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Abstract — In this paper, a new class of sets called I4,+-closed sets is introduced and its properties
are studied in ideal topological space. Moreover I, 4,+-continuity and the notion of quasi-a*-/-normal
spaces are introduced.
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1 Introduction and Preliminaries

An ideal topological space is a topological space (X, 7) with an ideal I on X, and is denoted by (X, 7,
I.A*(I) ={x e X | Un A ¢ I for each open neighborhood U of x} is called the local function of A
with respect to I and 7 [9]. When there is no chance for confusion A*(7) is denoted by A*. For every
ideal topological space (X, 7, I), there exists a topology 7* finer than 7, generated by the base 8(1, 7)
= {U\! | Ue 7 and I € I}. In general 3(1, 7) is not always a topology [8]. Observe additionally that
cl*(A) = A* U A [14] defines a Kuratowski closure operator for 7*. int*(A) will denote the interior of
A in (X, 7).

In this paper, we define and study a new notion I 4n+-closed set by using the notion of aj-open
set. Some new notions depending on I 4q+-closed sets such as Irgqr-open sets, I qq+-continuity and
I ;gar-irresoluteness are also introduced and a decomposition of a*-I-continuity is given. Also by using
I gar-closed sets characterizations of quasi-a*-I-normal spaces are obtained. Several preservation
theorems for quasi-a*-I-normal spaces are given.

Throughout this paper, space (X, 7) (or simply X ) always means topological space on which no
separation axioms are assumed unless explicitly stated. Let A be a subset of a space X. The closure
of A and the interior of A are denoted by cl(A) and int(A), respectively.
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A subset A of a topological space (X, 7) is said to be regular open [13](resp. regular closed [13])
if A =int(cl(A)) (resp. A = cl(int(A))).

The finite union of regular open sets is said to be m-open [16] in (X, 7). The complement of a
m-open set is m-closed [16].

A subset A of a topological space (X, 7) is said to be a-open [10] if A C int(cl(int(A))) and the
complement of an a-open set is called a-closed [10].

The intersection of all a-closed sets containing A is called the a-closure [10] of A and is denoted
by acl(A).

Note that acl(A) = A U cl(int(cl(A))).

A subset A of a space (X, 7) is said to be wg-closed [2] (resp. mga-closed [1]) if cl(A) C U (resp.
acl(A) C U) whenever A C U and U is m-open in X.

A function f: (X, 7) — (Y, o) is said to be m-w-closed [4] if {(V) is 7-closed in (Y, o) for every
m-closed in (X, 7).

A function f: (X, 7) — (Y, o) is said to be wg-continuous [2] (resp. mga-continuous [1]) if f~1(V)
is wg-closed (resp. mga-closed) in (X, 7) for every closed set V of (Y, o).

A space (X, 7) is said to be quasi-normal [16] if for every pair of disjoint m-closed subsets A, B of
X, there exist disjoint open sets U, V of X such that A C U and B C V.

An ideal I is said to be codense [3] if 7 N T = (.

A subset A of an ideal topological space X is said to be *-dense-in-itself [7](resp. a*-I-open or
a%-open [15], t-I-set [6], a-I-open [6]) if A C A* (resp. A C int*(cl(int*(A))), int(A) = int(cl*(A)), A
C int(cl*(int(A)))).

The complement of aj-open is aj-closed.

A subset A of an ideal topological space X is said to be I,4-closed [11] if A*C U whenever A C U
and U is 7-open in X.

A function f: (X, 7, I) — (Y, 0) is said to be I,-continuous [11] if 71 (V) is I 4-closed in (X, 7,
I) for every closed set V of (Y, o).

Lemma 1.1. [12] Let (X, 7, I) be an ideal topological space and A C X. If A C A*, then A* = cl(A*)
=cl(A) = cl*(A).

Theorem 1.2. [11] Every mg-closed set is I 4-closed but not conversely.

Theorem 1.3. [11] For a function f : (X, 7, I) — (Y, o), the following holds:
Every mg-continuous function is I.q4-continuous but not conversely.

Theorem 1.4. [1] Every mg-closed set is mga-closed but not conversely.

Proposition 1.5. [6] Every a-I-open set is a-open but not conversely.

2 I.,+-closed Sets

Theorem 2.1. For a function f : (X, 7) — (Y, o), the following holds:
Every wg-continuous function is mga-continuous but not conversely.

Example 2.2. Let X = {a, b, ¢, d}, 7 ={X, 0, {a}, {b}, {a, b}, {b, ¢}, {a, b, c}}, Y ={=z, y, 2} and
o ={Y, 0, {y}, {y, z}}. Define a function f: (X, 7) — (Y, o) as follows f(a) = f(b) =y, f(c)= =

and f(d) = z. Then [ is mga-continuous function but it is not an wg-continuous.

Definition 2.3. Let (X, 7, I) be an ideal topological space and let A be a subset of X. The union of
all af-open sets contained in A is called the a%-interior of A and is denoted by afint(A).

Definition 2.4. Let (X, 7, I) be an ideal topological space and let A be a subset of X. The intersection
of all a%-closed sets containing A is called the a%-closure of A and is denoted by o cl(A).

Lemma 2.5. Let (X, 7, I) be an ideal topological space. For a subset A of X, the followings hold:
1. akcl(A) = A U cl(int(clF (4))),
2. ajint(A) = A Nt (cl(int* (A))).
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Definition 2.6. A subset A of an ideal topological space (X, T, I) is called I g4ox-closed if acl(A) C
U whenever A C U and U is w-open in X.
The complement of Irga~-closed set is said to be Irg4q~-open.

Proposition 2.7. Every a-open set is aj-open but not conversely.
Proof. Let A be a-open set. Then A C int(cl(int(A))) which implies A C int*(cl(int*(A))). Hence A
is aj-open set.

Example 2.8. Let X and 7 be as in Example 2.2 and I = {0, {a}, {b}, {a, b}}. Then {a, c} is
aj-open set but not an a-open set.

Theorem 2.9. Every x-dense-in-itself and Lrgq~-closed set is a mga-closed set.

Proof. Let A C U, and U is m-open in X. Since A is I gq+-closed, ajcl(A) C U. By Lemmas 1.1
and 2.5, ajcl(A) = A U cl*(int(cl*(A))) = A U cl(int(cl(A))) = acl(A). Then, acl(A) C U. So A is
mga-closed.

Theorem 2.10. Every m-open and Irgqr-closed set is t-I-set.
Proof. ajcl(A) C A, since A is m-open and I 4q+-closed. We have cl*(int(cl*(A))) C A and int(cl*(A))

C cl*(int(cl*(A))) € A. It implies int(cl*(A)) C int(A). Always int(A) C int(cl*(A)). Therefore int(A)
= int(cl*(A)), which shows that A is t-I-set.

Theorem 2.11. Let A be Irgo+-closed in (X, 7, I). Then ajcl(A)\ A does not contain any non-empty
w-closed set.

Proof. Let F be a m-closed set such that F C ajcl(A) \ A. Then F C X \ A implies A
Therefore ajcl(A) C X \ F. That is F C X \ ajcl(A). Hence F C ajcl(A) N (X \ ajcl(A))
shows F = .

Theorem 2.12. If A is Iygor-closed and A € B C ajcl(A), then B is I;gq»-closed.

C X\ F.
= (). This

Proof. Let A be I 4q+-closed and B C U, where U is m-open. Then A C B implies A C U. Since A is
Igax-closed, ajcl(A) C U. B C ajcl(A) implies ajcl(B) C ajcl(A). Therefore ajcl(B) C U and hence
B is Irgar-closed.

Proposition 2.13. Let (X, 7, I) be an ideal topological space and A C X. Then the following properties
hold:

1. If A is mga-closed, then A is Irga+-closed,
2. If A is Ir4-closed, then A is Igq-closed.
Proof. The proof is obvious.

Remark 2.14. From Theorem 1.2, Theorem 1.4 and Proposition 2.13, we have the following diagram.
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wg-closed T mwga-closed

I 4-closed —————— I 4,+-closed

where none of these implications is reversible as shown in the following examples.

Example 2.15. (1) Let X and 7 be as in Example 2.2. Then {c} is mga-closed set but not an mg-
closed.

(2) In Example 2.8, {a} is Lrgar-closed set but not wga-closed.

(3) In Example 2.8, {c} is Irgax-closed set but not I.q4-closed.

Remark 2.16. The union of two Irga~-closed sets need not be Irgq+-closed.

Example 2.17. In Ezample 2.8, {b} and {c} are I go--closed sets but their union {b, c} is not
I gax-closed.

Remark 2.18. The intersection of two Irgax-closed sets need not be Igqx-closed.

Example 2.19. Let X = {a, b, ¢, d}, 7 = {X, 0, {a}, {0}, {a, b}, {a, b, ¢}, {a, b, d}} and I =
{0, {a}}. Then A = {a, b, ¢} and B = {a, b, d} are L 4o+-closed sets but A N B = {a, b} is not
Irgor-closed set.

Definition 2.20. [5] An ideal topological space (X, 7, I) is said to be x-extremally disconnected if the
*-closure of every open subset of X is open.

Theorem 2.21. [5] For an ideal topological space (X, T, I), the following properties are equivalent:
1. X is x-extremally disconnected,
2. cl*(int(V)) C int(cl*(V)) for every subset V of X.

Theorem 2.22. Let (X, 7, I) be a x-extremally disconnected ideal topological space. Then every subset
of X is Ixgar-closed if and only if every m-open set is t-I-set.

Proof. Necessity: It is obvious from Theorem 2.10.

Sufficiency: Suppose that every m-open set is t-I-set. Let A be a subset of X and U be m-open such
that A C U. By hypothesis cl*(int(cl*(A))) C int(c*(A)) C int(c]*(U)) = int(U) C U. Then a’cl(A)
C U. So A is I;4q+-closed.

Theorem 2.23. Let (X, 7, I) be an ideal topological space. A C X is Irgax-open if and only if F C
a%int(A) whenever F is w-closed and F C A.

Proof. Necessity: Let A be I 4q+-0pen and F be 7-closed such that F C A. Then X\A C X\F where
X\F is m-open. Igq-closedness of X\A implies ajcl(X\A) € X\F. Then F C ajint(A).

Sufficiency: Suppose F is w-closed and F C A implies F C a%int(A). Let X\A C U where U is 7-open.
Then X\U C A where X\U is n-closed. By hypothesis X\U C «7int(A). That is ajcl(X\A) C U. So,
A is I 4q+-0pen.

Definition 2.24. A subset A of an ideal topological space (X, 7, I) is called Ny-set if A = UU V
where U is m-closed and V is a}-open.

Proposition 2.25. Fvery w-closed set is Ni-set but not conversely.
Example 2.26. In Ezample 2.19, {a} is Ny-set but not w-closed set.
Proposition 2.27. Every aj-open set is Nr-set but not conversely.
Example 2.28. In Ezample 2.19, {a, ¢, d} is Ni-set but not aj-open set.

Proposition 2.29. Every aj-open set is Ir4q-open but not conversely.
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Proof. Let A be aj-open set. Then A C int*(cl(int*(V))). Assume that F is m-closed and F C A. Then
F C int*(cl(int*(V))) which implies F C A N int*(cl(int*(V))) = aFint(A) by Lemma 2.5. Hence, by
Theorem 2.23, A is I 4o+-0pen.

Example 2.30. In Ezample 2.19, {a, d} is Ixga~-open set but not oj-open set.
Theorem 2.31. For a subset A of (X, 7, I) the following conditions are equivalent:

1. A is a}-open,

2. A is Ingo~-open and a Nr-set.
Proof. (1) = (2) It is obvious.
(2) = (1) Let A be I gq+-0open and a Ny-set. Then there exist a m-closed set U and aj-open set V
such that A = U U V. Since U C A and A is I 4q+-0pen, by Theorem 2.23, U C ajint(A) and U C
int*(cl(int*(A))). Also, V C int*(cl(int*(V))) C int*(cl(int*(A))). Then A C int*(cl(int*(A))). So A is

*
aj-open.

The following examples show that concepts of I4.+«-open set and N-set are independent.

Example 2.32. Let (X, 7, I) be the same ideal topological space as in Example 2.19. Then {c, d} is
Nr-set but not Irgq~-open set.

Example 2.33. Let (X, 7, I) be the same ideal topological space as in Example 2.19. Then {a, ¢} is
It ga+-open set but not a Nr-set.

3 I,,~-continuity and I, ,+irresoluteness

Definition 3.1. A function f : (X, 7, 1) — (Y, o) is said to be I go~-continuous (resp. o*-I-
continuous) if f~1(V) is Lga=-closed (resp. a%-closed) in X for every closed set V of Y.

Definition 3.2. A function f : (X, 7, I) — (Y, o, J) is said to be Iga«-irresolute if f~1(V) is
Iigax-closed in X for every Jrgax-closed set V of Y.

Definition 3.3. A function f: (X, 7, I) — (Y, o) is said to be Nr-continuous if f~1(V) is Nj-set in
(X, 7, 1) for every closed set V of (Y, o.

Theorem 3.4. A function f: (X, 7, I) — (Y, 0) is a*-I-continuous if and only if it is Nj-continuous
and Irgq+-continuous.

Proof. This is an immediate consequence of Theorem 2.31.
The composition of two Irgq+-continuous functions need not be I g4q+-continuous. Consider the
following Example:

Example 3.5. Let X = {a, b, ¢, d}, 7 = {X, 0, {b}, {d}, {b, d}, {b, ¢, d}} and I = {0, {c}, {d},
{c. d}. Let Y ={z. vy, 2}, 0 ={Y, 0, {y. 24}, J = {0, {z}}, Z = {1, 2} and n ={Z, 0, {1}}.
Define [ : (X, 7, I) = (Y, 0, J) by fla)= f(c)= z, f(b)=y and f(d)= z and g : (Y, 0, J) — (Z,
n) by g(z)= 1 and g(y)= g(z)= 2. Then f and g are Igox-continuous. {2} is closed in (Z, n), (g o
Y42 = {2))) = Ay, 2}) = {b, d} which is not Lyga»-closed in (X, T, I). Hence g o f
is not Irgar-continuous.

Theorem 3.6. Let f: (X, 7, 1) — (Y, 0, J) and g : (Y, 0, J) — (Z, n, K) be any two functions.
Then

1. g o fis Irga~-continuous, if g is continuous and f is Irgax-continuous,
2. go fis Iygar-continuous, if g is Jrgax-continuous and f is Irqq~-irresolute,

3. go fis Irgar-irresolute, if g is Jrgax-irresolute and f is Irq4q+-trresolute.
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Proof. (1) Let V be closed in Z. Then g~ (V) is closed in Y, since g is continuous. I ,q+-continuity
of f implies that f~*(g71(V)) is Iga+-closed in X. Hence g o f is I4q+-continuous.
(2) Let V be closed in Z. Since g is Jrgq+-continuous, g H(V) is Jrgax-closed in Y. As f is Irga«-
irresolute, f~1(g71(V)) is Irgq+-closed in X. Hence g o f is Igq+-continuous. (3) Let V be K rgq+-
closed in Z. Then g~ (V) is J rgar-closed in Y, since g is J r4q+-irresolute. Because f is I 4q+-irresolute,
=1 (g7 (V)) is Irga+-closed in X. Hence g o f is [4q+-irresolute.
Remark 3.7. The following Fxamples show that:

1. every Irga-continuous function is not wga-continuous,

2. every Ipga+-continuous function is not Iq-continuous.

Example 3.8. Let (X, 7, I) be the same ideal topological space as in Example 2.8. Let Y = {z, y, 2}
and o ={Y, 0, {y, 2z}}. Define a function f: (X, 7, I) — (Y, o) as follows: f(a) =z, f(b) = f(c)=1y
and f(d) = z. Then fis I;ga+-continuous function but it is not mga-continuous.

Example 3.9. Let (X, 7, I) be the same ideal topological space as in Example 2.8. Let Y = {z, y, 2}
and o ={Y, 0, {y, 2}}. Define a function f: (X, 7, I) — (Y, o) as follows: f(a) = f(b) = z, f(c)==

and f(d) = y. Then [ is I;gox-continuous function but it is not I.4-continuous.

Theorem 3.10. For a function f: (X, 7, I) — (Y, o), the following properties hold:

Tg-continuous Tga-continuous

I 4-continuous —  Ir4q+-continuous

Proof. The proof is obvious by Remark 2.14.

3 *
4 Quasi-a*-I-normal Spaces
Definition 4.1. A space (X, 7) is said to be quasi-a-normal if for every pair of disjoint mw-closed
subsets A, B of X, there exist disjoint a-open sets U, V of X such that A C U and B C V.

Definition 4.2. An ideal topological space (X, T, I) is said to be quasi-a*-I-normal if for every pair
of disjoint m-closed subsets A, B of X, there exist disjoint aj-open sets U, V of X such that A C U
and BC V.

Proposition 4.3. If X is a quasi-a-normal space, then X is quasi-a*-I-normal.

Proof. 1t is obtained from Proposition 2.7.
Theorem 4.4. The following properties are equivalent for a space X:
1. X is quasi-a*-I-normal,

2. for any disjoint w-closed sets A and B, there exist disjoint Irgq~-open sets U, V of X such that
AC Uand BC V,

3. for any m-closed set A and any m-open set B containing A, there exists an Ixgo--open set U such
that A C U C aj3cl(U) C B.
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Proof. (1) = (2) The proof is obvious.

(2) = (3) Let A be any m-closed set of X and B any m-open set of X such that A C B. Then A and
X\B are disjoint m-closed subsets of X. Therefore, there exist disjoint Ir4q+«-0open sets U and V such
that A C U and X\B C V. By the definition of I,4q+-open set, We have that X\B C «ajint(V) and U
N afint(V) = 0. Therefore, we obtain ajcl(U) C ajcl(X\V) and hence A C U C ajcl(U) C B.

(3) = (1) Let A and B be any disjoint 7-closed sets of X. Then A C X\B and X\B is w-open and hence
there exists an Irg4q+«-0pen set G of X such that A C G C ajcl(G) € X\B. Put U = a}int(G) and V
= X\ a}cl(G). Then U and V are disjoint a}-open sets of X such that A C U and B C V. Therefore,
X is quasi-a*-I-normal.

Theorem 4.5. Let f: X — Y be an I 4o -continuous m-m-closed injection. If Y is quasi-normal,
then X is quasi-a*-I-normal.

Proof. Let A and B be disjoint 7-closed sets of Y. Since f is m-m-closed injection, f(A) and f(B) are
disjoint 7-closed sets of Y. By the quasi-normality of X, there exist disjoint open sets U and V such that
f(A) C U and f(B) C V. Since f is I4q+-continuous, then f~1(U) and f~1(V) are disjoint I,4q+-open
sets such that A C f~1(U) and B C f~1(V). Therefore X is quasi-a*-I-normal by Theorem 4.4.

Theorem 4.6. Let f: X — Y be an Ir4q+-irresolute m-m-closed injection. If Y is quasi-o*-I-normal,
then X is quasi-a*-I-normal.

Proof. Let A and B be disjoint 7-closed sets of Y. Since f is m-m-closed injection, f(A) and f(B) are
disjoint m-closed sets of Y. By quasi-a*-/-normality of Y, there exist disjoint I 4q+-open sets U and
V such that f(A) C U and f(B) C V. Since f is I4q+-irresolute, then f~1(U) and {71 (V) are disjoint
I ga+-open sets such that A C f~1(U) and B C f~1(V). Therefore X is quasi-a*-I-normal.

Theorem 4.7. Let (X, 7, I) be an ideal topological space where I is codense. Then X is quasi-a*-I-
normal if and only if it is quasi-a-normal.

5 Conclusion

Topology is an area of Mathematics concerned with the properties of space that are preserved under
continuous deformations including stretching and bending, but not tearing. By the middle of the 20th
century, topology had become a major branch of Mathematics.

Topology as a branch of Mathematics can be formally defined as the study of qualitative prop-
erties of certain objects that are invariant under a certain kind of transformation especially those
properties that are invariant under a certain kind of equivalence and it is the study of those prop-
erties of geometric configurations which remain invariant when these configurations are subjected to
one-to-one bicontinuous transformations or homeomorphisms. Topology operates with more general
concepts than analysis. Differential properties of a given transformation are nonessential for topology
but bicontinuity is essential. As a consequence, topology is often suitable for the solution of problems
to which analysis cannot give the answer.

Though the concept of topology has been identified as a difficult territory in Mathematics, we
have taken it up as a challenge and cherishingly worked out this research study. Ideal Topology is
a generalization of topology in classical mathematics, but it also has its own unique characteristics.
It can also further up the understanding of basic structure of classical mathematics and offers new
methods and results in obtaining significant results of classical mathematics. Moreover it also has
applications in some important fields of Science and Technology.

A new class of sets called Iq4q+-closed sets is introduced and its properties are studied in ideal
topological space. Moreover I,4q+-continuity and the notion of quasi-a*-I-normal spaces are intro-
duced.
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