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SOME NEW INEQUALITIES OF HERMITE-HADAMARD-FEJER
TYPE FOR s—CONVEX FUNCTIONS

CETIN YILDIZ

ABSTRACT. In this paper, we establish some new inequalities for differentiable
mappings whose derivatives in absolute value are s—convex in the second sense.
These results are connected with the celebrated Hermite-Hadamard-Fejér type
integral inequality.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on an interval I of real numbers,
a,b € I and a < b. The following double inequality is well known in the literature
as Hermite-Hadamard inequality:

(1.1) f<“+b>< ! /abf(x)dx<f(a>+f(b)_

2 b—a 2

Both inequalities hold in the reversed direction if f is concave.

Many uses of these inequalities have been discovered in a variety of settings.
Moreover, many inequalities of special means can be obtained for a particular choice
of the function f. Due to the rich geometrical significance of Hermite-Hadamard
inequality, there is growing literature providing its new proofs, extensions, refine-
ments and generalizations, see for example ( [3]-[7],[11]-[15],[17]) and the references
therein.

Definition 1.1. Let real function f be defined on a nonempty interval I of real
line R. The function f is said to be convex on I if inequality

fltz+ (1 -t)y) <tf(z) + (1 —t)f(y)
holds for all z,y € I and t € [0, 1].

The class of functions which are s-convex in the second sense has been given as
the following (see [9]).
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Definition 1.2. A function f : [0,00) — R is said to be s—convex in the second
sense, if

flz+ (1 —=t)y) <t°f(x)+ (1 -1)°f(y)
holds for all z,y € [0,00), t € [0,1] and for some fixed s € (0, 1].
Some interesting and important inequalities for s—convex (in the second sense)
functions can be found in [1],[10],[13]-[16]. It can be easily seen that convexity
means just s—convexity when s = 1.

In [8], Fejér established the following Fejér inequality which is the weighted
generalization of Hermite-Hadamard inequality:

Theorem 1.1. Let f: I — R be convex on I and let a,b € I with a <b. Then the
inequality

(1.2) f(““’)/ dx</ F@)g(x)dz < f(“);rf(b) /abg(:r)dx

a+b

holds, where g : [a,b] — R is nonnegative and symmetric to

If ¢ = 1, then we are talking about the Hermite-Hadamard inequalities. More
about those inequalities can be found in a number of papers and monographs.

For recent results and generalizations concerning Fejér inequality (1.2) see ([2],[18]-
[24]).

In [1], Dragomir and Fitzpatrick proved a variant of Hadamard’s inequality which
holds for s—convex functions in the second sense:

Theorem 1.2. Suppose that f : [0,00) — [0,00) is an s-convexr function in the
second sense, where s € (0,1) and let a,b € [0,00), a < b. If f € L[a,b], then the
following inequalities hold:

_ a+b fla)+ f(b)
1.3 251 < < ——.
(13) / ( 2 ) - - s+1
The constant k = —= is the best posszble in the second inequality in (1.3).

The main purpose of this paper is to establish new Fejér type inequalities for
the class of functions whose derivatives in absolute value at certain powers are
s—convex in the second sense.

2. MAIN RESULTS
In order to prove our main results, we need the following Lemmas (see [22]):

Lemma 2.1. Let f: I CR — R be differentiable on I° and a,b € I° with a < b
and let g : [a,b] = [0,00). If f',g € Lla,b], then the following identity holds:

f(”b)/ dt—/ 10 /bp(t)f’(t)dt

for each t € [a,b], where

Jig(s)ds, te [a, %)

—ftbg(s)ds7 te [%’b,b] )

p(t) =
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Lemma 2.2. Let f : I — R be differentiable on I° and a,b € I° with a < b and let
g:[a,b] = [0,00). If f',g € L[a,b], then the following identity holds:

/f w)du — f )/ab /k: (ta+ (1 — B)b)dt

for each t € [0,1] and z,u € [a,b], where

o

=

JEg(sa+ (1= s)b)ds, te [0,

=)

ft (sa+ (1 — s)b)ds, te[g z,l}

(2.1) k(t) =

Theorem 2.1. Let f : I C R — R be differentiable mapping on I° and a,b € I°
with a < b and let g : [a,b] — [0,00). If f',g € Lla,b] and |f'| is s—convex on [a,b],
for some fized s € (0,1], then the following inequality holds:

‘f(a—&—b)/ dt_/ £0)
(b—a)? | {”g”[a’%ﬁ]m (2572 = (s +3)) |f' ()| + (s + 1) | £/ (B)]]

S (s ) (s 42
lgllpese g 00 [(s+ D 1F @) + (2742 = (s +3) 1 O] } -

Proof. By Lemma 2.1 and since |f’| is s-convex on [a, b], then we have

(557 [[soa= [ o

afb ot b b
< [ 7] st irolars [ / o(s)ds| | (1)
afb b
< Nollpogte [ = O+ gl [ 0= 017 O]
) a

ooy [ -0 [(22) 17 @1+ (2) 17 @ a
ol [, 00 [(575) 1 @1+ (52) 170 a

(b—a)

= T8 Ul (277 = @1+ (1) 1£ O]

g lpase g 0 [(5 D17 (@)] + (2572 = (s +3) 17 B))] }

where use the facts that
a+b

/a2<t_a>(§j2)sdt _ ﬁzb<b‘t>(223)sdt

(b—a)?(2°72 = (s +3))
25%2(s + 1) (s + 2)

S
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and
Ea t—a\® b b—t\*
t— dt = b—t dt
[oea=) e = faen (=)
B (b—a)?
o 2s%2(s 4 2)°
which completes the proof. ([

Theorem 2.2. Let f: I C R — R be differentiable mapping on I° and a,b € I1°
with a < b and let g : [a,b] — [0,00). If f',g € Lla,b] and |f'|? is s-convex on |a, b],
for some fized s € (0,1] and p > 1, then the following inequality holds:

(552 [ [ o

(b— a)? @+ 1) |f/(@)|" + | F()\ 7
TPESVE {”g”[“’"?”]m (i)

F/(@)]" + 2+ — D) /()7

(b—a) < 1 )q
dlp+1)V/P \ 25(s+ 1)
%l { [1 @ = D5 (1 @1+ 170D}

1,1 _
where;—&—a—l.

Proof. Suppose that p > 1. From Lemma 2.1 and using the Holder inequality, we

obtain
(552) o o

< | = /atg(s)ds (1)l dt + /b| / o(s)ds| [7/(0)] i
S </ [ pdt>; (/ |f’<7s>|th>é
+ </b [ pdt); (/b |f'(t)|th>;

b b b 7
+Hg|\[i oo (/Hb b —t|” dt) (/m I ()| dt> .

2
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Using the s-convexity of |f’|?, we have

‘f(a;b)/ab i~ [ gosa
< ol {2&;:“}1(/ (=

_ (b—a) @ =D @ + B
B 4(p+1)1/p{”9” < oo( 255+1) )

F/ (@) + (2 — D) |F ()" *
I )}

Let ay = (27" = )[f(a)", by = [f'B)[*, a2 = [f'(a)]", ba = (2271 = D [f(D)].

Here, 0 < % < 1 for g > 1. Using the fact that

n

Slan+b)* <Y ap+ > b

k=1 k=1 k=1

for (0 <s<1),ar,a2,...,an >0, by,ba, ..., bg; we obtain

‘f(ajb) [ swa [ qwswa

s (2 s+1>)

2°(
% Nl lagoe {2 = DF 1@+ /B + /()] + (24 = 105 17/ 0)]}

B 48; f;f/p <2s<s1+ 1));

%l a0 { [1+ @ = DT (1 @1+ 17O } -

Q

Q=

Also
1904, 2£2],00 < 19lfa,81,00
and
90252 1100 < 191101
This completes the proof. ([

Theorem 2.3. Let f:I° C R — R be differentiable mapping on I° and a,b € I°
with a < b and g : [a,b] — [0,00) be differentiable mapping. If |f'| is s-convex on

)s'f'@)'” (Z_Z)svwb)w} dt);
+lollese s [2”“ pf':rl1 (/b b—a |f’ ()" + (Z:Z)SU' (b)Iq] dt)q

1
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[a,b], for some fized s € (0,1], then the following inequality holds:

‘f(fv) / " ) - / " Flu)g(u)du
1

(b—a)*(s+2)

—a)*t2 4+ (z —a)*T(xz — b)(s —(b—a
Mol gy [0 12 @) 4 =R TR D =00 g
+ Hgll[gg],o@ |:(b — a)5+ + (b — 33)3‘; 5(_0,1— 33)(3 + 1) — (b - U,)] |f'(a)\ + (.13 _ a)s+2 |f’(b)|:| } )

Proof. Let x € [a,b]. Using Lemma 2.2, we obtain

@ | " () / " fug(u)du

< (b—a)Q{/Oba /Og(sa—i—(l—s)b)ds ' (ta + (1 — £)b)| dt
+ﬁ_z /f g(sa+ (1 —s)b)ds |f’(ta+(1—t)b)dt}
< Gap {|9|[0,22‘Z},oo [ s G - o

1
Hlgllpes e [ 1= l1F (G0t 0 —t>b>|dt}.

b—a

Since |f’| is s-convex on [a, b], we obtain

‘f(x) / " wydu / " Flu)g(u)du

b—x

(b—a)? {ngn[o,zz]m | i@ a-orir e

1
+9lzs e [

1 b—a
(b—a)*(s+2)

IN

A=) [ |f (@) + 1 =8)* |f'®)] dt}

—a)’ T2+ (z —a)* M (z = b)(s —(b—a
ol g [0 - 20702 | C= =2 D 2 02l gy
—a)%t? — )5 (a — x)(s —(b—a
ol 1y | OO MO DR DO g 4 0 - a2}
This completes the proof. ([

Theorem 2.4. Let f: I° C R — R be differentiable mapping on I° and a,b € I°
with a < b and let g : [a,b] — [0,00) be differentiable mapping. If | f'|? is s-convex
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on [a,b], for some fized s € (0,1] and p > 1, then the following inequality holds:
b b
£@ [ gtwdu= [ g
1

(b—a)i(p+1)»

x%mmg

Tr—a 2q—1 —a s+1 _ s+1 q —a 2q+s | £/ q %
gl s ) o [( )27 —a)™™ — (b= x) T [f'(a)|" + (x — @)™ | f(B)] ] }

<

[(b — @)1 |f" (@) + (b — 2)* (b —

s+1

x
a],oo

aV”—@—@”Wﬁ@PF

s+1
1 1 _
where;+af1.

Proof. Using Lemma 2.2, Holder’s inequality and the s-convexity of | f/|?, 1 +1 =1
we have

M@LZM@—L?@M@M

Q=

"(ta+ (1 — t)b)|th>

) ( ta—i—(l—t)b)th)q}
< @GV{”mmﬂgkm<Abﬂﬁ> (Abatﬂf (@I"+(1 wﬂfWNﬂdO

9=z 1o (ﬂ.tl—tpﬁ> ( bztﬂf(>Q+«1—wa%mQ]ﬂ> }

b—a
1

(b—a)i(p+1)
— 2q+s / a q —x 2g—1 _
X{Mm&gz [w P+ - o

7 —a)2 (b — a)st — (b — )5 £ (a)|?
g o) [T = O IO

S

100

aV“@@”mf@Wr

} |

Q=

+ (x — )t If’(b)lq}

This completes the proof. O

Theorem 2.5. Let f: I° C R — R be differentiable mapping on I° and a,b € I°
with a < b and let g : [a,b] — [0,00) be differentiable mapping. If | f'|? is s-convex
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on [a,b], for some fized s € (0,1] and p > 1, then the following inequality holds:

‘ﬂ@Lme—Lﬂmmmw

1 e @I
@+n{g” -2 | }

s+1
gt 1) (2= 0 |

] 0o

=

fMV+W@WF}
s+1 )

1,1 _
where;—&—a—l.

Proof. From Lemma 2.2 and using the Holder inequality, we have

ﬂ@l%@m—éUmmmw

< (b—a)?

(L

b—x

pdt) (/b_ |f'(ta+ (1 —t)b)|th> q
0
dt) p (/l |f'(ta + (1 = 1)b)|* dt) q }
< (U—@Q{Mwmzﬂaa<éb“ﬁﬁ> <A
1 l 1
F 9l ez 1] oo (/bz(l - t)pdt> </

[ it o< =

D=

/0 g(sa+ (1 —s)b)ds

/t g(sa+ (1 —s)b)ds

=

'(ta + (1 —t)b)|* dt)

"(ta+ (1 t)b)|th>q}.

[ @) + f’(b)|q>

Since | f’]|? is s-convex, by (1.3) we have

s+1
and ) . .
- ()" + | f' ()]
Ji 1t o< 5= (R
Therefore,

b b
Pw/gMM— f(w)g ()

a

: e [@I e
(p+1)7 {”9”[0,3_;:],00 (b—2) [ o }
*”ﬂn:ww@®2pm@gif@>]},

This completes the proof. [
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