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Abstaract− The Fibonacci polynomial Fn(x) defined recurrently by Fn+1(x) = xFn(x)+Fn−1(x),
with F0(x) = 0, F1(0) = 1, for n ≥ 1 is the topic of wide interest for many years. In this article,
generalized Fibonacci polynomials F̂n+1(x) and L̂n+1(x) are introduced and defined by F̂n+1(x) =
xF̂n(x)+F̂n−1(x) with F̂0(x) = 0, F̂1(x) = x2+4, for n ≥ 1 and L̂n+1(x) = xL̂n(x)+L̂n−1(x) with
L̂0(x) = 2x2 + 8, L̂1(x) = x3 + 4x, for n ≥ 1. Also some basic properties of these polynomials are
obtained by matrix methods.

Keywords − Fibonacci Sequence, Fibonacci Polynomial, Generalised Fibonacci Polynomial.

1 Introduction

Horadam [9] introduced and studied the generalized Fibonacci sequence Wn =
Wn(a; b; p; q) defined by Wn = pWn−1 − qWn−2 with W0 = a, W1 = b, for n ≥ 1
where a; b; p and q are arbitrary complex numbers with q 6= 0. These numbers were
first studied by Horadam and they are called Horadam numbers. In [7] Silvester
shows that a number of the properties of the Fibonacci sequence can be derived
from a matrix representation.

In [27] Demirturk obtained summation formulae for the Fibonacci and Lucas se-
quences by matrix methods. In [28] the authors presented some important relation-
ship between k-Jacobsthal matrix sequence and k-Jacobsthal-Lucas matrix sequence.
In [22] Godase and Dhakne described some properties of k- Fibonacci and k-Lucas
numbers by matrix terminology.

In [18] Catarino and Vasco introduced a 2 × 2 matrix for the k-Pell sequence
with its nth power. The well-known Fibonacci polynomial is studied over several
years. Many authors are dedicated to study this polynomial. The most research
on Fibonacci polynomials are dedicated to study the generalizations of Fibonacci
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polynomials [4],[5], [20], [19], [21], [28]. The main aim of the present paper is to
study other generalized Fibonacci polynomial by matrix methods.

Somnuk Srisawat and Wanna Sriprad [1] investigated generalization of Pell and
Pell-Lucas numbers, which is called (s, t)-Pell and (s, t)-Pell-Lucas numbers, also
they defined the 2× 2 matrix

W =

[
s 2(s2 + t)
1
2

s

]

using this matrix they established many identities of (s, t)-Pell and (s, t)-Pell-Lucas
numbers. Hasan Huseyin Gulec, Necati Taskara [2] established a new generalizations
for (s, t)-Pell (s, t)- Pell Lucas {qn(s, t)}n ∈ N sequences for Pell and Pell Lucas
numbers. Considering these sequences, they defined the matrix sequences which have
elements of {pn(s, t)}n ∈ N and {qn(s, t)}n ∈ N .

Yuan, Yi, and Wenpeeg Zhang [3] introduced different methods to calculate the
summations involving the Fibonacci polynomials. Fikri Koken and Durmus Bozkurt
[6] defined the Jacobsthal Lucas E-matrix and R-matrix alike to the Fibonacci Q-
matrix. Using this matrix representation they found some equalities and Binet-like
formula for the Jacobsthal and Jacobsthal-Lucas numbers.

Falcon and Plaza[10] presented the derivatives of Fibonacci polynomials in the
form of convolution of k-Fibonacci polynomials and many relations for the derivatives
of these polynomials are proved.

We denote the Fibonacci and Lucas polynomial by F̂n(x) and L̂n(x) respectively.
Most of the identities for Fibonacci and Lucas polynomials can be found in the
articles [11], [12], [13], [14], [15], [16], [17], [23], [24], [25], [26] on Fibonacci and Lucas
sequences and their applications. The ultimate aim of this paper is to introduce new
generalization F̂n(x) and L̂n(x) of Fibonacci and Lucas polynomials and establish a

collection of identities for the F̂n(x) and L̂n(x) using matrix method.

2 Generalized Fibonacci polynomials F̂n(x) and L̂n(x)

In [8] the Fibonacci polynomial Fn(x) defined recurrently by Fn+1(x) = xFn(x) +
Fn−1(x), with F0(x) = 0, F1(0) = 1, for n ≥ 1. In this paper we defined generalized

Fibonacci polynomials F̂n(x) and L̂n(x).

Definition 2.1. The generalized Fibonacci polynomial F̂n(x) is defined by the re-
currence relation

F̂n+1(x) = xF̂n(x) + F̂n−1(x) with F̂0(x) = 0, F̂1(x) = x2 + 4, for n ≥ 1 (1)

Definition 2.2. The generalized Lucas polynomial L̂n(x) is defined by the recurrence
relation

L̂n+1(x) = xL̂n(x) + L̂n−1(x) with L̂0(x) = 2x2 + 8, L̂1(x) = x3 + 4x, for n ≥ 1
(2)
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Polynomial Initial value Initial value Recursive Formula
G0(x) = a(x) G1(x) = b(x) Gn+1(x) = a(x)Gn(x) + b(x)Gn−1(x)

Fibonacci 0 1 Fn+1(x) = Fn(x) + Fn−1(x)
Lucas 2 x Ln+1(x) = Ln(x) + Ln−1(x)
Pell 0 1 Pn+1(x) = 2xPn(x) + Pn−1(x)

Pell-Lucas 2 2x Qn+1(x) = 2xQn(x) + Qn−1(x)
Jacobsthal 0 1 Jn+1(x) = Jn(x) + 2xJn−1(x)

Jacobsthal-Lucas 2 1 jn+1(x) = jn(x) + 2xjn−1(x)
Generalized Fibonacci 0 x2 + 4 F̂n+1(x) = xF̂n(x) + F̂n−1(x)

Generalized Lucas 2x2 + 8 x3 + 4x L̂n+1(x) = xL̂n(x) + L̂n−1(x)

Table 1: Recurrence relation of some GFP.

Characteristic equation of the initial recurrence relation (1 and 2) is,

r2 − xr − 1 = 0 (3)

Characteristic roots of (3) are

r1(x) =
x +

√
x2 + 4

2
, r2(x) =

x−√x2 + 4

2
(4)

Characteristic roots (4) satisfy the properties

r1(x)− r2(x) =
√

x2 + 4 =
√

∆(x), r1(x) + r2(x) = x, r1(x)r2(x) = −1 (5)

Binet forms for both F̂n(x) and L̂n(x) are given by

F̂n(x) = r1(x)n − r2(x)n (6)

L̂k,n =
[
r1(x)2 + r2(x)2 + 2

]
[r1(x)n + r2(x)n)] (7)

The most commonly used matrix in relation to the recurrence relation(3) is

M(x) =

[
x 1
1 0

]
(8)

Using Principle of Mathematical induction the matrix M can be generalized to

M(x)n =




F̂n+1(x)

∆(x)

F̂n(x)

∆(x)
F̂n(x)

∆(x)

F̂n−1(x)

∆(x)


 where, n is an integer



Journal of New Theory 19 (2017) 1-19 4

3 Auxiliary Results

Several identities for F̂n(x) and L̂n(x) can be established using (6), (7). Some of
these are listed below

L̂n(x) = F̂n+1(x) + F̂n−1(x) (9)

∆(x)F̂n(x) = F̂n+1(x) + L̂n−1(x) (10)

∆(x)F̂ 2
n(x) = F̂2n(x)− 2∆(x)(−1)n (11)

F̂m(x)L̂n(x) = ∆F̂m+n(x)−∆(x)(−1)mL̂n−m(x) (12)

F̂m(x)F̂n(x) = L̂m+n(x)− (−1)mL̂n−m(x) (13)

(−1)n−m+1F̂m(x)2 = F̂m+n(x)F̂n−m(x)− F̂n(x)2 (14)

(−1)n−mF̂m(x)2 = L̂m+n(x)L̂n−m(x)− L̂n(x)2 (15)

F̂m(x)F̂n+r+m(x) = F̂m+n(x)F̂r+m(x)− (−1)mF̂n(x)F̂r(x) (16)

2∆(x)L̂(m+1)n(x) = L̂mn(x)L̂n(x) + ∆(x)F̂mn(x)F̂n(x) (17)

2∆(x)F̂(m+1)n(x) = F̂mn(x)L̂n(x) + L̂mn(x)F̂n(x) (18)

∆(x)F̂2n+m(x)F̂m(x) = L̂m+n(x)2 + (−1)m−1L̂n(x)2 (19)

∆(x)F̂2n(x)F̂m(x) = L̂m+n(x)L̂n(x) + (−1)m+1L̂n−m(x)L̂n(x) (20)

F̂2(r+1)n+m(x)F̂m(x) = F̂m+2rn(x)F̂2n+m(x) + (−1)m+1F̂2rn(x)F̂2n(x) (21)

F̂−n(x) = (−1)n+1F̂n(x) (22)

F̂−n−1(x) = (−1)nF̂n+1(x) (23)

4 Main Results

Lemma 4.1. If X is a square matrix with ∆(x)X2 = xX + I, then ∆(x)Xn =

F̂n(x)X + F̂n−1(x)I, for all n ∈ Z

Proof. For n = 0 the result is true
For n = 1

∆(x)(X)1 = F̂1(x)X + F̂0(x)I

= ∆(x)X + 0I

= ∆(x)X

Hence result is true for n = 1.
Assume that, ∆(x)Xn = F̂n(x)X+F̂n−1(x)I, and prove that, ∆(x)Xn+1 = F̂n+1(x)X+

F̂n(x)I
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Consider,

F̂n+1(x)X + F̂n(x)I = (F̂n(x)x + F̂n−1(x)I)X + F̂n(x)I

= (xX + I)F̂n(x) + XF̂n−1(x)

= X2F̂n(x) + XF̂n−1(x)

= X(XF̂n(x) + F̂n−1(x))

= X(∆(x)Xn)

= ∆(x)Xn+1

Hence, ∆(x)Xn+1 = F̂n+1(x)X + F̂n(x)I

We now show that, ∆(x)X−n = F̂−n(x)X + F̂−n−1(x)I, for all n ∈ Z+

Let, Y = xI −X, then

Y 2 = (xI −X)2

= x2I − 2xX + X2

= x2I − 2xX + xX + I

= x2I − xX + I

= x(xI −X) + X + I

= xY + I

This shows that ∆Y n = F̂n(x)Y + F̂n−1(x)I

∆(x)(−X−1)n = F̂n(x)(xI −X) + F̂n−1(x)I

∆(x)(−1)nX−n = −F̂n(x)X + F̂n+1(x)I

∆(x)X−n = (−1)n+1F̂n(x)X + (−1)nF̂n+1(x)I

Using equations (22 and 23), it gives that ∆(x)X−n = F̂−n(x)X + F̂−n−1(x)I, for all
n ∈ Z+

Corollary 4.2. Let, S(x) =

[
x
2

∆(x)
2

1
2

x
2

]
, then ∆(x)S(x)n =

[ bLn(x)
2

∆ bFn(x)
2bFn(x)

2

bLn(x)
2

]
, for

every n ∈ Z

Proof.

Since S(x)2 =

[
x2+2

2
x∆(x)

2
x
2

x2+2
2

]

= xS(x) + I

Using Lemma (4.1), it is clear that

∆(x)S(x)n = F̂n(x)S(x) + F̂n−1(x)I

=

[
x bFn(x)

2
∆(x) bFn(x)

2bFn(x)
2

x bFn(x)
2

]
+

[
F̂n−1(x) 0

0 F̂n−1(x)

]

=

[ bLn(x)
2

∆(x) bFn(x)
2bFn(x)

2

bLn(x)
2

]
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Lemma 4.3.

L̂2
n(x)−∆(x)F̂ 2

n(x) = 4∆(x)2(−1)n for all, n ∈ Z (24)

Proof.

Since, det(S(x)) = −1

det(S(x)n) = (−1)n

Moreover since, ∆(x)S(x)n =

[ bLn(x)
2

∆ bFn(x)
2bFn(x)

2

bLn(x)
2

]

We get, det(∆(x)S(x)n) =
L̂2

n(x)

4
− ∆(x)F̂ 2

n(x)

4

Thus it follows that, L̂2
n(x)−∆(x)F̂ 2

n(x) = 4∆(x)2(−1)n for all, n ∈ Z

Lemma 4.4.

2∆(x)L̂n+m(x) = L̂n(x)L̂m(x) + ∆(x)F̂n(x)F̂m(x) for all n,m ∈ Z (25)

2∆(x)F̂n+m(x) = F̂n(x)L̂m(x) + L̂n(x)F̂m(x) for all n,m ∈ Z (26)

Proof.

Since, ∆(x)2S(x)n+m = ∆(x)S(x)n.∆(x)S(x)m

=

[ bLn(x)
2

∆(x) bFn(x)
2bFn(x)

2

bLn(x)
2

]
.

[ bLm(x)
2

∆(x) bFm(x)
2bFm(x)

2

bLm(x)
2

]

=

[ bLn(x)bLm(x)+∆(x) bFn(x) bFm(x)
4

∆(x)[bLn(x) bFm(x)+ bFn(x)bLm(x)
4bLn(x) bFm(x)+ bFn(x)bLm(x)

4

bLn(x)bLm(x)+∆(x) bFn(x) bFm(x)
4

]

But, ∆(x)S(x)n+m =

[ bLn+m(x)
2

∆(x) bFn+m(x)
2bFn+m(x)

2

bLn+m(x)
2

]

It gives that 2∆(x)L̂n+m(x) = L̂n(x)L̂m(x) + ∆(x)F̂n(x)F̂m(x) for all n,m ∈ Z

2∆(x)F̂n+m(x) = F̂n(x)L̂m(x) + L̂n(x)F̂m(x) for all n,m ∈ Z

Lemma 4.5.

2(−1)m∆(x)2L̂n−m(x) = L̂n(x)L̂m(x)−∆(x)F̂n(x)F̂m(x) for all n,m ∈ Z (27)

2(−1)m∆(x)2F̂n−m(x) = F̂n(x)L̂m(x)− L̂n(x)F̂m(x) for all n,m ∈ Z (28)
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Proof. Since

∆(x)2S(x)n−m = ∆(x)S(x)n.∆(x)S(x)−m

= ∆(x)S(x)n.∆(x)[S(x)m]−1

= ∆(x)S(x)n.(−1)m

[ bLm(x)
2

−∆(x) bFm(x)
2

− bFm(x)
2

bLm(x)
2

]

= (−1)m

[ bLn(x)
2

∆(x) bFn(x)
2bFn(x)

2

bLn(x)
2

]
.

[ bLm(x)
2

−∆(x) bFm(x)
2

− bFm(x)
2

bLm(x)
2

]

=

[ bLn(x)bLm(x)−∆ bFn(x) bFm(x)
4

∆(x)[bLn(x) bFm(x)− bFn(x)bLm(x)
4bLn(x) bFm(x)− bFn(x)bLm(x)

4

bLn(x)bLm(x)−∆(x) bFn(x) bFm(x)
4

]

But

∆(x)2S(x)n−m =

[
Ln−m(x)

2
∆(x)Fn−m(x)

2
Fn−m(x)

2
Ln−m(x)

2

]

It gives

2(−1)m∆(x)2L̂n−m(x) = L̂n(x)L̂m(x)−∆(x)F̂n(x)F̂m(x) for all n,m ∈ Z

2(−1)m∆(x)2F̂n−m(x) = F̂n(x)L̂m(x)− L̂n(x)F̂m(x) for all n,m ∈ Z

Lemma 4.6.

(−1)m∆(x)L̂n−m(x) + ∆(x)L̂n+m(x) = L̂n(x)L̂m(x) (29)

(−1)m∆(x)F̂n−m(x) + ∆(x)F̂n+m(x) = F̂n(x)L̂m(x) (30)

Proof.

∆(x)2S(x)n+m + (−1)m∆(x)2S(x)n−m

=

[
∆(x)bLn+m(x)+(−1)m∆(x)bLn−m(x)

2
∆(x)[ bFn+m(x)+(−1)m bFn−m(x)

2
∆(x) bFn+m(x)+(−1)m∆(x) bFn−m(x)

2
∆(x)bLn+m(x)+(−1)m∆(x)bLn−m(x)

2

]

On the other hand

∆(x)2S(x)n+m + (−1)m∆(x)2S(x)n−m

= ∆(x)S(x)n∆(x)S(x)m + (−1)m∆(x)S(x)n∆(x)S(x)−m

= ∆(x)S(x)n[∆(x)S(x)m + (−1)m∆(x)S(x)−m]

=

[ bLn

2
∆(x) bFn(x)

2bFn(x)
2

bLn(x)
2

]{[ bLm(x)
2

∆(x) bFm(x)
2bFm(x)

2

bLm(x)
2

]
+

[ bLm(x)
2

−∆(x) bFm(x)
2

− bFm

2

bLm(x)
2

]}

=

[ bLn(x)
2

∆(x) bFn(x)
2bFn(x)

2

bLn(x)
2

]
.

[
L̂m(x) 0

0 L̂m(x)

]

=

[ bLm(x)bLn(x)
2

∆(x) bFn(x)bLm(x)
2bFn(x)bLm(x)

2

bLm(x)bLn(x)
2

]
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It gives

(−1)m∆(x)L̂n−m(x) + ∆(x)L̂n+m(x) = L̂n(x)L̂m(x)

(−1)m∆(x)F̂n−m(x) + ∆(x)F̂n+m(x) = F̂n(x)L̂m(x)

Lemma 4.7.

8∆(x)2F̂t+y+z(x) = L̂t(x)L̂y(x)F̂z(x) + F̂t(x)L̂y(x)L̂z(x) (31)

+L̂t(x)F̂y(x)L̂z(x) + ∆(x)F̂t(x)F̂y(x)F̂z(x) (32)

8∆(x)2L̂t+y+z(x) = L̂t(x)L̂y(x)L̂z(x) (33)

+∆(x)
[
L̂t(x)F̂y(x)F̂z(x) + F̂t(x)L̂y(x)F̂z(x) + F̂t(x)F̂y(x)L̂z(x)

]
(34)

Proof. Since

∆(x)2S(x)t+y+z =

[
∆(x)Lt+y+z(x)

2

∆(x)2Ft+y+z(x)

2
∆(x)Ft+y+z(x)

2

∆(x)Lt+y+z(x)

2

]

On the other hand

∆(x)2S(x)t+y+z = ∆(x)S(x)t+y∆(x)S(x)z

=

[ bLt+y(x)

2

∆(x) bFt+y(x)

2bFt+y(x)

2

bLt+y(x)

2

]
.

[ bLz(x)
2

∆(x) bFz(x)
2bFz(x)

2

bLz(x)
2

]

=

[ bLt+y(x)bLz(x)+∆(x) bFt+y(x) bFz(x)

4

∆(x)[bLt+y(x) bFz(x)+ bFt+y(x)bLz(x)

4bLz(x) bFt+y(x)+ bFz(x)bLt+y(x)

4

bLt+y(x)bLz(x)+∆(x) bFt+y(x) bFz(x)

4

]

Using equations (25) and (26), it gives that

8∆(x)2F̂t+y+z(x) = L̂t(x)L̂y(x)F̂z(x) + F̂t(x)L̂y(x)L̂z(x)

+L̂t(x)F̂y(x)L̂z(x) + ∆(x)F̂t(x)F̂y(x)F̂z(x)

8∆(x)2L̂t+y+z(x) = L̂t(x)L̂y(x)L̂z(x)

+∆(x)
[
L̂t(x)F̂y(x)F̂z(x) + F̂t(x)L̂y(x)F̂z(x) + F̂t(x)F̂y(x)L̂z(x)

]

Theorem 4.8.

L̂2
t+y(x)− (−1)t+y+1F̂z−t(x)L̂t+y(x)F̂y+z(x)−∆(x)(−1)t+z(x)F̂ 2

y+z(x)

= (−1)y+zL̂2
z−t(x) (35)
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∆(x)L̂2
t+y(x)− (−1)x+zL̂z−t(x)L̂t+y(x)L̂y+z(x) + (−1)x+z∆(x)L̂2

y+z(x)

= (−1)y+z+1∆(x)2F̂ 2
z−t(x) (36)

∆(x)F̂ 2
t+y(x)− L̂t−z(x)F̂t+y(x)F̂y+z(x) + ∆(x)(−1)x+zF̂ 2

y+z(x)

= (−1)y+z∆(x)F̂ 2
z−t, (37)

for all t, y, z ∈ Z, t 6= z

Proof.

Consider the matrix multiplication[ bLt(x)
2

∆(x) bFt(x)
2bFz(x)

2

bLz(x)
2

][
L̂y(x)

F̂y(x)

]
=

[
∆(x)L̂t+y(x)

∆(x)F̂y+z(x)

]

det

[ bLt(x)
2

∆(x) bFt(x)
2bFz(x)

2

bLz(x)
2

]
=

L̂t(x)L̂z(x)−∆(x)F̂tF̂z(x)

4

=
(−1)t∆(x)L̂z−t(x)

2
= R

6= 0

Hence
[

L̂y(x)

F̂y(x)

]
=

[ bLt(x)
2

∆(x) bFt(x)
2bFz(x)

2

bLz(x)
2

]−1

.

[
∆(x)L̂t+y(x)

∆(x)F̂y+z(x)

]

=
1

R

[ bLz(x)
2

−∆(x) bFt(x)
2

− bFz(x)
2

bLt(x)
2

][
∆(x)L̂t+y(x)

∆(x)F̂y+z(x)

]

L̂y(x) =
(−1)t[L̂z(x)L̂t+y(x)−∆(x)F̂tF̂y+z(x)]

L̂z−t(x)

F̂y(x) =
(−1)t[L̂t(x)F̂z+y(x)− F̂z(x)L̂y+t(x)]

L̂z−t(x)

Since

L̂2
y(x)−∆(x)F̂ 2

y (x) = 4∆(x)2(−1)y

We get

[L̂z(x)L̂t+y(x)−∆(x)F̂t(x)F̂y+z(x)]2 −∆(x)[L̂t(x)F̂z+y(x)− F̂z(x)L̂y+t(x)]2

= 4(−1)y∆(x)2L̂2
z−t
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Using equations (27), (28), (31) and (33)

(L̂2
z(x)L̂2

t+y(x)− 2∆(x)L̂z(x)F̂t+y(x)F̂y+z(x) + ∆(x)2F̂ 2
t (x)F̂ 2

y+z(x))−
∆(x)(L̂2

t (x)F̂ 2
y+z(x)− 2L̂t(x)F̂z(x)F̂y+z(x)L̂t+y(x) + F̂ 2

z (x)L̂2
t+y(x))

= 4(−1)y∆(x)2L2
z−t(x)

It gives that

L̂2
t+y(x)− (−1)t+y+1F̂z−t(x)L̂t+y(x)F̂y+z(x)−∆(x)(−1)t+zF̂ 2

y+z(x) = (−1)y+zL̂2
z−t(x)

for all t, y, z ∈ Z

Proof of (36) and (37) is similar to (35).

Theorem 4.9. For n ∈ N and m, t ∈ Z with m 6= 0

j=n∑
j=0

L̂mj+t(x) =
∆(x)L̂t(x)−∆(x)L̂mn+m+t(x) + (−1)m∆(x)(L̂mn+t(x)− L̂t−m(x))

∆(x) + (−1)m∆(x)− L̂m(x)

(38)
j=n∑
j=0

F̂mj+t(x) =
∆(x)F̂t(x)−∆(x)F̂mn+m+t(x) + (−1)m∆(x)(F̂mn+t(x)− F̂t−m(x))

∆(x) + (−1)m∆(x)− L̂m(x)

(39)

Proof.

Since ∆(x)2I −∆(x)2(S(x)m)n+1 = (∆(x)I −∆(x)S(x)m)

j=n∑
j=0

∆(x)(S(x)m)j

From Lemma (4.3) it is clear that det(∆(x)I −∆(x)S(x)m) 6= 0, therefore we get

(∆(x)I −∆(x)(S(x)m))−1 (∆(x)I −∆(x)(S(x)m)n+1)∆(x)S(x)t

=

j=n∑
j=0

(∆(x)S(x)mj+t)

=

[
1
2

∑j=n
j=0 (L̂mj+t(x)) ∆(x)

2

∑j=n
j=0 (F̂mj+t(x))

1
2

∑j=n
j=0 (F̂mj+t(x)) 1

2

∑j=n
j=0 (L̂mj+t(x))

]

For m 6= 0, take D = ∆(x) + (−1)m∆(x)− L̂m(x), then we can write

(∆(x)I −∆(x)S(x)m)−1 =
1

D

[
∆(x)− (bLm(x))

2
∆(x) ( bFm(x))

2
( bFm(x))

2
∆(x)− (bLm(x))

2

]

=
1

D

[
(∆(x)− (L̂m(x))

2
)I +

(F̂m(x))

2
R

]
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It gives that,

(∆(x)I −∆(x)S(x)m)−1(∆(x)2S(x)t −∆(x)2S(x)mn+m+t)

=
1

D

[
(∆(x)− (L̂m(x))

2
)I +

(F̂m(x))

2
R

]
(∆(x)2S(x)t −∆(x)2S(x)mn+m+t)

(∆(x)I −∆(x)S(x)m)−1(∆(x)2S(x)t −∆(x)2S(x)mn+m+t)

=
1

D

[
(∆(x)− (L̂m(x))

2
)(∆(x)2S(x)t −∆(x)2S(x)mn+m+t)

]

+
1

D

[
(F̂m(x))

2
R(∆(x)2S(x)t −∆(x)2S(x)mn+m+t)

]

From Corollary (4.2) and (4.3), we get

R(∆(x)2S(x)t −∆(x)2S(x)mn+m+t) =

∆(x)

[
∆(x) ( bFt(x)− bFmn+m+t(x))

2
∆(x) (bLt(x)−bLmn+m+t(x))

2
(bLt(x)−bLmn+m+t(x))

2
∆(x) ( bFt(x)− bFmn+m+t(x))

2

]

Hence, we get

(∆(x)I −∆(x)S(x)m)−1(∆(x)2S(x)t −∆(x)2S(x)mn+m+t) =
∆(x)

D
(∆(x)− L̂m(x)

2
)

[
∆(x) (bLt(x)−bLmn+m+t(x))

2
∆(x) ( bFt(x)− bFmn+m+t(x))

2
( bFt(x)− bFmn+m+t(x))

2
(bLt(x)−bLmn+m+t(x))

2

]
+

∆(x)F̂m(x)

2D
[

∆(x)( bFt(x)− bFmn+m+t(x))
2

∆(x) (bLt(x)−bLmn+m+t(x))
2

(bLt(x)−bLmn+m+t(x))
2

∆(x) ( bFt(x)− bFmn+m+t(x))
2

]

Hence, it gives that

j=n∑
j=0

L̂mj+t(x)

=
∆(x)2

D

[
(∆(x)− L̂m(x)

2
)(L̂t(x)− L̂mn+m+t(x)) +

F̂m(x)

2
(F̂t(x)− F̂mn+m+t(x)

]

j=n∑
j=0

F̂mj+t(x)

=
∆(x)2

D

[
(∆(x)− L̂m(x)

2
)(F̂t(x)− F̂mn+m+t(x)) +

F̂m(x)

2
(L̂t(x)− L̂mn+m+t(x)

]

Using (31) and (33), we get
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j=n∑
j=0

L̂mj+t(x) =
∆(x)L̂t(x)−∆(x)L̂mn+m+t(x) + (−1)m∆(x)(L̂mn+t(x)− L̂t−m(x))

∆(x) + (−1)m∆(x)− L̂m(x)

j=n∑
j=0

F̂mj+t(x) =
∆(x)F̂t(x)−∆(x)F̂mn+m+t(x) + (−1)m∆(x)(F̂mn+t(x)− F̂t−m(x))

∆(x) + (−1)m∆(x)− L̂m(x)

Theorem 4.10. For n ∈ N and m, t ∈ Z

j=n∑
j=0

(−1)jL̂mj+t(x) =
∆(x)L̂t(x)−∆(x)L̂mn+m+t(x) + (−1)m∆(x)(L̂mn+t(x)− L̂t−m(x))

∆(x) + (−1)m∆(x)− L̂m(x)

(40)
j=n∑
j=0

(−1)jF̂mj+t(x) =
∆(x)F̂t(x)−∆(x)F̂mn+m+t(x) + (−1)m∆(x)(F̂mn+t(x)− F̂t−m(x))

∆(x) + (−1)m∆(x)− L̂m(x)

(41)

Proof. Case: 1 If n is an even natural number then we have

∆(x)2I + ∆(x)2(S(x)m)n+1 = (∆(x)I + ∆(x)S(x)m)

j=n∑
j=0

(∆(x)S(x)m)j(−1)j

From Lemma (4.3) it is clear that det(∆(x)I + ∆(x)S(x)m) 6= 0, therefore we get

∆(x)I + ∆(x)(S(x)m)−1(∆(x)I + ∆(x)(S(x)m)n+1)∆(x)S(x)t

=

j=n∑
j=0

(−1)j∆(x)(S(x)mj+t)

=

[
1
2

∑j=n
j=0 (−1)j(L̂mj+t(x)) ∆(x)

2

∑j=n
j=0 (−1)j(F̂mj+t(x))

1
2

∑j=n
j=0 (−1)j(F̂mj+t(x)) 1

2

∑j=n
j=0 (−1)j(L̂mj+t(x))

]

For m 6= 0 take d = ∆(x) + ∆(x)(−1)m + L̂m(x), then we get

(∆(x)I + ∆(x)S(x)m)−1 =
1

d

[
∆(x) + (bLm(x))

2
−∆(x) ( bFm(x))

2
(− bFm(x))

2
∆(x) + (bLm(x))

2

]

=
1

d

[
(∆(x) +

(L̂m(x))

2
)I − (F̂m(x))

2
R

]

Thus, it is seen that

(∆(x)I + ∆(x)S(x)m)−1(∆(x)2S(x)t + ∆(x)2S(x)mn+m+t)

=
1

d

[
(∆(x) +

(L̂m(x))

2
)I − (F̂m)

2
R

]

(∆(x)2S(x)t + ∆(x)2S(x)mn+m+t)
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By Corollary (4.2) and (4.3), we get

R(∆(x)2S(x)t + ∆(x)2S(x)mn+m+t)

= ∆(x)

[
∆(x) ( bFt(x)+ bFmn+m+t(x))

2
∆(x) (bLt(x)+bLmn+m+t(x))

2
(bLt(x)+bLmn+m+t(x))

2
∆(x) ( bFt(x)+ bFmn+m+t(x))

2

]

Thus, it follows that

(∆(x)I + ∆(x)S(x)m)−1(∆(x)2S(x)t + ∆(x)2S(x)mn+m+t) =
∆(x)

d
(∆(x) +

L̂m(x)

2
)

[
∆(x) (bLt(x)+bLmn+m+t(x))

2
∆(x) ( bFt(x)+ bFmn+m+t(x))

2
( bFt(x)+ bFmn+m+t(x))

2
(bLt(x)+bLmn+m+t(x))

2

]

−∆(x)F̂m(x)

2d

[
∆(x)∆(x)( bFt(x)+ bFmn+m+t(x))

2
∆(x) (bLt(x)+bLmn+m+t(x))

2
(bLt(x)+bLmn+m+t(x))

2
∆(x) ( bFt(x)+ bFmn+m+t(x))

2

]

Thus, it gives that

j=n∑
j=0

(−1)jL̂mj+t(x)

=
∆(x)2

d

[
(∆(x) +

L̂m(x)

2
)(L̂t(x) + L̂mn+m+t(x))− F̂m(x)∆(x)

2
(F̂t(x) + F̂mn+m+t(x)

]

j=n∑
j=0

(−1)jF̂mj+t(x)

=
∆(x)2

d

[
(∆(x) +

L̂m(x)

2
)(F̂t(x) + F̂mn+m+t(x))− F̂m(x)∆(x)

2
(L̂t(x) + L̂mn+m+t(x)

]

Using (31) and (33), we get

j=n∑
j=0

(−1)jL̂mj+t(x)

=
∆(x)L̂t(x)−∆(x)L̂mn+m+t(x) + (−1)m∆(x)(L̂mn+t(x)− L̂t−m(x))

∆(x) + (−1)m∆(x)− L̂m(x)

j=n∑
j=0

(−1)jF̂mj+t(x)

=
∆(x)F̂t(x)−∆(x)F̂mn+m+t(x) + (−1)m∆(x)(F̂mn+t(x)− F̂t−m(x))

∆(x) + (−1)m∆(x)− L̂m(x)

Case: 2 If n is an odd natural number, we get

j=n∑
j=0

(−1)jL̂mj+t(x) =

j=n−1∑
j=0

(−1)jL̂mj+t(x)− L̂mn+t(x)
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Since n is an odd natural number then (n−1) is an even number, hence using case-I,
it follows that,

j=nX

j=0

(−1)j bLmj+t(x) =
∆(x)bLt(x) + ∆(x)bLmn+t(x) + (−1)m∆(x)(bLmn−m+t(x) + bLt−m(x))

∆(x) + (−1)m∆(x) + bLm(x)
− bLmn+t(x)

=
∆(x)bLt(x) + (−1)m∆(x)(bLmn−m+t(x) + bLt−m(x))− (−1)m∆(x)bLmn+t(x)−∆(x)bLm(x)bLmn+t(x)

∆(x) + (−1)m∆(x) + bLm(x)

Using equations (31) and (33), we get

j=n∑
j=0

(−1)jL̂mj+t(x) =
∆(x)L̂t(x) + ∆(x)L̂mn−m+t(x) + (−1)m∆(x)(L̂t−m(x)− L̂mn+t(x))

∆(x) + (−1)m∆(x) + L̂m(x)

j=n∑
j=0

(−1)jF̂mj+t(x) =
∆(x)F̂t(x)−∆(x)L̂mn+m+t(x) + (−1)m∆(x)(F̂t−m(x)− F̂mn+t(x))

∆(x) + (−1)m∆(x) + L̂m(x)

5 Tables
n bFn(x) bLn(x)

1 4 + x2 4x + x3

2 4x + x3 8 + 6x2 + x4

3 4 + 5x2 + x4 12x + 7x3 + x5

4 8x + 6x3 + x5 8 + 18x2 + 8x4 + x6

5 4 + 13x2 + 7x4 + x6 20x + 25x3 + 9x5 + x7

6 12x + 19x3 + 8x5 + x7 8 + 38x2 + 33x4 + 10x6 + x8

7 4 + 25x2 + 26x4 + 9x6 + x8 28x + 63x3 + 42x5 + 11x7 + x9

8 16x + 44x3 + 34x5 + 10x7 + x9 8 + 66x2 + 96x4 + 52x6 + 12x8 + x10

9 4 + 41x2 + 70x4 + 43x6 + 11x8 + x10 36x + 129x3 + 138x5 + 63x7 + 13x9 + x11

10 20x + 85x3 + 104x5 + 53x7 + 12x9 + x11 8 + 102x2 + 225x4 + 190x6 + 75x8 + 14x10 + x12

11 4 + 61x2 + 155x4 + 147x6 + 64x8 + 13x12 + x12 44x + 231x3 + 363x5 + 253x7 + 88x9 + 15x11 + x13

12 24x + 146x3 + 259x5 + 200x7 + 76x9 + 14x11 + x13 8 + 146x2 + 456x4 + 553x6 + 328x8 + 102x10 + 16x12 + x14

Table 2: First 12 terms of F̂n(x) and L̂n(x)
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F̂
n
(x

)
F̂

1
(x

)
F̂

2
(x

)
F̂

3
(x

)
F̂

4
(x

)
F̂

5
(x

)
F̂

6
(x

)
F̂

7
(x

)
F̂

8
(x

)
F̂

9
(x

)
F̂

1
0
(x

)
x

=
1

5
5

10
15

25
40

65
10

5
17

0
27

5
x

=
2

8
16

40
96

23
2

56
0

13
52

32
64

78
80

19
02

4
x

=
3

13
39

13
0

42
9

14
17

46
80

15
45

7
51

05
1

16
86

10
55

68
81

x
=

4
20

80
34

0
14

40
61

00
25

84
0

10
94

60
46

36
80

19
64

18
0

83
20

40
0

x
=

5
29

14
5

75
4

39
15

20
32

9
10

55
60

54
81

29
28

46
20

5
14

77
91

54
76

74
19

75
x

=
6

40
24

0
14

80
91

20
56

20
0

34
63

20
21

34
12

0
13

15
10

40
81

04
03

60
49

93
93

20
0

x
=

7
53

37
1

26
50

18
92

1
13

50
97

96
46

00
68

87
29

7
49

17
56

79
35

11
17

05
0
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06

99
50

29
x

=
8

68
54

4
44

20
35

90
4

29
16

52
23

69
12

0
19

24
46

12
15

63
26

01
6

12
69

85
27

40
10

31
51

47
93

6
x

=
9

85
76

5
69

70
63

49
5

57
84

25
52

69
32

0
48

00
23

05
43

72
90

06
5

39
83

61
28

90
36

28
98

06
07

5
x

=
10

10
4

10
40

10
50

4
10

60
80

10
71

30
4

10
81

91
20

10
92

62
50

4
11

03
44

41
60

11
14

37
04

10
4

11
25

40
48

52
00

x
=

11
12

5
13

75
15

25
0

16
91

25
18

75
62

5
20

80
10

00
23

06
86

62
5

25
58

35
38

75
28

37
25

79
25

0
31

46
56

72
56

25
x

=
12

14
8

17
76

21
46

0
25

92
96

31
33

01
2

37
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40

45
73

98
29

2
55

26
63
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17

62
0

80
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50
84

63
84

x
=

13
17

3
22

49
29

41
0
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50

28
93

7
65
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07
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7
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1
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41
08
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1
x

=
14

20
0
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00
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0
55

44
00

78
01

00
0
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40

0
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00
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0
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0
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66
72

81
29

40
17

79
20

61
5,

60
53

35
53

73
54
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09
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5
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=
16

26
0

41
60

66
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0
10

73
28

0
17
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93
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02
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0
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47
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0
11

47
48
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34
0
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11
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x

=
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3

49
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0
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36
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0
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04

10
14
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71
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5
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=

20
40

4
80
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16

20
04

32
48

16
0

65
12
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04

13
05

75
22

40
26

18
01

70
00

4
52

49
09

15
23

20
10

52
43
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21
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04
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10

12
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34
80
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0
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