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1. Introduction

MV -algebra was introduced by Chang[6] in 1958 as the algebraic structure corresponding to the

infinitely-many-valued Lukasiewicz logic. Since then, this structure has been developed from an

algebraic point of view by many mathematicians. In 1986, Mundici proved that the category of

MV -algebras is equivalent to the category of abelianl-groups with strong unit (see [7]). Noje

and Bede[25] introduced the concept of vectorialMV -algebra and showed that the RGB model

(the color model of a pixel on the screen) has the vectorialMV -algebra structure. Di Nola et

al. [9] introduced the notion of anMV -module over aPMV -algebra and established that, for

a fixed lu-ring (R,ν), the category oflu-modules over(R,ν) is equivalent to the category of

MV -modules overΓ(R,ν). Forouzesh et al.[13] introduced the notion of primeA-ideals inMV -

modules and studied about annihilators ofA-ideals. They proved that, ifh : M → N is anMV -

module homomorphism, then all primeA-ideals ofN and primeA-ideals ofM that containker(h)

are in a one to one correspondence.

On the other hand, soft set theory was initiated by Molodtsov[23] in 1999 as a new mathematical

tool for modeling the uncertainties arising from the parametrization of elements of a universe.

He mentioned several directions for the applications of soft sets. In fact, before soft set theory,

there have been some mathematical theories such as probability theory, fuzzy set theory, rough set

theory, vague set theory, and interval mathematics theory for dealing with uncertainties. However,

the superiority of the soft set theory compared with other mathematical tools, is its ability of
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parametrization. Maji et al.[21] studied several operations on the theory of soft sets. Some

authors have discussed the applications of (fuzzy) soft sets in decision making problems (see

[5,22]). Aktas and Cagman[3] compared soft sets to the related concepts of fuzzy sets and rough

sets. They also introduced the notion of soft groups. After them, soft algebraic structures have

been studied by many authors (see[1,10,14,16,19,27,29]). Jun[17] introduced and investigated

soft BCK/BCI-algebras. Feng et al.[12] applied soft set theory to the study of semirings and

initiated the notion called a soft semiring. Afkhami et al.[2] presented the concept of a soft

nexus. Zhu[30] introduced the concept of softBL-algebras. Moreover, by combination of fuzzy

set theory with soft set theory, fuzzy soft algebraic structures were born. For example, Hadipour

et al. [14] defined the notion of fuzzy softBF-algebra and investigated the level subset, union and

intersection, fuzzy soft image and fuzzy soft inverse imageof them. Murali[24] introduced the

concept of a fuzzy softΓ-semiring and fuzzy soft k-ideal over aΓ-semiring and studied some of

their algebraical properties. Ersoy et al.[11] introduced the concept of an idealistic fuzzy soft

Γ-near-ring and derived some results on this structure.

The most soft algebraic structures are defined as follows: for a set of parametersE and a general

algebraX , a pair(F,E) is called a soft general algebra overX if F is a mapping ofE into the set

of all subsets of the setX such that for eache ∈ E, F(e) is the empty set or a subalgebra ofX .

In this paper, at first, some definitions and results related to soft set andMV -modules is reviewed.

Then, the notion of a softMV -module is introduced and some examples are provided. Two exam-

ples ofMV -modules that have no proper submodules are given in Section3. Then, the extended

intersection, restricted intersection,
∧

-intersection, extended union, restricted union and∨-union

of the family of softMV -modules are established. Moreover, the notions of softMV -module ho-

momorphisms, soft isomorphicMV -modules and softMV -submodules are introduced and some

of their properties are studied. Also, it is shown that thereis a one-to-one correspondence between

the soft MV-submodules of two soft isomorphic MV-modules.

2. Preliminaries

Some definitions and results about soft set andMV -module are presented in this section.

Let U be an initial universe set and letE be a set of parameters. Molodtsov[23] defined the soft

set in the following way:

Definition 1. A pair (F,E) is called a soft set (overU ) if F is a mapping ofE into the set of all

subsets of the setU .
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Definition 2. [26] Let (F,A) and(G,B) be two soft sets overU . Then,

(i) (F,A) is said to be a soft subset of(G,B), denoted by(F,A)⊆ (G,B), if A ⊆ B andF(a) ⊆

G(a) for all a ∈ A,

(ii) (F,A) and(G,B) are said to be soft equal, denoted by(F,A) = (G,B), if (F,A)⊆ (G,B) and

(G,B)⊆ (F,A).

The next definition introduces three types of intersectionsand three types of unions of the family

of soft sets over a common universe set:

Definition 3. [28] For a family{(Fi,Ai) | i ∈ I } of soft sets overU , we give some definitions as

follows:

• The extended intersection of the family(Fi,Ai) is defined as the soft set
⋂̃

i∈I (Fi,Ai) = (H,C),

whereC =
⋃

i∈I Ai andH(x) =
⋂

i∈I(x) Fi(x) whereI(x) = {i ∈ I | x ∈ Ai} for all x ∈C.

• The restricted intersection of the family(Fi,Ai) is defined as the soft set

⊓̃i∈I (Fi,Ai) = (H,C),

whereC =
⋂

i∈I Ai andH(x) =
⋂

i∈I Fi(x) for all x ∈C.

• The extended union of the family(Fi,Ai) is defined as the soft set
⋃̃

i∈I (Fi,Ai) = (H,C),

whereC =
⋃

i∈I Ai , H(x) =
⋃

i∈I(x) Fi(x) andI(x) = {i ∈ I | x ∈ Ai} for all x ∈C.

• The restricted union of the family(Fi,Ai) is defined as the soft set
⊔̃

i∈I (Fi,Ai) = (H,C),

whereC =
⋂

i∈I Ai 6= /0 andH(x) =
⋃

i∈I Fi(x) for all x ∈C.

• The∧-intersection of the family(Fi,Ai) is defined as the soft set
∧̃

i∈I (Fi,Ai) = (H,C),

whereC = ∏i∈I Ai andH((ai)i∈I ) =
⋂

i∈I Fi(ai) for all (ai)i∈I ∈C.

• The∨-union of the family(Fi,Ai) is defined as the soft set
∨̃

i∈I (Fi,Ai) = (H,C),

whereC = ∏i∈I Ai andH((ai)i∈I ) =
⋃

i∈I Fi(ai) for all (ai)i∈I ∈C.

Definition 4. [12] The support of the soft set(F,A) is denoted bySupp(F,A) and is defined as

Supp(F,A) = {x ∈ A | F(x) 6= /0}. If Supp(F,A) 6= /0, then the soft set(F,A) is called non-null.



4 A. Eramiet al.

Definition 5. [19] Let f : X → Y be a function. If(G,A) and(H,C) are non-null soft sets overX

andY respectively, then the functionsf (G) and f−1(H) are defined as follows:

f (G) : A → P(Y ) defined byf (G)(a) = f (G(a)) for all a ∈ Supp(G,A),

f−1(H) : C → P(X) defined byf−1(H)(c) = f−1(H(c)) for all c ∈ Supp(H,C).

Definition 6. [8] Let ϕ be be a mapping from a setX to a setY and let f be a soft set ofX overU .

The functionϕ( f ) : Y → P(U), defined by:

ϕ( f )(y) =

{ ⋃
{ f (x) | x ∈ X , ϕ(x) = y} if y ∈ ϕ(X)

φ if y /∈ ϕ(X)

for all y ∈ Y , is a soft set called a soft image off underϕ .

Now we recall the definitions and some of the known results about the MV -algebra andMV -

module:

Definition 7. [7] An MV -algebra is an algebra(M,⊕,∗ ,0M) of type(2,1,0) satisfying the follow-

ing equations:

(MV1) x⊕ (y⊕ z) = (x⊕ y)⊕ z,

(MV2) x⊕ y = y⊕ x,

(MV3) x⊕0M = x,

(MV4) x∗∗ = x,

(MV5) x⊕0∗M = 0∗M,

(MV6) (x∗⊕ y)∗⊕ y = (y∗⊕ x)∗⊕ x for all x,y,z ∈ M.

Remark 2.1. [7] On eachMV -algebraM, the constant 1M and the operation⊙ and⊖ are defined

as follows:

1) 1M =de f 0∗M,

2) x⊙ y =de f (x∗⊕ y∗)∗,

3) x⊖ y =de f x⊕ y∗.

Theorem 1. [7] Let M be anMV -algebra andx,y ∈ M. Then the following conditions are equiva-

lent

1) x∗⊕ y = 1M ,

2) x⊙ y∗ = 0M ,

3) y = x⊙ (y⊖ x),

4) there isz ∈ M such thatx⊕ y = z.

Definition 8. [7] Let M be anMV -algebra andx,y ∈ M. We say thatx ≤ y if x andy satisfy one of

the equivalent conditions of Theorem 1.
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Remark 2.2. [7] It follows that ≤ is a partial order, called the natural order ofM. An MV -

algebra, whose natural order is total is called anMV -chain. On eachMV -algebra, the natural

order determines a lattice structure.

Definition 9. [7] A subalgebra of anMV -algebraM is a subsetS of M, containing the zero element

of M, closed under the operations ofM and equipped with the restriction toS of these operations.

Definition 10. [9] Let M be anMV -algebra. We define partial addition onM as follows: for any

x,y ∈ M, x+ y is defined if and only ifx ≤ y∗ and in this case,x+ y = x⊕ y.

Definition 11. [9] A productMV -algebra (orPMV -algebra, for short) is a structure(A,⊕,∗ , .,0)

where(A,⊕,∗ ,0) is an MV -algebra and. is a binary associative operation onA such that the

following property is satisfied:

if x+ y is defined, thenx.z+ y.z and z.x+ z.y are defined and(x+ y).z = x.z+ y.z, z.(x + y) =

z.x+ z.y, where+ is the partial addition onA. for all x,y,z ∈ A.

Definition 12. [9] Let A be aPMV -algebra. A unity for product is an elemente ∈ A such that

e.x = x.e = x for any x ∈ A. A PMV -algebra that has unity for product is called unitalPMV -

algebra.

Example 2.1. [9] The interval[0,1] is a unitalPMV -algebra, wherex⊕ y = min{1,x+ y}, x∗ =

1− x and x.y = xy (real product) for eachx,y ∈ [0,1]. This structure is called standardPMV -

algebra.

The concept ofMV -module is defined in the next definition:

Definition 13. [9] Let (A,⊕,∗ , .,0) be aPMV -algebra and(M,⊕,∗ ,0) anMV -algebra.M is called

a (left) MV -module overA if there is an external operation

ϕ : A×M → M, ϕ(α ,x) = αx,

such that the following properties hold for anyx,y ∈ M andα ,β ∈ A:

(1) if x+ y is defined inM, thenαx+αy is defined and

α(x+ y) = αx+αy,

(2) if α +β is defined inA, thenαx+βx is defined inM and

(α +β )x = αx+βx,

(3) (α .β )x = α(βx).

M is called unitalMV -module ifA is unitalPMV -algebra andM is MV -module overA such that
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(4) 1Ax = x for anyx ∈ M.

Example 2.2. [9] Let A be aPMV -algebra andM an MV -algebra. Ifαx = 0 for anyx ∈ M and

α ∈ A, thenM is anA-module.

Example 2.3. [9] Any MV -algebraM is a unitalL2-module, whereL2 = {0,1} is the Boolean

algebra with two elements.

Example 2.4. [9] Let Ω be a nonempty set. ThenA =P(Ω) is a unitalPMV -algebra withX⊕Y =

X ∪Y , X∗ = Ω−X andX .Y = X ∩Y for eachX ,Y ∈A . If Λ ⊆ Ω andM = P(Λ), thenM becomes

an MV -module overA with the external operation defined byBX = B∩X for any B ∈ A and

X ∈ M.

Definition 14. [9] Let X andY be twoMV -modules overA. A function f : X → Y is called an

MV -module homomorphism if it satisfies the following conditions, for everyx,y ∈ X anda ∈ A:

(i) f (0X ) = 0Y ,

(ii) f (x⊕ y) = f (x)⊕ f (y),

(iii) f (x∗) = ( f (x))∗,

(iv) f (ax) = a f (x).

Now, the concept of anMV -submodule can be defined:

Definition 15. Let M be anMV -module overA. A non-empty subsetN of M is called anMV -

submodule ofM, if it is a MV -subalgebra ofM and for eachx ∈ N anda ∈ A, a.x ∈ N.

Clearly, eachMV -submodule is anMV -module.

3. SoftMV -module

In this section, the concept of a softMV -module with the related examples is presented. Then, the

unions and intersections of the family ofMV -modules are investigated.

Definition 16. Let M be anMV -module overA and (F,E) be a non-null soft set overM. The

soft set(F,E) is called a softMV -module overM if F(x) is an MV -submodule ofM for each

x ∈ Supp(F,E).

Now we give some examples of softMV -modules:

Example 3.1. Let M = [0,1] be the standardMV -algebra. By Example 2.3, M is a unitalL2-

module. LetF : N→ P(M) defined byF(n) = Ln+1 whereLn+1 = {k/n | n ∈N, k ∈N∪{0}, 0≤

k ≤ n}. Then(F,N) is a softMV -module overM.



CUJSE 13, No. 1 (2016) MV -Modules in View of Soft Set Theory 7

Example 3.2. Let Am = {k/mn | n ∈ N, k ∈ N∪{0}, 0 ≤ k ≤ mn} for eachm ∈ N. ThenAm is

a PMV -algebra with the operations of the standardPMV -algebra (Example 2.1). IndeedAm is a

PMV -subalgebra of the standardPMV -algebra. Now the standardMV -algebraM = [0,1] is anA4-

module andA2 andAQ = Q∩ [0,1] are the submodules ofM. Thus, if we considerF : R→ P(M)

by

F(x) =

{
AQ if x is rational,

A2 if x is irrational,

then(F,R) is a softMV -module overM.

Example 3.3. Let X be a non-empty set andFX = {µ | µ : X → [0,1]} be the set of all fuzzy

subsets ofX . Let A = [0,1] be standardPMV -algebra. Then,(FX ,⊕,∗ ,0) is anMV -module over

A, where 0 is the empty fuzzy subset and their operations are defined as follows:

(µ ⊕ γ)(x) = min{1,µ(x)+ γ(x)}, µ(x)∗ = 1−µ(x) for all x ∈ X andµ ,γ ∈ FX ,

(aµ)(x) = aµ(x) for all x ∈ X ,µ ∈ FX anda ∈ A.

Let C be a set of all constant functions inFX i.e.,

C = {µ ∈ FX | ∃c ∈ [0,1] such thatµ(x) = c for all x ∈ X}.

Let F : N→ P(M) defined by

F(n) =





/0 if n=3k

C if n=3k+1

FX if n=3k+2.

Then,(F,N) is a softMV -module overFX .

Definition 17. Let M be anMV -module overA and(F,E) be a non-null soft set overM. The soft

set(F,E) is called a whole softMV -module overM if F(x) = M for all x ∈ Supp(F,E).

Theorem 2. Let M andA be the same as in Example 2.4 and(F,E) be a softMV -module over

M. Then(F,E) is a whole softMV -module overM.

Proof. It suffices to show thatM does not have any proper submodule. LetN be a submodule of

M. ThusN is aMV -subalgebra ofM, therefore,φ ,Λ ∈ N. Now letB ∈ M. Thus,B ∈A and, since

N is a submodule ofM, we haveB.Λ = B∩Λ = B ∈ N. HenceN = M.

The famous algebraic structures such as groups, rings, fields, modules,MV -algebras, etc. have at

least two subalgebras. Indeed, they have at least one propersubalgebra. However, in the proof of

the previous theorem, we see that theMV -module may not have any properMV -submodule. The

next example, faces the same situation as well.
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Example 3.4. Let A = [0,1] be the standardPMV -algebra andMn = [0,n] for eachn ∈ N. Then,

by the operations

x⊕ y = min{n,x+ y},x∗ = n− x anda.x = ax (real product)

for eachx,y ∈ [0,n] and a ∈ [0,1], Mn is an MV -module overA that does not have any proper

MV -submodule. Because ifN is an MV -submodule ofMn, then 0,n ∈ N and for eacha ∈ A,

an ∈ N. Now, if x ∈ Mn, thenx/n ∈ A. Therefore,(x/n)n = x ∈ N andN = Mn. Hence the only

soft MV -module overMn is a whole softMV -module.

In the previous example, it must be noted that, ifn,m ∈ N andm < n, thenMm is not anMV -

submodule ofMn. Indeed, the operations ofMm andMn are not the same.

We see three types of intersections for a family of soft sets in Definition 3. Now, in the three

following theorems, we show that each type of intersectionsof a nonempty family of softMV -

modules is a softMV -module, if these are non-null.

Theorem 3. Let M be anMV -module and{(Fi,Ai) | i ∈ I } be a nonempty family of softMV -

modules overM. Then, the extended intersectioñ
⋂

i∈I (Fi,Ai) is a softMV -module overM if it is

non-null.

Proof. Let {(Fi,Ai) | i ∈ I } be a nonempty family of softMV -modules overM. By Definition 3,

we can writẽ
⋂

i∈I (Fi,Ai)= (H,C) whereC =
⋃

i∈I Ai, H(x)=
⋂

i∈I(x) Fi(x) andI(x) = {i∈I |x∈

Ai}. Let (H,C) be non-null andx ∈ Supp(H,C). Then,
⋂

i∈I(x) Fi(x) 6= /0, and so for alli ∈ I(x),

we haveFi(x) 6= /0. Since{(Fi,Ai) | i ∈ I } is a nonempty family of softMV -modules overM, it

follows thatFi(x) is anMV -submodule ofM for eachi ∈ I(x). Since the intersection of any family

of submodules is a submodule, soH(x) is anMV -submodule ofM. Hence,
⋂̃

i∈I (Fi,Ai) = (H,C)

is a softMV -module overM.

Theorem 4. Let M be anMV -module and{(Fi,Ai) | i ∈ I } be a nonempty family of softMV -

modules overM. Then, the restricted intersectioñ⊓i∈I (Fi,Ai) is a softMV -module overM if it is

non-null.

Proof. The proof is similar to the proof of Theorem 3.

Theorem 5. Let M be anMV -module and{(Fi,Ai) | i ∈ I } be a nonempty family of softMV -

modules overM. Then, the
∧

-intersection
∧̃

i∈I (Fi,Ai) is a softMV -module overM if it is non-

null.

Proof. The proof is similar to the proof of Theorem 3.

The following example shows that the union of two softMV -modules is not necessary a softMV -

module.
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Example 3.5. Let M = [0,1] and(F,N) be the same as in Example 3.1 andG : N→ P(M) defined

by G(n) = Ln+2. Then(F,N) and(G,N) are softMV -modules overM, but (F,N)∪̃(G,N) is not a

soft MV -module becauseF(1)∪G(1) = L2∪L3 is not a submodule ofM.

Lemma 1. Let M be anMV -module overA and {Ni | i ∈ I } be a nonempty family ofMV -

submodules ofM. If for all i, j ∈ I , Ni ⊆ N j or N j ⊆ Ni, then
⋃

i∈I Ni is a MV -submodule of

M.

Proof. Let N =
⋃

i∈I Ni. Clearly 0M ∈ N. Let x,y ∈ N anda ∈ A. Thus, there existi, j ∈ I such

thatx ∈ Ni andy ∈ N j. By assumption,x,y ∈ Ni or x,y ∈ N j and sox⊕y ∈ Ni or x⊕y ∈ N j. Hence,

x⊕ y ∈ N. Also x∗ ∈ Ni andax ∈ Ni, which implies thatx∗ ∈ N andax ∈ N. ThereforeN is an

MV -submodule ofM.

Theorem 6. Let M be anMV -module and{(Fi,Ai) | i ∈I } be a family of softMV -modules over

M such thatFi(xi) ⊆ Fj(x j) or Fj(x j) ⊆ Fi(xi) for all i, j ∈ I and xi ∈ Ai. Then, the restricted

union
⋃̃

i∈I (Fi,Ai) is a softMV -module overM if it is non-null.

Proof. By Definition 3, we can writẽ
⊔

i∈I (Fi,Ai) = (H,C), whereC =
⋂

i∈I Ai 6= /0 andH(x) =
⋃

i∈I Fi(x) for all x ∈C. Let x ∈ Supp(H,C). Thus, for somei ∈ I , Fi(x) 6= /0. For eachj ∈ I if

Fj(x) 6= /0 thenFj(x) is anMV -submodule ofM. Hence, by Lemma 1,H(x) is anMV -submodule

of M and so
⋃̃

i∈I (Fi,Ai) is a softMV -module overM.

Theorem 7. Let M be anMV -module and{(Fi,Ai) | i ∈I } be a family of softMV -modules over

M such thatFi(xi) ⊆ Fj(x j) or Fj(x j) ⊆ Fi(xi) for all i, j ∈ I andxi ∈ Ai andx j ∈ A j. Then, the

∨-union
∨̃

i∈I (Fi,Ai) is a softMV -module overM if it is non-null.

Proof. The proof is similar to the proof of Theorem 6.

Theorem 8. Let M be anMV -module and{(Fi,Ai) | i ∈ I } be a nonempty family of softMV -

modules overM such thatAi∩A j = /0 for all i, j ∈I (i 6= j). Then, the extended unioñ
⋃

i∈I (Fi,Ai)

is a softMV -module overM if it is non-null.

Proof. The proof is straightforward.

Theorem 9. Let X ,Y beMV -modules overA and f : X →Y be anMV -module homomorphism.

(i) If (H,C) is a softMV -module overY , then( f−1(H),C) is a softMV -module overX .

(ii) If (G,E) is a softMV -module overX , then( f (G),E) is a softMV -module overY .

Proof. (i) For eachc ∈C, H(c) is the subset ofY and sof−1(H(c)) is the subset ofX . Hence, we

have f−1(H) : C → P(X) such thatf−1(H)(c) = f−1(H(c)). Thus( f−1(H),C) is a soft set over

X . Now letc ∈ Supp(H,C). SinceH(c) is anMV -submodule ofY , 0Y ∈ H(c). On the other hand,
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f (0X ) = 0Y , thus 0X ∈ f−1(H(c)) and so( f−1(H),C) is non-null. Now letx, t ∈ f−1(H(c)) and

a ∈ A. Thus, f (x), f (t) ∈ H(c) and sinceH(c) is a submodule,f (x)⊕ f (t) ∈ H(c) and( f (x))∗ ∈

H(c). Hence,f (x⊕t)∈H(c) and f (x∗)∈H(c). Therefore,x⊕t ∈ f−1(H(c)) andx∗ ∈ f−1(H(c)).

Also we haveax ∈ f−1(H(c)), becausea f (x) = f (ax) ∈ H(c). Hence,f−1(H(c)) is a submodule

of X and thus( f−1(H),C) is a softMV -module overX .

(ii) For eache ∈ E, G(e) is the subset ofX . Therefore, f (G(e)) is the subset ofY . Hence,

we have f (G) : A → P(Y ) such thatf (G)(e) = f (G(e)). Thus ( f (G),E) is a soft set overY .

Now let e ∈ Supp(G,E). We have 0Y ∈ f (G(e)) (becauseG(e) is a submodule ofX ). Now

let y,z ∈ f (G(e)) anda ∈ A. Then, there existx, t ∈ G(e) such thatz = f (x) andy = f (t). Now

z⊕y= f (x)⊕ f (t) = f (x⊕t) and since(x⊕t)∈G(e), z⊕y∈ f (G(e)). Also z∗ = f (x∗)∈ f (G(e))

anday ∈ f (G(e)), becauseay = a f (t) = f (at) andat ∈ G(e). Hence,f (G(e)) is a submodule of

Y and thus( f (G),E) is a softMV -module overY .

Theorem 10. Let f : X → Y be anMV -module homomorphism. Let(G,E) and(H,C) be two

non-null soft sets overX andY , respectively.

(i) If f is onto and(G,E) is a whole softMV -module overX , then( f (G),E) is a whole soft

MV -module overY .

(ii) If H(c) = f (X) for all c ∈ Supp(H,C), then( f−1(H),C) is a whole softMV -module over

X .

Proof. The proof is straightforward.

Theorem 11. Let (F,X) be a softMV -module overM. Let φ : X →Y be an injective function and

φ( f ) be a soft image off underφ . Then,(φ( f ),Y ) is a softMV -module overM, if it is non-null.

Proof. Since φ is injective, we haveφ( f )(x) = f (φ−1(x)) for all x ∈ Supp(φ( f ),Y ). Thus,

(φ( f ),Y ) is a softMV -module overM.

The concept of soft homomorphism has been defined by many authors ([1,3,12,19,27]). This

concept is used here for softMV -modules.

Definition 18. Let (F,E) and(G,B) be two softMV -modules overM andN, respectively. Let

f : M → N andg : E → B be two functions. Then, we say that( f ,g) is a softMV -module homo-

morphism if the following conditions are satisfied:

(1) f is anMV -module homomorphism fromM to N.

(2) f (F(e)) = G(g(e)) for all e ∈ E.

We say that(F,E) is soft homomorphic to(G,B) if there exist a softMV -module homomorphism

( f ,g) between(F,E) and(G,B) such thatf andg are both surjective.
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Moreover, if f is an isomorphism andg is a bijective function, then we say( f ,g) is a soft isomor-

phism and(F,E) is soft isomorphic to(G,B). This is denoted by(F,E)≃ (G,B).

Theorem 12. The relation≃ is an equivalence relation on softMV -modules.

Proof. The proof is straightforward.

Example 3.6. Let Ω be a nonempty set andφ 6= Γ ⊆ Λ ⊆ Ω. Let A = P(Λ), M = P(Λ) and

N =P(Γ). Then,M andN becomeMV -modules overA analogous to Example 2.4. Let(F,R) and

(G,Z) be softMV -modules overM andN, respectively. Then by Theorem 2, these are whole soft

MV -modules. ThusF(x) = M andG(n) = N for all x ∈R andn ∈ Z. Now we defineg : R→ Z by

g(x) = [x] and f : M → N by f (Y ) =Y ∩Γ. Theng is a surjective function andf is anMV -module

epimorphism. Thus,( f ,g) is a softMV -module homomorphism and(F,R) is soft homomorphic

to (G,Z).

Example 3.7. ConsiderM = [0,1] andN = [0,2] asMV -modules overL2. SupposeF : N→ P(M)

by F(n) = Ln+1 and G : N−{1} → P(N) by G(n) = 2Ln = {2x | x ∈ Ln}. Thus, (F,N) and

(G,N−{1}) are softMV -modules overM andN respectively. Now letf : M → N by f (x) = 2x

andg :N→N−{1} by g(n) = n+1. Then( f ,g) is a soft isomorphism and(F,N)≃ (G,N−{1}).

Theorem 13. Let (F,E) and (G,B) be two softMV -modules overM and N, respectively and

(F,E) be soft homomorphic to(G,B). If (F,E) is a whole softMV -module, then(G,B) is a whole

soft MV -module.

Proof. Suppose that(F,E) is a whole softMV -module and(F,E) is soft homomorphic to(G,B).

Thus, there exists a surjective functiong : E → B and anMV -module epimorphismf : M → N.

Hence, f (M) = N andF(e) = M for all e ∈ E. Now let b ∈ B. Sinceg is onto, there ise ∈ E

such thatg(e) = b. SoG(b) = G(g(e)) = f (F(e)) = f (M) = N. Therefore,(G,B) is a whole soft

MV -module.

Theorem 14. Let (F,E) and (G,B) be two softMV -modules overM and N, respectively and

( f ,g) be a soft homomorphism between them. If(G,B) is a whole softMV -module, thenf is an

epimorphism.

Proof. By hypothesis, we haveG(g(e)) = N and sof (F(e)) = N for all e ∈ E. On the other hand,

sinceF(e)⊆M, we haveN = f (F(e))⊆ f (M)⊆N. Thus, f (M) = N and sof is an epimorphism.

Theorem 15. Let (F,E) and (G,B) be two softMV -modules overM and N, respectively and

( f ,g) be a soft homomorphism between them. If(G,B) is a whole softMV -module andf is

monomorphism, then(F,E) is a whole softMV -module.
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Proof. Suppose thate ∈ E. By hypothesis, we haveG(g(e)) = N and sof (F(e)) = N. On the

other hand, by the previous theorem,f is onto and sof (M) = N. Now, sincef is one-to-one, we

haveF(e) = M. Hence,(F,E) is a whole softMV -module.

Example 3.6, shows that the converse of the previous theorem does not hold.

4. Soft Submodule

In this section, the concept of softMV -submodules is defined and some properties about this

concept are investigated.

Definition 19. Let (F,A) and (G,B) be two softMV -modules overM. Then (G,B) is called

a soft MV -submodule of(F,A), denoted by(G,B) ≤ (F,A), if B ⊆ A and G(b) ⊆ F(b) for all

b ∈ Supp(G,B).

Clearly, if (G,B)≤ (F,A), thenSupp(G,B) ⊆ Supp(F,A).

Example 4.1. Let Am andAQ be the same as in Example 3.2 andM = [0,1]. Let F : R→ P(M)

andG : N→ P(M) be defined byF(x) = AQ andG(n) = A2. Then,(G,N) is a softMV -submodule

of (F,R) overM.

Theorem 16. Let (F,A) and(G,B) be two softMV -submodules overM. If (G,B)⊆ (F,A), then

(G,B)≤ (F,A).

Proof. The proof is straightforward.

The next theorems states that each type of intersection of soft MV -submodules is again a soft

MV -submodule:

Theorem 17. Let M be anMV -module and{(Fi,Ai) | i ∈ I } be a nonempty family of softMV -

submodules of(F,A) overM.

(i) The extended intersectioñ
⋂

i∈I (Fi,Ai) is a softMV -submodule of(F,A) over M, if it is

non-null.

(ii) The restricted intersectioñ⊓i∈I (Fi,Ai) is a softMV -submodule of(F,A) over M, if it is

non-null.

(iii) The restricted intersectioñ⊓i∈I (Fi,Ai) is a softMV -submodule of(Fk,Ak) over M for all

k ∈ I , if it is non-null.
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Proof. (i) Let
⋂̃

i∈I (Fi,Ai) = (H,C) be non-null. Thus, by Theorem 3, it is a softMV -module

overM and by Definition 3,C ⊆ A andH(x)⊆ F(x) for all c ∈ Supp(H,C). Therefore, it is a soft

MV -submodule of(F,A).

The proofs of (ii) and (iii) are similar to the proof of (i).

Note that the extended intersection
⋂̃

i∈I (Fi,Ai) is not a softMV -submodule of(Fk,Ak) in general.

Indeed, by Definition 3, it is not a soft subset of(Fk,Ak).

Theorem 18.Let M be anMV -submodule and{(Fi,Ai) | i∈I } be a family of softMV -submodules

of (F,A) overM such thatFi(xi)⊆ Fj(x j) or Fj(x j)⊆ Fi(xi) for all i, j ∈I andxi ∈ Ai andx j ∈ A j.

Then, the restricted unioñ
⋃

i∈I (Fi,Ai) is a softMV -submodule of(F,A) overM, if it is non-null.

Proof. By Theorem 6, the proof is straightforward.

The effect of aMV -module homomorphism on the softMV -submodules is given below:

Theorem 19. Let f : X →Y be anMV -module homomorphism.

(i) Let (F,A) and(G,B) be two softMV -modules overX . If (G,B)≤ (F,A), then( f (G),B)≤

( f (F),A).

(ii) Let (H,C) and(K,D) be two softMV -modules overY . If (H,C)≤ (K,D), then( f−1(H),C)≤

( f−1(K),D).

Proof. (i) Since(G,B)≤ (F,A), we haveG(x)⊆ F(x) for all x ∈ B. Thus, f (G)(x) = f (G(x)) ⊆

f (F)(x) = f (F(x)). Hence,( f (G),B) ⊆ ( f (F),A). On the other hand, by Theorem 9,( f (G),B)

and ( f (F),A) are two softMV -modules overY . Thus, by Theorem 16, we have( f (G),B) ≤

( f (F),A).

(ii) The proof is similar to the proof of (i).

There is a one-to-one correspondence between the softMV -submodules of two soft isomorphic

MV -modules. More precisely, we have the following theorem:

Theorem 20. Let (F,E) and (G,B) be two softMV -modules overM and N, respectively. Let

(F,E) ≃ (G,B). Then, for each softMV -submodule(F1,E1) of (F,E), there exists a softMV -

submodule(G1,B1) of (G,B) such that(F1,E1)≃ (G1,B1).

Proof. Let (F,E) ≃ (G,B) via soft isomorphism( f ,g). Let (F1,E1) ≤ (F,E). We define the

function G1 : g(E1)→ P(N) by G1(b) = f (F1(g−1(b))) for all b ∈ g(E1). Let B1 = g(E1). Since

F1(e)≤ F(e) and f (F(e)) = G(g(e)) we have:

G1(b) = f (F1(g
−1(b))) ⊆ f (F(g−1(b))) = G(g(g−1(b))) = G(b)
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Thus,G1(b) ≤ G(b). Hence(G1,B1) ≤ (G,B). Nowm we considerg1 = g |E : E1 → B1. Clearly,

g1 is a bijective function. We also haveG1(g1(e)) = G1(g(e)) = f (F1(e)) for eache ∈ E1. Thus,

(F1,E1)≃ (G1,B1) via soft isomorphism( f ,g1).

5. Conclusion

Soft sets were introduced by Molodtsov as a new mathematicaltool in order to deal with uncer-

tainties. This concept was applied to algebraic structuressuch as fuzzy sets. In this paper, we

defined the notion of a softMV -module and then we focused on softMV -submodules, the soft

MV -module homomorphism and different types of intersectionsand unions of the family of soft

MV -modules.
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