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Abstaract — In this paper we introduce a new generalization of Fibonacci polynomial and vectors
of length d are defined for these Polynomials. Using these vectors some properties for Generalized
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1 Introduction

The Generalized Fibonacci Polynomial (GFP) is a natural generalization of the Fi-
bonacci polynoial F),(z) which defined recurrently by F,.1(z) = zF,(z) + F,_1(z),
with Fy(x) = 0, F1(0) = 1, for n > 1. Fibonacci Polynomial is the topic of wide
interest, for the literature of these Polynomials one can refer to articles by many
authors like [1, 5, 6, 7, 11, 13, 14, 15, 16, 17, 18, 19, 20, 21, 25, 27, 28, 29, 30, 31,
32, 33, 34, 35, 36, 2, 3, 4, 10, 9]. The study of properties for Fibonacci polynomials
and Lucas polynomials have received less attention than numerical sequences. The
identities involving Fibonacci and Lucas sequences extend naturally to the GFP that
satisfy closed formulas similar to the Binet formulas satisfied by Fibonacci and Lu-
cas sequences. We denote the GFP of Lucas type and Fibonacci type by F),(x) and
En(:c) respectively. We adapt some known identities given for Fibonacci or Lucas
polynomials to the ﬁn(x) and En(x) Most of the identities for Fibonacci and Lucas
polynomials that we extend to GFP can be found in the books, articles on Fibonacci
and Lucas sequences and their applications, [2, 3, 4, 8, 9, 10, 22, 23, 24, 26, 12]
The ultimate aim of this paper is to introduce new generalization ﬁn(x) and En(x)
of Fibonacci and Lucas polynomials and establish a collection of identities for the
F,(z) and L, (x) using vector method.

* Corresponding Author.
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2 Generalized Fibonacci Polynomial (GFP)

In this section we introduce the new generalized Fibonacci polynomials F\n(x) and

L, ().

Definition 2.1. The generalized Fibonacci polynomial ﬁn(x) is defined by the re-
currence relation

~

Foii(z) = 2Fy(2) + F_1(z) with Fo(z) =0, Fi(z)=2>+4,forn>1 (1)

Definition 2.2. The generalized Lucas polynomial En(x) is defined by the recurrence
relation

Loyi(2) = 2Ly(2) + Lu_1(z) with Lo(z) = 22> +8, Ly(z) =2®+ 4z, forn > 1
(2)

Polynomial Initial value | Initial value Recursive Formula
Go(z) =a(z) | Gi(z) =b(x) | Gpy1(z) = a(z)Gp(z) + b(x)Gr—1(x)
Fibonacci 0 1 Foii(z) = Fp(x) + Fh—1(x)
Lucas 2 X Lyy1(x) = Ly(x) + Lp—1(x)
Pell 0 1 Poi1(z) =22P,(x) + Pp_1(x)
Pell-Lucas 2 2x Qni1(x) =22Q,(x) + Qn_1(x)
Jacobsthal 0 1 Int1(x) = Jp(x) + 22 Jp—1(x)
Jacobsthal-Lucas 2 1 Jn+1(2) = jn(x) + 2275—1(x)
Generalized Fibonacci 0 22+ 4 Froi(z) = mﬁn(x) + ﬁn,l(x)
Generalized Lucas 222 +8 3+ 4x Lpi1(z) = 2Ly (2) + Lp_1(2)

Table 1: Recurrence relation of some GFP.

Characteristic equation of the initial recurrence relation (1 and 2) is,
r?—ar—1=0
Characteristic roots of (3) are

r+vVr2+4
2 b

x—vVr2+4

ri(z) = ro(z) =

Characteristic roots (4) satisfy the properties
r(x) —ro(x) = Va2 +4=Ax), ri(z)+r(z) =z, r(x)r(x)=-1

Binet forms for both F),(z) and L, (z) are given by
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Definition 2.3. (Generalized Fibonacci polynomial vector of length d )

For all integers n, Generalized Fibonacci polynomial vector F¢ (x) and Generalized

—

Lucas polynomial vector L? (x) of length d are defined as follows

[ Fu(z) ] [ (o)

F\n-i-l ({L‘) En+1(ZL‘)

Fi (@) = Frale) and L¢ (z) = Lusa()
F\n+d—1($) Emrd,l(:c)

Definition 2.4. (Reverse Generalized Fibonacci polynomial vector of length
d)
For all integers n, Reverse Generalized Fibonacci polynomial vector f2 (z) and Re-

verse Generalized Lucas polynomial vector [ (z) of length d are defined as follows

zn+d 1( ) En+d—1(33)

~ ~

Ln+d—2($> Ln+d—2($)

~ ~

f_-(;l (.’L’) Ln+d—3(x) and Z_ﬁ (.CE) _ Ln+d—3(x)

Lo(z) Ly ()

Definition 2.5. (Vectors a, b, ¢ and d)
For all integers n, the vectors a, b ¢ and d of length d are defined as follows

L] [ 1] [ ()
r1(z) ra(z) i (x) ry (x)
r?(x) ra(z) ri=3(x) r$73(x)
a= , Z: , = and Zi:
ri2(x) ry *(x) r1(z) ra(x)
i (z) ry(z) 1 1
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Definition 2.6. Define d x d matrix 17" by

o 1 0 0 0 - 0
0O 0 1 0 0 0
o 0 o0 1 0 0
0 o 0 0 0 1
' o -0 1 0 1 =],
Definition 2.7. Define d x d matrix S by
[z 1 0 0 0 --- 0]
1 0 o 0 0 - 0
o 1 0 0o 0 - 0
o -~ 0 0 1 0 0
L o -0 0 0 1 0f,,

The matrices T and S have characteristic polynomial 7(™~2 (72 — 27 — 1). The non
zero eigenvalues of both are ri(x) and ro(z) and eigenspace associated with r(z)
and ro(z) for T are spanned respectively by E, b and for S are spanned respectively

by ¢ and 4.

3 Auxiliary Results

Theorem 3.1. ( Binet form for ]%l (x), L?L (x), EI (x) and ZE (x) ) For all integers
1%[ (2) = [r1(2) = ra(@)][rf (2) @ =73 (x) b] (8)
L () = [ra(w) = ra(e) [} (2) @ +r3(x) 0] (©)
fi (2) = (@) = ra(@)] [} (@) € —13(2) d] (10)
12 (@) = [r(2) = ra(@)Pri(z) € +13(2) d] (11)

Theorem 3.2. For all integers n

Fi, (1) =T F? (2)
L, (1) =T LY ()
4 () = S F ()
14, () = S i (2)
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Theorem 3.3. For all integers t > n + 1

Fi,, () = TO-HD R (z)
LY, (z) = TO-H) L ()
4 (@) = SO F ()
14, (z) = ST R (3)

Theorem 3.4. For k£ > 0

( Fo(x)r{ ™ (2) If d is even:
n 1 If d is odd

If d is even;

—

b=d

Sl

d=Ns =] d =1
n If d is odd

I 0, Ifd is even;
a - b:c . d =
1, Ifdisodd

Theorem 3.5. For all positive integer d and for all integers n; and ny

Fi (2) FL (2) =f% (@) f0 (@)
e

~

T T (_1)n1Ln2—m(x) :
La(x)Latny+ny—1(x) — , Ifdisodd
o armanat8) = G Gy ()
Ly, (x)- Ly, (2) =y, (2)- 1, (2
Fy(2) Fiinyny—1 (), If d is even;
= 3 Lalz) L +n1+ny—1() 1 (-1) an—nl(x)7 If dis odd
(ri(x) — ra(x))? (r1(z) — ra(x))
Fy, (2) Ly, (2) =f5, (@) 1, (2)
]/5 (x) Ed+n1+n2 1(z), If d is even;
= q La(2)F, —1)™ME,,_
33 d+n1+n2 12$) + ( ) n2 nl(x)’ If d is odd
(ri(x) = ra(z)) (r1(z) —ra(x))
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Theorem 3.6. For all positive integer d and for all integer n

20

= ﬁd(x)ﬁdwn,l(x), If d is even;
I EL (@] = |l fff @IP=9+ 2(=1)" .
! L Liion_ - , Ifd dd
d($) d+2 1(1’) (7”1(56) . 7’2(&3))2 150
- - ﬁd(x)ﬁd+2n_1(x), If d is even;
Ld 2 _ ld 2 _ . 2(—1)"

4 Main Results

Theorem 4.1. For all positive integer d and for all integers n; and n»

i=d—1 R 'ﬁd(x)ﬁﬂnﬁm_l(x), If d is even;
Fovi(@)Fopi(r) = ¢~ =~ (=1)™ Ly, (2)
, Ly(z)L - - dce If d is odd
i=0 \ d<x) d+ni1+n2 1(1‘) (Tl(l‘) — 7“2(1‘)) ) IS 0
i=d—1 R ( (r1(z) = ro(2))2Fy(2) Fisy sng—1 (2), If d is even;
Ly 4i(2) Lngyi(2) = § =~ (=1)™ Ly, ()
, Liy(x)Lgin, tn,— 2t If d s odd
=0 \ d(l‘) d+ni+n2 1(‘T) + (Tl (CE’) —_ TQ(I)) IS O
i=d-1 R ( (r1(z) = 72(2))2Fy(2) Lasn, 1ny—1 (), If d is even;
Fopti(@) Loggi() = ~ (=)™ Fpyny (2)
, La(x)Fgynyin,— me P2 If dis odd
=0 \ d<x> d+ni1+n2 1(.1') + (7”1(1’) _ 7‘2(.73)) IS0
Corollary 4.2. For all positive integer d and for all integer n
i=d1l Fy(2)Fyyon1(2), If d is even;
n\xr) = —
o (=) La(@)Lason 1(5”2) —2(=1)", Ifdis odd
(r(2) = ra(x))

Zzl T ( )Fd+2n 1(z), If d is even;
nl LaLaion 1(z )+ 2(=1)")(ry(x) — ro(x))?, If d is odd

i=0

Corollary 4.3. For all positive integer d and for all integer ¢t and n

Fria—2(@) Fppg—i1(z) + Four () By () =
(r1(2) + ra(a) Faer () Figan-1-2(2), ) If d is even;
(@) + raf))” Ed—l(x)zd-ﬂn—t(x) - 2L L (a)

(r(2)* = ra(2)”) ) ety s odd
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~ ~

Luta-s(2) Lnya-11(2) + L1 (2) Ln-o(2) =
(ri(x) + T2(£))g1 (z) _AT2(1’))2Zd—1(x)id+2n—t:2($), If d is even;
(ri(x) + ro(2))La—1(x) Layon—t(x) + 2(=1)"" Ly (x)(ry(z) — m2(x)), If d is odd

~ ~

Frovio(t)Loyaci-1(x) + Fooa () Loy () =
(r1(z) + 7’2($))g’1($) _IQ(x))2F\d—1(x)id+2n—t/—\2(x), If d is even;
(r1(z) + r2(2))La—1(2) Fayon—¢(x) + 2(=1)" 1 Fyyy (2) (r1(z) — m2(2)), If dis odd

5 Concluding Remarks
In this paper, we have generalized and derived some identities of F,(z) and L, (z)

using matrix method. In the future, we would like to continue working on the more
generalizations of these type of the polynomials.

6 Tables

[ 1 ‘4+1‘2 ‘47;+z3 ‘
|2 | 4z +2® | 8+622 +a* ‘
| 3 | 4+52% +a* | 122 + 72% + 2P \

8w+6m3 +a;5

S

8+ 1822 + 8zt + 2 \

4+ 1322 4 72* + 26

(9]

20z + 2523 + 92° + 7 \

12z 4 1923 + 8% + 27

=]

8 + 3822 + 332% + 1025 + 28 \

4 + 2522 4 26z* + 926 + 28

I

28z + 633 + 4205 + 1127 + 2 \

| 8 | 162+ 4423 + 3425 + 1027 + 2

8 + 662 + 96a* + 5206 + 1248 + 210 \

| 9 | 4+ 4122 + 702* + 432% + 1128 + 210

36z + 12923 + 1382° + 6327 + 1329 + 211 \

| 10 | 20z + 8523 + 1042° + 5327 + 122° + =11

8 + 10222 + 2252% + 19025 + 7528 + 14210 4 212 \

| 11 | 4+ 6122 + 1550% + 14720 4 6428 + 13212 4 212

44z + 23123 + 3632° + 25327 4 8827 + 1521t + 213 \

| 12 | 242 + 1462 + 25925 + 20027 + 762° + 14zt + 213 | 84 14622 + 4562 + 55325 + 32828 + 102210 + 16212 4 214 |

Table 2: First 12 terms of F,(z) and L, (z)
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