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Abstract

The studies about hybrid mappings are mainly focused on single-valued mappings. Now, we give definition of multivalued generalization of
generalized hybrid mappings which is defined in CAT (0) spaces and also studied on CAT (κ) spaces. This new definition is general than
multivalued nonexpansive mappings, multivalued hybrid mappings and multivalued nonspreading mappings. Under suitable conditions, we
prove some existence and stability results. We also study some convergence of multivalued proximal version of Thianwan iteration scheme
for non-self multivalued generalized hybrid mappings in CAT (κ)-spaces.
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1. Introduction and Preliminaries

The studies of fixed point theory on nonlinear structures is very important since most events in the real world have nonlinear structure and
the fixed point theory is very useful tool when the real life events reduced to mathematical modelings. Geodesic spaces are well defined
examples of these nonlinear structures. Because of as a geodesic space CAT (0) spaces and Hilbert spaces have similar structures, the
fixed point studies on the Hilbert and Banach spaces has been studied on these spaces in parallel. These works mainly done for single and
multivalued nonexpansive mappings. Although some of these studies moved on CAT (κ) spaces for single valued mappings, there are just
few studies for multivalued mappings. In this study, we generalize generalized hybrid mappings which is defined in CAT (0) spaces to
multivalued case which is general than multivalued nonexpansive, hybrid and nonspreading mapping and under suitable conditions, we
prove some existence and convergence results in CAT (κ)-spaces. As well as this new defined multivalued mapping class is general than the
most of multivalued mappings in literature, it is also multivalued generalization of many mapping classes of single valued hybrid mappings
whose multivalued generalizations do not exist in the literature. Therefore, this study is very comprehensive. Let H be a Hilbert space and
K ⊆ H, K 6= /0. Let us take T as a single valued mapping from K to H. If T satisfies

||T x−Ty|| ≤ ||x− y||,

2||T x−Ty||2 ≤ ||T x− y||2 + ||Ty− x||2

and

3||T x−Ty||2 ≤ ||x− y||2 + ||T x− y||2 + ||Ty− x||2

for all x,y ∈ K then it is called nonexpansive, nonspreading[1] and hybrid[2], respectively. None of these classes of mappings is included in
the other. In 2010, Aoyama et al.[3] defined λ−hybrid as follows;

(1+λ )||T x−Ty||2−λ ||x−Ty||2 ≤ (1−λ )||x− y||2 +λ ||T x− y||2

where x,y ∈ K and λ is fixed real number. λ−hybrid mappings are general than nonexpansive mappings, nonspreading mappings and hybrid
mappings. In 2011, Aoyama and Kohsaka[4] introduced α−nonexpansive mappings in Banach spaces as follows;

||T x−Ty||2 ≤ (1−2α)||x− y||2 +α||T x− y||2 +α||x−Ty||2
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where x,y ∈ K and α < 1 is fixed. They showed that α−nonexpansive and λ−hybrid are equivalent in Hilbert spaces for λ < 2.
Many iterative processes to approximate a fixed point of multivalued mappings have been introduced in metric and Banach spaces. The

well known one is defined by Nadler as generalization of Picard as follows;

xn+1 ∈ T xn.

A multivalued version of Mann and Ishikawa fixed point procedures goes as follow;

xn+1 ∈ (1−ζn)xn +ζnT xn

and

xn+1 ∈ (1−ζn)xn +ζnTyn,

yn ∈ (1− ςn)xn + ςnT xn

where {ζn} and {ςn} are sequences in [0,1]. Also In 2008, Thianwan introduced two step iteration as follows;

xn+1 = (1−αn)yn +αnTyn,

yn = (1−βn)xn +βnT xn

where {αn} and {βn} are sequences in [0,1]. Now, we give the definition of the multivalued proximal version of Thianwan iteration as
follows;

xn+1 = PK((1−αn)yn⊕αnun),

yn = PK((1−βn)xn⊕βnvn) (1.1)

where {αn} and {βn} are sequences in [0,1] and un ∈ Tyn, vn ∈ T xn.
Let (X ,d) be a metric space and K ⊆ X , K 6= /0 . In rest of this paper, we will use following notations; C(X) for all nonempty, closed

subsets of X , CC(X) for all nonempty closed and convex subsets of X , KC(X) for nonempty, compact and convex subsets of X and CB(X)
for all nonempty, closed and convex subsets of X . Let Hd be Hausdorff metric on CB(X) defined by

Hd(A,B) = max{sup
x∈A

d(x,B),sup
x∈B

d(x,A)}

where d(x,B) = inf{d(x,y) : y ∈ B}. A point p is called fixed point of multivalued mapping T if p ∈ T p and the set of all fixed points of T
is denoted by F(T ).

Let (X ,d) be bounded metric space and take x,y ∈ X and K ⊆ X , K 6= /0 . A geodesic path (or shortly a geodesic) joining x and y is a map
c : [0, t]⊆ R→ X such that c(0) = x, c(t) = y and d(c(r),c(s)) = |r− s| for all r,s ∈ [0, t]. In fact, c is an isometry and d(c(0),c(t)) = t.
The image of c, c([0, t]) is called geodesic segment from x to y and it is not necessarily be unique. If it is unique then it is denoted by [x,y].
z ∈ [x,y] if and only if there exists t ∈ [0,1] such that d(z,x) = (1− t)d(x,y) and d(z,y) = td(x,y). The point z is denoted by z = (1− t)x⊕ ty.
For fixed r > 0, the space (X ,d) is called r-geodesic space if any two point x,y ∈ X with d(x,y)< r there is a geodesic joining x to y. if for
every x,y ∈ X , there is a geodesic path then (X ,d) called geodesic space and uniquely geodesic space if that geodesic path is unique for any
pair x,y. We call a subset K ⊆ X as a convex subset if it contains all geodesic segment joining any pair of points in it.

Definition 1.1. (see:[5]) Let κ ∈ R.

i) if κ = 0, then Mn
κ is Euclidean space En,

ii) if κ > 0, then Mn
κ is obtained from the sphere Sn by multiplying distance function by 1√

κ
,

iii) if κ < 0, then Mn
κ is obtained from hyperbolic space Hn by multiplying distance function by 1√

−κ
.

In a geodesic metric space (X ,d), a geodesic triangle ∆(x,y,z) consist of three point x,y,z as vertices and three geodesic segments of any
pair of these points, that is, q ∈ ∆(x,y,z) means that q ∈ [x,y]∪ [x,z]∪ [y,z]. The triangle ∆(x,y,z) in M2

κ is called comparison triangle for the
triangle ∆(x,y,z) such that d(x,y) = d(x,y), d(x,z) = d(x,z) and d(y,z) = d(y,z) and such a comparison triangle always exists provided that
the perimeter d(x,y)+d(y,z)+d(z,x)< 2Dκ (Dκ = π√

K
if κ > 0 and ∞ otherwise) in M2

κ (Lemma 2.14 in [5]). A point point z∈ [x,y] called
comparison point for z ∈ [x,y] if d(x,z) = d(x,z). A geodesic triangle ∆(x,y,z) in X with perimeter less than 2Dκ (and given a comparison
triangle ∆(x,y,z) for ∆(x,y,z) in M2

κ ) satisfies CAT (κ) inequality if d(p,q)≤ d(p,q) for all p,q ∈ ∆(x,y,z) where p,q ∈ ∆(x,y,z) are the
comparison points of p,q respectively. The Dκ -geodesic metric space (X ,d) is called CAT (κ) space if every geodesic triangle in X with
perimeter less than 2Dκ satisfies the CAT (κ) inequality.

If for every x,y,z ∈ X , there is an R ∈ (0,2] satisfying CN∗ inequality

d2(x,(1−λ )y⊕λ z)≤ (1−λ )d2(x,y)+λd2(x,z)− R
2

λ (1−λ )d2(y,z)

then (X ,d) is called R−convex space [6]. Hence, (X ,d) is a CAT (0) space if and only if it is a 2−convex space.

Lemma 1.1. (see:[7]) Let κ > 0 and (X ,d) be a CAT (κ) space with diam(X) < π−ε

2
√

κ
for some ε ∈ (0, π

2 ). Then (X ,d) is a R−convex
space for R = (π−2ε) tan(ε).

Proposition 1.1. (see:[5]) Let X be CAT (κ) space. Then any ball of radius smaller than π

2
√

κ
is convex.
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Proposition 1.2. (See: Exercise 2.3(1) in [5]) Let κ > 0 and (X ,d) be a CAT (κ) space with diam(X)< Dκ

2 = π

2
√

κ
. Then, for any x,y,z ∈ X

and t ∈ [0,1], we have

d((1− t)x⊕ ty,z)≤ (1− t)d(x,z)+ td(y,z).

Let {xn} be a bounded sequence in a CAT (κ) space X , x ∈ X and

r(x,{xn}) = limsup
n→∞

d(x,xn).

The asymptotic radius of {xn} is defined by

r({xn}) = inf{r(x,{xn}) : x ∈ X},

the asymptotic radius of {xn} with respect to K ⊆ X is defined by

rK({xn}) = inf{r(x,{xn}) : x ∈ K},

and the asymptotic center of {xn} is defined by

A({xn}) = {x ∈ X : r(x,{xn}) = r({xn})}

and let ωw(xn) := ∪A({xn}) where union is taken on all subsequences of {xn}.
Definition 1.2. (see:[8]) A sequence {xn} ⊂ X is said to be ∆− convergent to x ∈ X if x is the unique asymptotic center of all subsequence
{un} of {xn}. In this case we write ∆− limn xn = x and read as x is the ∆−limit of {xn}.
Proposition 1.3. (see:[8]) Let X be a complete CAT (κ) space, K ⊆ X nonempty, closed and convex, {xn} be a sequence in X. If rK({xn})
< π

2
√

κ
, then AK({xn}) consists of exactly one point.

Lemma 1.2. (see:[11])

i) Every bounded sequence in X has a ∆-convergent subsequence,
ii) If K is a closed and convex subset of X and if {xn} is a bounded sequence in K, then the asymptotic center of {xn} is in K.

Lemma 1.3. (see:[11]) If {xn} is a bounded sequence in X with A({xn}) = {x} and {un} is a subsequence of {xn} with A({un}) = u and
the sequence {d(xn,u)} converges, then x = u.

Lemma 1.4. (see:[8]) Let κ > 0 and X be a complete CAT (κ) space with diam(X)≤ π−ε

2
√

κ
for some ε ∈ (0,π/2). Let K be a nonempty,

closed and convex subset of X. Then

i) the metric projection PK(x) of x onto K is a singleton,
ii) if x /∈ K and y ∈ K with y 6= PK(x), then ∠PK(x)(x,y)≥

π

2 ,
iii) for each y ∈ K, d(PK(x),PK(y))≤ d(x,y).

Definition 1.3. T is called generalized multivalued hybrid mapping from X to CB(X) if

H2(T x,Ty) ≤ a1(x)d2(x,y)+a2(x)d2(T x,y)+a3(x)d2(x,Ty)

+k1(x)d2(T x,x)+ k2(x)d2(Ty,y)

is satisfied for all x,y ∈ X where a1,a2,a3,k1,k2 : X → [0,1] with a1(x)+a2(x)+a3(x)< 1, 2k1(x)< 1−a2(x) and 2k2(x)< 1−a3(x) for
all x ∈ X .

2. Existence and Stability of Fixed Point Sets

Proposition 2.1. Let κ > 0 and K be a nonempty, closed and convex subset of complete CAT (κ) space X with diam(X)≤ π−ε

2
√

κ
for some

ε ∈ (0,π/2) and T : K→C(K) be a generalized multivalued hybrid mapping with F(T ) 6= /0, then F(T ) is closed.

Proof. Let {xn} be a sequence in F(T ) and xn→ x ∈ X .

d2(T x,xn) ≤ H2(T x,T xn)

≤ a1(x)d2(x,xn)+a2(x)d2(T x,xn)+a3(x)d2(x,T xn)

+k1(x)d2(T x,x)+ k2(x)d2(T xn,xn)

≤ a1(x)d2(x,xn)+a2(x)d2(T x,xn)+a3(x)d2(x,xn)

+k1(x)d2(T x,x)+ k2(x)d2(xn,xn)

implies that

d2(T x,xn)≤ d2(x,xn)+
k1(x)

1−a2(x)
d2(T x,x)

then taking limit on n we have

(1− k1(x)
1−a2(x)

)d(T x,x)≤ 0.
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Theorem 2.1. Let κ > 0 and K be a nonempty, compact and convex subset of complete CAT (κ) space X with diam(X)≤ π−ε

2
√

κ
for some

ε ∈ (0,π/2) and T : K→C(X) be a generalized multivalued hybrid mapping with k1(x) = 0 for all x ∈ K. Then, there is a sequence {xn} in
K such that limn→∞ d(xn,T xn) = 0 if and only if F(T ) 6= /0.

Proof. Assume that {xn} is a sequence in K with limn→∞ d(xn,T xn) = 0 Then since K is compact, there is convergent subsequence
{xni} of {xn}, say xni → z ∈ K. Then, by Lemma 1.4, we can find a sequence {yn} such that d(xn,yn) = d(xn,T xn) for all n ∈ N. Then
since d(xni ,T z)≤ d(xni ,yni)+d(yni ,T z) and d(yni ,T z)≤ d(xni ,yni)+d(xni ,T z) we have that limsupi→∞ d(xni ,T z) = limsupi→∞ d(yni ,T z).
Then using properties of T, we have

d2(T z,yni) ≤ H2(T z,T xni)

≤ a1(z)d2(z,xni)+a2(z)d2(T z,xni)+a3(z)d2(z,T xni)

+k2(z)d2(T xni ,xni)

≤ a1(z)d2(z,xni)+a2(z)d2(T z,xni)

+a3(z)[d(z,xni)+d(xni ,T xni)]
2 + k2(z)d2(T xni ,xni)

so we get that

lim sup
i→∞

d(T z,xni)≤ lim sup
i→∞

d(xni ,z) = 0

then

d(z,T z)≤ d(z,xni)+d(xni ,T z)

implies that

d(z,T z)≤ lim sup
i→∞

d(z,xni)+ lim sup
i→∞

d(xni ,T z) = 0

Hence we get that z ∈ T z.

Theorem 2.2. Let κ > 0 and K be a nonempty, closed and convex subset of complete CAT (κ) space X with diam(X) ≤ π−ε

2
√

κ
for some

ε ∈ (0,π/2) and T : K→C(K) be a generalized multivalued hybrid mapping satisfying either

i) a2(x) = 0, 2k2(x)
1−a3(x)

< R
2 and k =

√
sup a1(x)+k2(x)

1−k1(x)
< 1

ii) a3(x) = 0, 2k1(x)
1−a2(x)

< R
2 and k =

√
sup a1(x)+k1(x)

1−k2(x)
< 1

for all x ∈ K, where R = (π−2ε)tan(ε). Then F(T ) 6= /0.

Proof. Let x0 ∈ K and xn+1 ∈ T xn such that d(xn+1,xn) = d(T xn,xn) for all n ∈ N. Assume that a2(x) = 0. Then

d2(xn+1,xn) = d2(T xn,xn)≤ H2(T xn,T xn−1)

≤ a1(xn)d2(xn,xn−1)+a3(x)d2(T xn−1,xn)

+k1(xn)d2(T xn,xn)+ k2(xn)d2(T xn−1,xn−1)

≤ a1(xn)d2(xn,xn−1)+ k1(xn)d2(T xn,xn)

+k2(xn)d2(T xn−1,xn−1)

implies that

d2(xn+1,xn)≤
a1(xn)+ k2(xn)

1− k1(xn)
d2(xn,xn−1)

hence we have

d(xn+1,xn) ≤

√
a1(xn)+ k2(xn)

1− k1(xn)
d(xn,xn−1)

≤ kd(xn,xn−1)

≤ knd(x1,x0).

Let n < m,then

d(xm,xn) ≤ ∑
i=m−1
i=n d(xi+1,xi)

≤ ∑
i=m−1
i=n kid(x1,x0)

≤ d(x1,x0)∑
i=m−1
i=n ki.

Since k < 1 then the sequence (xn) is Cauchy sequence and since space is complete then xn→ z ∈ X and since K is closed then z ∈ K

d2(xn,T z) ≤ H2(T xn−1,T z)

≤ a1(z)d2(xn−1,z)+a3(z)d2(xn−1,T z)

+k1(z)d2(T xn−1,xn−1)+ k2(z)d2(T z,z).
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On the other hand, for any u ∈ T z

d2(xn,
1
2

u⊕ 1
2

z)≤ 1
2

d2(xn,u)+
1
2

d2(xn,z)−
R
8

d2(z,u)

which implies that

d2(z,u)≤ 4
R

d2(xn,u)+
4
R

d2(xn,z)

and by taking infimum on u, we have

d2(z,T z)≤ 4
R

d2(xn,T z)+
4
R

d2(xn,z).

We get that

d2(xn,T z) ≤ a1(z)d2(xn−1,z)+a3(z)d2(xn−1,T z)

+k1(z)d2(T xn−1,xn−1)+ k2(z)d2(T z,z)

≤ a1(z)d2(xn−1,z)+a3(z)d2(xn−1,T z)+ k1(z)d2(T xn−1,xn−1)

+k2(z)(
4
R

d2(xn,T z)+
4
R

d2(xn,z))

which implies that

(1− k2(z)
4
R
−a3(z)) lim

n→∞
d2(xn,T z)≤ 0

so limn→∞ d2(xn,T z) = 0. Hence d2(z,T z)≤ d2(xn,z)+d2(xn,T z)→ 0 implies that z ∈ T z.

Theorem 2.3. Let κ > 0 and K be a nonempty, closed and convex subset of complete CAT (κ) space X with diam(X) ≤ π−ε

2
√

κ
for some

ε ∈ (0,π/2) and T1,T2 : K→C(K) be two generalized multivalued hybrid mappings satisfying either

i) a2(x) = 0, 2k2(x)
1−a3(x)

< R
2 and k =

√
sup a1(x)+k2(x)

1−k1(x)
< 1 or

ii) a3(x) = 0, 2k1(x)
1−a2(x)

< R
2 and k =

√
sup a1(x)+k1(x)

1−k2(x)
< 1

for all x ∈ K, where R = (π−2ε)tan(ε). Then

H(F(T1),F(T2))≤
1

1− k
sup
x∈K

H(T1x,T2x).

Proof. Assume that a2(x) = 0. Let x0 ∈ F(T1) and xn+1 ∈ T2xn such that d(xn+1,xn) = d(T2xn,xn) for all n≥ 0. Then the (xn) is convergent
to z ∈ T2z and also

d(x0,z) ≤ ∑
∞

i=0 d(xi,xi+1)

≤ ∑
∞

i=0 kid(x0,x1)

= d(x0,x1)∑
∞

i=0 ki

≤ d(x0,x1)
1

1− k

and since d(x0,x1) = d(x0,T2x0)≤ H(T1x0,T2x0)≤ supx∈K H(T1x,T2x), d(x0,z)≤ supx∈K H(T1x,T2x) 1
1−k . So for all x0 ∈ F(T1) we can

find z ∈ F(T2) and similarly for all x
′

0 ∈ F(T2) we can find z
′ ∈ F(T1). Hence

H(F(T1),F(T2))≤
1

1− k
sup
x∈K

H(T1x,T2x)

holds.

Lemma 2.1. Let κ > 0 and K be a nonempty, closed and convex subset of complete CAT (κ) space X with diam(X) ≤ π−ε

2
√

κ
for some

ε ∈ (0,π/2) and {Tn : K→C(K)} be a sequence of generalized multivalued hybrid mappings with same coefficient functions satisfying
either

i) a2(x) = 0, 2k2(x)
1−a3(x)

< R
2 and k =

√
sup a1(x)+k2(x)

1−k1(x)
< 1 or

ii) a3(x) = 0, 2k1(x)
1−a2(x)

< R
2 and k =

√
sup a1(x)+k1(x)

1−k2(x)
< 1

for all x ∈ K, where R = (π − 2ε)tan(ε). If {Tn} is uniformly convergent to a multivalued map T : K → C(K), then T is generalized
multivalued hybrid mapping.
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Proof. Since for all n≥ 0,

H2(Tnx,Tny) ≤ a1(x)d2(x,y)+a2(x)d2(Tnx,y)+a3(x)d2(x,Tny)

+k1(x)d2(Tnx,x)+ k2(x)d2(Tny,y)

is satisfied, taking limit on n we get that

H2(T x,Ty) ≤ a1(x)d2(x,y)+a2(x)d2(T x,y)+a3(x)d2(x,Ty)

+k1(x)d2(T x,x)+ k2(x)d2(Ty,y).

Theorem 2.4. Let κ > 0 and K be a nonempty, closed and convex subset of complete CAT (κ) space X with diam(X) ≤ π−ε

2
√

κ
for some

ε ∈ (0,π/2) and {Tn : K→C(K)} be a sequence of generalized multivalued hybrid mappings with same coefficient functions satisfying
either

i) a2(x) = 0, 2k2(x)
1−a3(x)

< R
2 and k =

√
sup a1(x)+k2(x)

1−k1(x)
< 1 or

ii) a3(x) = 0, 2k1(x)
1−a2(x)

< R
2 and k =

√
sup a1(x)+k1(x)

1−k2(x)
< 1

for all x ∈ K, where R = (π−2ε)tan(ε). If {Tn} is uniformly convergent to a multivalued map T : K→C(K), then F(Tn) converges to
F(T ).

Proof. By above Theorem 2.3 and Lemma 2.1, we have

H(F(Tn),F(T ))≤ 1
1− k

sup
x∈K

H(Tnx,T x)

for all n ∈ N and taking limit on n, we conclude that limn→∞ H(F(Tn),F(T )) = 0.

Example 2.1. Let X = [3,9] with usual metric and T : X →C(X) be multivalued mapping defined by

T x =

{
{3}, x ∈ [3,5],
[3, 4x3+1

x3+1 ], x ∈ (5,9].

We will show that T is generalized multivalued hybrid mapping with a1(x) = k1(x) = k2(x) = 0, a2(x) = x
x+2 , a3(x) = 2

x+2 for all x ∈ X .
Case 1: if x,y ∈ [3,5], it is obvious.
Case 2: if x ∈ [3,5], y ∈ (5,9], then we have that H2(T x,Ty)≤ 1, 4 < d2(T x,y), 0≤ d2(x,Ty) and therefore

H2(T x,Ty) ≤ x
x+2

4+
2

x+2
d2(x,Ty)

≤ x
x+2

d2(T x,y)+
2

x+2
d2(x,Ty).

Case 3: if x,y ∈ (5,9], then we have that H2(T x,Ty)≤ 1, 1 < d2(T x,y), 1 < d2(x,Ty) and therefore

H2(T x,Ty) ≤ x
x+2

+
2

x+2

≤ x
x+2

d2(T x,y)+
2

x+2
d2(x,Ty).

Thus, T is a generalized multivalued hybrid mapping with fixed point 3, T (3) = {3}. However, it is not nonexpansive. Since T (5) = 3 and
T (5.1) = [3,3.978...] satisfies H(T (5),T (5.1)) = 0.978... > d(5,5.1) = 0.1.

3. Convergence Results

Theorem 3.1. Let κ > 0 and K be a nonempty, closed and convex subset of complete CAT (κ) space X with diam(X) ≤ π−ε

2
√

κ
for some

ε ∈ (0,π/2) and T : K→ KC(X) be a generalized multivalued hybrid mapping with 2k1(x)
1−a2(x)

< R
2 for all x ∈ K where R = (π−2ε)tan(ε).

If {xn} is a sequence in K with ∆− limn→∞ xn = z and limn→∞ d(xn,T xn) = 0 then z ∈ K and z ∈ T (z).

Proof. By Lemma 1.2, z ∈ K. We can find a sequence {yn} such that yn ∈ T xn, d(xn,yn) = d(xn,T xn), so we have limn→∞ d(xn,yn) = 0
and since T z is compact we can find a sequence {zn} in T z such that d(yn,zn) = d(yn,T z). Then there is a convergent subsequence {zni} of
{zn}, say limi→∞ zni = u ∈ T z.

d(xni ,u) ≤ d(xni ,yni)+d(yni ,zni)+d(zni ,u)

≤ d(xni ,yni)+d(yni ,T z)+d(zni ,u)

≤ d(xni ,yni)+H(T xni ,T z)+d(zni ,u)

≤ d(xni ,yni)+H(T xni ,T z)+d(zni ,u)
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implies that limsupi→∞ d(xni ,u)≤ limsupi→∞ H(T xni ,T z) and ∆− limi→∞ xni = z. Because of T is generalized multivalued hybrid mapping,

H2(T z,T xni) ≤ a1(z)d2(xni ,z)+a2(z)d2(T z,xni)+a3(z)d2(T xni ,z)

+k1(z)d2(T z,z)+ k2(z)d2(T xni ,xni)

≤ a1(z)d2(xni ,z)+a2(z)[d(xni ,T xni)+H(T xni ,T z)]2

+a3(z)[d(T xni ,xni)+d(xni ,z)]
2 + k1(z)d2(T z,z)+ k2(z)d2(T xni ,xni)

which implies that

limsup
i→∞

H2(T xni ,T z) ≤ limsup
i→∞

d2(xni ,z)+
k1(x)

1−a2(x)
d2(z,T z)

≤ limsup
i→∞

d2(xni ,z)+
k1(x)

1−a2(x)
d2(z,u).

By CN∗ inequality we have

d2(xni ,
1
2

z⊕ 1
2

u)≤ 1
2

d2(xni ,z)+
1
2

d2(xni ,u)−
R
8

d2(z,u)

and combining all of these we get

limsup
i→∞

d2(xni ,
1
2

z⊕ 1
2

u) ≤ 1
2

limsup
i→∞

d2(xni ,z)+
1
2

limsup
i→∞

d2(xni ,u)−
R
8

d2(z,u)

≤ 1
2

limsup
n→∞

d2(xni ,z)+
1
2

limsup
n→∞

H(T xni ,T z)− R
8

d2(z,u).

≤ 1
2

limsup
i→∞

d2(xni ,z)+
1
2

limsup
i→∞

d2(xni ,z)

+
k1(x)

2(1−a2(x))
d2(z,u)− R

8
d2(z,u)

= limsup
i→∞

d2(xni ,z)+(
k1(x)

2(1−a2(x))
− R

8
)d2(z,u)

which implies that

(
R
8
− k1(x)

2(1−a2(x))
)d2(z,u)≤ limsup

i→∞

d2(xni ,z)− limsup
i→∞

d2(xni ,
1
2

z⊕ 1
2

u)≤ 0

and by assumptions, we have z = u ∈ T z.

Corollary 3.1. Let K be a nonempty, closed and convex subset of complete CAT (0) space X and T : K → KC(X) be a generalized
multivalued hybrid mapping. If {xn} be a bounded sequence in K with ∆− limn→∞ xn = z and limn→∞ d(xn,T xn) = 0 then z ∈ K and
z ∈ T (z).

Lemma 3.1. Let κ > 0 and K be a nonempty, closed and convex subset of complete CAT (κ) space X with diam(X) ≤ π−ε

2
√

κ
for some

ε ∈ (0,π/2) and T : K→ KC(X) be a generalized multivalued hybrid mapping with 2k1(x)
1−a2(x)

< R for all x ∈ K where R = (π−2ε)tan(ε).
Let {xn} be a sequence in K with limn→∞ d(xn,T xn) = 0 and {d(xn, p)} converges for all p ∈ F(T ). Then ωw(xn) ⊆ F(T ) and ωw(xn)
include exactly one point.

Proof. Let take u ∈ ωw(xn) then there exist subsequence {un} of {xn} with A({un}) = {u}. Then, by Lemma 1.2 there exist subsequence
{vn} of {un} with ∆− limn→∞ vn = v ∈ K and by Theorem 3.1 we have v ∈ F(T ) and by Lemma 1.3 we conclude that u = v, hence we get
ωw(xn)⊆ F(T ). Let take subsequence {un} of {xn} with A({un}) = {u} and A({xn}) = {x}. Because of v ∈ ωw(xn)⊆ F(T ), {d(xn,u)}
converges, so by Lemma 1.3 we have x = u, this means that ωw(xn) include exactly one point.

Theorem 3.2. Let κ > 0 and K be a nonempty, closed and convex subset of complete CAT (κ) space X with diam(X)≤ π−ε

2
√

κ
for some ε ∈

(0,π/2) and T : K→CC(X) be a generalized multivalued hybrid mapping with 2k1(x)
1−a2(x)

< R
2 for all x∈K where R=(π−2ε) tanε), F(T ) 6= /0

and T p = {p} for all p ∈ F(T ). If {xn} is a sequence in K defined by iteration scheme 1.1 with liminfn→∞ βn[(1−βn)
R
2 −

2k2(x)
1−a3(x)

]> 0 then
limn→∞ d(xn,T xn) = 0 and {d(xn, p)} converges for all p ∈ F(T ).

Proof. Let p ∈ F(T ) then for any x ∈ K, we have that

H2(T x,T p)≤ d2(x, p)+
k2(p)

1−a3(p)
d2(T x,x)
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since metric projection PK is nonexpansive by Lemma 1.4, and PK(p) = {x ∈ K : d(p,x) = d(p,K)}= {p} we have

d2(yn, p) = d2(PK((1−βn)xn⊕βnvn),PK(p))

≤ d2((1−βn)xn⊕βnvn, p)

≤ (1−βn)d2(xn, p)+βnd2(vn, p)

−R
2
(1−βn)βnd2(xn,vn)

≤ (1−βn)d2(xn, p)+βnd2(vn,T p)

−R
2
(1−βn)βnd2(xn,T xn)

≤ (1−βn)d2(xn, p)+βnH2(T xn,T p)

−R
2
(1−βn)βnd2(xn,T xn)

≤ (1−βn)d2(xn, p)+βn(d2(xn, p)

+
k2(p)

1−a3(p)
d2(T xn,xn))−

R
2
(1−βn)βnd2(xn,T xn)

≤ d2(xn, p)+βn(
k2(p)

1−a3(p)
− R

2
(1−βn))d2(T xn,xn)

≤ d2(xn, p)

and

d2(xn+1, p) = d2(PK((1−αn)yn⊕αnun),PK(p))

≤ d2((1−αn)yn⊕αnun), p)

≤ (1−αn)d2(yn, p)+αnd2(un, p)

−R
2
(1−αn)αnd2(yn,un)

≤ (1−αn)d2(yn, p)+αnd2(un,T p)

−R
2
(1−αn)αnd2(yn,Tyn)

≤ (1−αn)d2(yn, p)+αnH2(Tyn,T p)

−R
2
(1−αn)αnd2(yn,Tyn)

≤ (1−αn)d2(yn, p)+αn(d2(yn, p)

+
k2(p)

1−a3(p)
d2(Tyn,yn))−

R
2
(1−αn)αnd2(yn,Tyn)

≤ (1−αn)d2(yn, p)+αn(d2(yn, p))

+αn(
k2(p)

1−a3(p)
− R

2
(1−αn))d2(Tyn,yn))

≤ (1−αn)d2(yn, p)+αn(d2(yn, p))

+αn(
k2(p)

1−a3(p)
− R

2
(1−αn))d2(Tyn,yn)

≤ d2(yn, p)+αn(
k2(p)

1−a3(p)
− R

2
(1−αn))d2(Tyn,yn)

≤ d2(yn, p)

≤ d2(xn, p).

Here we have d2(xn+1, p)≤ d2(xn, p) implies that limn→∞ d(xn, p) exists and since d(xn+1, p)≤ d(yn, p)≤ d(xn, p) so we have limn→∞[d(xn, p)−
d(yn, p)] = 0. Since βn(

k2(p)
1−a3(p) −

R
2 (1−βn))d2(T xn,xn)) ≤ d2(xn, p)− d2(yn, p), by assumption we have that limn→∞ d2(T xn,xn) = 0,

thus limn→∞ d(T xn,xn) = 0.

Theorem 3.3. Let κ > 0 and K be a nonempty, closed and convex subset of complete CAT (κ) space X with diam(X)≤ π−ε

2
√

κ
for some ε ∈

(0,π/2) and T : K→KC(X) be a generalized multivalued hybrid mapping with 2k1(x)
1−a2(x)

< R
2 for all x∈K where R=(π−2ε) tanε), F(T ) 6= /0

and T p = {p} for all p ∈ F(T ). If {xn} is a sequence in K defined by iteration scheme 1.1 with liminfn→∞ βn[(1−βn)
R
2 −

2k2(x)
1−a3(x)

]> 0 then
{xn} have a ∆−limit which in F(T ).

Proof. Since limn→∞ d(xn,T xn) = 0 and {d(xn, p)} converges for all p ∈ F(T ) from Theorem 3.2, then desired result follows from Lemma
3.1.
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Theorem 3.4. Let κ > 0 and K be a nonempty, compact and convex subset of complete CAT (κ) space X with diam(X)≤ π−ε

2
√

κ
for some

ε ∈ (0,π/2) and T : K→CC(X) be a continuous generalized multivalued hybrid mapping with T (p) = {p} for all p ∈ F(T ). If {xn} is a
sequence in K defined by iteration scheme 1.1 with liminfn→∞ βn[(1−βn)

R
2 −

2k2(x)
1−a3(x)

]> 0 then {xn} strongly converges to a point of F(T ).

Proof. By Theorem 3.2, we have that limn→∞ d(T xn,xn) = 0 and limn→∞ d(xn, p) exists for all p ∈ F(T ). Since K is compact there is a
convergent subsequence {xni} of {xn}, say limi→∞ xni = z. Then we have

d(z,T z)≤ d(z,xni)+d(xni ,T xni)+H(T xni ,T z)

and taking limit on i, continuity of T implies that z ∈ T z.

4. Conclusion

In this paper we defined multivalued version of generalized hybrid mappings in CAT (κ) spaces. This definition is contains definition of
various multivalued mappings in CAT (κ) spaces, CAT (0) spaces and Hilbert spaces. We have showed that this new class have fixed point
under different conditions. We also defined multivalued proximal version of Thianwan iteration procedure and proved that this iteration
produce ∆−convergent and strongly convergent sequence to fixed point of multivalued generalized hybrid mappings in non-self case with
end point condition.
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