐵𝐵ℎ(𝑋𝑋,𝑌𝑌) −
𝐶𝐶ℎ(𝑋𝑋,𝑌𝑌) = ∑ {𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼 − 𝑔𝑔(𝑋𝑋, 𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼𝑠𝑠

𝛼𝛼=1 }.  
  
 In the above equation, comparing tangential, vertical and 
normal components, we get (4.7) and (4.8).  
 
5 Integrability Conditions of Distributions 

 
Theorem 5.1 Let M be CR-submanifolds of an S-manifold 
𝑀𝑀� with a semi-symmetric metric connection. Then the 
distribution 𝐷𝐷⊕ D⊥ is not integrable.  
 
Proof. For any 𝑋𝑋,𝑌𝑌 ∈ Γ(𝐷𝐷⊕ D⊥), we have 

𝑔𝑔([𝑋𝑋,𝑌𝑌], 𝜉𝜉𝛼𝛼) = 𝑔𝑔�𝑌𝑌,∇�𝑋𝑋𝜉𝜉𝛼𝛼� + 𝑔𝑔�𝑋𝑋,∇�𝑌𝑌𝜉𝜉𝛼𝛼�.  
Using (3.9) and (3.13), we get 
𝑔𝑔([𝑋𝑋,𝑌𝑌], 𝜉𝜉𝛼𝛼) = −𝑔𝑔(𝑌𝑌,∇�𝑋𝑋𝜉𝜉𝛼𝛼 − 𝑋𝑋 − 𝜂𝜂𝛼𝛼(𝑋𝑋)𝜉𝜉𝛼𝛼) 
                             +𝑔𝑔(𝑋𝑋,∇�𝑌𝑌𝜉𝜉𝛼𝛼 − 𝑌𝑌 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝜉𝜉𝛼𝛼) 
                         = 𝑔𝑔(𝑌𝑌, 𝑓𝑓𝑓𝑓 + 𝑓𝑓2𝑋𝑋) + 𝑔𝑔(𝑋𝑋, 𝑓𝑓𝑓𝑓 + 𝑓𝑓2𝑌𝑌) 
 This completes the proof.  
 
Theorem 5.2  Let M be CR-submanifolds of an S-manifold 
𝑀𝑀� with a semi-symmetric metric connection. The 
distribution D ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠} is integrable if and only if 

ℎ(𝑋𝑋, 𝑓𝑓𝑓𝑓) = ℎ(𝑌𝑌, 𝑓𝑓𝑓𝑓) 
for all 𝑋𝑋,𝑌𝑌 ∈ Γ(D ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠} ). 

 
Proof. By using of (3.21), we have  

ℎ(𝑋𝑋, 𝑓𝑓𝑓𝑓) − ℎ(𝑌𝑌, 𝑓𝑓𝑓𝑓) = 𝑓𝑓𝑓𝑓[𝑋𝑋,𝑌𝑌].             (5.1) 
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 Let D ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠} be integrable. Then 𝑄𝑄[𝑋𝑋,𝑌𝑌] = 0.  
From (5.1), we have  

ℎ(𝑋𝑋, 𝑓𝑓𝑓𝑓) = ℎ(𝑌𝑌, 𝑓𝑓𝑓𝑓)                        (5.2) 
  

 Vice verse, ℎ(𝑋𝑋, 𝑓𝑓𝑓𝑓) = ℎ(𝑌𝑌, 𝑓𝑓𝑓𝑓) or 𝑓𝑓𝑓𝑓[𝑋𝑋,𝑌𝑌] = 0. This 
completes the proof.  

 
As an immediate consequence of Theorem 5.2 we have the 
following result. 

 
Corollary 5.1 Let M be CR-submanifolds of an S-manifold 
𝑀𝑀� with a semi-symmetric metric connection. The 
distribution D ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠} is integrable if and only if 

A𝑁𝑁𝑓𝑓𝑓𝑓 = −𝑓𝑓A𝑁𝑁𝑋𝑋 
 
for all 𝑋𝑋 ∈ Γ(D ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠} ).  

 
Theorem 5.3 Let M be CR-submanifolds of an S-manifold 
𝑀𝑀� with a semi-symmetric metric connection. The 
distribution D⊥ ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠} is integrable if and only if 
A𝑓𝑓𝑓𝑓𝑌𝑌 − A𝑓𝑓𝑓𝑓𝑋𝑋 = ∑ {𝜂𝜂𝛼𝛼(𝑋𝑋)𝑌𝑌 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋𝑠𝑠

𝛼𝛼=1        
+𝜂𝜂𝛼𝛼(𝑋𝑋)𝑓𝑓𝑓𝑓 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓              (5.3) 

for all 𝑋𝑋,𝑌𝑌 ∈ Γ(D⊥ ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠} ).   
 

Proof. If 𝑋𝑋,𝑌𝑌 ∈ Γ(D⊥ ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠} ), then from (4.4)  
−A𝑓𝑓𝑓𝑓𝑋𝑋 − 𝑓𝑓𝑓𝑓∇𝑋𝑋𝑌𝑌 − 𝐵𝐵ℎ(𝑋𝑋,𝑌𝑌) = ∑ {𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉𝛼𝛼𝑠𝑠

𝛼𝛼=1    
−𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓}                 (5.4) 

 Now interchanging X and Y, subtracting the equations, we 
have  
−A𝑓𝑓𝑓𝑓𝑋𝑋 + A𝑓𝑓𝑓𝑓𝑌𝑌 − 𝑓𝑓𝑓𝑓[𝑋𝑋,𝑌𝑌] = ∑ {−𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 + 𝜂𝜂𝛼𝛼(𝑋𝑋)𝑌𝑌𝑠𝑠

𝛼𝛼=1   
−𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓 + 𝜂𝜂𝛼𝛼(𝑋𝑋)𝑓𝑓𝑓𝑓}     (5.5) 

From (5.5), we obtain  
−A𝑓𝑓𝑓𝑓𝑋𝑋 + A𝑓𝑓𝑓𝑓𝑌𝑌 − 𝑓𝑓𝑓𝑓[𝑋𝑋,𝑌𝑌] = ∑ {−𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 +𝑠𝑠

𝛼𝛼=1
𝜂𝜂𝛼𝛼(𝑋𝑋)𝑌𝑌}    
 
Now, let D⊥ ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠}  be integrable. For all 𝑋𝑋,𝑌𝑌 ∈
Γ(D⊥ ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠} ), [𝑋𝑋,𝑌𝑌] = 0. Then  
A𝑓𝑓𝑓𝑓𝑌𝑌 − A𝑓𝑓𝑓𝑓𝑋𝑋 = ∑ {𝜂𝜂𝛼𝛼(𝑋𝑋)𝑌𝑌 − 𝜂𝜂𝛼𝛼(𝑌𝑌)𝑋𝑋 + 𝜂𝜂𝛼𝛼(𝑋𝑋)𝑓𝑓𝑓𝑓 −𝑠𝑠

𝛼𝛼=1
𝜂𝜂𝛼𝛼(𝑌𝑌)𝑓𝑓𝑓𝑓}.       
 
By using (5.5), 𝑓𝑓𝑓𝑓[𝑋𝑋,𝑌𝑌] = 0 then [𝑋𝑋,𝑌𝑌] = 0.  
 
Corollary 5.2 Let M be CR-submanifolds of an S-manifold 
𝑀𝑀� with a semi-symmetric metric connection. Then the 
distribution D⊥is integrable if and only if 

A𝑓𝑓𝑓𝑓𝑋𝑋 = A𝑓𝑓𝑓𝑓𝑌𝑌                               (5.6) 
  

for all 𝑋𝑋,𝑌𝑌 ∈ Γ(D⊥ ).    
 
6 Parallel Distributions 
 
Definition 6.1 The horizontal (resp.vertical) distribution on 
𝐷𝐷 (resp. D⊥) is said to be parallel with respect to the 

connection ∇ on M if 
∇𝑋𝑋𝑌𝑌 ∈ 𝐷𝐷 (𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟.∇𝑍𝑍𝑊𝑊 ∈ D⊥) 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑋𝑋,𝑌𝑌 ∈
Γ(D)  (𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟.  𝑍𝑍,𝑊𝑊 ∈ Γ(D⊥ )) . 

 
Now, we have the following Theorem: 

 
Theorem 6.1 Let M be a 𝜉𝜉𝛼𝛼 −horizontal CR-submanifolds 
of an S-manifold 𝑀𝑀� with a semi-symmetric metric 
connection. Then, the horizontal distribution D is parallel 
if and only if 

 ℎ(𝑋𝑋, 𝑓𝑓𝑓𝑓) = ℎ(𝑌𝑌,𝑓𝑓𝑓𝑓) = 𝑓𝑓ℎ(𝑋𝑋,𝑌𝑌)                    (6.1) 
  

for all 𝑋𝑋,𝑌𝑌 ∈ Γ(D).  
 

Proof. Since every parallel distribution is involutive then 
the first equality follows immediately. Now since D is 
parallel, we have 

∇𝑋𝑋𝑓𝑓𝑓𝑓 ∈ 𝐷𝐷,∀𝑋𝑋,𝑌𝑌 ∈ Γ(D). 
  

From (4.2), we have  
𝐵𝐵ℎ(𝑋𝑋,𝑌𝑌) = 0, ∀𝑋𝑋,𝑌𝑌 ∈ Γ(D )            (6.2)  

  
 and from (4.3), if 𝜉𝜉𝛼𝛼 ∈ Γ(D), then D is parallel if and only 
if 

ℎ(𝑋𝑋, 𝑓𝑓𝑓𝑓) = 𝐶𝐶ℎ(𝑋𝑋,𝑌𝑌). 
But we have, 

𝑓𝑓ℎ(𝑋𝑋,𝑌𝑌) = 𝐵𝐵ℎ(𝑋𝑋,𝑌𝑌) + 𝐶𝐶ℎ(𝑋𝑋,𝑌𝑌), 
  

and from (4.7), 𝑓𝑓ℎ(𝑋𝑋,𝑌𝑌) = 𝐶𝐶ℎ(𝑋𝑋,𝑌𝑌) which completes the 
proof.  
 
Lemma 6.1 Let M be CR-submanifolds of an S-manifold 𝑀𝑀� 
with a semi-symmetric metric connection. Then the 
distribution D⊥ is parallel if and only if 

 −A𝑓𝑓𝑓𝑓𝑍𝑍 = ∑ 𝑔𝑔(𝑍𝑍,𝑊𝑊)𝜉𝜉𝛼𝛼 + 𝐵𝐵ℎ(𝑍𝑍,𝑊𝑊)𝑠𝑠
𝛼𝛼=1        (6.3)  

  
for all 𝑍𝑍,𝑊𝑊 ∈ Γ(D⊥ ).  

 
Proof.  Using (4.4), we have,  
−A𝑓𝑓𝑓𝑓𝑍𝑍 − 𝑓𝑓𝑓𝑓∇𝑍𝑍𝑊𝑊 = ∑ 𝑔𝑔(𝑍𝑍,𝑊𝑊)𝜉𝜉𝛼𝛼 + 𝐵𝐵ℎ(𝑍𝑍,𝑊𝑊)𝑠𝑠

𝛼𝛼=1 ,
∀ 𝑍𝑍,𝑊𝑊 ∈ Γ(D⊥)    
 
Hence  

∇𝑍𝑍𝑊𝑊 ∈ Γ(D⊥) 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑖𝑖𝑖𝑖 𝑃𝑃∇𝑍𝑍𝑊𝑊 = 0. 
  

Since 𝑃𝑃∇𝑍𝑍𝑊𝑊 = 0 we get (6.3).  
 

Lemma 6.2 Let M be CR-submanifolds of an S-manifold 𝑀𝑀� 
with a semi-symmetric metric connection. Then the 
distribution D⊥is parallel is parallel if and only if 

A𝑓𝑓𝑓𝑓𝑍𝑍 ∈ Γ(D⊥)                                  (6.4) 
 
for all 𝑍𝑍,𝑊𝑊 ∈ Γ(D⊥)   
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Proof. Using Gauss and Weingarten formulas in (3.8), we 
have  
(∇𝑍𝑍𝑓𝑓)𝑊𝑊 = ∑ {𝑔𝑔(𝑓𝑓𝑓𝑓, 𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼 + 𝜂𝜂𝛼𝛼(𝑊𝑊)(𝑓𝑓2𝑍𝑍𝑠𝑠

𝛼𝛼=1 − 𝑓𝑓𝑓𝑓)}  
for 𝑍𝑍,𝑊𝑊 ∈ Γ(D⊥) By using (3.13) and (3.14), we get  
∇𝑍𝑍𝑓𝑓𝑓𝑓 − 𝑓𝑓∇𝑍𝑍𝑊𝑊 = ∑ {𝑔𝑔(𝑓𝑓𝑓𝑓, 𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼 + 𝜂𝜂𝛼𝛼(𝑊𝑊)(𝑓𝑓2𝑍𝑍𝑠𝑠

𝛼𝛼=1 −
𝑓𝑓𝑓𝑓)}  
 
or 
−A𝑓𝑓𝑓𝑓𝑍𝑍 + ∇𝑍𝑍⊥𝑓𝑓𝑓𝑓 − 𝑓𝑓∇𝑍𝑍𝑊𝑊 − 𝑓𝑓ℎ(𝑍𝑍,𝑊𝑊) =
                           ∑ {𝑔𝑔(𝑓𝑓𝑓𝑓, 𝑓𝑓𝑓𝑓)𝜉𝜉𝛼𝛼 + 𝜂𝜂𝛼𝛼(𝑊𝑊)(𝑓𝑓2𝑍𝑍𝑠𝑠

𝛼𝛼=1 − 𝑓𝑓𝑓𝑓)}  
  

Now taking inner product with 𝑌𝑌 ∈ Γ(𝐷𝐷) in above equation, 
we have 
−𝑔𝑔�A𝑓𝑓𝑓𝑓𝑍𝑍,𝑌𝑌� + 𝑔𝑔(∇𝑍𝑍⊥𝑓𝑓𝑊𝑊,𝑌𝑌) − 𝑔𝑔(𝑓𝑓∇𝑍𝑍𝑊𝑊,𝑌𝑌) −
𝑔𝑔(𝑓𝑓ℎ(𝑍𝑍,𝑊𝑊),𝑌𝑌) = ∑ {𝑔𝑔(𝑓𝑓𝑓𝑓, 𝑓𝑓𝑓𝑓)𝑔𝑔(𝜉𝜉𝛼𝛼 ,𝑌𝑌) +𝑠𝑠

𝛼𝛼=1
𝜂𝜂𝛼𝛼(𝑊𝑊)𝑔𝑔(𝑓𝑓2𝑍𝑍,𝑌𝑌) − 𝜂𝜂𝛼𝛼(𝑊𝑊)𝑔𝑔(𝑓𝑓𝑓𝑓,𝑌𝑌)}  

  
This implies that  

𝑔𝑔�A𝑓𝑓𝑓𝑓𝑍𝑍,𝑌𝑌� = 0 𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑖𝑖𝑖𝑖 A𝑓𝑓𝑓𝑓𝑍𝑍 ∈ Γ(D⊥).  
  

Therefore, we get  
∇𝑍𝑍𝑊𝑊 ∈ D⊥ if and only if A𝑓𝑓𝑓𝑓𝑍𝑍 ∈ D⊥. 

  
 This completes the proof.  
 
7 CR-Submanifolds of an S-Space form with a semi 
symmetric metric connection 
In [1], Akyol et al introduced constant φ sectional curvature 
R with a semi symmetric metric connection. Let M be CR-
submanifolds of an S-manifold 𝑀𝑀� with a semi-symmetric 
metric connection. Then a CR-submanifold M has constant 
φ sectional curvature c if and only if the Riemannian 
curvature tensor 𝑅𝑅� satisfied 
𝑅𝑅�(𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊) = 2∑ {𝑔𝑔(𝑋𝑋,𝑊𝑊)𝜂𝜂𝑖𝑖(𝑌𝑌)𝜂𝜂𝑗𝑗(𝑍𝑍) +2𝑚𝑚+𝑠𝑠

𝑖𝑖,𝑗𝑗=1
𝑔𝑔(𝑌𝑌,𝑊𝑊)𝜂𝜂𝑖𝑖(𝑋𝑋)𝜂𝜂𝑗𝑗(𝑍𝑍) + 𝑔𝑔(𝑌𝑌,𝑍𝑍)𝜂𝜂𝑖𝑖(𝑋𝑋)𝜂𝜂𝑗𝑗(𝑊𝑊) −
𝑔𝑔(𝑋𝑋,𝑍𝑍)𝜂𝜂𝑖𝑖(𝑌𝑌)𝜂𝜂𝑗𝑗(𝑊𝑊)} +
∑ {𝜂𝜂𝑖𝑖(𝑋𝑋)𝜂𝜂𝑘𝑘(𝑌𝑌)𝜂𝜂𝑗𝑗(𝑍𝑍)𝜂𝜂𝑘𝑘(𝑊𝑊) −2𝑚𝑚+𝑠𝑠
𝑖𝑖,𝑗𝑗=1

𝜂𝜂𝑘𝑘(𝑊𝑊)𝜂𝜂𝑖𝑖(𝑌𝑌)𝜂𝜂𝑗𝑗(𝑍𝑍)𝜂𝜂𝑘𝑘(𝑊𝑊) + 𝜂𝜂𝑘𝑘(𝑋𝑋)𝜂𝜂𝑖𝑖(𝑌𝑌)𝜂𝜂𝑘𝑘(𝑍𝑍)𝜂𝜂𝑗𝑗(𝑊𝑊) −
𝜂𝜂𝑘𝑘(𝑋𝑋)𝜂𝜂𝑖𝑖(𝑌𝑌)𝜂𝜂𝑘𝑘(𝑊𝑊)𝜂𝜂𝑖𝑖(𝑍𝑍)}  
+ 𝑐𝑐+3𝑠𝑠

4
{𝑔𝑔(𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑)𝑔𝑔(𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑) − 𝑔𝑔(𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑)𝑔𝑔(𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑)}  

+ 𝑐𝑐−𝑠𝑠
4

{𝑔𝑔(𝑋𝑋,𝜑𝜑𝜑𝜑)𝑔𝑔(𝑌𝑌,𝜑𝜑𝜑𝜑) − 𝑔𝑔(𝑋𝑋,𝜑𝜑𝜑𝜑)𝑔𝑔(𝑌𝑌,𝜑𝜑𝜑𝜑) −
2𝑔𝑔(𝑋𝑋,𝜑𝜑𝜑𝜑)𝑔𝑔(𝑍𝑍,𝜑𝜑𝜑𝜑)} + 𝑠𝑠{𝑔𝑔(𝜑𝜑𝜑𝜑,𝑋𝑋)𝑔𝑔(𝑌𝑌,𝑊𝑊) −
𝑔𝑔(𝑋𝑋,𝑊𝑊)𝑔𝑔(𝜑𝜑𝜑𝜑,𝑌𝑌) + 𝑔𝑔(𝑌𝑌,𝜑𝜑𝜑𝜑)𝑔𝑔(𝜑𝜑𝜑𝜑,𝑊𝑊) +
𝑔𝑔(𝑋𝑋,𝑍𝑍)𝑔𝑔(𝑌𝑌,𝑊𝑊) − 𝑔𝑔(𝑌𝑌,𝑍𝑍)𝑔𝑔(𝑋𝑋,𝑊𝑊) −
𝑔𝑔(𝑋𝑋,𝑍𝑍)𝑔𝑔(𝜑𝜑𝜑𝜑,𝑊𝑊)} + 𝑔𝑔�ℎ(𝑋𝑋,𝑍𝑍), ℎ(𝑌𝑌,𝑊𝑊)� −
𝑔𝑔�ℎ(𝑌𝑌,𝑍𝑍), ℎ(𝑋𝑋,𝑊𝑊)�               (7.1)  
 
for all 𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊 ∈ Γ(TM) 
 
We choose a local field of orthonormal frames 

{ 𝐸𝐸1, … ,𝐸𝐸𝑚𝑚 ,𝐸𝐸𝑚𝑚+1, … ,𝐸𝐸2𝑚𝑚, 𝜉𝜉1, … , 𝜉𝜉𝑠𝑠  }  of TM, where 𝐷𝐷 =
𝑠𝑠𝑠𝑠{𝐸𝐸1, … ,𝐸𝐸𝑚𝑚} 𝑎𝑎𝑎𝑎𝑎𝑎 D⊥ = 𝑠𝑠𝑠𝑠{𝐸𝐸𝑚𝑚+1, … ,𝐸𝐸2𝑚𝑚}.  

  
 Now, let begin with the following theorem: 

 
Theorem 7.1  Let M be CR-submanifolds of an S-space 
form 𝑀𝑀�(𝑐𝑐) with a semi symmetric metric connection. Then 
𝑅𝑅�(𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊) =

𝑐𝑐 − 𝑠𝑠
4

{𝑔𝑔(𝑌𝑌,𝑍𝑍)𝑔𝑔(𝑋𝑋,𝑊𝑊)
− 𝑔𝑔(𝑋𝑋,𝑍𝑍)𝑔𝑔(𝑌𝑌,𝑊𝑊)} 

+𝑔𝑔�ℎ(𝑋𝑋,𝑍𝑍), ℎ(𝑌𝑌,𝑊𝑊)� − 𝑔𝑔�ℎ(𝑌𝑌,𝑍𝑍),ℎ(𝑋𝑋,𝑊𝑊)�            (7.2)  
  

for all 𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊 ∈ Γ(D⊥).  
 

Proof. For all 𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊 ∈ Γ(D⊥), by making use of (7.1), 
we obtain  
𝑅𝑅�(𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊) = 𝑐𝑐+3𝑠𝑠

4
{𝑔𝑔(𝑋𝑋,𝑊𝑊)𝑔𝑔(𝑌𝑌,𝑍𝑍) −

𝑔𝑔(𝑋𝑋,𝑍𝑍)𝑔𝑔(𝑌𝑌,𝑊𝑊)} + 𝑠𝑠{𝑔𝑔(𝑋𝑋,𝑍𝑍)𝑔𝑔(𝑌𝑌,𝑊𝑊) −
𝑔𝑔(𝑌𝑌,𝑍𝑍)𝑔𝑔(𝑋𝑋,𝑊𝑊)}  
+𝑔𝑔�ℎ(𝑋𝑋,𝑍𝑍), ℎ(𝑌𝑌,𝑊𝑊)� − 𝑔𝑔�ℎ(𝑌𝑌,𝑍𝑍),ℎ(𝑋𝑋,𝑊𝑊)� 

  
=
𝑐𝑐 − 𝑠𝑠

4
𝑔𝑔(𝑋𝑋,𝑊𝑊)𝑔𝑔(𝑌𝑌,𝑍𝑍) +

𝑠𝑠 − 𝑐𝑐
4

𝑔𝑔(𝑋𝑋,𝑍𝑍)𝑔𝑔(𝑌𝑌,𝑊𝑊)

+ 𝑔𝑔�ℎ(𝑋𝑋,𝑍𝑍), ℎ(𝑌𝑌,𝑊𝑊)�
− 𝑔𝑔�ℎ(𝑌𝑌,𝑍𝑍), ℎ(𝑋𝑋,𝑊𝑊)� 

 which give us (7.2).  
 

As a consequence of Theorem 7.1, we can give the 
following corollary, 

 
Corollary 7.1 Let M be CR-submanifolds of an S-space 
form 𝑀𝑀�(𝑐𝑐) with a semi symmetric metric connection.  and 
for all 𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊 ∈ Γ(D⊥). Let D⊥ be a totally geodesic. 
Then M is flat if and only if c=s.  

 
 

Theorem 7.2 Let M be CR-submanifolds of an S-space form 
𝑀𝑀�(𝑐𝑐) with a semi symmetric metric connection.  and for all 
𝑋𝑋,𝑌𝑌 ∈ Γ(D⊥). If D⊥ is totally geodesic, Then the scalar 
curvature of D⊥ is given by  

𝜏𝜏D̅⊥ = 𝑐𝑐−𝑠𝑠
4
𝑚𝑚(𝑚𝑚 − 1),  

  
where 𝜏𝜏̅ is the scalar curvature.  

 
Proof. For all 𝑋𝑋,𝑌𝑌 ∈ Γ(D⊥) using (7.2), we get  
𝑆𝑆̅(𝑋𝑋,𝑌𝑌) = ∑ 𝑅𝑅(𝐸𝐸𝑖𝑖 ,𝑋𝑋,𝑌𝑌,𝐸𝐸𝑖𝑖)𝑠𝑠

𝛼𝛼=1 =  𝑐𝑐−𝑠𝑠
4

(𝑚𝑚 − 1)𝑔𝑔(𝑋𝑋,𝑌𝑌),  
  

where 𝑆𝑆̅ is Ricci tensor.  
 

Theorem 7.3 Let M be CR-submanifolds of an S-space 
form 𝑀𝑀�(𝑐𝑐) with a semi symmetric metric connection.  . Then 
the scalar curvature determined by D is given  
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4
𝑚𝑚(𝑚𝑚 + 2). 

   
Proof. For all 𝑋𝑋,𝑌𝑌 ∈ Γ(D) from (7.2), we have  
𝑅𝑅�(𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊) = 𝑐𝑐+3𝑠𝑠

4
{𝑔𝑔(𝑋𝑋,𝑊𝑊)𝑔𝑔(𝑌𝑌,𝑍𝑍) −

𝑔𝑔(𝑋𝑋,𝑍𝑍)𝑔𝑔(𝑌𝑌,𝑊𝑊)}  
+ 𝑐𝑐−𝑠𝑠

4
{𝑔𝑔(𝑋𝑋,𝜑𝜑𝜑𝜑)𝑔𝑔(𝑌𝑌,𝜑𝜑𝜑𝜑) − 𝑔𝑔(𝑋𝑋,𝜑𝜑𝜑𝜑)𝑔𝑔(𝑌𝑌,𝜑𝜑𝜑𝜑) −

2𝑔𝑔(𝑋𝑋,𝜑𝜑𝜑𝜑)𝑔𝑔(𝑍𝑍,𝜑𝜑𝜑𝜑)}  
+𝑠𝑠{𝑔𝑔(𝜑𝜑𝜑𝜑,𝑋𝑋)𝑔𝑔(𝑌𝑌,𝑊𝑊) − 𝑔𝑔(𝑋𝑋,𝑊𝑊)𝑔𝑔(𝜑𝜑𝜑𝜑,𝑌𝑌) +
𝑔𝑔(𝑌𝑌,𝜑𝜑𝜑𝜑)𝑔𝑔(𝜑𝜑𝜑𝜑,𝑊𝑊) + 𝑔𝑔(𝑋𝑋,𝑍𝑍)𝑔𝑔(𝑌𝑌,𝑊𝑊) −
𝑔𝑔(𝑌𝑌,𝑍𝑍)𝑔𝑔(𝑋𝑋,𝑊𝑊) − 𝑔𝑔(𝑋𝑋,𝑍𝑍)𝑔𝑔(𝜑𝜑𝑌𝑌,𝑊𝑊)} +
𝑔𝑔�ℎ(𝑋𝑋,𝑍𝑍), ℎ(𝑌𝑌,𝑊𝑊)� − 𝑔𝑔�ℎ(𝑌𝑌,𝑍𝑍), ℎ(𝑋𝑋,𝑊𝑊)�  

   
 Then, if S is Ricci tensor field of M then we have  
𝑆𝑆(̅𝑋𝑋,𝑌𝑌) = 𝑐𝑐−𝑠𝑠

4
(𝑚𝑚 + 2)𝑔𝑔(𝑋𝑋,𝑌𝑌) + 𝑠𝑠(2 −𝑚𝑚)𝑔𝑔(𝑋𝑋,𝜑𝜑𝜑𝜑).  

  
Theorem 7.4 Let M be CR-submanifolds of an S-space 
form 𝑀𝑀�(𝑐𝑐) with a semi symmetric metric connection.   Then, 
φ-sectional curvature of D is 2s-c if and only if D is totally 
geodesic.  

 
Proof. By the use of (7.1), we have  
𝑅𝑅�(𝑋𝑋,𝜑𝜑𝜑𝜑,𝑋𝑋,𝜑𝜑𝜑𝜑) = 𝑐𝑐+3𝑠𝑠

4
{𝑔𝑔(𝑋𝑋,𝜑𝜑𝜑𝜑)𝑔𝑔(𝜑𝜑𝜑𝜑,𝑋𝑋) −

𝑔𝑔(𝑋𝑋,𝑋𝑋)𝑔𝑔(𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑)  
+ 𝑐𝑐−𝑠𝑠

4
{𝑔𝑔(𝑋𝑋,𝜑𝜑2𝑋𝑋)𝑔𝑔(𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑) − 𝑔𝑔(𝑋𝑋,𝜑𝜑𝜑𝜑)𝑔𝑔(𝜑𝜑𝜑𝜑,𝜑𝜑2𝑋𝑋) −

2𝑔𝑔(𝑋𝑋,𝜑𝜑2𝑋𝑋)𝑔𝑔(𝑋𝑋,𝜑𝜑2𝑋𝑋)}  
+𝑠𝑠{𝑔𝑔(𝜑𝜑𝜑𝜑,𝑋𝑋)𝑔𝑔(𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑) − 𝑔𝑔(𝑋𝑋,𝜑𝜑𝜑𝜑)𝑔𝑔(𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑) +
𝑔𝑔(𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑)𝑔𝑔(𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑) + 𝑔𝑔(𝑋𝑋,𝑋𝑋)𝑔𝑔(𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑) −
𝑔𝑔(𝜑𝜑𝜑𝜑,𝑋𝑋)𝑔𝑔(𝑋𝑋,𝜑𝜑𝜑𝜑) − 𝑔𝑔(𝑋𝑋,𝑋𝑋)𝑔𝑔(𝜑𝜑2𝑋𝑋,𝜑𝜑𝜑𝜑)} +
𝑔𝑔�ℎ(𝑋𝑋,𝑋𝑋), ℎ(𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑)� − 𝑔𝑔�ℎ(𝜑𝜑𝜑𝜑,𝑋𝑋), ℎ(𝑋𝑋,𝜑𝜑𝜑𝜑)�  

  
for all 𝑋𝑋 ∈ Γ(D). Then, we obtain  
𝑅𝑅�(𝑋𝑋,𝜑𝜑𝜑𝜑,𝑋𝑋,𝜑𝜑𝜑𝜑) = −𝑐𝑐 + 2𝑠𝑠 − 2𝑔𝑔�ℎ(𝑋𝑋,𝑋𝑋), ℎ(𝑋𝑋,𝑋𝑋)�. 

   
Proposition 7.1 Let M be CR-submanifolds of an S-
manifold with a semi symmetric metric connection. Then, 

𝑅𝑅�(𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊) = 0 
  

for all 𝑋𝑋,𝑌𝑌 ∈ Γ(D ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠} ) and 𝑍𝑍,𝑊𝑊 ∈ Γ(D⊥).  
 

Proof. Let M be CR-submanifolds of an S-manifold with a 
semi symmetric metric connection 𝑀𝑀�. Then for all 𝑍𝑍,𝑊𝑊 ∈
Γ(D⊥),  

𝜑𝜑𝜑𝜑,𝜑𝜑𝜑𝜑 ∈ 𝜑𝜑D⊥ ⊂ TM⊥. 
  

Using (7.1), we finish the proof of the proposition.  
 

Proposition 7.2 Let M be CR-submanifolds of an S-
manifold with a semi symmetric metric connection. Then, 

𝑅𝑅�(𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊) = 0 
for all 𝑋𝑋,𝑌𝑌 ∈ Γ(D) and 𝑍𝑍,𝑊𝑊 ∈ Γ(D⊥ ⊕ 𝑠𝑠𝑠𝑠{𝜉𝜉1, … , 𝜉𝜉𝑠𝑠} ). 
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