
http://www.newtheory.org ISSN: 2149-1402

Received : 13.10.2017 Year :2017, Number : 17, Pages: 73-81
Published : 07.11.2017 Original Article

CONTRA-CONTINUITY BETWEEN
GRILL-TOPOLOGICAL SPACES

Abdel-Fatah Abdalla Azzam <azzam0911@yahoo.com>

Department of Mathematics, Faculty of Science, Assuit University, New Valley Branche, Egypt.

Abstaract − Recently noted the importance of the concept of grill between topological space. It
helps us to measure the things that was difficult to measure and it is also used in many applications
such as computer and information systems. Our purpose is to introduce the notation of e−G−open,
r−G−open sets and discuss new class of function named contra e−G−continuous function with their
various assets, depiction and relationships. Relevance between there new class and other proportion
of functions are obtained and several depictions of a new class of functions are discussed.
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1 Introduction

The concept of grill topological spaces, which is grounded on two operators, is Φ
and Ψ. Choquet [1] was the first introduced this concept in 1947. A number of
theories and features has been handled in [ 2, 3, 4, 5, 6, 7]. It helps to expand the
topological structure which is used to measure the description rather than quantity,
such as love, intelligence, beauty, quality of education and etc. In 1996, Dontchev
[8] pass the notation of contra continuous functions. Ekici [9] debate the concepts of
contra-e-continuous functions and new class named as e-open sets. Jafari and Noiri
[10, 11] exhibited contra-α-continuous and contra-pre-continuous functions. We are
working to provide the previous concepts and definitions by using the concept of grill.
Some important characteristics and special relations of these concepts are obtained.

2 Preliminary

Definition 2.1. A nonempty subcollection G of a space L which carries topology τ
is named grill [1] on this space if the following conditions are true:

(1) φ /∈ G,
(2) A ∈ G and A ⊆ B ⊆ L ⇒ B ∈ G,
(3) if A ∪B ∈ G for A,B ⊆ L, then A ∈ G or B ∈ G.
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Since the grill depends on the two mappings Φ and Ψ which is generated a unique
grill topological space finer than τ on space L denoted by τG on L have been discus-
sion in [3, 5].

A subset B of a space (L, τ,G) is named regular open (resp. regular closed) if
B = Int(Cl(B)) (resp. B = Cl(Int(B)). B is named δ-open [12] if for x ∈ B, there
exist a regular open set D such that x ∈ D ⊂ B. The complement of δ-open set is
called δ-closed. A point x ∈ L is called a δ-derived point of B if Int(Cl(U))∩B 6= ϕ
for each open set U containing x. The set of all δ-derived points of B is called
the δ-closure of B and is denoted by δCl(B) [12]. The set δ-interior of B [12] is
the union of all regular open sets of L contained in B and its denoted by δInt(B).
B is δ-open if δInt(B) = B. δ-open sets forms a topology τ δ. The collection of
all δ-open sets in L is denoted by δO(L). A subset B of a space (L, τ) is called
e-open [13] (resp. α-open [14], β-open [15]) if B ⊂ Cl(δInt(B))∪ Int(δCl(B)) (resp.
B ⊂ Int(Cl(Int(B)), B ⊂ Cl(Int(Cl(B)). The complement of an e-open set is
called is an e-closed set. The intersection of all e-closed sets containing a set B in
a topological space (L, τ) is called the e-closure [13]. The union of all e-open sets
contained in a set B in a topological space (L, τ) is called the e-interior of B and it is
denoted by e− Int(B). A subset B of a topological L is e-regular [16] if it is e-open
and e-closed. The family of all e-open (resp. e-closed, e-regular) sets in L will be
denoted by EO(L) (resp. EC(L), ER(L). The family of all e-open (resp. e-closed,
e-regular) sets which contain x in L will be denoted by EO(L, x) (resp. EC(L, x),
ER(L, x)).

A function z : (L, τ, I) → (M, σ) is called contra continuous [8] (resp. contra-e-
continuous [17], contra-e− I−continuous [18]) if the inverse image of each open set
of M is closed (resp.z−1(V ) is e-closed in L for every open set V of M , z−1(V ) is
e− I-closed in (L, τ, I) for every open set V of (M,σ))”.

3 Essential Results

The third section, we define and study some new definitions called r − G−open,
e − G−open and contra e − G−continuous. Depiction and basic assets of e −
G−continuous function are studied.

Definition 3.1. For B ⊆ L which carries topology τ with grill G is called r−G−open
(resp. r − G−closed) if B = Int(Ψ(B)) (resp. B = Ψ(Int(B)). A point x ∈ L is
called a δ−G−derived point of B if Int(Ψ(U))∩B 6= ϕ for each open set U containing
x. The family of all δ−G−derived points of B is named the δ−G−closure of B and
is denoted by δΨ(B). The set δ − G−interior of B is the union of all r − G−open
sets of X contained in B and is denoted by δIntG(B). B is said to be δ−G−closed
if δΨ(B) = B.

Definition 3.2. Let the space L which carries topology τ with grill G then, A subset
B of L named e−G−open if B ⊂ Cl(δIntG(B)) ∪ Int(δΨ(B)) and e−G−closed if
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Cl(δIntG(B)) ∩ Int(δΨ(B)) ⊂ B.

The class of all e−G−open sets of an grill with a space L which carries topology
τ is denoted by EGO(L).

Theorem 3.3. (1) The union of any family of e − G−open sets is an e − G−open
set;
(2) The intersection of even two e−G−open sets need not to be e−G−open.

Proof. (1) Let {Sα : α ∈ 4} be a family of e−G−open set, Sα ⊂ Cl(δIntG(Sα)) ∪
Int(δΨ(Sα)). Hence, ∪αSα ⊂ ∪α[Cl(δIntG(Sα)) ∪ Int(δΨ(Sα))]
⊂ ∪α[Cl(δIntG(Sα))] ∪ ∪α[Int(δΨ(Sα))]
⊂ [Cl(∪α(δIntG(Sα))] ∪ [Int(∪α(δΨ(Sα))]
⊂ [Cl(δIntG(∪αSα))] ∪ [Int(δΨ(∪αSα))]. Then, ∪αSα is e−G−open.

Example 3.4. Let L = {1, 2, 3} with τ = {L,ϕ, {1}, {2}, {1, 2}} and G = P (L) \
{ϕ}. Then the set A = {1, 3} and B = {2, 3} are e−G−open sets, but A∩B = {3}
is not e−G−open.

Definition 3.5. A mapping z : (L, τ, G) → (M, σ) is said to be contra e−G−continuous
functions if z−1(V ) is e−G−closed in (L, τ, G) for every open set V in (M, σ).

Example 3.6. Let L = M = {1, 2, 3} and τ = σ = {L,ϕ, {1}, {2, 3}} with G =
{{2}, {1, 2}, {2, 3}, L}. If z : (L, τ,G) → (Y, σ) is identity function then, we notice
that z is contra-e-continuous but not contra-e − G−continuous. Since z−1{2, 3} =
{2, 3} is not e−G−closed.

Definition 3.7. For the space L which carries topology τ with grill G and B ⊂ L,
(1) Intersection of all open set U containing B is named kernel of B and denoted by
Ker(B).
(2) Intersection of all e − G−closed in (L, τ, G) containing B is named the e −
G−closure of B and its denoted by Ψe(B).
(3) The e − G−interior of B, denoted by InteG(B), is defined by the union of all
e−G−open sets contained in B.

Lemma 3.8. For a space L which carries topology τ with grill G and C, B ⊂ L,
(1) x ∈ Ker(B) if and only if B ∩ F 6= ϕ, where F closed subset of L containing x.
(2) B ⊂ Ker(B) and B = Ker(B) if A is open in L.
(3) if C ⊂ B, then Ker(C) ⊂ Ker(B).

Lemma 3.9. For a subset B of a a space L which carries topology τ with grill G,
the following properties are holds,
(1) InteG(B) = L \Ψe(L \B).
(2) x ∈ Ψe(B) if and only if B ∪ U 6= ϕ for each U ∈ EGO(L, x).
(3) B is e−G−open if and only if InteG(B) = B.
(4) B is e−G−closed if and only if Ψe(B) = B.

Theorem 3.10. Let z : (L, τ,G) → (M,σ) be a given function then, the next are
equivalent:
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(1) z is contra e−G−continuous,
(2) for each x ∈ L and each closed set F in M with z(x) ∈ F , there exist e−G−open
set U containing x such that z(U) ⊂ F ,
(3) for each x ∈ L and each closed set F in Y with z(x) ∈ F, z−1(F ) is e−G−open
in L ,
(4) z(Ψe(B)) ⊂ Ker(z(B)) for every B ⊂ L,
(5) z(Ψe(B)) ⊂ z−1(Ker(B)).

Proof. (1) ⇒ (2): By the assumption, suppose that z(x) ∈ F such that x ∈ L and F
be any closed set in M , we have z−1(M \ F ) = L \ z−1(F ) is e−G−closed in L and
so z−1(F ) is e−G−open. By butting U = z−1(F ) containing x, we havez(U) ⊂ F .

(2) ⇒ (3): Let F ⊂ M be any closed set and x ∈ z(x). Then z(x) ∈ F and
there exists e−G−open subset Ux containing x such that z(Ux) ⊂ F . Therefore, we
obtain z−1(F ) is e−G−open in L.
(3) ⇒ (1): If U is any open set of Y , then z−1(Y \ U) = L \ z−1(U) is e−G−open
in L. Therefore z−1(U) is e−G−closed in L.

(3) ⇒ (4): Let B ⊂ L and y /∈ Ker(B). Then, by Lemma 3.7, there exists
a closed set F of M such that M ∈ F and z(B) ∩ F = ϕ. This implies that
B ∩ z−1(F )) = ϕ and Ψe(B) ∩ z−1(F ) = ϕ. Therefore, we obtain z(Ψe(B)) ∩ F = ϕ
and y /∈ z(Ψe(B)). That z(Ψe(B)) ⊂ Ker(z(B)).

(4) ⇒ (5): Let C be any subset of M . By Lemma 3.7, we have z(Ψe(z
−1(C)) ⊂

Ker(z(z−1(C))) ⊂ Ker(C) and z(Ψe(z
−1(C)) ⊂ z−1(Ker(C)).

(5) ⇒ (1): Let N be any subset of M . By Lemma 3.7, we have Ψe(z
−1(N)) ⊂

z−1(Ker(N)) = z−1(N) and Ψe(z
−1(N)) = z−1(N). This shows that z−1(N) is

e−G−closed in L.

Definition 3.11. A mapping z : (L, τ,G) → (M, σ) is named e − G−continuous if
z−1(D) is e−G−-open in L for every D ∈ σ.

Lemma 3.12. The next declarations are equivalent for a mapping z : (L, τ,G) →
(M, σ)
(1) z is e−G−continuous,
(2) for each open set V of Y and each x ∈ X with z(x) ∈ V , there exist U ∈
EGO(L, x) such that z(U) ⊂ V .

Theorem 3.13. Let z : (L, τ, G) → (M,σ) be a contra e−G−continuous functions
such that M is regular set, then z is e−G−continuous functions.

Proof. Let N be an open set of M containing z(x) for each x ∈ L. Since M is
regular, there exists an open set C in Y containing z(x) such that Cl(C) ⊂ N . Since
z is contra e−G−continuous, then there exists U ∈ EGO(L) containing x such that
z(U) ⊂ Cl(C). Then f(U) ⊂ Cl(C) ⊂ N . that, z is e−G−continuous.
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Definition 3.14. An grill with the space Y which carries topology τ is named
e − G−connected if Y not equal the union of two disjoint non-null e − G−open
subsets of Y .

Theorem 3.15. Let z : (L, τ, G) → (M,σ) be a contra e−G−continuous functions
from a e−G−connected onto any space M , then M is not a discrete space.

Proof. Let M be a discrete. Suppose that A be an appropriate non-null clopen set
in M . Then z−1(A) is appropriate non-null e−G−clopen subset of L, which conflict
with L is e−G−connected.

Theorem 3.16. If z : (L, τ,G) → (M,σ) is a contra e − G−continuous surjection
functions and X is e−G−connected, then Y is connected.

Proof. Let z : (L, τ, G) → (M,σ) be a contra e − G−continuous functions from a
e − G−connected L onto any space M . Suppose that M is disconnected. Then
M = A∪B, where A and B are non-null clopen sets in M with A∩B = ϕ. Because
of z is contra e−G−continuous, that z−1(A) and z−1(B) are e−G−open non-null
sets in L with z−1(A)∪z−1(B) = f−1(A∪B) = f−1(M) = L and z−1(A)∩z−1(B) =
z−1(A ∩ B) = z−1(ϕ) = ϕ. This leads to L is not e − G−connected, this is a
contradiction. Then M is connected.

Definition 3.17. A function z : (L, τ, G) → (M, σ) is called almost- e−G−continuous
if z−1(V ) ∈ EGO(X) for every regular open set V of M .

Definition 3.18. A function z : (L, τ,G) → (M,σ) is called pre- e − G−open if
z−1(V ) is e−G−open for every e−open set V of M .

Definition 3.19. The e − G−boundary of a subset A of a space L denoted by
e−G−B(A), is defined as e−G−B(A) = Ψe(A) ∩Ψe(L \ A).

Theorem 3.20. For each x ∈ L at z : (L, τ, G) → (M, σ) is not contra-e −
G−continuous is identical with the union of e−G−boundary of the inverse images
of closed sets of M containing z(x).

Proof. Firstly, let z be not satisfy the condition of contra-e − G−continuous at a
point x ∈ L. Then there exists a closed set F of M containing z(x) such that
z(U) ∩ (M \ F ) 6= ϕ, ∀U ∈ EGO(L, x), which leads to U ∩ z−1(M \ F ) 6= ϕ, that
by Theorem 3.9. Therefore, x ∈ Ψe(z

−1(M \ z)) = Ψe(L \ z−1(F )). Also, since
x ∈ z−1(F ), we get x ∈ Ψe(z

−1(F )) and so, x ∈ e − G − B(z−1(F )). Secondly,
let x ∈ e − G − B(z−1(F )) for some closed set F of M containing z(x) and z is
contra-e−G−continuous at a point x. Then there exists U ∈ EGO(L, x) such that
z(U) ⊂ F . So, x ∈ U ⊂ z−1(F ) and then x ∈ InteG(z−1(F )) ⊂ L\e−G−B(z−1(F )),
which is a contradiction. So z is not contra-e−G−continuous at x.

Theorem 3.21. If z : (L, τ, G) → (M, σ) is pre-e−G−open, contra-e−G−continuous.
Then, its almost-e−G−continuous.
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Proof. Let x ∈ L and V be an open set containing z(x). Because of z is contra-
e − G−continuous, then by Theorem 3.9, there exists U ∈ EGO(L, x) such that
z(U) ⊂ Cl(V ). Also, since z is pre-e−G−open, z(U) is e−σ−open in M . Therefore,
z(U) = InteG(z(U)) and hence z(U) ⊂ InteG(Cl(z(U))) ⊂ InteG(Cl(V )). So z is
almost-e−G−continuous.

Definition 3.22. A mapping z : (L, τ,G) → (M, σ) is named almost weakly-e −
G−continuous if for each x ∈ L and for each open set V of M containing z(x), there
exist U ∈ EGO(L, x) such that z(U) ⊂ Cl(V ).

Theorem 3.23. If z : (L, τ, G) → (M,σ) is contra e − G−continuous then, z is
almost weakly-e−G−continuous.

Proof. For any open set V of M , Cl(V ) is closed in M . Since z is contra e −
G−continuous, z−1(Cl(V )) is e−G−open set in L. We take U = z−1(Cl(V )), then
z(U) ⊂ Cl(V ). Hence z is almost weakly-e−G−continuous.

Example 3.24. Let L = {1, 2, 3} with a topology τ = {L, ϕ, {1}, {2}, {1, 2}} and
a grill G = {{1, 2}, L}. If z : (L, τ, G) → (L, τ) is the identity function. We notice
that z is almost weakly-e − G−continuous. But z is not contra e − G−continuous
since z−1(V ) is not e−G−closed at V = {1, 2}.
Definition 3.25. An a space L which carries topology τ with grill G is called
e−G− T1 if for each x, y ∈ L such that x 6= y , there exist e−G−open sets U and
V containing x and y, respectively, such that y /∈ U and x /∈ V .

Definition 3.26. An a space L which carries topology τ with grill G is called
e−G− T2 if for each x, y ∈ L such that x 6= y , there exist e−G−open sets U and
V containing x and y, respectively, such that U ∩ V = ϕ.

Theorem 3.27. Let z : (L, τ, G) → (M, σ) be a contra e−G−continuous injection.
If M is a Urysohn space, then L is e−G− T2.

Proof. If x, y ∈ L such that x 6= y, then z(x) 6= z(y). Since M is a Urysohn space,
there exist open sets U and V of m such that z(x) ∈ U, z(y) ∈ V and Cl(U)∩Cl(V ) =
ϕ. Since z is contra e − G−continuous at x and y, there exist e − G−open sets A
and B in L such that x ∈ A, y ∈ B and z(A) ⊂ Cl(U), z(B) ⊂ Cl(V ). Then,
z(A) ∩ z(B) = ϕ, so A ∩B = ϕ and L is e−G− T2.

Definition 3.28. A mapping z : (L, τ,G) → (L, σ, ) is named be e−G−irresolute
if z−1(B) ∈ EGO(L) for each B ∈ EGO(M).

Theorem 3.29. If z : (L, τ,G) → (M,σ, ) and g : (M,σ, ) → (N, ζ) is two maps
then,the following are holds:
(1) If z is contra e − G−continuous function and g is a continuous function, then
g ◦ z is contra e−G−continuous.
(2) If z is e − G−irresolute function and g is a contra e − G−continuous function,
then g ◦ z is contra e−G−continuous.
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Proof. (1) For x ∈ L, let W be any closed set of N containing (g ◦ z)(x). Since g is
continuous, V = g−1(W ) is closed in M . Also, since z is contra e − G−continuous,
there exists U ∈ EGO(L, x) such that z(U) ⊂ V . Therefore (g ◦ z(U)) ⊂ W . Hence,
g ◦ z is is contra e−G−continuous.

(2) For x ∈ L, let W be any closed set of N containing (g ◦ z)(x). Since g is
a contra e − G−continuous, there exists V ∈ EO(M, z(x)) such that g(V ) ⊂ W .
Also, since z is e − G−irresolute there exist U ∈ EGO(L, x) such that z(U) ⊂ V .
This shows that (g ◦ z(U)) ⊂ W . Hence, g ◦ z is contra e−G−continuous.

Definition 3.30. A space (L, τ, G) is named e−G−normal if each pair of nonempty
disjoint closed sets can be separated by disjoint e − G−open sets. Also, it is called
ultra normal if each pair of non-null disjoint closed sets can be separated by disjoint
clopen sets.

Theorem 3.31. If z : (L, τ, G) → (M, σ, ) is a contra e − G−continuous, closed
injection and M is ultra normal, then L is e−G−normal.

Proof. Let C1 and C2 be disjoint closed subsets of L. Since z is closed and injective,
z(C1) and z(C2) are separated by disjoint clopen sets V1 and V2, respectively. Since
z is contra e − G−continuous, z−1(V1) and z−1(V2) are e − G−open, with C1 ⊂
z−1(V1), C2 ⊂ z−1(V2) and z−1(V1) ∩ z−1(V2) = ϕ. Hence, L is e−G−normal.

Definition 3.32. A topological space (L, τ) is ultra Hausdorff [19] if for each pair
of distinct points x and y of L there exist closed sets U and V such that x ∈ U and
y ∈ V and U ∩ V = ϕ. A topological space (L, τ) is weakly Hausdorff [20]if each
element of L is the intersection of regular closed sets of L.

Theorem 3.33. If z : (L, τ, G) → (M,σ, ) is a contra e − G−continuous injection
and M is ultra Hausdorff, then L is e−G− T2.

Proof. Let x, y ∈ L where x 6= y. Then, since z is an injection and M is ultra
Hausdorff, z(x) 6= z(y) and there exist disjoint closed sets U and V containing
z(x) and z(y) respectively. Also, since f is contra e − G−continuous, z−1(U) ∈
EGO(L, x) and z−1(V ) ∈ EGO(L, y) with z−1(U)∩ z−1(V ) = ϕ. This shows that L
is e−G− T2.

4 Conclusion

The concept of grill with topological space generating finer topological space τG.vIt
helps us to measure the things that was difficult to measure and it is also used in
many applications such as computer and information systems. Also, e−G-continuous
and contra e−G−continuous functions is very important so, we have introduced the
definition of e−G−continuous and contra e−G−continuous functions. Character-
izations and basic properties of contra e−G−continuous functions are discussed.



Journal of New Theory 17 (2017) 73-81 80

References

[1] G. Choquet, Sur les notions de filter et. grill, Completes Rendus Acad. Sci. Paris
224 (1947) 171-173.

[2] A.A. Azzam, Irresolute and Quasi-irresolute Functions Via Grill, Kasmera Jour-
nal 44 (7) (2016).

[3] B. Roy and M. N. Mukherjee, On a Typical Topology Induced by a Grill, Soo-
chow Journal of Math. 33 (4) (2007) 771-786.

[4] A. Al-Omari and T. Noiri, Decomposition of continuity via grilles, Jordan J.
Math and Stat. 4 (1) (2011) 33-46.

[5] D. Mondal and M. N. Mukherjee, On a class of sets via grill: A decomposition
of continuity, An. St. Univ. Ovidius Constanta, 20 (1) (2012) 307-316.

[6] W.J. Thron, Proximity structure and grills, Math. Ann. 206 (1973) 35-62.

[7] C.W. Baker, Slightly precontinuous functions, Acta Math. Hungar 94 (1-2)
(2002) 45-52.

[8] J. Dontchev, Contra-continuous functions and strongly S−closed spaces, Inter-
nat. J. Math. Sci. 19 (2) (1996) 303-310.

[9] E. Ekici, New forms of contra-continuity, Carpathian J. Math. 24 (10)(2008)
37-45.

[10] S. Jafari and T. Noiri, Contra α-continuous functions between topological
spaces, Iranian, Int. J. Sci 2 (2001) 153-167.

[11] S. Jafari and T. Noiri, On contra-precontinuous functions, Bull. Malaysian
Math. Soc. 25 (2002) 115-128.

[12] N.V. Velicko, H-closed topological spaces, Amer. Math. Soc. Trans. 78 (2)(1968)
103-118.

[13] E. Ekici, On e−open sets, DP ∗-sets and DPE∗-sets and decompositions of
continuity, Arabian Jour. Sci. Engg. 33 (24)(2008) 269-282.

[14] O. Njastad, On some classes of nearly open sets, Pacific J. Math. 15 (1965)
961-970.

[15] M.E. Abdel-Monsef, S.N. El-Deep and R.A. Mahmood, β-open sets and β-
continuous mappings, Bull. Fac. Sci. Assuit Univ. 12 (1983) 77-90.

[16] M. Ozkoc and G. Aaslim, On strongly-θ− e-continuous functions, Bull. Korean
Math. Soc. 47 (5) (2010) 1025-1036.

[17] M.K. Ghosh and C.K. Basu, Contra-e-continuous functions, Gen. Math. Notes
9(2)(2012) 1-8.



Journal of New Theory 17 (2017) 73-81 81

[18] W. Al-Omary, M. Noorani and A. Al-Omary, On e − I−open sets, e −
I−continuous functions and decomposition of continuity, J. of Math. and Ap-
plications 83 (2015) 15-31.

[19] R. Staum, The algebra of bounded continuous functions into a non-archimedean
field, Pacific J. Math.50(1)(1974),169-185.

[20] T. Soundararajan, weakly Hausdorff spaces and the cardinality of topological
spaces in general topology and its relations to modern analysis and algebra, III
Proc. Conf. Kanpur, (1968), Academia, Prague (1071) 301-306.


