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SOME SPACES OF A-IDEAL CONVERGENT SEQUENCES
DEFINED BY MUSIELAK-ORLICZ FUNCTION

SELMA ALTUNDAG AND MERVE ABAY

ABSTRACT. We introduce basic properties of some sequence spaces using ideal
convergent and Musielak Orlicz function M = (M}). Including relations re-
lated to these spaces are investigated in this paper.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

Throughout this article w, ¢, cp, I, I, denote the spaces of all, convergent,
null, bounded and p -absolutely summable sequences, where 1 < p < oc.

Firstly, the notion of I -convergence was introduced by Kostryrko et all [1] and
it is the generalization of statistical convergence.
A = (ank) be an infinite matrix of complex entries a,; and x = () be a sequence
o0
inw. If A,(x) = > ankxk converges for each, then we write n € N.
k=1
Definition 1.1. If X is a non-empty set then a family of sets I C 2% is ideal if
and only if for each A, B € I we have AUB € [ and for each A € I and each B C A
we have B € L[1]

Definition 1.2. A non-empty family of sets F' C 2% is said to be a filter on X if
and only if ) ¢ F, for each A, B € F we have AN B € F and for each A € F and
each B D A we have B € F.[1]

Definition 1.3. An ideal I # ) is called non-trivial if [ # () and X ¢ L[1]

Definition 1.4. A non-trivial 7 C 2% is called admissible ideal if and only if
{{z} 2z e X} C IL[1]

Definition 1.5. A sequence z = (z,,) € w is said to be I-convergent to L if there
exists L € C such that for all e > 0, the set {n € N: |x,, — L| > ¢} € I. We say z,
I — convergent to L and we write I — lima = L. The number L is called I — limit
of x.[2]
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Definition 1.6. An Orlicz function M is a function which is continuous, nonde-
creasing, and convex with M(0) = 0, for x > 0 and M(z) — o0 as x — 0.
Lindenstrauss and Tzafriri [4] used the idea of Orlicz function to construct the
sequence space

lM:{xew:ZM(pcpM> <oof0rsomep>0}

k=1

which is called an Orlicz sequence space. The space [); becomes a Banach space

with the norm
||| :inf{p>O:ZM<g;k|> < 1}.

k=1

The space [ is closely related to the space I, which is an Orlicz sequence space
with M(z) = 2P for 1 < p < co. Orlicz sequence spaces were introduced and studied
by Parashar and Choudhary [5], Bhardwaj and Singh [6] and many others. It is
well known that since M is a convex function and M(0) = 0 then M(tz) < tM(x)
for all ¢t with 0 < ¢ < 1. Dutta and Basar [18] have recently introduced and stud-
ied the Orlicz sequence spaces l;w (C,A) and hps (C, A) generated by Cesaro mean
of order one associated with a fixed multiplier sequence of non-zero scalars. The
readers may refer to [17] for relevant terminology and details on the algebraic and
topological properties on sequence spaces. An Orlicz function M is said to sat-
isfy Ag — condition for all values of u, if there exists constant K > 0 such that
M(2u) < KM(u) (u>0). The Ay — condition is equivalent to the inequality
M(Lu) < KLM(u) satisfying for all values of v and for L > 1 [7]. A sequence
M = (M) of Orlicz function is called a Musielak-Orlicz function see [8], [9]. The
sequence N = (Ny) defined by

Ni(v) =sup{|v|]uv— (Mg):u >0}, k=12,..

is called the complementary function of a Musileak-Orlicz function M = (My). For
a given Musileak-Orlicz function M = (M}), the Musileak-Orlicz sequence space
t pm and its subspace haq are defined as follows:

tm={r€w:1,,(cx) < oo for somec >0},
hpm ={x €w: I, (cx)<ooforallc>0},

where I is a convex modular defined by

IM(CC):ZMk(LL’k), I:(Q?k)GtM.
k=1

We consider ty, equipped with the Luxemburg norm

|x||:inf{p>0:IM (i) <1}

or equipped with the Orlicz norm
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ol = int {1+ Lag(pa)) 5 > 0}

The following inequality will be used throughout this paper. Let p = (px) be a
sequence of positive real numbers with 0 < h = infp,, < p, < H = supp, < ©
and let D = max {17 2H_1}. Then for ay,br € C, the set of complex numbers for
all k € N, we have

(1.1) |ag + be|”" < D {|ap" + [bx|""} .

Also, |a|”* < max {1, \a|H} for all a € C.

The notion of paranormed space was introduced by Nakano [10] and Simons [11]
and many others.

Definition 1.7. Let X be a linear metric space. A function g : X — R is called
paranorm if

(1) g(x) >0, for all x € X,

(2) g(—xz) =g (x), for all x € X

(3)gx+y) <g(x)+g(y), foralazyeX,

(4) if (A,) be a sequence of scalars with A,, = A as n — oo and (z,,) is a sequence
of vectors with g (z, —x) — 0 as n — oo, then g (\,z, — Az) = 0 as n — oo.

Definition 1.8. A sequence space X is solid (or normal) if (a,z,) € X whenever
(z,,) € X for all sequences («,) of scalars with |, | <1 for all n € N.

Definition 1.9. A sequence space X is said to be monotone if it contains the
canonical preimages of its step spaces.[19]

Lemma 1.1. If a sequence space X is solid, then X is monotone.[12]

Definition 1.10. A sequence space X is sequence algebra if zy = (v,y,) € X
whenever x = (z,,),y = (yn) € X.

We define the following sequence spaces in this article,

_ Pk
CI(M,A,p):{xew:I—lilgn[Mk<Ak(gc)Ll)} =0 forsomeLandp>0},
p

Pk
cé(M,A,p){zewslliin{Mk<Ak($)>} =0 forsomep>0}7
p

Pr
loo(M, A, p) = {x € w : sup [Mk (Ak;x)')] < oo for some p > 0} .
k

Also we write

mI(Ma Aap) = CI(Ma Aap) N lOO(M7 A7p)

my(M, A, p) = ¢f(M, A,p) N (M, A, p).
If we take A = ), these spaces are respectively reduced to the spaces c}(M, A, p),
(M, p), Lo (M, A, p), mE(M, X, p), m (M, )\, p) defined by Mursaleen and Sharma
[19]. If we take p = 1 for all k, M(x) = M(z) and A = I, we get the spaces c{, (M),
(M), Lo (M), mE(M), mI(M) which were studied by Tripathy and Hazarika [14].

Our aim is to define the paranormed space of ideal convergent sequence space
with matrix transformation and Musielak-Orlicz function.



172 SELMA ALTUNDAG AND MERVE ABAY

2. MAIN RESULTS

Theorem 2.1. Let M = (My) be a Musielak-Orlicz function and p = (pr) be a
bounded sequence of positive real numbers. Then, the spaces ¢!(M, A, p), ct(M, A, p),
mi(M, A, p) and m{(M, A,p) are linear.

Proof. Let z,y € ¢! (M, A,p) and a, 3 be scalars. So, there exist positive numbers
p1, p2 and for given € > 0, we have

e fren (2B S
o fre (2B )

Let p3 = max{2|a|p1,2|8] p2}. Since M = (M}) is nondecreasing and convex
function, we can obtain

<|Ak (ozx+5y)p—3 (aLy +5L2)> < M, (|Ak(xp)1_ L1|)+Mk <|Ak(yp)2— L2|> .

I \/

I \/

M,

So, we have

e | I e | I K G 1

Suppose that k ¢ A; U As. So, [ <|Ak(aw+ﬁy) (aLlJrﬁLz)I)} < ¢ and hence

pP3
— Pk
. {k eN {Mk (|Ak (az + By) — (aL, +6L2)|)] N E} AL
P3
Therefore, I—liin [Mk (‘Ak(am-i-ﬁy)—

Pk
pS(O‘LﬁBLZ)l)} " — 0. Hence az+pBy € cl (M, A, p)

and so ¢/ (M, A, p) is a linear space. Similarly, we can prove that c}(M, A, p),
m{(M, A, p) and m! (M, A, p) are linear spaces. O

Theorem 2.2. [, (M, A, p) is a paranormed space with the paranorm g defined by

g(z) = inf {,OSIC : sup {Mk (|Ak($)|>} <1, k= 1,2,...},
k p

where S = max {1, H}.

Proof. It is clear that g (z) = g(—=z). Since My(0) = 0, we get g(0) = 0. Let us
take x = (zx) and y = (yx) in loo(M, A, p). We denote,

= ()]
- i (2] < .

Let p = p1 + p2. Then using the convexity of Mursielak-Orlicz function M = (M),
we obtain

i (Bt o1y (UG gy () ey

P P p1 P2 PP
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Therefore,

]
=

=
k p

We can see that
g(w+y) =t {(p+ps) ¥ ).p2 € B(y) |

€B(x
<infl{(p)¥ :peB@ }+ {(pg)?":pzeB(y)} 9(x)+9g(y).

PE
Let B(z™) = {p : sup [Mk (W)} < 1}, B(z"—x) = {p : sup [Mk (‘Ak(ﬂfip—f)‘>:| S < 1}
k k
and p,, € B (z"™), pl, € B (2™ — x). We can obtain,
[Ag(ynz" —va)| [Yn=71on | Ak (2™)] [v1p}, |Ag (z" —a)]|
Mk (pnl’Yn*'YlJ"p;ll'Yl) S pn"Yn*’Y“i’p’nh/‘Mk ( Pn ) + Pn"\/n 'YH’pn"Y‘Mk ( p;1 )

m—len [71pz, -1
= palm—7l+oLV " pnlyn—7+ps 7] :

Taking supremum over k on both sides,

Pl

Ap (Y™ — s
sup [Mk<| k (Y ’Yll’)| )} <1
k Pr [ =+ 0 17

and so,

A (Y™ — v Pk
{pn|vn =1+ o0 17| pu € B(a"), pLGB(w”—w)}C{p>0zsgp[Mk(| £ (1 5 i )N <1}.

Therefore,

. Pr
9 (" =2) =inf {(pn 90 =21+ 0 DD¥ < pu € Ba"), 7 € B" — )}
PE
<|vn—7l"% mf{(pn) 5 pn € B(a"), k= 1,2,...}
+max {1, \7|S}1nf{(p;)?’” L pl € B(a" —z), k= 1,2,...}

where s = sup (2) = min{1,H}. Since |y, —7| — 0 and g(z" —z) — 0 as
k
n — 0o, we obtain that g (y,z2" — vyx) — 0 as n — oo. O

Theorem 2.3. Let (My,) and (M},) be Musielak-Orlicz functions that As—condition
satisfies. Then,

(Z) w (Mkﬂ Aap) - w (M]/g © Mka Aap)

where W = ¢}, ¢!, mf,m!.

Proof. (i) Since W € {c m{,m'} can be proved similarly, we give the prove only
for W =c}. Let x € ¢} (M, A,p). So, we have p > 0 for every £ > 0,

B:{keN:(Mk(mp(x)'>)pk>s}eI.

Since (Mj,) is continuous, given for ¢ > 0 chosen § with 0 < ¢ < 1 such that
M (t) <efor 0 <t<¢. Wedefine y, = My, (M) For y; > 4,

Yk
< =<1 —
Yk <75 +5

Therefore;

/ P VY e (Lo LYo < Lop Lop (9
(2.1) Mk(yk)<Mk(1+6)Mk( 2+262) 2Mk(2)+2Mk(52)
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Since (M],) satisfies Ay — condition, we can write that

(2.2) M (%2) < K%’“M,; (2) forK > 1.

From (2.1) and (2.2), we have
Mj (yr) < 3M; (2) + 5K %M (2)

H
Hence;[M}, ()" < [K1M} (2)]™ ()™ < max{l, (KiMmy (2)) }(yk)m. Since
= M; (lA’“(QJN) we have I — lilgn (yr)™™ = 0. So,

C=dk: (y)"™ > c el

max {1, (K% 07 (2)"}

Pk €
Suppose that k ¢ C. Then, (yi)"* < max{l,(KkaM,;(z))H}' Hence,

9
max {1, (K% 7 (2))"}

=E.

(0t ) < o {1, (1601 2)) "}

Therefore, k ¢ {k : (M}, (yr))" > €, yp > 6} = D. Thus D C C and D € I. Since
M (yx) < € for y, < 9§, we have

[My(yi)]P* < eP* < max{e",e"}.

From this inequality, we have I — lim [M] (yx)]"* = 0 for y, < 6. Therefore
E={k:(Mj(y)™ >, yo <6} €L So DUE € Iand x € ¢} (M] o My, A, p).

(i1) Let x € ¢ (My, A, p) Nl (M}, A, p). So, there exists p > 0 such that

o {rer (i ()" )
o fee (s (AN)2 )

Let k ¢ BUC. Hence k¢ {k: (M +Mp) (Le2))™
{k : ((Mk + M) (W))pk > s} € I This completes the proof. O

} Therefore

Corollary 2.1. Let M= (My) be a Musielak-Orlicz functions which satisfies Ag —
condition. Then W (A,p) CW (M, A,p) where W = cf,c!,mf,m!.

Proof. We can obtain W(A,p) C W (M, A, p) from Theorem 2.3 by taking
My(z) = z and Mj(z) = My (x) for all z € [0, 00). O

Theorem 2.4. The spaces cb (M, A,p) and ml (M, A,p) are solid for A = I.
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Proof. We will prove for the space ¢ (M, A, p).
Let = € ¢} (M, A, p). So, for every ¢ > 0

B:{keN:(Mk (W))pkza}el(p>0).

Let o = (ag) be a sequence of scalars with |ag| < 1 for all k& € N. Suppose that
k ¢ B. Therefore, we obtain

o () = o, ()" < o, ()]

< o ()7 = o (= o ()]

Hence, k ¢ {k eN: (Mk (Mpax)‘))pk > E}. Therefore, we obtain
I—lim (Mk (M))p —0. 0
k P

Corollary 2.2. The spaces cb (M, A,p) and md (M, A, p) are monotone for A = L.

Proof. This is clear from Lemma 1.1. a

Theorem 2.5. The spaces ¢l (M, A,p) and ¢! (M, A,p) are sequence algebra for
A=1

Proof. Let z,y € ¢} (M, A,p) . Then there exists p1,p2 > 0 such that for every

€ > 0, we have
|xk| Pk €
Ay =<keN: M, | — > — I
! { © { k(m oD <

do = dwenw: i ()" 5 21 ¢
' P2 — 2D '
Let p = pa |zk| + p1 lyx| > 0. By using this fact one can see that
()< ()2 () o () (),
p 2p P2 2p P2 P2 P2

which shows that A3 = {k eN: [Mk (%)rk > 5} e L
Thus (zxyx) € ¢ (M, A,p) for A=1. O
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