
Turk. J. Math. Comput. Sci.
7(2017) 10–15
c©MatDer
http://dergipark.gov.tr/tjmcs
http://tjmcs.matder.org.tr MATDER

Rate of Convergence for Modified Srivastava–Gupta Type Operators
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1. Introduction

In [6], Srivastava and Gupta defined very important linear positive operators (Later, called the Srivastava-Gupta
operators), because they contain some of the well known operators such as Phillips operators, Baskakov – Durrmeyer
type operators as a special case.The authors obtained on the rate of convergence of these operators by means of the
decomposition technique for functions of bounded variation. They show that the new operators preserve only the
constant functions. Recently, these operators and their generalizations were investigated by many authors (see, [1,2,4–
13]). For examples, in [13], Yadav proposed a modified form of these operators so as to preserve linear functions, In [6]
İspir and Yuksel introduced the Bezier variant of the Srivastava - Gupta operators and estimate the rate of convergence
of these operators for functions of bounded variation.

In this paper, we give a generalization of the Srivastava–Gupta operators as follows:

Gn,c( f ; x, αn, βn) = G∗n,c( f ; x) = αn

∞∑
k=1

Pn,k(x, c)

∞∫
0

Pn+c,k−1(t, c) f (
βn − c
βn

t)dt + Pn,0(x, c) f (0) (1.1)

where

Pn,k(x, c) =
(−x)k

k!
Φ(k)

n,c(x)

with

Φn,c(x) =

{
e−αn x , c = 0

(1 + cx)−
αn
c , c ∈ N
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and αn, βn are the unbounded sequences of positive numbers satisfying the following properties:

lim
n→∞

αn = lim
n→∞

βn = ∞, lim
n→∞

αn

βn
= 1, lim

n→∞

αn

αn+c
= 1.

Note that more properties of the function Φn,c(x) are included in [11]. In case αn = βn = n in (1.1), we immediately
obtain the modified Srivastava–Gupta operators

Gn,c( f ; x) = G∗n,c( f ; x) = n
∞∑

k=1

Pn,k(x, c)

∞∫
0

Pn+c,k−1(t, c) f (
n − c

n
t)dt + Pn,0(x, c) f (0) (1.2)

studied R. Yadav (see [13]). The author obtained the moments of the operators defined by (1.2) for the special cases
in terms of the confluent hypergeometric series and hypergeometric series and studied their statistical convergence,
asymptotic formula and error estimate in terms of higher order of modulus of continuity.

In the present paper, we investigate approximation properties of the operators Gn,c( f ; x, αn, βn) defined by (1.1) and
establish the rate of convergence for the real valued continuous bounded functions on the interval [0,∞).

2. Auxiliary Results

In this section, we will give some lemmas required for proving the main result. Now, we consider the two cases as
given in (1.1). First, we shall assume that c = 0 and x ∈ [0,∞). Then, it easily follows that (1.1) gives

G∗n,0( f ; x) = αn

∞∑
k=1

(αnx)k

k!
e−αn x

∞∫
0

(αnt)k−1

(k − 1)!
e−αnt f (t)dt + e−αn x f (0) (2.1)

where Pn,k(x, 0) =
(−x)k

k! Φ
(k)
n,0(x) and Φn,0(x) = e−αn x.

Lemma 2.1. For r ≥ 1, we have

G∗n,0(tr; x) =
Γ(r + 1)
αn

r−1 xe−αn xz1
1(r + 1, 2, αnx) (2.2)

where z1
1 is the confluent hypergeometric series defined as z1

1(a, b; x) =
∞∑

k=0

(a)k

(b)k

xk

k!
and (a)k is the Pochhammer symbol

defined as (a)k = a(a + 1)(a + 2)...(a + k − 1).

Proof. If we take f (t) = tr in (2.1), then we have

G∗n,0(tr; x) = αn

∞∑
k=1

(αnx)k

k!
e−αn x

∞∫
0

(αnt)k−1

(k − 1)!
e−αnttrdt

= αn

∞∑
k=1

(αnx)k

k!(k − 1)!
e−αn x

∞∫
0

αn
k−1e−αnttk+r−1dt.

Consider the integral
∞∫
0
αn

k−1e−αnttk+r−1dt. We easily get that

∞∫
0

αn
k−1e−αnttk+r−1dt =

∞∫
0

e−uαn
k−1 uk+r−1

αn
k+r−1

1
αn

du

=
1

αn
r+1

∞∫
0

e−uuk+r−1du

=
1

αn
r+1 Γ(k + r)
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here we use the substitution αnt = u. And so, we get

G∗n,0(tr; x) = αne−αn x
∞∑

k=1

(αnx)k

k!(k − 1)!
Γ(k + r)
αn

r+1

= αne−αn x
∞∑

k=0

(αnx)k+1

(k + 1)!k!
Γ(k + r + 1)

αn
r+1 .

= αne−αn x
∞∑

k=0

(αnx)k+1

(k + 1)!k!
(r + 1)kΓ(r + 1)

αn
r+1

= α2
nxe−αn x Γ(r + 1)

αn
r+1

∞∑
k=0

(r + 1)k
(αnx)k

(2)kk!

=
Γ(r + 1)
αn

r−1 xe−αn x
∞∑

k=0

(r + 1)k

(2)kk!
(αnx)k

=
Γ(r + 1)
αn

r−1 xe−αn xz1
1(r + 1, 2, αnx)

here we used following equalities

(k + 1)! = (2)k = 2.3.4...(2 + k − 1) = 2.3...(k + 1),
(r + 1)k = (r + 1)(r + 2)...(r + 1 + k − 1) = (r + 1)(r + 2)...(r + k),

(r + 1)kΓ(r + 1) = (r + 1)(r + 2)...(r + k)Γ(r + 1).

Now, taking into account that z1
1(a, b, αnx) = eαn xz1

1(b−a, b,−αnx) = x Γ(r+1)
αn

r−1 z
1
1(1− r, 2,−αnx), we establish the desired

result and completes the proof of the lemma. �

Remark 2.2. From Eq. (2.2), we have

G∗n,0(1; x) = 1,G∗n,0(t; x) = x, G∗n,0(t2; x) = x2 +
2
αn
.

Now, for the case c = 1 in (1.1), one have

G∗n,1( f ; x) = αn

∞∑
k=1

Pn,k(x, 1)

∞∫
0

Pn+1,k−1(t, 1) f (
βn − 1
βn

t)dt + Pn,0(x, 1) f (0)

where Pn,k(x, 1) =
(−x)k

k!
Φ

(k)
n,1(x) and Φn,1(x) = (1 + x)−αn .

Lemma 2.3. For r ≥ 1, one has

G∗n,1(tr; x) =
α2

n(βn − 1)rΓ(αn+1 − r − 1)Γ(r + 1)
βr

nΓ(αn+1)(1 + x)αn+1 xz2
1(αn + 1, r + 1, 2;

x
1 + x

) (2.3)

where z2
1 is the hypergeometric series defined by z2

1(a, b, c; x) =
∞∑

k=0

(a)k(b)k

(c)k

xk

k!
.

Proof. Putting f (t) = tr in (1.1), we have

G∗n,1(tr; x) = αn

∞∑
k=1

(αn)k

k!
xk

(1 + x)αn+k

∞∫
0

(αn+1)k−1

(k − 1)!
tk−1

(1 + t)αn+1+k−1 (
βn − 1
βn

t)rdt

= αn
(βn − 1)r

βr
n

∞∑
k=1

(αn)k

k!
xk

(1 + x)αn+k

(αn+1)k−1

(k − 1)!
β(k + r, αn+1 − r − 1)

=
αn(βn − 1)rΓ(αn+1 − r − 1)

βr
n

∞∑
k=0

(αn)k+1

(k + 1)!
xk+1

(1 + x)αn+k+1

(αn+1)k

k!
Γ(k + r + 1)
Γ(k + αn+1)
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using the identities

Γ(k + r + 1) = (r + 1)kΓ(r + 1),

(αn)k+1 = αn(αn + 1)...(αn + k), αn(αn + 1)k

= αn(αn + 1)...(αn + k), αn(αn + 1)k

= (αn)k+1,

we get

G∗n,1(tr; x) =
αn(βn − 1)rΓ(αn+1 − r − 1)Γ(r + 1)

βr
n

∞∑
k=0

(αn)k+1

(k + 1)!
(αn+1)k

k!
(r + 1)k

Γ(k + αn+1)
xk+1

(1 + x)αn+k+1

=
α2

n(βn − 1)rΓ(αn+1 − r − 1)Γ(r + 1)
βr

nΓ(αn+1)(1 + x)αn+1 xz2
1(αn + 1, r + 1, 2;

x
1 + x

),

and the proof of the lemma is complete. �

Remark 2.4. From Eq. (2.3), we have

G∗n,1(1; x) =
αn

αn+1 − 1
+

(
1 −

αn

αn+1 − 1

)
(1 + x)−αn ,

G∗n,1(t; x) =
α2

n(βn − 1)
βn(αn+1 − 1)(αn+1 − 2)

x,

G∗n,1(t2; x) =
α2

n(βn − 1)2

β2
n(αn+1 − 1)(αn+1 − 2)(αn+1 − 3)

[
(αn + 1)x2 + 2x

]
.

Note that the conclusion now follows immediately from Remark 2.2 and Remark 2.4:

G∗n,c(1; x) =
αn

αn+c − c
+ (1 −

αn

αn+c − c
)

1
(1 + x)αn

, (2.4)

G∗n,c(t; x) =
α2

n(βn − c)
βn(αn+c − c)(αn+c − 2c)

x, (2.5)

G∗n,1(t2; x) =
α2

n(βn − c)2

β2
n(αn+c − c)(αn+c − 2c)(αn+c − 3c)

[
(αn + c)x2 + 2x

]
. (2.6)

A simple computation from (2.4, 2.5, 2.6) also shows that

G∗n,c(t − x; x) =
α2

n (βn − c) − αn.βn (αn+c − 2c)
βn(αn+c − c)(αn+c − 2c)

x − (1 −
αn

αn+c − c
)

x
(1 + x)αn

,

G∗n,c((t − x)2; x) =
α2

n(βn − c)2(αn + c) − 2α2
nβn(βn − c)(αn+c − 3c) + αnβ

2
n(αn+c − 2c)(αn+c − 3c)

β2
n(αn+c − c)(αn+c − 2c)(αn+c − 3c)

x2

+
2α2

n(βn − c)2

β2
n(αn+c − c)(αn+c − 2c)(αn+c − 3c)

x + (1 −
αn

αn+c − c
)

x2

(1 + x)αn
.

3. Rate of Convergence

In this section, we estimate the rate of convergence of the operator (1.1) by using second order modulus of continuity
of f ∈ CB [0,∞) .

Let CB [0,∞) be the class on real valued continuous bounded functions f with the norm ‖ f ‖ = sup
x∈[0,∞)

| f (x)| . Also we

denote by C2
B [0,∞) = {g ∈ CB [0,∞) : g′, g′′ ∈ CB [0,∞)} . For f ∈ CB [0,∞) and δ > 0, the second order modulus of

continuity and the Peetre’s K-functional are defined as

ω2( f ; δ) = sup
0<h≤δ

sup
x∈[0,∞)

| f (x + 2h) − 2 f (x + h) + f (x)|
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and

K2( f ; δ) = inf
g∈C2

B[0,∞)

{
‖ f − g‖ + δ ‖g‖C2

B[0,∞)

}
where ‖g‖C2

B[0,∞) = ‖g‖ + ‖g′‖ + ‖g′′‖, respectively.

Theorem 3.1. Let f ∈ CB [0,∞) .Then ∣∣∣G∗n,c( f ; x) − f (x)
∣∣∣ ≤ C

′

ω2( f ;
√
δn,x)

where C
′

is a positive constant and

δn,x =
α2

n(βn − c)2(αn + c) − 2α2
nβn(βn − c)(αn+c − 3c) + αnβ

2
n(αn+c − 2c)(αn+c − 3c)

β2
n(αn+c − c)(αn+c − 2c)(αn+c − 3c)

x2

+
2α2

n(βn − c)2

β2
n(αn+c − c)(αn+c − 2c)(αn+c − 3c)

x,

holds for all x ∈ [0,∞) .

Proof. Let x ∈ [0,∞) and g ∈ C2
B [0,∞) . Using Taylor’s expansion, we see that

g(t) = g(x) + g′(x)(t − x) +

t∫
x

(t − u)g′′(u)du (3.1)

for all t ∈ [0,∞) . If we apply the operator G∗n,c defined by (1.1) in (3.1), taking into account (from remark 2) that

G∗n,c(g; x) −
(

αn

αn+c − c
+ (1 −

αn

αn+c − c
)

1
(1 + x)αn

)
g(x) = g′(x)G∗n,c((t − x); x) + G∗n,c(

t∫
x

(t − u)g′′(u)du ; x)

holds. Also an easily verification shows that∣∣∣∣∣∣∣∣
t∫

x

(t − u)g′′(u)du

∣∣∣∣∣∣∣∣ ≤ 1
2

∥∥∥g′′
∥∥∥ (t − x)2.

So, using (2.4, 2.5, 2.6) we have∣∣∣∣∣∣G∗n,c(g; x) −
(

αn

αn+c − c
+ (1 −

αn

αn+c − c
)

1
(1 + x)αn

)
g(x)

∣∣∣∣∣∣ (3.2)

≤
∥∥∥g′

∥∥∥ [
αn(αnβn − cαn − βnαn+c + 2cβn)

βn(αn+c − c)(αn+c − 2c)
x − (1 −

αn

αn+c − c
)

x
(1 + x)αn

]
+

1
2

∥∥∥g′′
∥∥∥ {

α2
n(βn − c)2(αn + c) − 2α2

nβn(βn − c)(αn+c − 3c) + αnβ
2
n(αn+c − 2c)(αn+c − 3c)

β2
n(αn+c − c)(αn+c − 2c)(αn+c − 3c)

x2

+
2α2

n(βn − c)2

β2
n(αn+c − c)(αn+c − 2c)(αn+c − 3c)

x + (1 −
αn

αn+c − c
)

x2

(1 + x)αn

}
.

On the other hand, from (2.4) we have

G∗n,c( f ; x) = αn

∞∑
k=1

Pn,k(x, c)

∞∫
0

Pn+c,k−1(t, c) f (
βn − c
βn

t)dt + Pn,0(x, c) f (0),

∣∣∣G∗n,c( f ; x)
∣∣∣ ≤ ‖ f ‖ (3.3)
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and so we get∣∣∣G∗n,c( f ; x) − f (x)
∣∣∣ ≤ | f (x) − g(x)|

∣∣∣G∗n,c(1; x)
∣∣∣ +

∣∣∣∣∣∣ f (x) −
(

αn

αn+c − c
+ (1 −

αn

αn+c − c
)

1
(1 + x)αn

)
g(x)

∣∣∣∣∣∣
+

∣∣∣∣∣∣G∗n,c(g; x) −
(

αn

αn+c − c
+ (1 −

αn

αn+c − c
)

1
(1 + x)αn

)
g(x)

∣∣∣∣∣∣
≤ 3 ‖ f − g‖ +

∥∥∥g′
∥∥∥ ∣∣∣∣∣αn(αnβn − cαn − βnαn+c + 2cβn)

βn(αn+c − c)(αn+c − 2c)
x − (1 −

αn

αn+c − c
)

x
(1 + x)αn

∣∣∣∣∣
+

1
2

∥∥∥g′′
∥∥∥ ∣∣∣∣∣∣α2

n(βn − c)2(αn + c) − 2α2
nβn(βn − c)(αn+c − 3c) + αnβ

2
n(αn+c − 2c)(αn+c − 3c)

β2
n(αn+c − c)(αn+c − 2c)(αn+c − 3c)

x2

+
2α2

n(βn − c)2

β2
n(αn+c − c)(αn+c − 2c)(αn+c − 3c)

x + (1 −
αn

αn+c − c
)

x2

(1 + x)αn

∣∣∣∣∣∣ .
Using (3.2) and (3.3) ∣∣∣G∗n,c( f ; x) − f (x)

∣∣∣ ≤ 3 ‖ f − g‖ + δn,x

(∥∥∥g′
∥∥∥ +

∥∥∥g′′
∥∥∥)

where

δn,x =
α2

n(βn − c)2(αn + c) − 2α2
nβn(βn − c)(αn+c − 3c) + αnβ

2
n(αn+c − 2c)(αn+c − 3c)

β2
n(αn+c − c)(αn+c − 2c)(αn+c − 3c)

x2

+
2α2

n(βn − c)2

β2
n(αn+c − c)(αn+c − 2c)(αn+c − 3c)

x,

holds for all sufficiently large n. Finally, taking infimum over all g ∈ C2
B [0,∞) , considering the inequality K2( f , δ) ≤

Cω2( f ;
√
δ) (see [3]), and the proof is complete. �
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