
http://www.newtheory.org                                      ISSN: 2149-1402 

 
Received:  15.09.2017 

Published: 27.09.2017 
Year: 2017, Number: 15, Pages: 81-98 

                         Original Article 

 

 

 

BIPOLAR FUZZY HYPER KU–IDEALS (SUB ALGEBRAS)  

 

 
                      Samy Mohammed Mostafa

1,* 

                                         Reham Ghanem
2
 

< samymostafa@yahoo.com> 

<ghanemreham@yahoo.com>
 

 

 
1
Department of Mathematics, Faculty of Education, Ain Shams University, Roxy, Cairo, Egypt 

2
Department of basic science, Deanship of Preparatory Year and Supporting studies Imam Abdul rahman Bin 

Faisal University Dammam, Saudi Arabia 

 

 
Abstract – In this paper, using the notion of bipolar-valued fuzzy set, we establish the bipolar fuzzification the 

notion of (strong, weak, s-weak) hyper  KU-ideals in hyper KU-algebras, and investigate some of their 

properties.  
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1. Introduction  
    

Prabpayak and Leerawat [13,14] introduced a new algebraic structure which is called KU-

algebras. They studied ideals and congruences in KU-algebras. Also, they introduced the 

concept of homomorphism of KU-algebra and investigated some related properties. 

Moreover, they derived some straightforward consequences of the relations between 

quotient KU-algebras and isomorphism. Mostafa et. al. [10] introduced the notion of fuzzy 

KU-ideals of KU-algebras and then they investigated several basic properties which are 

related to fuzzy KU-ideals. The hyper structure theory (called also multi-algebras) is 

introduced in 1934 by Marty [9] at the 8th congress of Scandinvian Mathematiciens. 

Around the 40's, several authors worked on hyper groups, especially in France and in the 

United States, but also in Italy, Russia and Japan. Hyper structures have many applications 

to several sectors of both pure and applied sciences.  Jun and Xin [3,6] considered the 

fuzzification of the notion of a (weak, strong, reflexive) hyper BCK-ideal, and investigated 

the relations among them. Mostafa et. al.  [11] applied the hyper structures to KU- algebras 

and introduced the concept of a hyper KU-algebra which is a generalization of a KU-

algebra, and investigated some related properties. They also introduced the notion of a 
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hyper KU-ideal, a weak hyper KU-ideal and gave relations between hyper KU-ideals and 

weak hyper KU-ideals. In 1956, Zadeh [10] introduced the notion of fuzzy sets. At present 

this concept has been applied to many mathematical branches. There are several kinds of 

fuzzy sets extensions in the fuzzy set theory, for example, intuitionistic fuzzy sets, interval 

valued fuzzy sets, vague sets etc.[see 1,3.5,6,12]. Mostafa et al.[12 ] , stated and proved 

more several theorems of hyper KU-algebras and studied fuzzy set theory to the hyper KU-

sub algebras (ideals). Lee [8] introduced an extension of fuzzy sets named bipolar-valued 

fuzzy sets. Bipolar-valued fuzzy sets are an extension of fuzzy sets whose membership 

degree range is enlarged from the interval [0, 1] to [-1, 1]. The authors in [1, 2, 6 and 9], 

introduced bipolar-valued fuzzy set on different algebraic structures. In this paper, the 

bipolar fuzzy set theory to the ( s-weak-strong) hyper KU-ideals in hyper KU-algebras  are 

applied and discussed.  

 

 

2. Preliminaries 
 

Let H  be a nonempty set and }{\)()( φHPHP =∗   the family of the nonempty subsets of 

H . A multi valued operation (said also hyper operation) " o " on H  is a function, which 

associates with every pair  2),( HHHyx =×∈  a non empty subset of H  denoted yx o .An 

algebraic hyper structure or simply a hyper structure is a non empty set H  endowed with 

one or more hyper operations. 
 

Definition 2.1 [11,12]  Let H  be a nonempty set and " o " a hyper operation on H , such that 

)(: HPHH ∗→×o . Then H  is called a hyper KU-algebra if it contains a constant "0 " and 

satisfies the following axioms: for all Hzyx ∈,,  

 

yxzxzyHKU oooo <<)]()[()( 1  

{ }00)( 2 =oxHKU  

{ }xxHKU =o0)( 3  

yximpliesxyyxifHKU =<<<< ,)( 4  

 

where x << y is defined by xy o∈0  and for every HBA ⊆,  , BA <<  is defined by 

bathatsuchBbAa <<∈∃∈∀ , . In such case, we call “<<” the hyper order in H . 

 

We shall use the yx o  instead of }{yx o , yx o}{  or }{}{ yx o . Note if  HBA ⊆, , then by 

BA o   we mean the subset  Hofba
BbAa

U o
∈∈ ,

. 

 

Example 2.2. (A) Let }2,1,0{=H be a set. Define hyper operation o  on H  as follows: 

 

 

 

 

 

 

 
 

Then  )0,,( oH is a hyper KU-algebra. 

o  0 1 2 

0 { }0  { }1  { }2  

1 { }0  { }1,0  { }2,1  

2 { }0  { }1,0  }2,1,0{  
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In what follows, H denotes a hyper KU-algebra unless otherwise specified. 

 

Lemma   2.3. [11,12] For all HAandHyx ⊆∈,    

 

(i)   )()( xAyxyA oooo =   

(ii)   { }0)0( =xx oo  

 

Proposition 2.4. [12] In any hyper KU-algebra H,  { } Hxxx ∈∀=o0  
 

Theorem   2.5. [12] For all HCBAandHzyx ⊆∈ ,,,,  

 

      (i) xyzzyx <<⇒<< oo  

      (ii) yyx <<o  

      (iii) xx o0<<  

      (iv) CACBBA <<⇒<<<< ,  

      (v)  AAx <<o  

      (vi)  AxzzxA <<⇔<< oo . 

      (vii) CACBandBCACBA oooo <<<<⇒<<  

      (viii) AA o0<<  

      (ix)  xx o0∈  

      (x) 000 =⇔∈ xx o  

      (xi) { } 0=⇔= xxxx o  
 

Lemma 2.6. [11]  In hyper KU-algebra )0,,( oH  , we have   

 

                          )()( xzyxyz oooo =  for all Hzyx ∈,, . 
 

Definition2.7. [12]  Let S  be a non-empty subset of a hyper KU-algebra H . Then S  is 

said to be a hyper sub-algebra of H  if  2S : SyxSyx ∈∀⊆ ,,o  
 

Proposition 2.8. [12]    Let  S be a  non-empty  subset  of a  hyper  KU-algebra )0,,( oH . If y 

◦ x ⊆ S for all x, y ∈S, then 0 ∈S. 
 

Theorem 2.9. [12]  Let S be a non-empty  subset of a hyper KU-algebra  )0,,( oH . Then  S 

is a hyper subalgebra of H if and only if y ◦ x ⊆ S for all x, y ∈S. 
 

Definition 2.10 [11]. Let I  be a non-empty subset of a hyper KU-algebra H and I∈0 . 

Then 

 

 (1)  I  is said to be a weak hyper KU- ideal of H  if Izyx ⊆)( oo and Ix ∈   

       imply Izy ∈o , for all Hzyx ∈,, , 

(2) I  is said to be hyper KU-ideal of H if  Izyx <<)( oo  and Ix ∈ imply Izy ∈o ,  

      for all Hzyx ∈,,  

(3) I  is said a strong hyper KU-ideal of H if Φ≠∩ Izyx )( oo  and Ix ∈ imply 

      Izy ∈o  , for all Hzyx ∈,, . 

(4) I is said to be reflexive if Ixx ⊆o  for all Hx ∈ . 
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Definition 2.11. [11]. Let A  be a non-empty subset of a hyper KU-algebra H . Then A  is 

said to be a hyper ideal of H  if 

 

( 1HI ) A∈0 , 

( 2HI ) Axy <<o and Ay ∈  imply Ax ∈  for all Hyx ∈, . 

 
Definition 2.12. [11] A non-empty set A  of a hyper KU-algebra H  is called a distributive 

hyper ideal if it satisfies ( 1HI ) and 

 

 ( 3HI )  Axzzyz <<))(()( oooo  and Ay ∈  imply Ax ∈ . 
 

Definition 2.13. [11,12] Let I  be a non-empty subset of a hyper KU-algebra H  and I∈0 . 

Then, 

 

(1) I  is called a weak hyper ideal of H  if Ixy ⊆o and Iy ∈  imply that Ix ∈ ,   

      for all Hyx ∈, . 

( 2) I is called  a strong  hyper  ideal  of H   if φ≠Ixy Io )(  and Iy ∈  imply that  

      Ix ∈ , for all Hyx ∈, . 
 

Lemma 2.14. [12] Let A be a subset of a hyper  KU -algebra H . If I is a hyper  ideal  of H  

such that A ≪ I then A ⊆ I . 
 

Lemma 2.15. [12]  In hyper KU-algebra )0,,( oH  , we have  : 

 

(i) Any strong hyper KU- ideal of H is a hyper ideal of H. 

(ii) Any weak hyper KU-ideal of H is a weak ideal of H. 
 

Definition2.7. [8] A bipolar valued fuzzy subset Β  in a nonempty set X  is an object 

having the form ),,(
NP

H ΦΦ= µµφ where ]0,1[: −→XNµ and ]1,0[: →XPµ are 

mappings. The positive membership degree )(xPµ denotes the satisfaction degree of an 

element x to the property corresponding to a bipolar-valued fuzzy set ),,(
NP

H ΦΦ= µµφ , 

and the negative membership degree )(xNµ denotes the satisfaction degree of x to some 

implicit counter-property of a bipolar-valued fuzzy set ),,(
NP

H ΦΦ= µµφ . For simplicity, 

we shall use the symbol ),(
NP

ΦΦ= µµφ  for bipolar fuzzy set ),,(
NP

H ΦΦ= µµφ , and 

use the notion of bipolar fuzzy sets instead of the notion of bipolar-valued fuzzy sets. 

 

 

3. Bipolar Fuzzy hyper KU – subalgebras (ideals) 
 

Now some fuzzy logic concepts are reviewed .A fuzzy set µ  in a set H  is a function 

]1,0[: →Hµ .  A fuzzy set µ  in a set H  is said to satisfy the inf (resp. sup) property if for 

any subset T  of H there exists Tx ∈0 such that )(inf)( 0 xx
Tx

µµ
∈

= (resp. )(sup)( 0 xx
Tx

µµ
∈

= ).  

Definition 3.1. A fuzzy set ),,(
NP

H ΦΦ= µµφ  in H is said to be bipolar fuzzy hyper KU-

subalgebra of H if it satisfies the following inequalities: 
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(1) { })(),(min)(inf yxz
PPP

yxz
ΦΦΦ

∈
≥ µµµ

o
. 

(2) { })(),(max)(sup yxw
NNN

yxw
ΦΦΦ

∈

≤ µµµ
o

Hyx ∈∀ , . 

  

Proposition 3.2. Let ),,(
NP

H ΦΦ= µµφ  be a bipolar fuzzy hyper  KU-sub-algebra of H. 

Then   )()0()()0( xandx
NNPP

ΦΦΦΦ ≤≥ µµµµ    for all Hx ∈∀  

 

Proof. Using Proposition 2.5  (xi)  , we see that 0 ∈ x ◦ x for all x ∈H . Hence 

 

 

{ } )()(),(min)0(inf
0

xxx
PPPP

xx
ΦΦΦΦ

∈
=≥ µµµµ

o
 

 

and 

   

{ } )()(),(max)0(sup
0

xxx
NNNN

xx
ΦΦΦΦ

∈

=≤ µµµµ
o

  for all x ∈H . 

 

 

Example 3.3 .Let }3,2,1,0{=H be a set. The hyper operations oon H  are defined as 

follows. 

 

 

 

 

 

         

 

 

 

Then  )0,,( oH is a hyper KU-algebra. Define   ]0,1[: −→XNµ and ]1,0[: →XPµ  by 

 
 

 0 1 2 3 
Nµ  -0.7 -0.7 0.6 0.4 

Pµ  0.6 0.5 0.3 0.3 

 

By routine calculations, we know that ),,( PNH µµ=Φ is bipolar fuzzy hyper  sub-algebra 

of H . 
 

Definition 3.4. For a “hyper KU-algebra” H , a “a bipolar fuzzy set” ),,(
NP

H ΦΦ= µµφ  

in H is called: 

 

• BHFI:  Bipolar fuzzy hyper ideal of H  ,if   

            

)()(),()(:1 yxyximpliesyxF
NNPP

ΦΦΦΦ ≤≥<< µµµµ  

 

and 

2o  0 1 2 3 

0 {0} {1} {2} {3} 

1 {0} {0} {1} {3} 

2 {0} {0} {0,1} {0,3} 

3 {0} {0} {1} {0,3} 
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{ })(),(infmin)(:
)((

2 yuzF
PP

zyu

P

ΦΦ
∈

Φ ≥ µµµµ
o

 

 









≤ ΦΦ
∈

Φ )(),(supmax)(:
)((

3 ywwF
NN

zyw

N
µµµ

o

 

 

• B FWH :Bipolar fuzzy weak hyper ideal of H if, for any  y; z ∈  H   

 

 

{ })(),(infmin)()0(
)(

yuz
PP

zyu

PP

ΦΦ
∈

ΦΦ ≥≥ µµµµ
o

 

 

and 

 









≤≤ ΦΦ
∈

ΦΦ )(),(supmax)()0(
)(

yww
NN

zyw

NN
µµµµ

o

 

 

 

• B FS H : Bipolar fuzzy strong  hyper ideal of H if, for any y; z ∈  H    

 

 

          








≥≥ ΦΦ
∈

ΦΦ
∈

)(),(supmin)()(inf
)()(

yuzu
PP

zyu

PP

zyu
µµµµ

oo
  

 

and 

       

{ })(),(infmax)()(sup
)()(

ywzw
NN

zyw

NN

zyw
ΦΦ

∈
ΦΦ

∈

≤≤ µµµµ
oo

 

 

 

Definition 3.5.  For a “hyper KU-algebra” H  , a “bipolar fuzzy set” ),,(
NP

H ΦΦ= µµφ  in 

H  is called : 

 

(I)  Bipolar fuzzy hyper KU-ideal of H  ,if      

 

)()(),()( yxyximpliesyx
NNPP

ΦΦΦΦ ≤≥<< µµµµ , 

{ })(,)(infmin)(
)((

yuzx
PP

zyxu

P

ΦΦ
∈

Φ ≥ µµµ
oo

o  

and 









≤ ΦΦ
∈

Φ )(,)(supmax)(
)((

ywzx
NN

zyxw

N
µµµ

oo

o  

 

 

(II) Bipolar fuzzy weak hyper KU-ideal of H , if for any x; y; z ∈  H  

 

 

{ })(),(infmin)()0(
)((

yuzx
PP

zyxu

PP

ΦΦ
∈

ΦΦ ≥≥ µµµµ
oo

o  
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and  

 









≤≤ ΦΦ
∈

ΦΦ )(),(supmax)()0(
)((

ywzx
NN

zyxw

NN
µµµµ

oo

o  

 

(III) Bipolar fuzzy strong  hyper KU-ideal of H  if, for any x; y; z ∈  H  

 









≥≥ ΦΦ
∈

ΦΦ
∈

)(),(supmin)()(inf
)()(

yuzxu
PP

zyxu

PP

zyxu
µµµµ

oooo
o  

 

and 

 

{ })(),(infmax)()(sup
)()(

ywzxw
NN

zyxw

NN

zyxw
ΦΦ

∈
ΦΦ

∈

≤≤ µµµµ
oooo

o  

 

 
Example 3.6. (1) Consider the hyper KU -algebra in Example 2.2. Define  bipolar fuzzy set 

),,(
NP

H ΦΦ= µµφ  in H by 

 

 

 0 1 2 
Nµ  - 0.7 - 0.7 - 0.6 

Pµ  1 0.5 0 

 

 

Then we can see that ),,(
NP

H ΦΦ= µµφ  is bipolar fuzzy( bipolar fuzzy weak) hyper KU  

-ideal of H.  

 
Example 3.7.  Consider the hyper KU -algebra H  

 

 

 

 

 

Define bipolar fuzzy set ),,(
NP

H ΦΦ= µµφ  in H by 

 

 

 0 1 2 
Nµ  - 0.8 - 0.6 - 0.2 

Pµ  0.9 0.5 0.3 

 

o  0 1 2 

0 { }0  { }1  { }2  

1 { }0  { }0  { }2  

2 { }0  { }1  { }2,0  
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It is easily verified that ),,(
NP

H ΦΦ= µµφ  is bipolar fuzzy strong  hyper KU -ideal of H . 
 

Theorem 3.8. Any bipolar fuzzy (weak, strong) hyper KU-ideal is a bipolar fuzzy (weak, 

strong) hyper ideal. 

 

Proof. Let ),,(
NP

H ΦΦ= µµφ be a bipolar fuzzy weak hyper KU-ideal of H, we get for 

any x; y; z ∈  H 

 

  { })(),(infmin)()0(
)(

yuzx
PP

zyxu

PP

ΦΦ
∈

ΦΦ ≥≥ µµµµ
oo

o            (a) 

 









≤≤ ΦΦ
∈

ΦΦ )(,)(supmax)()0(
)((

ywzx
NN

zyxw

NN
µµµµ

oo

o  (b)  

 

Put  x = 0 in (a) and (b) , we get 

 

{ }⇒≥≥ ΦΦ
∈

ΦΦ )(,)(infmin)0()0(
)(0

yuz
PP

zyu

PP
µµµµ

oo
o  

{ })(,)(infmin)()0(
)(

yuz
PP

zyu

PP

ΦΦ
∈

ΦΦ ≥≥ µµµµ
o

 

 

and 

⇒








≤≤ ΦΦ
∈

ΦΦ )(,)(supmax)0()0(
)(0

ywz
NN

zyw

NN
µµµµ

oo

o









≤≤ ΦΦ
∈

ΦΦ )(,)(supmax)()0(
)(

ywz
NN

zyw

NN
µµµµ

o

. 

 

Similarly we can prove  that , every bipolar fuzzy strong hyper KU-ideal of H is bipolar 

fuzzy strong hyper ideal of H. Ending the proof.  

 

Definition 3.9. A bipolar fuzzy set ),,(
NP

H ΦΦ= µµφ  in H is called bipolar fuzzy s-weak 

hyper KU-ideal of H if 

 

(i) )()0(),()0( xx
NNPP

ΦΦΦΦ ≤≥ µµµµ  , Hx ∈∀  

(ii) for every Hzyx ∈,,   there exists )(, zyxba oo∈ such that  

 

{ })(),(min)( yazx
PPP

ΦΦΦ ≥ µµµ o  and { })(),(max)( ybzx
NNN

ΦΦΦ ≤ µµµ o  

 

Theorem 3.10. Every bipolar fuzzy s- weak hyper KU-ideal of H is  bipolar fuzzy weak 

hyper KU-ideal of H.   

 

Proof. Let ),,(
NP

H ΦΦ= µµφ be a bipolar fuzzy s-weak hyper KU-ideal of H, and let x; y; 

z ∈  H ,then there exist )(, zyxba oo∈  such that 

 

{ })(),(min)( yazx
PPP

ΦΦΦ ≥ µµµ o  and { })(),(max)( ybzx
NNN

ΦΦΦ ≤ µµµ o  
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Since )(inf)0(
)(

c
P

zyc

P

Φ
∈

Φ ≥ µµ
o

and   )(sup)0(
)(

d
N

zyd

N

Φ
∈

Φ ≤ µµ
o

 , it follows that    

 

{ })(,)(infmin)(
)(

yczx
PP

zyxc

P

ΦΦ
∈

Φ ≥ µµµ
oo

o  

 

and      

                                                            









≤ ΦΦ
∈

Φ )(,)(supmax)(
)(

ydzx
NN

zyxd

N
µµµ

oo

o . 

 

Hence ),,(
NP

H ΦΦ= µµφ is a bipolar fuzzy weak hyper KU-ideal of H 

 

Proposition 3.11. If ),,(
NP

H ΦΦ= µµφ is bipolar fuzzy weak hyper KU-ideal of H. 

satisfying the inf-sup property, then ),,(
NP

H ΦΦ= µµφ  is a bipolar fuzzy s-weak hyper 

KU -ideal of H. 

 

Proof. Since ),,(
NP

H ΦΦ= µµφ satisfies the inf-sup property, there exists  

)(, 00 zyxba oo∈ , such that )(inf)(
)(

0 aa
P

zyxa

P

Φ
∈

Φ = µµ
oo

and )(sup)(
)(

0 bb
N

zyxb

N

Φ
∈

Φ = µµ
oo

. i.e  

 

)(inf)(
)(

aa
P

zyxa

P

Φ
∈

Φ ≥ µµ
oo

 and  )(sup)(
)(

bb
N

zyxb

N

Φ
∈

Φ ≤ µµ
oo

 

 

It follows that    

 

 

{ } { })(,)(min)(,)(infmin)(
)(

yayazx
PPPP

zyxa

P

ΦΦΦΦ
∈

Φ ≥≥ µµµµµ
oo

o  

 

and 

 

{ })(,)(max)(,)(supmax)(
)(

ybybzx
NNNN

zyxb

N

ΦΦΦΦ
∈

Φ ≤








≤ µµµµµ
oo

o . 

 

For every )(, zyxba oo∈ .Hence ),,(
NP

H ΦΦ= µµφ is bipolar fuzzy s-weak hyper KU -

ideal of H. Ending the proof.  
 

Proposition 3.12. Let ),,(
NP

H ΦΦ= µµφ  be bipolar fuzzy strong hyper KU-ideal of H and 

let x; y; z ∈  H .Then 

 

(i) )()0(),()0( xx
NNPP

ΦΦΦΦ ≤≥ µµµµ  , Hx ∈∀   

(ii) )()()()( yxandyxyx
NNPP

ΦΦΦΦ ≤≥⇒<< µµµµ  . 

(iii) { } )(,)(),(min)( zyxayazx
PPP

ooo ∈∀≥ ΦΦΦ µµµ , 
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       { } )(,)(),(max)( zyxbybzx
NNN

ooo ∈∀≤ ΦΦΦ µµµ  

 

Proof.  (i) Since Hxxx ∈∀∈ o0   ,we have  

 

)()(inf)0( xa
PP

xxa

P

ΦΦ
∈

Φ ≥≥ µµµ
o

, )()(sup)0( xa
NN

xxa

N

ΦΦ
∈

Φ ≤≤ µµµ
o

. 

 

Which  proves  (i). 

  

(ii) Let x; y∈  H be such that yx <<  . Then  Hyxxy ∈∀∈ ,0 o  and so  

 

)0()(sup
)(

PP

xyb

b ΦΦ
∈

≥ µµ
o

, )0()(inf
)(

NN

xyw
w ΦΦ

∈
≤ µµ

o
 

 

It follows from (i) that   

 

{ } )()(),0(min)(,)(supmin)()0( yyyaxx
PPPPP

xya

PP

ΦΦΦΦΦ
∈

ΦΦ =≥








≥= µµµµµµµ
o

o  

 

and 

 

{ } { } )()(),0(max)(,)(infmax)()0( yyyaxx
PPPPP

xya

PN

ΦΦΦΦΦ
∈

ΦΦ =≤≤= µµµµµµµ
o

o  

 

(iii)  { } )(,)(),(min)(),(supmin)(
)(

zyxayayazx
PPPP

zyxa

P
ooo

oo

∈∀≥








≥ ΦΦΦΦ
∈

Φ µµµµµ   

 

and 

 

{ } { } )(,)(),(max)(),(infmax)(
)(

zyxbybybzx
NNNN

zyxb

N
ooo

oo
∈∀≤≤ ΦΦΦΦ

∈
Φ µµµµµ  

 

we conclude that (iii) is true. Ending the proof.  

 

Note that, in a finite hyper KU-algebra, every bipolar fuzzy set satisfies inf -sup 

property.Hence the concept of bipolar fuzzy weak hyper KU -ideals and bipolar fuzzy s-

weak hyper KU-ideals coincide in a finite hyper  KU -algebra. 

 

Proposition 3.13 . Let ),,(
NP

H ΦΦ= µµφ be a bipolar fuzzy hyper KU-ideal of H, then: 

 

)()0(),()0( xx
NNPP

ΦΦΦΦ ≤≥ µµµµ , If  ),,(
NP

H ΦΦ= µµφ  

 

satisfies the inf-sup property , then 

 

{ })(,)(min)( yazx
PPP

ΦΦΦ ≥ µµµ o  and { })(,)(max)( ybzx
NNN

ΦΦΦ ≤ µµµ o  

  

for every )(, zyxba oo∈ . 
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Proof. Since x<<0   Hx ∈∀  , it follows from Definition 3.5. (I) 

that )()0()()0( xandx
NNPP

ΦΦΦΦ ≤≥ µµµµ  

 

Since ),,(
NP

H ΦΦ= µµφ satisfies the inf-sup property there exists  )(, 00 zyxba oo∈ , such 

that )(inf)(
)(

0 aa
P

zyxa

P

Φ
∈

Φ = µµ
oo

and )(sup)(
)(

0 bb
N

zyxb

N

Φ
∈

Φ = µµ
oo

. Hence 

 

 

{ } { })(,)(min)(,)(infmin)( 0
)(

yayazx
PPPP

zyxa

P

ΦΦΦΦ
∈

Φ ≥≥ µµµµµ
oo

o  

 

 

{ })(,)(max)(,)(supmax)( 0
)(

ybybzx
NNNN

zyxb

N

ΦΦΦΦ
∈

Φ ≤








≤ µµµµµ
oo

o  

 
Corollary 3.14. (1) Every bipolar fuzzy hyper KU-ideal is a bipolar fuzzy weak hyper KU-

ideal. 

(2) If  ),,(
NP

H ΦΦ= µµφ  bipolar fuzzy hyper KU-ideal satisfies the inf-sup property , 

then ),,(
NP

H ΦΦ= µµφ is bipolar fuzzy s-weak hyper KU -ideal of H.  
  

Theorem3.15. Let ),,(
NP

H ΦΦ= µµφ be bipolar fuzzy set ,then ),,(
NP

H ΦΦ= µµφ                                     

is bipolar fuzzy weak hyper KU -ideal of H   if and only if  the  positive level set P

tΦ  and 

negative level set N

sΦ  for every ]0,1[]1,0[),( −×∈βα , are weak hyper KU -ideal of H, 

where the sets })(:{ sxHx
NN

s ≤∈=Φ µ and })(:{ txHx
P

t ≥∈=Φ +µ  are called the 

negative level set and the positive level set of ),,(
NP

H ΦΦ= µµφ , respectively. 

 

Proof. Assume that ),,(
NP

H ΦΦ= µµφ is bipolar fuzzy weak hyper KU -ideal of H and 
N

s

P

t Φ≠Φ≠Φ  for every ]0,1[]1,0[),( −×∈βα . It clear from   

 

 { })(),(infmin)()0(
)(

yuzx
PP

zyxu

PP

ΦΦ
∈

ΦΦ ≥≥ µµµµ
oo

o                                          (a) 

 









≤≤ ΦΦ
∈

ΦΦ )(,)(supmax)()0(
)((

ywzx
NN

zyxw

NN
µµµµ

oo

o                                (b) 

 

That N

s

P

t ΦΦ∈ I0 . Let x; y; z ∈  H be such that P

tzyx Φ⊆)( oo and P

ty Φ∈ . 

   

Then for any P

tazyxa Φ∈∈ ),( oo .It follows that αµ ≥Φ )(a
P

 so  that αµ ≥Φ
∈

)(inf
)(

a
P

zyxa oo
, 

thus { } αµµµ ≥≥ ΦΦ
∈

Φ )(),(infmin)(
)(

yazx
PP

zyxa

P

oo
o and so P

tzx Φ⊆o , there for P

tΦ  is 

weak hyper KU -ideal of H.  

 

Now let x; y; z ∈  H be such that N

szyx Φ⊆)( oo and N

sy Φ∈ . Then for any 

N

tsbzyxb Φ∈∈ ),( oo .It follows that βµ ≤Φ )(b
N

, so that βµ ≤Φ
∈

)(sup
)(

b
N

zyxb oo

. Using  



Journal of New Theory 15 (2017) 81-98                                                                                                                  
 

92

αµµµ ≤








≤ ΦΦ
∈

Φ )(,)(supmax)(
)((

ywzx
NN

zyxw

N

oo

o , which implies that N

szx Φ⊆o . 

Consequently N

sΦ  is weak hyper KU -ideal of H. 
 

Theorem 3.16 . Let ),,(
NP

H ΦΦ= µµφ be bipolar fuzzy set ,then ),,(
NP

H ΦΦ= µµφ                                     

is bipolar fuzzy  hyper KU -ideal of H   if and only if  the  positive level set P

tΦ  and 

negative level set N

sΦ  for every ]0,1[]1,0[),( −×∈βα , are hyper KU -ideal of H  .  

 

Proof. Assume that ),,(
NP

H ΦΦ= µµφ is bipolar fuzzy hyper KU -ideal of H and 
N

s

P

t Φ≠Φ≠Φ  for every ]0,1[]1,0[),( −×∈βα . It clear that N

s

P

t ΦΦ∈ I0 . Let x; y; z ∈  H be 

such that P

tzyx Φ⊆)( oo and P

ty Φ∈ . 

 

Then for any P

tazyxa Φ∈∈ ),( oo .It follows that αµ ≥Φ )(a
P

 so that αµ ≥Φ
∈

)(inf
)(

a
P

zyxa oo
, 

thus { } αµµµ ≥≥ ΦΦ
∈

Φ )(),(infmin)(
)(

yazx
PP

zyxa

P

oo
o and so P

tzx Φ⊆o , there for P

tΦ  is 

hyper KU -ideal of H  .  

 

Now let x; y; z ∈  H be such that N

szyx Φ⊆)( oo and N

sy Φ∈ . Then for any 

N

tsbzyxb Φ∈∈ ),( oo .It follows that βµ ≤Φ )(b
N

, so that βµ ≤Φ
∈

)(sup
)(

b
N

zyxb oo

. Using  

βµµµ ≤








≤ ΦΦ
∈

Φ )(,)(supmax)(
)((

ywzx
NN

zyxw

N

oo

o , which implies that N

szx Φ⊆o .  

 

Consequently N

sΦ  is  hyper KU -ideal of H. 

 

Conversely, suppose that the nonempty positive and negative level sets P

tΦ , N

sΦ are is  

hyper KU -ideals of H for every ]0,1[]1,0[),( −×∈βα . Let 

 

αµ =Φ )(x
P

,  βµ =Φ )(x
N

for  Hx ∈ , then by  P

tΦ∈0   , N

sΦ∈0 , It follows that. 

αµ ≥Φ )0(
P

, βµ ≤Φ )0(
N

and so )()0()()0( xandx
NNPP

ΦΦΦΦ ≤≥ µµµµ . Now let 

 

{ } αµµ =ΦΦ
∈

)(),(infmin
)(

ya
PP

zyxa oo
 and βµµ =









ΦΦ
∈

)(,)(supmax
)((

yw
NN

zyxw oo

 

 

Note that, in a finite hyper KU-algebra, every bipolar fuzzy set satisfies inf -sup property. 

Hence the concept of bipolar fuzzy weak hyper KU -ideals and bipolar fuzzy s-weak hyper 

KU-ideals coincide in a finite hyper  KU -algebra. 
 

Corollary e 3.17. Every bipolar fuzzy strong hyper KU-ideal is both a bipolar fuzzy s-weak 

hyper KU-ideal (a bipolar fuzzy weak hyper ideal) and bipolar fuzzy hyper  KU -ideal. 

 

Proof. Straight forward.  
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Proposition 3.18. Let Let ),,(
NP

H ΦΦ= µµφ  be bipolar fuzzy hyper KU -ideal of H and 

let Hzyx ∈,, . Then 

 

(i) )()0(),()0( xx
NNPP

ΦΦΦΦ ≤≥ µµµµ  

(ii) if ),,(
NP

H ΦΦ= µµφ  satisfies the  inf - sup property, then  

 

{ } )(,)(,)(min)( zyxasomeforyazx
PPP

ooo ∈≥ ΦΦΦ µµµ  

 

and 

 

{ } )(,)(,)(max)( zyxwsomeforywzx
NNN

ooo ∈≤ ΦΦΦ µµµ  

 

 

Proof.  (i)  Since 0 << x for each Hx ∈ ; we have )()0(),()0( xx
NNPP

ΦΦΦΦ ≤≥ µµµµ  

by Definition 3.11(i) and hence (i) holds. 

 

(ii) Since ),,(
NP

H ΦΦ= µµφ  satisfies the inf-sup property, there is 

)(, 00 zyxwa oo∈ ,such that )(inf)(
)(

0 aa
zyxa

µµ
oo∈

=  and )(sup)(
)(

0 ww
zyxw

µµ
oo∈

= . Hence 

 

{ } { })(,)(min)(,)(infmin)( 0
)(

yayazx
PPPP

zyxa

P

ΦΦΦΦ
∈

Φ =≥ µµµµµ
oo

o  

 

{ })(,)(min)(,)(supmax)( 0
)(

ywywzx
NNNN

zyxw

N

ΦΦΦΦ
∈

Φ =








≤ µµµµµ
oo

o  

 

which implies that (ii) is true. The proof is complete. 

  

Corollary 3.19. (i) Every bipolar fuzzy hyper KU -ideal of H is bipolar fuzzy weak hyper 

KU -idealof H. 

(ii) If ),,(
NP

H ΦΦ= µµφ is bipolar fuzzy hyper KU -ideal of H satisfying inf –sup 

property, then ),,(
NP

H ΦΦ= µµφ  is bipolar fuzzy s-weak Hyper  KU -ideal of H. 

 

Proof. Straightforward.  

 

The following example shows that the converse of Corollary 3.17   and 3.19 (i) may not be 

true. 
 

Example 3.20. (1) Consider the hyper KU -algebra H  

 

 

 

Define bipolar fuzzy set µ  in H by 

o  0 1 2 

0 { }0  { }1  { }2  

1 { }0  { }1,0  { }2,1  

2 { }0  { }1,0  { }2,1,0  
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 0 1 2 
Nµ  - 0.7 - 0.7 - 0.6 

Pµ  1 0.5 0 

 

Then we can see that ),,(
NP

H ΦΦ= µµφ  is bipolar fuzzy hyper KU -ideal of H. and hence 

it is also bipolar fuzzy weak hyper  KU -ideal of H. But ),,(
NP

H ΦΦ= µµφ  is not bipolar 

fuzzy strong hyper  KU -ideal of H since 

 

{ } )21(0),2(0
2

1)1(),1(min)(),(supmin
)21(0

oo
oo

∈∀=≥=≥








ΦΦΦΦΦ
∈

aya
PPPPP

a

µµµµµ  

 

(2) Consider the hyper KU-algebra H in Example 3.14. Define bipolar fuzzy set 

),,(
NP

H ΦΦ= µµφ  in H by 

 

  

 

 

              

 

Then ),,(
NP

H ΦΦ= µµφ   is bipolar fuzzy weak hyper  KU-ideal of H but it is not a 

bipolar fuzzy hyper KU-ideal of H  since 1 << 2 but   )2(/)1(
PP

ΦΦ ≥ µµ  .  
  

Theorem 3.21. If  ),,(
NP

H ΦΦ= µµφ  is bipolar fuzzy strong hyper KU-ideal of H , then 

the set { }sxtxHx
NP

st ≤≥∈= Φ )(,)(,, µµµ   is a strong hyper KU-ideal of H ,when 

]1,0[,, ∈Φ≠ tforstµ , ]0,1[−∈s . 

 

Proof. Let ),,(
NP

H ΦΦ= µµφ  be a fuzzy strong hyper KU-ideal of H  and 

]1,0[,, ∈Φ≠ tforstµ . ]0,1[−∈s .Then there stba ,, µ∈   and so sbta NP
≤≥Φ )(,)( µµ  .   By 

Proposition 3.12 (i), sbta
NNPP

≤≤≥≥ ΦΦΦΦ )()0(,)()0( µµµµ  and so st ,0 µ∈ .  

 

Let Hzyx ∈,,   such that stst yandzyx ,,)( µµ ∈Φ≠∩oo . Then there exist   

henceandzyxba st ,00 )(, µ∩∈ oo sbta
NP

≤≥Φ )(,)( 00 µµ . By definition 3.5 (iii), we have  

 

{ } { } tttyayazx
PPP

zyxa

P
=≥≥









≥ ΦΦΦ
∈

Φ ,min)(),(min)(),(supmin)( 0
)(

µµµµµ
oo

o  

 

and  

 

{ } { } { } sssybyazx
NNNN

zyxa

N
=≤≤≤ ΦΦΦΦ

∈
Φ ,max)(),(max)(),(infmax)( 0

)(
µµµµµ

oo
o  

 

So stzx ,)( µ∈o .  It follows that st ,µ   is a strong hyper KU -ideal of H . 

 0 1 2 
N

Φµ  - 0.7 - 0.7 - 0.6 

P

Φµ  1 0 0.5 
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Theorem 3.22. Let  ),,(
NP

H ΦΦ= µµφ  is bipolar fuzzy in H  satisfying the inf- sup 

property,. If the set { } Φ≠≤≥∈= Φ sxtxHx
NP

st )(,)(,, µµµ is a strong hyper KU -ideal of 

H for all ]1,0[∈t . ]0,1[−∈s  , then ),,(
NP

H ΦΦ= µµφ  is bipolar fuzzy strong hyper 

KU-ideal of H . 

 

Proof. Assume that Φ≠st ,µ is a strong hyper KU-ideal of H for all ]1,0[∈t . ]0,1[−∈s . 

Then there is stx ,µ∈  such that stxxx ,µ∈<<o .Using Proposition 2.8, we have 

stxx ,µ⊆o . Thus for stbahavewexxba ,,,, µ∈∈ o and hence sbta NP
≤≥Φ )(,)( µµ . 

It follows that )()(inf
)(

xta
PP

zyxa
ΦΦ

∈
=≥ µµ

oo
 and )()(sup

)(

xsb
NN

zyxb
ΦΦ

∈

=≤ µµ
oo

. Moreover let 

Hzyx ∈,, and βαµ ′′, , where   

 









=′
ΦΦ

∈

)(),(supmin
)(

ya
PP

zyxa

µµα
oo

 , { }})(),(infmax
)(

yb
NN

zyxb
ΦΦ

∈
=′ µµβ

oo
 

 

By hypothesis βαµ ′′,  is a strong hyper KU-ideal of H. 

 

Since  ),,(
NP

H ΦΦ= µµφ  satisfies the inf-sup property there is )(, 00 zyxba oo∈ ,such 

that )(sup)(
)(

0 aa
P

zyxa

P

Φ
∈

Φ = µµ
oo

, )(inf)(
)(

0 bb
P

zyxb

N

Φ
∈

Φ = µµ
oo

. Thus  

 

αµµµµ ′=








≥= ΦΦ
∈

Φ
∈

Φ )(),(supmin)(sup)(
)()(

0 yaaa
PP

zyxa

P

zyxa

P

oooo

 

 

and  

{ } βµµµµ ′=≤= ΦΦ
∈

Φ
∈

Φ )(),(infmax)(inf)(
)()(

0 ybbb
NN

zyxb

N

zyxb

N

oooo
 

 

 

This shows that βαµ ′′∈ ,00 ,ba , βαµ ′′∩∈ ,00 )(, zyxba oo  and hence  Φ≠∩ ′′ βαµ ,)( zyx oo . 

Combining βαµ ′′∈ ,y  and  noticing that any bipolar fuzzy (weak, strong) hyper KU-ideal is 

a bipolar fuzzy (weak, strong) hyper ideal., we get βαµ ′′∈ ,zx o . Hence  

 









≥ ΦΦ
∈

Φ )(),(supmin)(
)(

yazx
PP

zyxa

P
µµµ

oo

o , { })(),(infmax)(
)(

ybzx
NN

zyxb

N

ΦΦ
∈

Φ ≤ µµµ
oo

o  

 

Therefore ),,(
NP

H ΦΦ= µµφ  is bipolar  fuzzy strong hyper K U-ideal of H. 
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4. Conclusion 

 

In the present work the bipolar fuzzy hyper structure in KU-algebras is introduced .The 

concepts of bipolar fuzzy weakly ( s-weakly  strong) hyper KU-ideals and bipolar fuzzy 

hyper weakly ( s-weakly  strong) hyper KU-ideals are studied and their properties are 

characterized.  

 

The main purpose of our future work is to investigate the following: 

 

• bipolar fuzzy folding theory applied to some types of positive implicative hyper 

KU-ideals in hyper KU-algebras 

• On bipolar fuzzy strong implicative hyper ku-ideals of hyper KU-algebras. 

• On bipolar fuzzy positive implicative hyper KU-ideals. 

• Super Implicative hyper KU-Algebras. 

• bipolar Intuitionistic fuzziness of strong hyperKU-ideals. 

• bipolar fuzzy filter theory on hyper KU-algebras. 

• On Intuitionistic Fuzzy Implicative Hyper KU-Ideals of Hyper KU-algebras. 

• On intuitionistic fuzzy commutative hyper KU-ideals. 

• On interval-valued intuitionistic fuzzy Hyper KU-ideals of hyper KU- algebras. 

• On cubic Implicative Hyper KU-Ideals of Hyper KU-algebras . 
 

 

Algorithm for hyper KU-algebras  
 

Input ( :X set, ohyper operation) 

Output (“ X is a hyper KU-algebra or not”) 

Begin 

If φ=X  then go to (1.); 

End If 

If X∉0  then go to (1.); 

End If 

Stop: =false; 

1:=i ; 

While Xi ≤  and not (Stop) do 

If ii xx o∉0  then 

Stop: = true; 

End If 

1:=j  
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While Xj ≤  and not (Stop) do 

If )(0 iji xyx oo∉ or  andyx ji o∈0 )(0 ij xy o∈ and ji yx ≠ ,then 

Stop: = true; 

End If 

End If 

1:=k  

While Xk ≤  and not (Stop) do 

If ))()(()(0 kikjji zxzyyx ∗∗∗∉ oo  then  

Stop: = true; 

     End If 

   End While 

 End While 

End While 

If Stop then  

    Output (“ X is not hyper KU-algebra”) 

Else  

   Output (“ X is hyper KU-algebra”) 

     End If 

End. 
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