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Abstract − In this paper, at first we define fuzzy strict preference relation in our way motivated
from strict preference relation in crisp concept and then define fuzzy weak preference relation, fuzzy
indifference relation. Hence we discuss some properties like fuzzy semi-symmetric, fuzzy negatively
transitive, fuzzy connectedness and give supporting examples. Thereafter we introduce the notion of
fuzzy soft set strict preference relation and define fuzzy soft set weak preference relation, fuzzy soft
set indifference relation. Also we verify some properties with suitable examples.
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1 Introduction

In real life situation, almost all objects have an ambiguous status with respect to
belongingness in a particular class. To reduce this ambiguity, in 1965, Zadeh[13] intro-
duced fuzzy set with a continuum of grades of membership. Fuzzy sets and relations
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have applications in diverse types of areas, for example in data bases, pattern recog-
nition, neural networks, fuzzy modelling, economics, medicine, multicriteria decision
making etc. But fuzzy set theory, probability theory etc. have inherent difficulties to
deal with uncertainties in above mentioned areas. To deal with uncertainties free from
some difficulties, in 1999, Molodtsov[12] proposed a new parameterized mathematical
tool named as soft set. Thereafter in 2001, Maji[11] et al. introduced the notion of
fuzzy soft set as hybrid structure of fuzzy set and soft set. Then gradually so many
contributions comes from several authors [2, 5, 7, 8, 10] in the area of soft set and fuzzy
soft set. On the other hand, Preference modelling is an inevitable step in a variety
of field like economics, sociology, psychology, mathematical programming, medicine,
decision analysis etc. In decision making problem, procedures are usually based on
pair comparisons in the sense that process are linked to some degree of credibility of
preference. But preference value can not be express accurately. Hence the use of fuzzy
preference is needed. Some papers concerning preference relation and fuzzy preference
relation have been published; see, e.g., [1, 6, 9, 15, 16]. Here we have been motivated to
introduce fuzzy preference relation in our way following the notion of strict preference
relation in crisp method [14]. Also, to introduce fuzzy soft set preference relation, we
have considered soft set relation which was recently introduced by Babitha et al. [4]
in 2010, as a soft subset of cartesian product of the soft sets. The rest of this paper is
organized as follows. In section 2, we recollect basic definitions and notations for later
section. In section 3, we redefine fuzzy strict preference relation by extending the con-
cept of preference relation[14] in crisp method and hence define fuzzy weak preference
relation, fuzzy indifference relation and study some of their properties. In section 4,
we define fuzzy soft set strict preference, fuzzy soft set weak preference, fuzzy soft set
indifference relation and examine their properties with supporting examples.

2 Preliminary

Throughout this paper, let U be the initial universe, E be the set of parameters
and A,B, C are subsets of E. We denote max{x, y} by x∨y and min{x, y} by x∧y.
Let P (U) be the collection of all subsets of U and IU , IU×U denote the collection of
all fuzzy subsets of U, U × U respectively.

Definition 2.1. Let µ, ν be two fuzzy subsets of U. Then µ is called a fuzzy subset
of ν if µ(x) ≤ ν(x), ∀ x ∈ U. We write µ ⊆ ν.

Definition 2.2. [13] A fuzzy binary relation µ on U is a fuzzy subset of U × U i.e.
µ : U × U → [0, 1].
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Definition 2.3. A fuzzy subset of U × U is said to be a null fuzzy set, denoted by
0̃U×U and defined by 0̃U×U(x, y) = 0 for all (x, y) ∈ U × U. A fuzzy subset of U × U
is said to be a absolute fuzzy set, denoted by 1̃U×U and defined by 1̃U×U(x, y) = 1 for
all (x, y) ∈ U × U.

Definition 2.4. [3] The Cartesian product of two fuzzy subsets µ, ν of U is denoted
by µ× ν and defined by

(µ× ν)(x, y) = µ(x) ∧ ν(y), ∀x, y ∈ U.

Definition 2.5. [13] Let µ, ν be two fuzzy relation on U. Then for all (x, y) ∈ U×U,
(i) union of µ, ν is denoted by µ ∪ ν and defined by

(µ ∪ ν)(x, y) = µ(x, y) ∨ ν(x, y);

(ii) intersection of µ, ν is denoted by µ ∩ ν and defined by

(µ ∩ ν)(x, y) = µ(x, y) ∧ ν(x, y);

(iii) complement of µ is denoted by µc and defined by

µc(x, y) = 1− µ(x, y);

(iv) algebraic product of µ, ν is denoted by µ.ν and defined by

(µ.ν)(x, y) = µ(x, y).ν(x, y);

(v) algebraic sum of µ, ν is denoted by µ⊕ ν and defined by

(µ⊕ ν)(x, y) = µ(x, y) + ν(x, y)− (µ.ν)(x, y).

Definition 2.6. [12] Let A ⊆ E. A pair (F, A) is called a soft set over U, where F
is a mapping given by F : A → P (U).

Definition 2.7. [4] Let (F,A) and (G,B) be two soft sets over U, then the cartesian
product of (F, A) and (G,B) is defined as, (F,A) × (G,B) = (H, A × B), where
H : A×B → P (U × U) and H(a, b) = F (a)×G(b), for all (a, b) ∈ A×B, i.e.

H(a, b) = {(hi, hj); where hi ∈ F (a) and hj ∈ G(b)}.

Definition 2.8. [4] Let (F, A) and (G,B) be two soft sets over U, then a soft
set relation from (F, A) to (G,B) is a soft subset of (F, A) × (G,B), i.e., a soft
set relation from (F, A) to (G,B) is of the form (H1, C) where C ⊆ A × B and
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H1(a, b) = H(a, b), ∀ (a, b) ∈ C, where (H, A × B) = (F, A) × (G,B) as defined in
Definition 2.7. Any soft subset of (F, A)× (F,A) is called a soft set relation on (F, A).
In an equivalent way, the soft set relation R on the soft set (F, A) in the parameterized
form are as follows:

If (F,A) = {F (a), F (b), .....}, then F (a)RF (b) iff F (a)× F (b) ∈ R.

Definition 2.9. [11] Let A ⊆ E. A pair (F , A) is called a fuzzy soft set over U, where
F is a mapping given by F : A → IU .

Definition 2.10. [11] Let (F , A), (G, B) be two fuzzy soft set over U. Then we say
that (F , A) is a fuzzy soft subset of (G, B) if

(i) A ⊆ B,
(ii) ∀ a ∈ A, F(a) ⊆ G(a).

We write (F , A) ⊆̃ (G, B), if (F , A) is fuzzy soft subset of (G, B).

Definition 2.11. [11] The intersection of two fuzzy soft set (F , A) and (G, B) over
common universe U, denoted by (F , A) ∩̃ (G, B), is defined as the fuzzy soft set (H, C),
where C = A ∩B and for all e ∈ C, H(e) = F(e) ∩ G(e).

Definition 2.12. [11] The union of two fuzzy soft set (F , A) and (G, B) over common
universe U, denoted by (F , A) ∪̃ (G, B), is defined as the fuzzy soft set (H, C), where
C = A ∩B and for all e ∈ C, H(e) = F(e) ∪ G(e).

Definition 2.13. The complement of a fuzzy soft set (F , A) over U is denoted by
(F , A)c and defined by (F , A)c = (F c, A), where F c : A → IU is given by F c(e) =
[F(e)]c for all e ∈ A.

Definition 2.14. The cartesian product of two fuzzy soft set (F , A), (G, B) over U
is defined as (F , A)× (G, B) = (H, A×B), where H : A×B → IU×U and H(a, b) =
F(a)× G(b), ∀ (a, b) ∈ A×B.

Definition 2.15. Let (F , A), (G, B) be two fuzzy soft set over U. Then a fuzzy soft
set relation from (F , A) to (G, B) is a fuzzy soft subset of (F , A) × (G, B), i.e., a
fuzzy soft set relation from (F , A) to (G, B) is of the form (R, C), where C ⊆ A×B
and R(a, b) ⊆ H(a, b), ∀ (a, b) ∈ C, where (H, A×B) = (F , A)× (G, B) as defined in
Definition 2.14.

If (R, C) is a fuzzy soft subset of (F , A) × (F , A), then (R, C) is called a fuzzy
soft set relation on (F , A). Fuzzy soft set relation (R, C) may be denoted simply by
R.
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Definition 2.16. Let (F , A) be a fuzzy soft set over U and R be a fuzzy soft set
relation on (F , A). Then for all a, b ∈ A,

(i) R is called reflexive if R(a, a) = 1̃U×U ;
(ii) R is called irreflexive if R(a, a) = 0̃U×U ;
(iii) R is called symmetric if R(a, b) = R(b, a);
(iv) R is called asymmetric if R(a, b) ⊃ 0̃U×U ⇒R(b, a) = 0̃U×U .

3 Fuzzy Strict Preference Relation

Here we give the definition of fuzzy strict preference relation and then define fuzzy
weak preference relation and fuzzy indifference relation with the help of fuzzy strict
preference relation, motivated from the notion of strict preference relation in crisp
method[14].

Definition 3.1. [14] A binary relation P on U, i.e. P ⊆ U × U is said to be strict
preference relation if (i) P is irreflexive i.e. (x, x) 6∈ P, ∀ x ∈ U,

(ii) P is asymmetric i.e. (x, y) ∈ P ⇒ (y, x) 6∈ P, where x, y ∈ U.

Given a strict preference relation P on U, two new relations on U, called indif-
ference relation (denoted by I ) and weak preference relation (denoted by W ) are as
follows: For all x, y ∈ U,

(i) (x, y) ∈ I ⇔ (x, y) 6∈ P and (y, x) 6∈ P,
(ii) (x, y) ∈ W ⇔ either (x, y) ∈ P or, (x, y) ∈ I.

Definition 3.2. A fuzzy binary relation µ on U, i.e. µ : U × U → [0, 1] is said to be
fuzzy strict preference relation if

(i) µ is fuzzy irreflexive i.e. µ(x, x) = 0, ∀x ∈ U,
(ii) µ is fuzzy asymmetric i.e. µ(x, y) > 0 ⇒ µ(y, x) = 0, ∀x, y ∈ U.

Given a fuzzy strict preference relation µ on U, we can define two new fuzzy re-
lations called fuzzy indifference relation (denoted by µI ) and fuzzy weak preference
relation (denoted by µW ) as follows:

(i) µI(x, y) > 0 ⇔ µ(x, y) = 0 and µ(y, x) = 0,
(ii) µW (x, y) > 0 ⇔ either µ(x, y) > 0 or, µI(x, y) > 0, ∀x, y ∈ U.
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Note 3.3. Let µ, ν be two fuzzy strict preference relation on U. Then µ ∪ ν may or
may not be fuzzy strict preference relation on U.

Example 3.4. Let U = {1, 2}. Then U × U = {(1, 1), (1, 2), (2, 1), (2, 2)}. Also let
µ : U × U → [0, 1] is defined by µ(1, 1) = 0, µ(1, 2) = 0.1, µ(2, 1) = 0, µ(2, 2) = 0 and
ν : U×U → [0, 1] is defined by ν(1, 1) = 0, ν(1, 2) = 0, ν(2, 1) = 0.2, ν(2, 2) = 0. Then
by Definition 3.2, µ, ν are obviously fuzzy strict preference relation on U. By definition
2.5, (µ∪ν)(1, 1) = 0, (µ∪ν)(1, 2) = 0.1, (µ∪ν)(2, 1) = 0.2, (µ∪ν)(2, 2) = 0. Obviously,
(µ ∪ ν) is fuzzy irreflexive. Now (µ ∪ ν)(1, 2) = 0.1 > 0 but (µ ∪ ν)(2, 1) = 0.2 6= 0.
Hence, (µ∪ν) is not fuzzy asymmetric. Therefore (µ∪ν) is not fuzzy strict preference
relation on U .

Example 3.5. Let U = {1, 2}. Define µ : U × U → [0, 1] by µ(1, 1) = 0, µ(1, 2) =
0.1, µ(2, 1) = 0, µ(2, 2) = 0 and define ν : U × U → [0, 1] by ν(1, 1, ) = 0, ν(1, 2) =
0.2, ν(2, 1) = 0, ν(2, 2) = 0. Then by definition 3.2, µ, ν, µ ∪ ν are fuzzy strict
preference relation on U .

Theorem 3.6. Let µ, ν be two fuzzy strict preference relation on U. Then µ ∩ ν is
also a fuzzy strict preference relation on U.

Proof. Let µ, ν be two fuzzy strict preference relation on U. Then

∀ (x, x) ∈ U × U, µ(x, x) = 0 = ν(x, x)

and µ(x, y) > 0 ⇒ µ(y, x) = 0, ν(u, v) > 0 ⇒ ν(v, u) = 0 for all (x, y), (u, v) ∈ U ×U.

Then by Definition 2.5, (µ ∩ ν)(x, x) = µ(x, x) ∧ ν(x, x) = 0.

Now let, for some (x, y) ∈ U×U, (µ∩ν)(x, y) > 0. This implies µ(x, y)∧ν(x, y) > 0.

(i) If µ(x, y) > 0 then µ(y, x) = 0.
(ii) If ν(x, y) > 0 then ν(y, x) = 0.

In both cases (µ ∩ ν)(y, x) = µ(y, x) ∧ ν(y, x) = 0. So, µ ∩ ν is a fuzzy strict
preference on U .

Note 3.7. If µ is a fuzzy strict preference relation on U then µ is fuzzy irreflexive
i.e. µ(x, x) = 0, ∀ (x, x) ∈ U × U. Hence µc(x, x) = 1− µ(x, x) = 1. So, µc is a fuzzy
reflexive relation. Therefore µc is not a fuzzy strict preference relation on U .

Theorem 3.8. If µ, ν are fuzzy strict preference relation on U then µ.ν is also a
fuzzy strict preference relation on U .
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Proof. Proof is straightforward.

Note 3.9. If µ, ν are fuzzy strict preference relation on U then µ ⊕ ν may or may
not be fuzzy strict preference relation on U.

Example 3.10. Let U = {1, 2} and define two fuzzy strict preference relation µ, ν as
in Example 3.4. Then by Definition 2.5, we have (µ⊕ ν)(1, 1) = 0 = (µ⊕ ν)(2, 2), (µ⊕
ν)(1, 2) = 0.1, (µ⊕ ν)(2, 1) = 0.2.

This implies that µ⊕ ν is fuzzy irreflexive relation but it is not fuzzy asymmetric.
Hence µ⊕ ν is not fuzzy strict preference relation on U.

Example 3.11. Let U = {1, 2} and define two fuzzy strict preference relation µ, ν as
in Example 3.5. Then by Definition 2.5, we have (µ⊕ ν)(1, 1) = 0 = (µ⊕ ν)(2, 2), (µ⊕
ν)(1, 2) = 0.28, (µ ⊕ ν)(2, 1) = 0. This implies that µ ⊕ ν is fuzzy strict preference
relation on U.

Theorem 3.12. Let µ be a fuzzy strict preference relation on U. Then µ−1(r) =
{(x, y) ∈ U × U : µ(x, y) = r}, where r ∈ (0, 1], is a strict preference relation on U.

Proof. Take an element r ∈ (0, 1] and fixed. As µ−1(r) ⊆ U×U, µ−1(r) is a binary rela-
tion on U. Since µ is a fuzzy strict preference relation on U, then µ(x, x) = 0, ∀x ∈ U.
Therefore (x, x) 6∈ µ−1(r), ∀x ∈ U. So, µ−1(r) is irreflexive.

Again, let (x, y) ∈ µ−1(r), where x, y ∈ U. Then µ(x, y) = r > 0. This implies
µ(y, x) = 0. Therefore (y, x) 6∈ µ−1(r). Hence, µ−1(r) is asymmetric. So, µ−1(r) is
strict preference relation on U for each r ∈ (0, 1].

Now we define fuzzy semi-reflexive relation, fuzzy semi-symmetric relation, fuzzy
connected, negatively fuzzy transitive and fuzzy transitive relation as follows:

Definition 3.13. Let µ be a fuzzy binary relation on U. Then for all x, y, z ∈ U,

(i) µ is called fuzzy semi-reflexive if µ(x, x) > 0 ;
(ii) µ is called fuzzy semi-symmetric if µ(x, y) > 0 ⇒ µ(y, x) > 0 ;
(iii) µ is called fuzzy connected if either µ(x, y) > 0 or µ(y, x) > 0 ;
(iv) µ is called negatively fuzzy transitive if

µ(x, y) = 0 = µ(y, z) ⇒ µ(x, z) = 0 ;

(v) µ is called fuzzy transitive if
µ(x, y) > 0 and µ(y, z) > 0 ⇒ µ(x, z) > 0.
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Theorem 3.14. If µ is a fuzzy strict preference relation on U then fuzzy indifference
relation µI on U is a fuzzy semi-reflexive and fuzzy semi-symmetric on U.

Proof. Since µ is a fuzzy strict preference relation then µ(x, x) = 0 ∀x ∈ U. Hence
by definition of µI we have µI(x, x) > 0. This implies µI is fuzzy semi-reflexive.
Again µI(x, y) > 0 ⇔ µ(x, y) = 0 and µ(y, x) = 0 ⇔ µI(y, x) > 0. This implies µI is
fuzzy semi-symmetric on U.

Theorem 3.15. If µ is a fuzzy strict preference relation on U, then fuzzy weak
preference relation µW on U is a fuzzy semi-reflexive and fuzzy connected on U.

Proof. µW (x, y) > 0 ⇔ µ(x, y) > 0 or µI(x, y) > 0 ∀ x, y ∈ U . Since µI(x, x) >
0 ∀x ∈ U, as µI is fuzzy semi-reflexive.

Hence µW (x, x) > 0 ∀x ∈ U. This implies µW is fuzzy semi-reflexive.
Now we are going to prove µW is fuzzy connected.

Since, µ is fuzzy strict preference relation, then for all x, y ∈ U, either µ(x, y) > 0
or µ(y, x) > 0 or µ(x, y) = µ(y, x) = 0.

Case 1: Let µ(x, y) > 0. Then µ(y, x) = 0, since µ is fuzzy asymmetric relation
on X. Hence µI(y, x) ≯ 0. This implies µW (x, y) > 0 but µW (y, x) ≯ 0.

Case 2: Let µ(y, x) > 0. Then similarly as in case 1, we can prove that µW (y, x) > 0
but µW (x, y) ≯ 0.

Case 3: Let µ(x, y) = µ(y, x) = 0. Then by Definition 3.2, we have µI(x, y) > 0.
This implies µW (x, y) > 0.
Hence for all x, y ∈ U, either µW (x, y) > 0 or µW (y, x) > 0. So, by Definition 3.13,
µW is fuzzy connected on U.

Theorem 3.16. Let µ is a fuzzy strict preference relation on U. Then for x, y ∈ U,
µW (x, y) > 0 and µW (y, x) > 0 ⇔ µI(x, y) > 0.

Proof. Suppose for x, y ∈ U, µW (x, y) > 0 and µW (y, x) > 0. Then µW (x, y) > 0 ⇒
µ(x, y) > 0 or µI(x, y) > 0. Let µ(x, y) > 0. Then µ(y, x) = 0, since µ is fuzzy
asymmetric relation.

Again µW (y, x) > 0 ⇒ µ(y, x) > 0 or µI(y, x) > 0. But µ(y, x) = 0, as
proved earlier. Hence µI(y, x) > 0. This implies µI(x, y) > 0, since µI is fuzzy
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semi-symmetric relation, by Theorem 3.14.

Conversely, let µI(x, y) > 0. Then by Definition 3.2, µW (x, y) > 0. Since µI is
fuzzy semi-symmetric relation, then µI(x, y) > 0 ⇒ µI(y, x) > 0 ⇒ µW (y, x) > 0.

Note 3.17. Fuzzy weak preference relation µW on U is fuzzy semi-symmetric if and
only if µI(x, y) > 0 for all x, y ∈ U.

Theorem 3.18. If fuzzy strict preference relation µ on U is a negatively fuzzy tran-
sitive then µ, µW , µI are all fuzzy transitive relation on U .

Proof. Let µ be a negatively fuzzy transitive relation on U.

1. To prove µW is fuzzy transitive relation on U, suppose that there exist x, y, z ∈
U such that µW (x, y) > 0 and µW (y, z) > 0. By Definition 3.2,

µW (x, y) > 0 ⇒ µ(x, y) > 0 or µI(x, y) > 0;

µW (y, z) > 0 ⇒ µ(y, z) > 0 or µI(y, z) > 0.

Case 1: Let µ(x, y) > 0 and µ(y, z) > 0. This implies µ(y, x) = 0 and µ(z, y) = 0,
by Definition 3.2; ⇒ µ(z, x) = 0, since µ is negatively fuzzy transitive.

Now if µ(x, z) > 0 then µW (x, z) > 0. Hence µW is fuzzy transitive.

If µ(x, z) = 0 then µ(x, z) = 0 = µ(z, x) ⇒ µI(x, z) > 0. This implies µW (x, z) >
0. Hence µW is fuzzy transitive on U .

Case 2: Let µ(x, y) > 0 and µI(y, z) > 0. This implies µ(y, x) = 0 and µ(z, y) = 0,
by Definition of µ, µI ⇒ µ(z, x) = 0, since µ is negatively fuzzy transitive.
Hence, as in case 1, µW is fuzzy transitive.

Case 3: Let µI(x, y) > 0 and µ(y, z) > 0. This implies µ(y, x) = 0 and µ(z, y) = 0,
by Definition of µ, µI ⇒ µ(z, x) = 0, since µ is negatively fuzzy transitive.
Then we can prove similarly as in Case 1 that µW is fuzzy transitive.

Case 4: Let µI(x, y) > 0 and µI(y, z) > 0. This implies µ(y, x) = 0 and µ(z, y) =
0, by Definition of µI ⇒ µ(z, x) = 0, since µ is negatively fuzzy transitive, which
implies that µW is fuzzy transitive.
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2. To prove µ is fuzzy transitive on U, suppose that there exist x, y, z ∈ U such
that µ(x, y) > 0 and µ(y, z) > 0 but µ(x, z) = 0.

Now µ(x, y) > 0 and µ(y, z) > 0

⇒ µ(y, x) = 0 and µ(z, y) = 0, by Definition of 3.2

⇒ µ(z, x) = 0, since µ is negatively fuzzy transitive.

Now µ(z, x) = 0 and µ(x, z) = 0

⇒ µI(z, x) > 0 ⇒ µW (z, x) > 0.

Again given that µ(y, z) > 0. This implies µW (y, z) > 0.

Hence µW (y, z) > 0 and µW (z, x) > 0

⇒ µW (y, x) > 0, since µW is fuzzy transitive

⇒ µ(y, x) > 0 or µI(y, x) > 0.

If µ(y, x) > 0 then it implies µ(x, y) = 0, which contradicts our assumption.

If µI(y, x) > 0 then it implies µ(x, y) = 0 and µ(y, x) = 0, which also contradicts
our assumption. So, µ(x, z) > 0. Hence µ is fuzzy transitive on U.

3. To prove µI is fuzzy transitive on U, suppose that there exist x, y, z ∈ U such
that µI(x, y) > 0 and µI(y, z) > 0.

Now µI(x, y) > 0 and µI(y, z) > 0

⇒ µ(x, y) = 0, µ(y, x) = 0 and µ(y, z) = 0, µ(z, y) = 0

⇒ µ(x, y) = 0, µ(y, z) = 0 and µ(y, x) = 0, µ(z, y) = 0

⇒ µ(x, z) = 0 and µ(z, x) = 0, by transitivity of µ

⇒ µI(x, z) > 0, by Definition of µI .
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So, µI is a fuzzy transitive relation on U.

Theorem 3.19. If for x, y, z ∈ U, µW (x, y) > 0 and µ(y, z) > 0, then µ(x, z) > 0.

Proof. Suppose there exist x, y, z ∈ U such that µW (x, y) > 0 and µ(y, z) > 0 but
µ(x, z) = 0.
Now µW (x, y) > 0 ⇒ µ(x, y) > 0 or µI(x, y) > 0.

(i) If µ(x, y) > 0 then by Definition 3.2, we have µ(y, x) = 0.
Since µ is negatively fuzzy transitive then µ(y, x) = 0 together with µ(x, z) = 0
implies µ(y, z) = 0, which contradicts our assumption µ(y, z) > 0.

(ii) If µI(x, y) > 0 then it implies µ(x, y) = 0 and µ(y, x) = 0.
Now µ(y, x) = 0 together with µ(x, z) = 0 implies that µ(y, z) = 0, which contradicts
our assumption µ(y, z) > 0.

Hence our assumption µ(x, z) = 0 is wrong. Therefore µ(x, z) > 0.

4 Fuzzy Soft Set Strict Preference Relation

In this section, at first we define fuzzy soft set strict preference relation, then we define
fuzzy soft set weak preference relation and fuzzy soft set indifference relation with the
help of fuzzy soft set strict preference relation.

Definition 4.1. Let (F , A) be a fuzzy soft set over U and R be a fuzzy soft set
relation on (F , A). Then R is said to be a fuzzy soft set strict preference relation on
(F , A) if

(i) R is irreflexive, i.e. R(a, a) = 0̃U×U , ∀ a ∈ A.
(ii) R is asymmetric, i.e. R(a, b) ⊃ 0̃U×U ⇒R(b, a) = 0̃U×U , ∀ a, b ∈ A.

Given a fuzzy soft set strict preference relation R on (F , A), we can define two
fuzzy soft set relation on (F , A) called fuzzy soft set indifference relation (denoted by
RI ) and fuzzy soft set weak preference relation (denoted by RW ) as follows:
For all a, b ∈ A,

(i) RI(a, b) ⊃ 0̃U×U ⇔ R(a, b) = 0̃U×U and R(b, a) = 0̃U×U ,
(ii) RW (a, b) ⊃ 0̃U×U ⇔ R(a, b) ⊃ 0̃U×U or RI(a, b) ⊃ 0̃U×U .

Theorem 4.2. Let (F , A) be a fuzzy soft set over U and R, S be two fuzzy soft set
strict preference relation on (F , A). Then R∩̃S is a fuzzy soft set strict preference
relation on (F , A).
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Proof. Since R, S are fuzzy soft set strict preference relation, then R(a, a) = 0̃U×U ,
S(a, a) = 0̃U×U , ∀ (a, a) ∈ A × A. Therefore (R∩̃S)(a, a) = R(a, a) ∩ S(a, a) =
0̃U×U , ∀ (a, a) ∈ A× A. So, R∩̃S is irreflexive.

Now let, for some (a, b) ∈ A× A, (R∩̃S)(a, b) ⊃ 0̃U×U

⇒R(a, b) ∩ S(a, b) ⊃ 0̃U×U

⇒R(a, b) ⊃ 0̃U×U , S(a, b) ⊃ 0̃U×U

⇒R(b, a) = 0̃U×U , S(b, a) = 0̃U×U , since R, S is asymmetric

⇒ (R∩̃S)(b, a) = 0̃U×U .

Since (a, b) ∈ A× A is arbitrary, then R∩̃S is asymmetric.

Hence R∩̃S is a fuzzy soft set strict preference relation on (F , A).

Note 4.3. Given two fuzzy soft set strict preference relation R, S on (F , A). Then
R∪̃S may or may not be fuzzy soft set strict preference relation on (F , A).

Example 4.4. Let U denotes the set of selected students in a school,

i.e. U = {s1, s2, s3}.

Let A denotes different subjects.

Take A = {bengali, english, mathematics},

i.e. A = {b, e, m}.

If a student get 95 marks out of 100 in a particular subject, then take the score of
this student in that particular subject is 0.95.

Let a fuzzy soft set (F , A) over U describe students having different scores in dif-
ferent subjects in a particular examination and is given by

F (b) = {(s1, 0.6), (s2, 0.7), (s3, 0.65)};
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F (e) = {(s1, 0.59), (s2, 0.75), (s3, 0.6)};

F (m) = {(s1, 0.8), (s2, 0.82), (s3, 0.9)};

Then

A× A = {(b, b), (b, e), (b, m), (e, b), (e, e), (e,m), (m, b), (m, e), (m,m)}.

Then by Definition 2.14, the elements of the cartesian product

(H, A× A) = (F , A)× (F , A) are as follows:

H(b, b) =

{
(s1, s1)

0.6
,
(s1, s2)

0.6
,
(s1, s3)

0.6
,
(s2, s1)

0.6
,
(s2, s2)

0.7
,
(s2, s3)

0.65
,
(s3, s1)

0.6
,
(s3, s2)

0.65
,
(s3, s3)

0.65

}
;

H(b, e) =

{
(s1, s1)

0.59
,
(s1, s2)

0.6
,
(s1, s3)

0.6
,
(s2, s1)

0.59
,
(s2, s2)

0.7
,
(s2, s3)

0.6
,
(s3, s1)

0.59
,
(s3, s2)

0.65
,
(s3, s3)

0.6

}
;

H(b,m) =

{
(s1, s1)

0.6
,
(s1, s2)

0.6
,
(s1, s3)

0.6
,
(s2, s1)

0.7
,
(s2, s2)

0.7
,
(s2, s3)

0.7
,
(s3, s1)

0.65
,
(s3, s2)

0.65
,
(s3, s3)

0.65

}
;

H(e, b) =

{
(s1, s1)

0.59
,
(s1, s2)

0.59
,
(s1, s3)

0.59
,
(s2, s1)

0.6
,
(s2, s2)

0.7
,
(s2, s3)

0.65
,
(s3, s1)

0.6
,
(s3, s2)

0.6
,
(s3, s3)

0.6

}
;

H(e, e) =

{
(s1, s1)

0.59
,
(s1, s2)

0.59
,
(s1, s3)

0.59
,
(s2, s1)

0.59
,
(s2, s2)

0.75
,
(s2, s3)

0.6
,
(s3, s1)

0.59
,
(s3, s2)

0.6
,
(s3, s3)

0.6

}
;

H(e,m) =

{
(s1, s1)

0.59
,
(s1, s2)

0.59
,
(s1, s3)

0.59
,
(s2, s1)

0.75
,
(s2, s2)

0.75
,
(s2, s3)

0.75
,
(s3, s1)

0.6
,
(s3, s2)

0.6
,
(s3, s3)

0.6

}
;

H(m, b) =

{
(s1, s1)

0.6
,
(s1, s2)

0.7
,
(s1, s3)

0.65
,
(s2, s1)

0.6
,
(s2, s2)

0.7
,
(s2, s3)

0.65
,
(s3, s1)

0.6
,
(s3, s2)

0.7
,
(s3, s3)

0.65

}
;

H(m, e) =

{
(s1, s1)

0.59
,
(s1, s2)

0.75
,
(s1, s3)

0.6
,
(s2, s1)

0.59
,
(s2, s2)

0.75
,
(s2, s3)

0.6
,
(s3, s1)

0.59
,
(s3, s2)

0.75
,
(s3, s3)

0.6

}
;

H(m,m) =

{
(s1, s1)

0.8
,
(s1, s2)

0.8
,
(s1, s3)

0.8
,
(s2, s1)

0.8
,
(s2, s2)

0.82
,
(s2, s3)

0.82
,
(s3, s1)

0.8
,
(s3, s2)

0.82
,
(s3, s3)

0.9

}
.

Define a fuzzy soft set relation (R, C) on (F , A) as follows:
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Let (x, y) ∈ C ⊆ A×A if and only if either both x, y are art subjects or both are
science subjects.

i.e. C = {(b, b), (b, e), (e, b), (e, e), (m,m)}, and take

R(b, b) = R(e, e) = R(m,m) = R(e, b) = 0̃U×U ;

R(b, e) =

{
(s1, s1)

0.59
,
(s1, s2)

0.6
,
(s1, s3)

0.6
,
(s2, s1)

0.59
,
(s2, s2)

0.7
,
(s2, s3)

0.6
,
(s3, s1)

0.59
,
(s3, s2)

0.65
,
(s3, s3)

0.6

}
.

Define another fuzzy soft set relation (S, C) on (F , A) as follows:

S(b, b) = S(e, e) = S(m,m) = S(b, e) = 0̃U×U ;

S(e, b) =

{
(s1, s1)

0.59
,
(s1, s2)

0.59
,
(s1, s3)

0.59
,
(s2, s1)

0.6
,
(s2, s2)

0.7
,
(s2, s3)

0.65
,
(s3, s1)

0.6
,
(s3, s2)

0.6
,
(s3, s3)

0.6

}
.

Obviously, R, S are fuzzy soft set strict preference relations on (F , A). Then (R∩̃S, C),
(R∪̃S, C) are as follows:

(R∩̃S)(b, b) = (R∩̃S)(e, e) = (R∩̃S)(m,m) = 0̃U×U ;

(R∩̃S)(b, e) = 0̃U×U = (R∩̃S)(e, b) and

(R∪̃S)(b, b) = (R∪̃S)(e, e) = (R∪̃S)(m,m) = 0̃U×U ;

(R∪̃S)(b, e) =
{

(s1,s1)
0.59

, (s1,s2)
0.6

, (s1,s3)
0.6

, (s2,s1)
0.59

, (s2,s2)
0.7

, (s2,s3)
0.6

, (s3,s1)
0.59

, (s3,s2)
0.65

, (s3,s3)
0.6

}
;

(R∪̃S)(e, b) =
{

(s1,s1)
0.59

, (s1,s2)
0.59

, (s1,s3)
0.59

, (s2,s1)
0.6

, (s2,s2)
0.7

, (s2,s3)
0.65

, (s3,s1)
0.6

, (s3,s2)
0.6

, (s3,s3)
0.6

}
.

This shows that R∩̃S is a fuzzy soft set strict preference relation on (F , A) but
R∪̃S is not a fuzzy soft set strict preference relation on (F , A). Because (R∪̃S)(b, e) ⊃
0̃U×U , (R∪̃S)(e, b) ⊃ 0̃U×U implies R∪̃S is not asymmetric on (F , A).

Example 4.5. As a continuation of Example 4.4, we define another fuzzy soft set re-
lation (T , C) on (F , A) as follows:

T (b, b) = T (e, e) = T (m,m) = T (e, b) = 0̃U×U ;

T (b, e) =

{
(s1, s1)

0.59
,
(s1, s2)

0.59
,
(s1, s3)

0.59
,
(s2, s1)

0.59
,
(s2, s2)

0.7
,
(s2, s3)

0.6
,
(s3, s1)

0.59
,
(s3, s2)

0.6
,
(s3, s3)

0.6

}
.



Journal of New Theory 6 (2015) 01-19 15

Then obviously, T is a fuzzy soft set strict preference relation on (F , A).
Now (R∩̃T , C), (R∪̃T , C) are as follows:

(R∩̃T )(b, b) = (R∩̃T )(e, e) = (R∩̃T )(m,m) = (R∩̃T )(e, b) = 0̃U×U ;

(R∩̃T )(b, e) =
{

(s1,s1)
0.59

, (s1,s2)
0.59

, (s1,s3)
0.59

, (s2,s1)
0.59

, (s2,s2)
0.7

, (s2,s3)
0.6

, (s3,s1)
0.59

, (s3,s2)
0.6

, (s3,s3)
0.6

}
;

and

(R∪̃T )(b, b) = (R∪̃T )(e, e) = (R∪̃T )(m,m) = (R∪̃T )(e, b) = 0̃U×U ;

(R∪̃T )(b, e) =
{

(s1,s1)
0.59

, (s1,s2)
0.6

, (s1,s3)
0.6

, (s2,s1)
0.59

, (s2,s2)
0.7

, (s2,s3)
0.6

, (s3,s1)
0.59

, (s3,s2)
0.65

, (s3,s3)
0.6

}
.

This shows that R∩̃T and R∪̃T are both fuzzy soft set strict
preference relation on (F , A).

Note 4.6. Let (F , A) be a fuzzy soft set over U and R be a fuzzy soft set strict pref-
erence relation on (F , A). Then R(a, a) = 0̃U×U , ∀ (a, a) ∈ A × A. Hence Rc(a, a) =
1̃U×U , ∀ (a, a) ∈ A×A. So, Rc is fuzzy soft set reflexive relation on (F , A). Therefore
Rc is not a fuzzy soft set strict preference relation on (F , A).

Definition 4.7. Let (F , A) be a fuzzy soft set over U and R, S be two fuzzy soft set
relation on (F , A). The algebraic product of R, S is denoted by R.S and defined by

(R.S)(a, b) = R(a, b).S(a, b), ∀ (a, b) ∈ A×B.

Theorem 4.8. Let (F , A) be a fuzzy soft set over U and R, S be two fuzzy soft
set strict preference relation on (F , A). Then R.S is a fuzzy soft set strict preference
relation on (F , A).

Proof. This theorem can be easily proved with the help of Definition 4.1 and Definition
4.7.

Definition 4.9. Let (F , A) be a fuzzy soft set over U and R be a fuzzy soft set
relation on (F , A). Then for all a, b, c ∈ A,

(i)R is called semi-reflexive if R(a, a) ⊃ 0̃U×U ;
(ii)R is called semi-symmetric if R(a, b) ⊃ 0̃U×U ⇒R(b, a) ⊃ 0̃U×U ;
(iii)R is called connected if either R(a, b) ⊃ 0̃U×U or R(b, a) ⊃ 0̃U×U ;
(iv) R is called negatively transitive if R(a, b) = 0̃U×U = R(b, c) ⇒R(a, c) = 0̃U×U ;

(v)R is called transitive if R(a, b) ⊃ 0̃U×U and R(b, c) ⊃ 0̃U×U ⇒R(a, c) ⊃ 0̃U×U .
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Theorem 4.10. Let (F , A) be a fuzzy soft set over U and R be a fuzzy soft set strict
preference relation on (F , A). Then fuzzy soft set indifference relation RI on (F , A)
is semi-reflexive and semi-symmetric on (F , A) and fuzzy soft set weak preference
relation RW is semi-reflexive on (F , A).

Proof. Since R is fuzzy soft set strict preference relation on (F , A), then R is ir-
reflexive. Hence for all a ∈ A, R(a, a) = 0̃U×U

⇒RI(a, a) ⊃ 0̃U×U , by Definition 4.1

⇒RI is semi-reflexive, by Definition 4.9.

Now by Definition 4.1, for all a, b ∈ A,

RI(a, b) ⊃ 0̃U×U ⇒R(a, b) = 0̃U×U and R(b, a) = 0̃U×U ⇒RI(b, a) ⊃ 0̃U×U

Hence, by Definition 4.9, RI is semi-symmetric.

Since RI is semi-reflexive, RI(a, a) ⊃ 0̃U×U , ∀ a ∈ A.

Therefore by Definition 4.1, RW (a, a) ⊃ 0̃U×U , ∀ a ∈ A. Hence, RW is semi-
reflexive.

Theorem 4.11. Let R be a fuzzy soft set strict preference relation on (F , A). Then
for all a, b ∈ A,

RW (a, b) ⊃ 0̃U×U and RW (b, a) ⊃ 0̃U×U ⇔ RI(a, b) ⊃ 0̃U×U .

Proof. At first let, for all a, b ∈ A, RW (a, b) ⊃ 0̃U×U and RW (b, a) ⊃ 0̃U×U . Now
RW (a, b) ⊃ 0̃U×U ⇒ R(a, b) ⊃ 0̃U×U or RI(a, b) ⊃ 0̃U×U .

Suppose R(a, b) ⊃ 0̃U×U . This implies R(b, a) = 0̃U×U .

Again, RW (b, a) ⊃ 0̃U×U ⇒ R(b, a) ⊃ 0̃U×U or RI(b, a) ⊃ 0̃U×U . But R(b, a) =
0̃U×U . So, we must have RI(b, a) ⊃ 0̃U×U . Since RI is semi-symmetric, hence RI(a, b) ⊃
0̃U×U .

Conversely, let RI(a, b) ⊃ 0̃U×U for all a, b ∈ A. Then by Definition 4.1, RW (a, b) ⊃
0̃U×U . Since RI is semi-symmetric. Hence, RI(b, a) ⊃ 0̃U×U . This implies RW (b, a) ⊃
0̃U×U .
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Note 4.12. A fuzzy soft set weak preference relation RW on (F , A) is semi-symmetric
if and only if RI(a, b) ⊃ 0̃U×U , ∀ a, b ∈ A.

Note 4.13. The fuzzy soft set weak preference relation RW on (F , A) may not be
connected on (F , A), which is reflected in the following example.

Example 4.14. Take the fuzzy soft set (F , A) on U as in Example 4.4. Define a
fuzzy soft set relation P on (F , A) as follows:

P(b, b) = P(e, e) = P(m,m) = 0̃U×U ;

P(b, e) ⊃ 0̃U×U ,P(e, b) = 0̃U×U ;

P(e,m) ⊃ 0̃U×U ,P(m, e) = 0̃U×U ;

P(b,m) =
{

(s1,s1)
0.6

, (s1,s2)
0.6

, (s1,s3)
0.6

, (s2,s1)
0.7

, (s2,s2)
0.7

, (s2,s3)
0

, (s3,s1)
0

, (s3,s2)
0

, (s3,s3)
0.65

}

P(m, b) = 0̃U×U .

Then by Definition 4.1, P is a fuzzy soft set strict preference relation on (F , A).
Now we can define a fuzzy soft set weak preference relation PW on (F , A) with the help
of Definition 4.1. Hence we have PW (b, b), PW (e, e), PW (m, m), PW (b, e), PW (e, m) ⊃
0̃U×U .

Since P(b, e) ⊃ 0̃U×U , P(e, b) = 0̃U×U , then PW (e, b) 6⊃ 0̃U×U . Similarly PW (m, e) 6⊃
0̃U×U .

Again, Since P(b,m) 6⊃ 0̃U×U and P(m, b) = 0̃U×U , then by Definition 4.1, PW (b,m) 6⊃
0̃U×U and PW (m, b) 6⊃ 0̃U×U . So, the fuzzy soft set weak preference relation PW is not
connected on (F , A).

Theorem 4.15. Let (F , A) be a fuzzy soft set over U and R be a fuzzy soft set
strict preference relation on (F , A). If R is negatively transitive then RI is transitive
relation on (F , A).

Proof. Suppose there exist a, b, c ∈ A, such that RI(a, b) ⊃ 0̃U×U and RI(b, c) ⊃
0̃U×U . Now by Definition 4.1, this implies

R(a, b) = 0̃U×U = R(b, a) and R(b, c) = 0̃U×U = R(c, b)
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⇒R(a, b) = 0̃U×U = R(b, c) and R(b, a) = 0̃U×U = R(c, b)

⇒R(a, c) = 0̃U×U and R(c, a) = 0̃U×U , since R is negatively transitive

⇒RI(a, c) ⊃ 0̃U×U , by Definition of RI .

So, RI is transitive relation on (F , A).

Note 4.16. If a fuzzy soft set strict preference relation R on (F , A) is negatively
transitive, then R and RW may not be transitive on (F , A).

Example 4.17. Take the fuzzy soft set (F , A) on U and the fuzzy soft set strict
preference relation P on (F , A) as in Example 4.14.

By Definition 4.9, we conclude that P is negatively transitive. But P(b, e) ⊃
0̃U×U , P(e,m) ⊃ 0̃U×U and P(b,m) 6⊃ 0̃U×U implies P is not transitive on (F , A).
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