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Abstract: In this study, the parameters affecting the dynamic behavior of flexible structures under the influence of 

multiple vehicle passages are examined in detail. The flexible structure considered in the study is considered as a 

bridge girder with simple supported boundary conditions which modelled according to Euler-Bernoulli thin beam 

theory. The equations of motion of the bridge beam in contact with the vehicle passing over the bridge were 

obtained by using the Lagrange equation after the kinetic and potential energies of the system were obtained. The 

second-order differential equations representing the motion of the system are transformed from the first-order state 

space matrix representation to the first-order state using the state variables specified in the study. The system of 

differential equations is then solved with high accuracy using a special program prepared in the MATLAB 

commercial software using the Runge-Kutta algorithm from the fourth degree in the time domain. 
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 Esnek Yapıların Çoklu Taşıt Hareketi Etkisi Altında Dinamik Analizi 

 
Özet: Bu çalışmada, esnek yapılardan çoklu taşıt geçmesi durumunda dinamik davranışa etki eden parametreler 

detaylı şekilde incelenmiştir.  Çalışmada esnek yapı olarak; Euler-Bernoulli ince kiriş teorisine göre modellenen 

basit mesnetli köprü kirişi göz önüne alınmıştır. Köprü kirişi ile üzerinden geçen taşıtların temasıyla oluşan 

hareket denklemleri; sistemin kinetik ve potansiyel enerjisi çıkarıldıktan sonra Lagrange denklemi kullanılarak 

elde edilmiştir. Sistemin hareketini ifade eden ikinci dereceden diferansiyel denklemler çalışmada belirtilen durum 

değişkenlerini kullanarak; birinci derece durum uzay formuna dönüştürülmüştür. Diferansiyel denklem sistemi; 

zamana göre dördüncü dereceden Runge-Kutta algoritması ile MATLAB ticari yazılımında hazırlanan program 

kullanılarak yüksek hassasiyetle çözülmüştür.  

 

Anahtar kelimeler: Esnek yapılar, hareket eden taşıtlar, basit mesnetli kiriş, Lagrange denklemleri 

 

 

1. Introduction 
 

Dynamic behaviour of the structures under the influence of moving loads has been widely discussed 

in the literature as an important topic of interest. The studies [1] in which analytical solutions of 

various moving load problems are given are significant works on this subject. Neglecting the 

damping effects for a mass moving with a constant velocity on a simply supported beam, [2] 

investigated  the subject and proposed some analytical solution methods. Considering the effect of 

the mass, [3]  investigated dynamic behaviour of the different beams under accelerating mass 

influence. Due to the complexity of the modelling, analytic solutions to the moving mass problems 

have stayed insufficient. Instead, studies using the finite element model (FEM) approach proposed 
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by [4] can be more useful in order to get more accurate solution results without neglecting the 

inertia and damping effects by modelling the moving mass as a time-dependent moving finite 

element in the finite element model of the entire system. Moving mass and structure interaction is 

also an important study subject in military applications of the mechanics, and in some studies [5] 

one can found some FEM and heuristic methods for determining muzzle displacements resulting 

from projectile and gun barrel interaction by considering the Coriolis, centripetal and inertia effects 

of the high-speed moving  projectile inside the gun barrel. One of the essential field of application 

of moving load problems is the vehicle bridge interaction (VBI) problem, and in this respect [6] 

have presented a multi-axle vehicle bridge interaction model considering bridge dynamics and 

neglecting the effect of the interaction on vehicle components. For railroad design and other high 

speed infrastructure  construction the effect of the moving mass is also another application field, 

thus  [7,8] investigated the subject in terms of  bridge dynamics. There are a number of studies on 

train-truck interaction problem by using the finite element adaptation, and the studies [9,10] have 

suggested  some solutions of train-truck interaction using FEM. For predicting vehicle induced local 

responses of a skewed girder bridge [11], and for impact coefficient of mid-span continuous beam 

bridges interaction due to passage of heavy duty trucks and trains over flexible structures such as 

bridges [12]  have investigated the interaction of heavy-vehicles with structures.   Using a half car 

model, [13] has studied the passenger comfort considering a vehicle moving on a flexible structure 

with constant velocities. Due to the recent trend in transportation, the other interaction subjects have 

become important, for example, [14] has presented a vehicle-track-bridge interaction element 

considering vehicle’s pitching effect.  

 

2. Method 

 

In the formulation for the VBI analysis following assumptions will be adopted: 

• The bridge is modelled as a simple supported beam based on Euler-Bernoulli theory. 

• The vehicle was modelled four and six DOF as lumped parameter. 

• It was accepted that one or multiple cars are moving on the bridge with constant velocity v. 

• The car’s wheels are always in contact with the bridge. There are not any jumping involved. 

 

With these assumptions, the kinetic and potential energy of the vehicle-bridge-passenger 

interaction, as shown in Fig. 1a, is expressed as follows respectively: 
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Fig. 1. Multiple vehicle and bridge interaction model used in this study. 
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Approaches, such as the principle of virtual work, Hamilton’s principle, and D’Alembert’s principle 

can be used for the equation of motion of the system, as shown in Fig. 1. This study uses 

Lagrange’s equations, formed using the kinetic energy and potential energy equations of the 

vehicle-bridge integrated system, and the mode expansion method. The Galerkin equation for the 

deflection wb(x,t) of any point x on the beam at time t is expressed as follows:   
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Rayleigh dissipation function for the vehicle-bridge integrated system is expressed as follows: 
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In Eq. (3), c is the equivalent damping function for bridge beam. In addition, the Lagrange equation 

(L=Ek-Ep) of the system is equal to the difference between the kinetic energy and the potential 

energy. If the Lagrange equation is rearranged for six independent coordinates, the following is 

obtained: 
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Solution steps of multiple cars: 

1. Define the parameters Nw, dw, ai (i=1,2), see Fig. 1. 

2.   For the parameters make a vector for each axle. Remember for Nw cars there should be 2Nw 

axles.  

3. Calculate arrival times each axle using the distances and the constant velocity of vehicle.  
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4. For axles, calculate equations (7) using above equations (6a and 6b). 
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3. Results 

 

In order to evaluate dynamics of the bridge for the case of multiple vehicle passage a simplified 

model of the case is given in Fig. 18 for Nw cars.  Each car has been modelled as separate 2 DOF-

two axle system with the parameters given in Table 1.  Where, Mv =1000 kg is the half of the total 

mass of the car, Mw=100 kg and suspension parameters spring and damping coefficients are kv = 65 

kN/m, cv =1.5 kNm/s respectively. Additionally, a two new parameter for successive cars on the 

bridge as Nw are dw are for the number of the cars and the distance between successive cars, 

respectively. 

 

Fig. 2 shows an analyse result of midpoint response of the bridge for different number of cars 

(Nw=2, 4, 6) with constant dw = 3 m and constant velocity of 25 m/s.  Also, Fig. 3 shows the effect 

of different dw for the range of 4-10 m. As can be seen from Figs. 2 and 3, increase of car number 

and decrease of distance between successive cars increases the midpoint response of the bridge.  

But in Fig. 3, high car numbers do not affect the response because the number of the cars is limited 

by the length of the bridge. However, the mass, suspension parameters and velocities of the cars are 

random in reality of the application. For an example of random loadings of the cars Fig. 4 shows the 

effect of some random parameters of vehicle as velocity 90≤ v ≤120 km/h, number of the cars up to 

Nw=40, spring coefficients of suspension 50≤ Kv ≤100 kN/m, damping coefficient 1000≤ Cv ≤2500 

Ns/m, vehicle mass 750≤ Mv ≤1500 kg, and distance 8≤ dw ≤20 m; are chosen randomly.  
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Fig. 2. Effect of number of vehicle moving on the bridge upon bridge midpoint maximum 

displacement. 
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Fig. 3. Effect of number of vehicle moving on the bridge upon bridge midpoint maximum 

displacement. 
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Fig. 4. Multiple vehicle and bridge interaction model used in this study. 
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4. Results and Discussion 

 

Multi-vehicle passing through flexible structure affects both bridge dynamics and vehicle dynamics. 

Increasing the number of vehicles passing through the bridge increases vehicle and bridge 

acceleration and displacements. In addition, the distance between vehicles affects vehicle and 

bridge vibrations 
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