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Abstract — In [34] we introduced the notion of r-(7;, 7;)-6-generalized fuzzy closed sets in smooth
bitopological spaces by using (7;, 7;)6-fuzzy closure I7T! defined in [19]. Recently, [33] we defined a new
6-fuzzy closure, denoted C¢, on smooth bitopological spaces by using smooth supra topological space
(X, 712) which is generated from smooth bitopological space (X, 71, 72) [1], such that C%, < 7. In
this paper, we introduce a new class of r-0-generalized fuzzy closed sets, namely, r-712-0-gfc in smooth
bitopological spaces via O%-fuzzy closure operator. The basic properties of these sets are studied.
Furthermore, the relationship with other notions of r-generalized fuzzy closed sets in [31, 32, 33, 34]
are investigated and we give many examples for reverse. In addition, by using r-m9-6-gfc sets, we
define a new fuzzy closure operator which generates a new smooth topology. Finally, generalized fuzzy
f-continuous (resp. irresolute) and fuzzy strongly 6-continuous mappings are introduced and some of
their properties are studied.

Keywords — Smooth topology, 0-generalized fuzzy closed, generalized fuzzy closure operator, general-
1zed fuzzy 0-continuous mapping, generalized fuzzy 0-irresolute mapping, fuzzy strongly 0- continuous

mapping.

1 Introduction

Kubiak [20] and Sostak [29] independently in (1985) introduced the fundamental concept of a fuzzy
topology as an extension of both crisp topology and Chang’s fuzzy topology [5]. Sostak presented
some rules and showed how such an extension can be realized. Subsequently, Badard [3], introduced
the concept of ‘smooth topological space’. Chattopadhyay et al. [6] and Chattopadhyay and Samanta
[7] have re-introduced the same concept, calling it ‘gradation of openess’. Ramadan [26] and his
colleagues have introduced a similar definition, namely, smooth topological space for lattice L = [0, 1].
Following Ramadan, several authors have re-introduced and further studied smooth topological space
(cf. [6, 7, 11, 22, 28, 30]). Lee et al. [21] introduced the concept of smooth bitopological space as a
generalization of smooth topological space and Kandil’s defined fuzzy bitopological space [14].
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The so-called supra topology was established, by Mashhour et al. [24] (recall that a supra topology
on a set X is a collection of subsets of X, which is closed under arbitrary unions). Abd El-Monsef and
Ramadan [2] introduced the concept supra fuzzy topology, followed by Ghanim et al. [13] who intro-
duced the supra fuzzy topology in Sostak sense. Abbas [1] generated the supra fuzzy topology (X, 712)
from fuzzy bitopological space (X, 71, 72) in Sostak sense as an extension of supra fuzzy topology due
to Kandil et al. [15].

The first attempt of generalizing closed sets was done by Levine [23]. Subsequently, Fukutake [12],
generalized this concept in bitopological space. Balasubramanian and Sundaram [4], introduced the
concept of generalized fuzzy closed sets within Chang’s fuzzy topology. Kim and Ko [18] defined
r-generalized fuzzy closed sets in smooth topological spaces. Recently, in [31], we introduced the
concept of generalized fuzzy closed sets in smooth bitopological spaces. Noiri [25] and Dontchev and
Maki [8] introduced another new generalization of Livine generalized closed set by utilizing the 6-closure
operator. The concept of §-generalized closed sets was applied to the digital line [9]. Khedr and Al-
Saadi [16] generalized the notion of f-generalized sets to bitopological space. El-Shafei and Zakari [10]
introduced the concept of #-generalized fuzzy closed sets in Chang’s fuzzy topology. Recently, in [34],
we introduced the notion of #-generalized fuzzy closed sets in smooth bitopological spaces by utilizing
the (73, 7;)0-fuzzy closure 1 defined in [19]. In this paper we define another type of r-6-generalized

fuzzy closed sets in smooth bitopological spaces via CY,-fuzzy closure which was established by us
[33], and study its relationship with other types of r-generalized fuzzy closed sets which introduced
in ([31, 32, 33, 34]). By using this new class of generalized fuzzy closed sets we define a new fuzzy
closure operator which generates a new smooth topology. Finally, we define and study generalized
fuzzy 6-continuous (resp. irresolute) and fuzzy strongly 6-continuous mappings.

2 Preliminary

Throughout this paper, let X be a non-empty set, I = [0,1], Ip = (0,1]. A fuzzy set p of X
is a mapping p : X — I, and I¥ be the family of all fuzzy sets on X. For any py, s € IX, then
(1 Ap2) (@) = min{p (), p2(z) : @ € X}, (11 Vp2)(z) = max{p (x), p2(v) : © € X}. The complement
of a fuzzy set X is denoted by 1 — \. For a € I, a(xz) = a Vo € X. By 0 and 1, we denote constant
maps on X with value 0 and 1, respectively. For z € X and t € Iy, the fuzzy set x; of X whose value
t at « and 0 otherwise is called the fuzzy point in X. Let Pt(X) be a family of all fuzzy points in X.
For A € I’X, z; € )\ if and only if A\(z) > t and ; is said to be quasi-coincident (g-coincident, for short)
with A, denoted by x; ¢ A if and only if 1 — A(x) < t. For u, A € IX, p is called g-coincident with A,
denoted by u g A, if p(z) + A(z) > 1 for some = € X, otherwise we write u ¢ A. Also, for two fuzzy
sets A\; and Ay € X, \; < )y if and only if \; ¢ T — \y. FP (resp. FP*) stand for fuzzy pairwise
(resp. fuzzyP*). The indices 4, j € {1,2} and ¢ # j.

Definition 2.1. [3, 6, 26, 29] A smooth topology on X is a mapping 7 : IX — I which satisfies the
following properties:

(1) 7(0) =7(1) =1,
(2) T(:ul A :u2) 2 'T(,Ul) A T(,“Q)a v Ha, 2 € IXa
(3) T(Vies 1) = Nigy 7(1i), for any {; 2 i € J} € IX.
The pair (X, 7) is called a smooth topological space. For r € Iy, Jt is an r-open fuzzy set of X if
7(w) > 7, and p is an r-closed fuzzy set of X if 7(1 — u) > r. Note, Sostak [29] used the term ‘fuzzy
topology’” and Chattopadhyay et al. [6], the term ‘gradation of openness’ for a smooth topology 7.

If 7 satisfies conditions (1) and (3), then 7 is said to be supra smooth topology and (X, 7) is said
to be a supra smooth topological space [13].

Definition 2.2. [21, 29] A triple (X, 7y, 72) consisting of the set X endowed with smooth topologies
71 and 72 on X is called a smooth bitopological space (smooth bts, for short). For A € I* and r € Iy,
r-1;-open (resp. closed) fuzzy set denotes the r-open (resp. closed) fuzzy set in (X, 7;), for i = 1,2.

Subsequently, the fuzzy closure (resp. interior) for any fuzzy set in smooth topological space is
given as follows:
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Definition 2.3. [7] Let (X, ) be a smooth topological space. For A € IX and r € Iy, a fuzzy closure
is a mapping C; : IX x Iy — IX such that

CT()\,T):/\{,MEIX\ME)\, 7(1—p) >r}. (1)
And, a fuzzy interior of A is a mapping I, : IX x Iy — IX defined as

L) =\/{ne X <A 7(u) > r}, (2)

satisfies

LA-=X\r)=1-C;(\71). (3)

Remark 2.4. If (X, 7) is a supra smooth topological space. Then the definition of fuzzy closure (resp.
interior) for any fuzzy set is defined as (1) and (2) in Definition 2.3 respectively.

Definition 2.5. [7] A mapping C : X x Iy — IX is called a fuzzy closure operator if, for A, u € IX
and r, s € I, the mapping C satisfies the following conditions:

(C1) C(0,r) =0,

(C2) A< C’()\,r),

(C3) CAr)V Clur) = COAV 7).
(C4) ( r) < C(A, 8) if 7 <s,
(C5) C(C(Ar),r)=C(A ).

The fuzzy closure operator C' generates a smooth topology 7¢ : IX — I given by

e\ =\/{rel|CA-\r)=1-)} (4)

If C satisfies conditions (C1),(C2),(C4),(C5) and the following inequality:

(C3) COLT) Vi) < CON 7).

then C' is called supra fuzzy closure operator on X [1]. and it generates a supra smooth topology
7o I — I asin (4)

By using (3), the definitions of fuzzy interior operator and supra fuzzy interior operator are ob-
tained. In analogs of Definition 2.5, a fuzzy interior operator was defined.

The following theorem shows how to generate a supra fuzzy closure operator from smooth bts
(Xa 1, TZ)'
Theorem 2.6. [1] Let (X, 7y, 72) be a smooth bts, for each A € I and r € I. Then:

(1) The mapping Cio : I* x Iy — I¥ such that Ci2(A\,r) = Cr, (A7) A Cry (A, 1) is a supra fuzzy
closure operator, and (X, C12) is a supra fuzzy closure space.

(2) The mapping I15 : I x Iy — IX defined by I1ia(\,7) = L, (\,7) V I,(\,7) is a supra fuzzy
interior operator, satisfies I12(1 — A\, 7) =1 — C2()\, 7).

Theorem 2.7. [1] Let (X, 71, 72) be a smooth bts, let (X, C12) be a supra fuzzy closure space. Define
the mapping 75 : IX — I on X by

Ts(N) = \V{n(A) Ama(A2) : A=AV dg, A A € TX}

where \/ is taken over all families {\;, Ao € IX : A = A\ V A2 }. Then:
(1) 7 = 7¢,, is the coarsest smooth supra topology on X which is finer than 71 and 7.

(2) Cr2=Cr, =Cr,-
Remark 2.8. In this paper we will denote to 7¢,, by Ti2.

Definition 2.9. Let (X, 7y, 72) be a smooth bts, A € IX and r € Iy. Then, a fuzzy set \ is called:
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(1) an r-(7;, 7;)-generalized fuzzy closed (r-(7;,7;)-gfc, for short), if Cr; (A, s) < p, whenever A < p
such that 7;(u) > s V 0 < s < r. The complement of r-(7;, 7;)-gfc is an r-(7;, 7;)-generalized
fuzzy open (r-(7;, 7;)-gfo, for short) [31].

(2) an r-mia-generalized fuzzy closed (r-mi2-gfe, for short) if Ci2(A,s) < p whenever A < p and
T12(p) > s V0 < s < r. The complement of r-rjo-gfc is an r-7jo-generalized fuzzy open
(r-T12-gfo, for short) [32].

The concepts of r-112-gfc and r-(i, j)-gfc sets are independent.

Recall next the definitions of open Q-nbd, f-cluster point and #-fuzzy closure operator in smooth
th (X, T1,T2).

Definition 2.10. [19] Let (X, 71, 72) be a smooth bts, u € IX, z, € Pt(X) and r € Iy. Then, p is
called an r-open Q.,-nighborhood of z; if ; ¢ p with 7;(u) > r, we denote

Qr, (ze,m) = {pn € I*| 2y q p, i) 2 1.
Definition 2.11. [19] Let (X, 71, 72) be a smooth bts, A € IX and r € Iy. Then:

(1) A fuzzy point z; € Pt(X) is called an r-(7;, 7;)6-cluster point of A if for every p € Q- (z¢,7),
CTj (Mu T‘) q A

(2) An (7;,7;)0-closure is a mapping 77 : IX x Iy — IX defined as follows:
T7(Ar) = \/{mt € Pt(X)| z; is r-(;, 7;)6-cluster point of A}.
(3) Ais called an r-(7;,7;) fuzzy f-closed iff A = T7!(A,r). The complement of an 1-(7;, 7;) fuzzy
O-closed is called r-(7;, 7;) fuzzy 6-open.
Theorem 2.12. [19] Let (X, 7y, 72) be a smooth bts, A\, u € IX, z; € Pt(X) and r € Iy. Then:
(1) (A7) =N e I I () 2 N, 7i(1T—p) > 1}, e, TTi(A,r) is an r-7i-closed fuzzy set.
(2) @ is an r(7;, 7;)0-cluster point of A iff z; € TTH(A, 7).

Definition 2.13. [34] Let (X,71,72) be a smooth bts, A\ € I* and r € I5. A fuzzy set A is an
r-(7;, 7j)-0-generalized fuzzy closed (r-(7;, 7;)-0-gfc, for short) if 777 (A, s) < pu whenever A < u such
that 7;(1t) > s V0 < s <r. The complement of r-(7;, 7;)-0-gfc is an r-(7;, 7;)-0-generalized fuzzy open
(r-(7i, 7)-0-gfo, for short).

Definition 2.14. [33] Let (X, 71, 72) be a smooth bts, A € IX, r € Iy and x; € Pt(X). Then:

(1) A fuzzy point z; is said to be an r-7y5-6-cluster point of A if and only if C12(p,r) q A, for each
w € Qryy (s, ), where Qqp, (x4,7) = {u € IX| 7, q p, 12(p) > 7}. The set of all r-ry9-6-cluster
points of \ is called CY,-fuzzy closure of A, i.e. C¥, : IX x Iy — I defined as

cl(\r) = \/{xt € Pt(X) | x¢ is r-T12-0-cluster point of \}.
(2) X is said to be an r-tya-0-closed fuzzy set iff C%y(\,7) = A\. The complement of r-715-6-closed
fuzzy set is an r-719-6-open fuzzy set.

Theorem 2.15. [33] Let (X, 7y, 72) be a smooth bts, A € I and r € Iy. Then:

(1) Cia(A\,7) < C%(\ 1) < TTi(A 7).

(2) If X is an r-Ty9-open fuzzy set in X, then Cia(\,7) = CYy (A, 7).

Some properties of C%, are given in the following proposition:

Proposition 2.16. [33] Let (X, 71, 7) be a smooth bts, A\, A\, Ao € IX and r € Iy. Then:

(1) Ca(\ 1) = AMCualp,r) : p= A, 712(p) 27}
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(2) If A < A2, then C¥, (M1, 7) < O (Ao, 7).
(3) Ch(M1,m)V Clh(A2,7) = Cly(A1 V Mg, 7).
(4) Clh(\, 1) < C%(N,s), ifr <s.

(5) Cfa(Mi Ada,7) < Cly(Mi,7) A Cfy(A2, 7).
(6) Cla(A\7) < CPy(Cla(A, 1), 7).

Next we introduce the concept of I¢,-fuzzy interior in smooth bts (X, 11, 72).

Definition 2.17. [33] Let (X, 71, 72) be a smooth bts, A € I*X and r € Iy. A fuzzy point z; is said to
be an 7-T19-O-interior point of \ if there exists u € Q,, (z¢,7) such that Cia(u,7) § 1 — A. The set of
all r-115-0-interior points of A is called IfQ—fuzzy interior of A. i.e. If2 : IX x Iy — IX defined as

I\ r) = \/{xt € Pt(X) | x¢ is r-Tio-0-interior point of \}.
Equivalently, I¢,-fuzzy interior can be stated as folllows.

Proposition 2.18. [33] Let (X, 71, 72) be a smooth bts, A € I’ and r € Iy. Then:

I (A ) = \/{M € I'*| Cra(p, ) < A\, 12(p) > 7}

Throughout this paper (X, 712) and (Y, 715) denote the supra smooth topological spaces which are
induced from smooth bitopological spaces (X, 71, 72) and (Y, 77, 75) respectively.

Definition 2.19. A mapping f : (X, 71,72) — (Y, 75, 75) from a smooth bts (X, 71, 72) to another
one (Y, 7, 75) is said to be:
(1) FP-continuous if and only if 7;(f~1(u)) > 77 () for each p € IV and i = 1,2 [17].

(2) FP*-continuous if and only if f : (X, 712) — (Y, 71,) is F-continuous [27]. That is, 712(f () >
4, for each p € IV,

(3) FP*-open if and only if f : (X, 72) — (Y, 775) is F-open [17]. That is, 7/5(f(\)) > 112()) for
each \ € IX.

(4) generalized F P*—continuous (G F P*—continuous, for short) if and only if f~!(p) is an r-72-gfc
for all p € IV with 745 (1 — u) > r [32)].

(5) generalized FP*—irresolute closed (GF P*—irresolute closed, for short) if and only if f(u) is
an r-7y5-gfc in Y for each r-m5-gfc p in X [32].

3 r-mp-6-generalized Fuzzy Closed Sets

In this section we introduce a new class of generalized fuzzy closed sets via a fuzzy closure C?,
defined in [33], and we study its relationship with other types of generalized fuzzy closed sets which
introduced in ([31, 32, 33, 34]).

Definition 3.1. Let (X, 71,72) be a smooth bts, A € I and r € Iy. Then:

(1) A fuzzy set ) is called an r-1i9-6-generalized fuzzy closed (r-T12-6-gfc, for short) if C% (), s) < p
whenever A < p and T5(p) > s forall 0 < s <.

(2) A fuzzy set ) is called an 7-712-0-generalized fuzzy open (r-7i2-6-gfo, for short) if 1 — X is an
r-T19-0-gfc.
Proposition 3.2. Let (X, 71, 72) be a smooth bts, A\, Ao € IX and 7 € Iy. Then:
(1) If A1, Ao are r-1yo-0-gfc sets, then A1 V Ay is an r-15-0-gfc set.
(2) If A1, Ag are r-112-0-gfo sets, then A; A A2 is an r-712-6-gfo set.
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Proof. To prove part (1), let A\; V Ay < p such that 792(pu) > s for 0 < s < r. This implies A; < p
and Ay < p. Since A; and Ay are r-119-0-gfc sets, then in view of Proposition 2.16(3) and Definition
3.1(1), we have, C%y (A1 V A2, 8) = C¥y (A1, 5) VCYy(Na, s) < puV = p. Hence, A1 V Ag is an r-72-0-gfe.
The prove of part (2), follows from the duality of (1). O

Remark 3.3. The finite intersection (resp. union) of r-mo-6-gfc (resp. gfo) sets in a smooth bts
(X, 71, 72) need not to be an r-r19-0-gfc (resp. gfo), as the following example shows.

Example 3.4. Let X = {a,b}. Define A\j, Ay € IX as follows:
A1 =ao.2 Vbos, A2 = ag.a V bo.o.

We define smooth topologies 71,75 : IX — I as follows:

1 ifA=0,1, 1 ifx=0,1
n(A) =497 if A=A, and  T(A) =43 if A=)
0 otherwise. 0 otherwise.

The induced supra smooth topological space of (X, 71, 72), is defined as 712 : I*X — I such that

1 ifA=0,1,

T ifA= Ay,
T12(/\): g if)\z/\g,

% if A= A1V Ag,

0 otherwise.

Then, for r = i the fuzzy sets 171 = ag.2 V bog and 173 = agg V bp.o are i—ﬁg—&—gfc sets but n; A 12

is not a %—Tlg—a-ng. By taking the complement of 7; and 7 we obtain the finite union of r-m5-6-gfo
sets. This union need not to be r-m2-0-gfo.

In the following Propositions 3.5, 3.7, 3.9, 3.10 and 3.11 with the examples following them show
that the class of r-79-0-gfc sets is properly placed between the classes of r-m9-gfc sets and r-772-0-closed
fuzzy sets.

Proposition 3.5. Let (X, 7y, 72) be a smooth bts, A € IX and r € Iy. If X is an r-1y2-0-closed fuzzy
set, then A is an r-79-6-gfc set.

Proof. Let A < p such that 72(p) > s for 0 < s < r. Since A is an r-7y2-6-closed fuzzy set, then
CY (A, 7) = X and from Proposition 2.16(4) , for s < r we have C¥5(\, s) < C%(\,7) = A < p. Hence,
A is an r-79-0-gfc set. O

The converse of Proposition 3.5 is not true as we show in the next example.
Example 3.6. Let X = {a,b}. Define \;, Ay € IX as follows:
A1 =ap2Vbos, A2=agsVbos.

We define smooth topologies 71,75 : IX — T as follows:

1 ifA=0,1, 1 ifA=0,1,
7'1()\): % lf)\:Al, and TQ()\): % lf)\:A27
0 otherwise; 0 otherwise.

The induced supra smooth topological space of (X, 7y, 72), is defined as 715 : IX — I such that

1 ifA=0,1,
Tlg(A): % lfA:)\l, )\27 A1VA27
0 otherwise.

Then, for r = %, the fuzzy set A = ag.4 Vbg4 is a %—7'12—9—ng but is not a %—Tlg—e—closed fuzzy set.
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Proposition 3.7. Let (X, 71, 7) be a smooth bts, A € IX and r € Iy. If X is an 7-715-0-gfc set, then

A is an r-y9-gfc set.

Proof. The proof follows directly from Theorem 2.15(1).

The following example shows the converse of the previous proposition is not true.

Example 3.8. Let X = {a,b}. Define A\, \y € IX as follows:

A =ap7Vbos, Aa=ag2Vbyo.

We define smooth topologies 71,75 : IX — I as follows:

1 ifA=0,1, 1
n(A) =493 if A=A, and () =1 %
0 otherwise; 0

ifA=0,1,
if A= Ao,
otherwise.

The induced supra smooth topological space of (X, 7y, 72), is defined as 75 : IX — I such that

1 ifA=0,1,

1if A=Ay,
m2(A) = 1 i A=y,

3 A=AV A,

0 otherwise.

Then for r = %, the fuzzy set A = ag3 Vbgs is a %-Tlg—ng but is not a %—Tlg—e—gfc.

O

Proposition 3.9. [32] Let (X, 71, 72) be a smooth bts, A € IX and r € I,. If ) is an r-7y5-closed fuzzy

set, then A is an r-7o-gfc set.

The converse of Proposition 3.9 is not true (see [32]).

Proposition 3.10. [33] Let (X, 7;,72) be a smooth bts, A € IX and r € Iy. If X is an 7-72-0-closed

fuzzy set, then A is an r-1yo-closed fuzzy set.

The converse of Proposition 3.10 is not true (see [33]).

Proposition 3.11. Let (X,71,72) be a smooth bts, A € IX and r € I,. If X is an r-(7;,7;) fuzzy

f-closed set, then X is an r-7y2-6-closed fuzzy set.

Proof. To prove A is an r-7y3-6-closed fuzzy set, we must prove Cfy(\,7) = X. Clearly A < C{y(\, 7).
On the other hand, from Theorem 2.15(1), C%(\,7) < T77 (A, 7). Since A is an r-(7;, ;) fuzzy 6-closed
set, then 777 (\,7) = A. Consequently, C% (), r) < X\. Hence, A is an r-ri5-0-closed fuzzy set.

The next example shows the converse of Proposition 3.11 is not true in general.

Example 3.12. Let X = {a,b}. Define A, \a € I as follows:
A1 =ap4Vbos, Az=agsVboa.

We define smooth topologies 71,7 : IX — T as follows:

1 ifA=0,1, 1
T1()\>: % if)\z/\l7 and TQ()\): i
0 otherwise; 0

if A\=0,1,
if A= Ao,
otherwise.

O
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The induced supra smooth topological space of (X, 7y, 72), is defined as 75 : IX — I such that

1 ifx=0,1,

% if A= Aq,
2(A) = L if A=,

i if A=AV g,

0 otherwise.

Then, for r = %7 the fuzzy set A = ag.5 V bo5 is a i—ﬁg—@—closed fuzzy set but is not a i-(ﬁ, 7o )fuzzy
f-closed set.

From the above discussion we have the following diagram which is an enlargement of a Diagram
from [33].

r-(7y, 73)-0-gfc < r-(73, 71)fuzzy 0-closed = r-112-6-closed fuzzy set = r-my2-closed fuzzy set

I ¢ ¥ 4

r-(7i,73)-gfc <= r-75-closed fuzzy set r-t12-0-gfc = r-mo-gfc

From the above diagram one can notice that the concepts of r-(7;, 7;)-0-gfc and r-ro-6-gfc sets are
independent as the following two examples show.

Example 3.13. Let X = {a,b}. Define A\, \a € I¥ as follows:
At =ao3Vbos, A2=ageV bo.a.

We define smooth topologies 7,75 : [ X T as follows:

1 ifA=0,1, 1 ifx=0,1,
nA)=49% ifA=X, and n\)=<1 ifa=),
0 otherwise; 0 otherwise.

The induced supra smooth topological space of (X, 71, 72), is defined as 712 : X — I such that

1 ifA=0,1,

1ot A=Ay,
2(A) = 1 i A=y,

T iEA=XA1 VA,

0 otherwise.

Then for r = i, the fuzzy set A = ag4 Vb3 is a i—(ﬁ, T9)-6-gfc but is not a i—T12—9—ng set.
Example 3.14. Let X = {a,b}. Define A\;, Ay € IX as follows:
A1 =a04Vbos, A2=ageV boa.

We define smooth topologies 71,75 : IX — T as follows:

1 ifA=0,1, 1 ifA=0,1,
7'1()\): % lf)\:Al, and 7-2()\): % lf)\:A27
0 otherwise; 0 otherwise.

The induced supra smooth topological space of (X, 71, 72), is defined as 715 : IX — I such that

1 ifx=0,1,

% if A= Aq,
T2(A) = {3 A= g,

% if A=AV g,

0 otherwise.

Then for r = %, the fuzzy set A = ag.1 V bg.3 is a %—712—9—gfc but is not a %—(71, To)-0-gfc set.
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4 Generalized CY-fuzzy Closure Operator

In this section we use the class of r-719-6-gfc (resp. gfo) sets to introduce a new fuzzy closure (resp.
interior) operator on smooth bts (X, 7y, 72). In fact this new fuzzy closure (resp. interior) operator
represents a generalization of the fuzzy closure (resp. interior) operator CY, (resp. I%,) [32]. Some
properties of these new fuzzy closure are given. We show that C% (resp. I%,) generates a smooth
fuzzy topology which is finer than 77,.

Definition 4.1. Let (X,7;,7) be a smooth bts. For A € IX and r € Iy, a generalized C%,-fuzzy
closure is a map GCY, : X x Iy — X define as

GO%(\ 1) = /\{p € I'| p> X and p is r-T1-0-gfc set}.
And a generalized IY,-fuzzy interior of \ is a map GIY, : IX x Iy — I define as
GI,(A\,r) = \/{p € I"| p < X and p is r-T12-0-g fo set}.
Some properties of GOY%, and GIY, are given next.
Proposition 4.2. Let (X, 71,72) be a smooth bts, A\, A1, Ao € IX and r € Iy. Then:
(1) GI%(1 -\ 7r)=1—GC%(\ 7).
(2) If Ay < Mg, then GC¥5 (A1, 7) < GCY% (A2, 7).
(3) If Ay < A, then GI% (A1, 7) < GIf, (A2, 7).
(4) If X is an r-1y2-0-gfe, then GCYy (A, ) = A.
(5) If X is an r-7y5-0-gfo, then GI%(\,7) = \.
Proof. We prove (1), using Definition 4.1:
1-gC%\r) = 1- /\{p e IX| p> )\, pis r-Tia-0-gfc set}
= \/{i —pelX|1—p<1—-\T1-pisr-r-b6-gfo set}
= GIf,(1—\r).
To prove (2), suppose there exist z € X and t € I such that
GO (A, 7)(x) > t > GOTy (A, 1) (2). ()

Since GCO% (A2, 7)(z) < t, then there exists an r-my5-6-gfc p with p > o such that p(z) < t. Since \; <
A2, then GC¥y(A\i,7) < p. Tt follows GCYy(A1,7)(z) < t. This contradicts (5). Hence, GC¥y(A1,7) <
GCY(Aa,7). The proof of (3), follows from taking the complement of (2) and then using (1). The
proof of (4), follows from Definition 4.1. Finally, the proof of (5) is similar to the proof of (3). O

In Proposition 4.2 the converse of (4) and (5) are not true as the following example show. The
example is inspired by the one introduced in [18, p.333]

Example 4.3. Let X = {a,b}. Define smooth topologies 71 = 79 : [X — I as follows:
1 ifA=0,1,
T1()\) :7'2(/\) = 0.3 if)\:ao_&
0 otherwise.

The induced supra smooth topological space of (X, 7y, 72), is defined as 75 : IX — I such that

1 ifA=0,1,
7'12(>\) = 0.3 if A= an.6,
0 otherwise.

The fuzzy set ag.g is not a 1-m9-0-gfc, but gC’f2(ao,6, 1) = ap.g. Because, apg V bs is a 1-112-0-gfc for
s € Iy. Therefore,
GCYs(a06,1) = Nyer, (@06 V bs) = aos V Nyep, bs = a0
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Next we show GCY, (resp. GIY,) is fuzzy closure operator.

Theorem 4.4. Let (X, 71, 7) be a smooth bts, A € IX and r € I. Then:
(1) GCY, (vesp. GI{; ) is a fuzzy closure (resp. interior) operator.

(2) The mapping 71929 : IX — I defined as
() = \{rellgc,1-Ar)=1-A%
is a smooth topology on X such that 7¢, < 7'1%9.

Proof. We have shown that GCY, is a fuzzy closure operator and in a similar way can prove that GI?,
is a fuzzy interior operator. To prove (1), we need to satisfy conditions (C'1) — (C5) in Definition 2.5.

(C1) Since 0 is an r-712-0-gfc set in X, then from Proposition 4.2(4), GC¥%(0,r) = 0.
(C2) Follows immediately from the Definition of GC%,.
(C3) Since A < AV p and g < AV pu, then from Proposition 4.2(2),

GOy (A1) < GOT(AV p,r) and GCTy(p,1) < GOTH(AV pu, ).

This implies, GO% (X, 1) V GO% (1, 7) < GO%WAV 7).
Suppose GO% (A V 1) & GCY% (N, 1) V GCYy(1,7). Consequently, z € X and t € I, exist such
that

GCT (A, 1) (2) V GO, (1) (x) <t < GCT,(AV p,7) (). (6)

Since GOY% (A, r)(z) < t and GOY%(u,r)(x) < t, then there exist r-tjo-0-gfc sets p1, pa with
A < pp and p < po such that
p1(xz) < t,pa(x) < t.

Since AV p < p1 V p2 and py V p2 is an r-712-6-gfc from Proposition 3.2(1), we have
GCYy(AV p,7)(z) < (p1 V p2)(z) < t. This, however, contradicts (6). Hence, GC¥y(\,7)V
gcleQ (,LL, 7”) = g0162()‘ Vo, T’).

(C4) Let r < s, r,s € Iy. Suppose GC%(\, 1) £ GCY% (), s). Consequently, z € X and t € Iy exist
such that
GO (A, s)(x) <t < GCTH(A,7) (). (7)

Since GCY, (), s)(x) < t, then there is an s-7y2-6-gfc set p with A\ < p such that p(z) < t. This
yields C¥5(p,s1) < p, whenever p < p and 7y2(p) > sq, for 0 < 57 < s. Since 7 < s, then
CY%(p,r1) < p whenever p < p and T9(p) > 71, for 0 < r; < r < s; < 5. This implies p is
an r-112-0-gfc. From Definition 4.1, we have GO% (), r)(x) < p(x) < t. This contradicts (7).
Hence, GCY, (A, 1) < GCYy (A, 5).

(C5) Let p be any r-7y2-0-gfc containing A\. Then, from Definition 4.1, we have GC%(\,7) < p.
From proposition 4.2(2), we obtain GC%(GC%(\,7),7) < GC¥%(p,7) = p. This means that
GCY,(GCY,y (A, ), 1) is contained in every r-T12-0-gfc set containing A. Hence, GC%(GC% (N, 7),7) <
GCY% (N, r). However, GCVW(N\, 1) < GO%(GC%(N,7),7). Therefore, GClW(GCl (A, 1), 7) =
GCY5(\, 7). Thus GCY, is a fuzzy closure operator.

To prove (2), we employ (1) and Definition 2.5, we get 755 ()\) is a smooth topology on X. By
Proposition 3.5, C% (1 —\,r) = 1— A which yields GC% (T —\,7) = T— . Thus, 7{,(\) < 75()\)
for all A € IX.

O

At the end of this section we state the following proposition which is describes each r-712-0-gfc set
in smooth topological space (X, 71%9).

Proposition 4.5. Let (X, 7,72) be a smooth bts. A € IX and r € Iy. If X is an r-79-6-gfc, then A
is an 1-714 -closed fuzzy set.

Proof. The proof follows from Proposition 4.2(4) and Theorem 4.4(2). O
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5 GFP*-0-continuous and GF P*-f-irresolute Mappings

In this section we use the smooth supra topological space (X, 712) which is generated from smooth
bts (X, 71, 72) to introduce and study the concepts of generalized F'P*-6- continuous (resp. irresolute)
and F P*-strongly-6-continuous mappings for the smooth bts (X, 71, 72).

Definition 5.1. A mapping f : (X, 71,72) — (Y, 77, 75) is called:

(1) generalized FP*-6- continuous (GF P*-§-continuous , for short) if f=1(p) is an r-r2-6-gfc in X
for each r-775-closed fuzzy set p in Y.

(2) generalized-F P*-f-irresolute (G F P*-f-irresolute, for short) if f=1(u) is an r-72-0-gfc in X for
each r-1{5-0-gfc pin Y.

(3) FP*-strongly-6- continuous ( F'P*-S-6-continuous, for short) if for each x; € Pt(X) and for
each p1 € Qry, (f(w¢),7), there exists v € Qr,, (x4, 7) such that f(Ci2(v,7)) < p.

Next we study the relationships between GF P*-0-continuous, F' P*-S-0-continuous, GF P*-continuous

and F P*-continuous. Next proposition give the relationship between G F P*-0-continuous and G F P*-
continuous.

Proposition 5.2. If f : (X, 7, 72) — (Y, 77, 75) is GF P*-6-continuous, then f is GF P*-continuous.
Proof. Let u € IV such that p is an r-7i,-fuzzy closed set. Since f is GFP*--continuous, then we
have, f~!(u) is an r-112-0-gfc, and from Proposition 3.7, this yields f~1(u) is an r-72-gfc. Hence, f is
GF P*-continuous. O
The converse of the above proposition in not true according to the following counterexample.
Example 5.3. Let X = {a,b} and Y = {p,q,w}. Define A\, \a € IX and py, s € IV as follows:

Alza%\/b%, )\Qza%\/b%, /lep%\/q%\/w%, ,ugzp%\/q%\/w%.

We define the smooth topologies 71,75 : IX — I and T, Ty o L Y I as follows:

1 ifA=0,1, 1 ifA=0,1,
T1(A) = % if A=A, T2(A) = % if A= XAg,
0 otherwise; 0 otherwise;
1 ifpu=0,1, 1 ifpu=0,1,
) =L i =, and () =41 i =,
0 otherwise; 0 otherwise.

From the smooth bts’s (X, 11, 72) and (Y, 77, 75) we can induce the supra smooth topologies 712 and
Tio as follows:

1 ifA=0,1, 1 ifpu=0,1,

1if A=), Loifpu=p,
T12(A) = ¢ 5 i A=y, and o) = 5 if p = pa,

i if A=AV A, % if =1V o,

0 otherwise; 0 otherwise.

Consider the mapping f : (X, 71,72) — (Y, 7, 75) defined by f(a) = ¢q and f(b) = w. Then, f is

GFP*-continuous but is not GFP*-f-continuous because, there exists 1 — i is a 3-71,-closed fuzzy
set but f~1(1 — 1) is not a 3-712-6-gfc set.

Next we give the relationship between F P*-S-6-continuous and GF P*-0-continuous.



Journal of New Theory 4 (2015) 60-73 71

Proposition 5.4. If f : (X, 7, 72) — (Y, 71, 75) is F P*-S-6-continuous, then f is GF P*-6-continuous.

Proof. Let A € be an r-1{,-closed fuzzy set in Y. Let f~1()\) < u where 712(p) > s for 0 < s < 7. We
must show C% (f~1(\),s) < p. Let z; ¢ p this mean, z; ¢ I—u. In fact that f~(\) < u, which implies
1—p < 1—f~%(\), and since 24 ¢ 1—p this yields, z; ¢ 1—f~1()\). Thus, we have f(z;) ¢ 1—\ such that
1—Xis r-7{y-open fuzzy set in Y. That is mean 1 — X € Q- (f(z¢),7). Since f is FP*-S-f-continuous.
Then, there exists n € Q,, (¢, r) such that f(Ci2(n,r)) g 1 — A. This implies, f(Ci2(n,7)) ¢ A and
then Cya(n,7) ¢ f~1(A). In view of Definition 2.14, we get x; ¢ C%(f~1(\),r). Since s < r then, from
Proposition 2.16(4), we have x; ¢ C{,(f~*()\), s). Hence, we obtain C%(f~1(\),s) < p. Thus, f is
G F P*-0-continuous. O

The converse of the above Proposition not true as seen from the following example.
Example 5.5. Let X = {a,b} and Y = {p, q}. Define A\, Ay € I and p1, 2 € I' as follows:
Alza%\/b%, )\QZG%\/b%, m:p%\/q%, ugzp%\/q%.

We define the smooth topologies 71,7 : IX — I and 77,75 : IY — I as follows:

1 ifA=0,1, 1 ifx=0,1,

T1(A) = % if A= Aq, T2(A) = % if A= Mg,

0 otherwise; 0 otherwise;
1 ifpu=0,1, 1 ifpu=0,1,
m(w) =q3 if p=p, and () =q3 if p=p,
0 otherwise; 0 otherwise.

From the smooth bts’s (X, 11, 72) and (Y, 75, 75) we can induce the supra smooth topologies 712 and
Tiy as follows

1 ifx=0,1, 1 ifu=0,1,
% 1f>\:)\1, % lf,U/:/ll,
m2(A) = ¢ & if A=), and o(p) =45 if p=po,
% if A=AV g, % if = p1 V o,
0 otherwise; 0 otherwise.
Consider the mapping f : (X, 7, 7) — (Y, 7{,75) defined by f(a) = ¢ and f(b) = p. Then, f is
GF P*-6-continuous but is not FP*-S-f-continuous because, there exists ag7; € Pt(X), r = ; and

p1 € Qrz, (f(ao7), 3) such that for any A € Qr,,(ao.7, 3), F(Cra, 3) % .
Proposition 5.6. [32]If f : (X, 71, 72) — (Y, 7y, 75) is FP*-continuous, then f is GF P*-continuous.

The converse of the proceeded proposition is not true in general (see [32]).

To discuss the relation between FP*-S-6-continuous and F P*-continuous, we need to give an
equivalent definition to F'P*-continuous.

Theorem 5.7. A mapping f : (X, 7,72) — (Y, 77, 75) is FP*-continuous iff for each z; € Pt(X)
and for each p € Q, (f (), 7), there exists n € Qr,, (¢, 7) such that f(n) < u

Proof. The proof is similar to the one in [[34], Theorem 5.3]. O
Proposition 5.8. If f: (X, 7, 7) — (Y, 77, 75) is FP*-S-0-continuous, then f is F'P*-continuous.
Proof. Let x; € Pt(X) and p € Q7i5(f(x¢),r). Since f is FP*-S-0-continuous. Then, there exists

1 € Qria(wy, ) such that f(Ci2(n,r)) < u. Since n < Cia(n,r), then f(n) < f(Cia(n,r)) < p. Thus,
in view of Theorem 5.7, f is F'P*-continuous. O
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The converse of proposition 5.8 is not true as we have shown in Example 5.3. Note that Example 5.3
and Example 5.5 show that the F'P*-continuous and GF P*-f-continuous are independent. Therefore
we have the following implications and none of them are reversible.

GFP*-f-continuous —> GFP*-continuous
f f
FP*-S-0-continuous =—> FP*-continuous

The following theorem provides conditions to obtain GF P*-f-irresolute mapping from GF P*-6-
continuous mapping.

Theorem 5.9. If f: (X, 7,72) — (Y, 7], 75) is bijective, FP*-open and GF P*-f-continuous, then
f is GF P*-f-irresolute.

Proof. Let v is an r-riy-0-gfc set and f~!(v) < p such that T15(u) > s for 0 < s < r. Since f~(v) < p,
then v < f(u). From the fact that f is F/P*-open, we obtain f(u) is an s-7j5-open fuzzy set. Now,
we have v is an r-71,-0-gfc and v < f(u). From Definition 3.1(1) we get, Ci§(v,s) < f(u) and thus,
f~HCY(v,s)) < p. Since CiY(v,s) is an r-1iy-closed fuzzy set in Y and f is GF P*--continuous.
Then, f~1(C4(v,s)) is an r-my2-6-gfc in X. Thus, from Definition 3.1(1), C%(f~1(Ci§)(v, 5)),s) < u
this yields C%(f~1(v),s) < u. Therefore, f~1(v) is an r-12-0-gfc. Hence, f is GF P*-f-irresolute. [
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