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Abstract — In this paper, we consider KU-implicative ideal (briefly implicative ideal) in KU-algebras. The
notion of fuzzy implicative ideals in KU-algebras are introduced, several appropriate examples are provided
and their some properties are investigated. The image and the inverse image of fuzzy implicative ideals in
KU-algebras are defined and how the image and the inverse image of fuzzy implicative ideals in KU-algebras
become fuzzy implicative ideals are studied. Moreover, the Cartesian product of fuzzy implicative ideals in
Cartesian product of KU-algebras are given.

Keywords — Fuzzy implicative ideal ,image (inverse image ) of fuzzy implicative ideals, Cartesian product of
fuzzy implicative ideals.

1. Introduction

BCK-algebras form an important class of logical algebras introduced by Iseki [11,12,13]
and was extensively investigated by several researchers. It is an important way to research
the algebras by its ideals. The notions of ideals in BCK-algebras and positive implicative
ideals in BCK-algebras (i.e. Iseki’s implicative ideals) were introduced by Iseki [11,12,13].
The notions of commutative ideals in BCK-algebras and implicative ideals in BCK-
algebras were introduced by [18-24]. Zadeh [33] introduced the notion of fuzzy sets. At
present this concept has been applied to many mathematical branches, such as group,
functional analysis, probability theory, topology, and so on. In 1991, Xi [32] applied this
concept to BCK-algebras, and he introduced the notion of fuzzy sub-algebras (ideals) of the
BCK-algebras with respect to minimum, and since then Y.B. Jun et al studied fuzzy ideals
(cf.[10], [14], [15] ), and moreover several fuzzy structures in BCC-algebras are considered
(cf [2-9]). Prabpayak and Leerawat [29,30] introduced a new algebraic structure which is
called KU-algebra. They gave the concept of homomorphisms of KU-algebras and
investigated some related properties. Mostafa et al. [25 - 28] introduced the notion of fuzzy
KU-ideals of KU-algebras and then they investigated several basic properties which are
related to fuzzy KU-ideals. The idea of implicative ideal was introduced by Meng et al.
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[22,23], they established the concepts of implicative ideals and commutative ideals in BCI-
algebras and investigated some of their properties. Mostafa et al. [26,27] introduced the
notion of implicative ideals and commutative ideals of KU-algebras and investigated of
their properties.

In this paper, the notion of fuzzy implicative ideals of KU - algebras is introduced and then
the several basic properties are investigated. How the image and the pre-image of fuzzy
implicative ideal under homomorphism of KU-algebras become fuzzy of implicative ideal
are studied. Moreover, the product of fuzzy implicative ideal to product fuzzy implicative
ideal is established.

2. Preliminaries

Definition 2.1. [29,30] Algebra (X,*,0) of type (2,0) is said to be a KU-algebra, if it
satisfies the following conditions:

(kuy) (x*xy)*[(y+*z))*(x*2)]=0,

(kupy) x*0=0,

(kuy) O*x=x,

(ku,) x*y=0 and y*x=0 impliesx=1y,
(kus)x*x=0, Forallx,y,ze X .

On a KU-algebra (X ,*0) we can define a binary relation < on X by putting
x<y&eyxx=0
Thus a KU-algebra X satisfies the conditions:

(kuy) (y#z)*(x*z)<(x*y)
(kuz\) 0<x
(kuy) x<y,y<x implies x=y,

(ku4\) yEx<x.

Theorem 2.2. [25] In a KU-algebra X , the following axioms are satisfied:
Forallx,y,ze X,

(1) x<yimplyy*z<x*z,

(2) x*(y*z)=y*(x*z) forall x,y,ze X,
(3 (yxx)*x)<y.

(4 ((y#x)*x)*x))=(y*x)

KU{

Proof. No. (4) Since (y*z)*(x*z)<(x*y)impliesx*((y*z)*z)<(x*y), put x=0, we
have

by(1)

0%((y*2)%2) (0% y) = (y*x) #x < y,we have (y#x) < ((y #x) ¥ x)¥x)— 1
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But, (y#x)*[((y*x)*x)*x)]=[(y*x)*x)]*[(y*x)*x)]=0
Le((y*x)#x)*x)S(y#x)————————~ 2

From 1, 2 ,we have ((yxx)*x)*x))=(y*x).
We will refer to X is a KU-algebra unless otherwise indicated.

Definition 2.3. [29,30] Let / be a non empty subset of a KU-algebra X . Then [ is said to
be an ideal of X , if
(1, O0el

(1)) Vy,ze X,if (y*z)el and ye I, implyze .

Definition 2.4. [25] Let / be a non empty subset of a KU-algebra X . Then [ is said to be
an KU- ideal of X , if
(F,)) 0el

(Fygy) Vx,y,ze X,if x*(y*z)el and yel, implyx*zel.
Definition 2.5 [27 ] A KU-algebra X is said to be implicative if it satisfies the identity
x=(x*y)*xforallx,y €X.

For the properties of KU-algebras, we refer the reader to [12 - 16 ].

3. Fuzzy Implicative Ideals
We now review some fuzzy logic concepts

Definition 3.1. [33] Let X be a non-empty set, a fuzzy subset 4 in X is a function
f:X —>[01].

Definition 2.11. [25 ] Let X be a KU-algebra, a fuzzy set xin X is called a fuzzy ideal of

X if it satisfies the following conditions:
(Fy) #(0)=pu(x)forall xe X .

(FI) Vx,ye X, u(y)2min{u(x#y),u(x)}.

Definition 3.2. [25 ] Let p be a fuzzy set in a set X. Fort € [0, 1], the set
= {x € Xlpx)>t}

is called upper level cut (level subset) of p.

Definition 3.3. A non empty subset g of a KU-algebra X is called a fuzzy implicative
ideal of X ,if Vx,y,ze X,
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(Fy) u(0) = u(x)
(F) p((x* y)*x) = minfu(z # ((x * y) * x)), @(2) .

Example 3.4. Let X ={0,1,2,3,4} in which the operation * is given by the table

*10[1]2]3]4
0[0[1]2 34
110/0/1]3]4
2/0/0/0[3 4
3/0/0/0[0 4
4/0/0/0/0 0

Then (X ,%,0)is a KU-Algebra. Define a fuzzy set u : X— [0,1] by
pO)=tou (M =p@2)=t;, p3)=t, n(4) =t
where ty, t; tp,t3€ [0,1] withtpy>t; >t > t3.
Routine calculation gives that p is a fuzzy implicative ideal of KU-algebra X.

Lemma 3.5. If p is a fuzzy implicative ideal of KU - algebra X and if x <z, then
Hx)>u (2).

Proof. if x <z, then z « x = 0, this together with 0+ x =x,x+ x=x+ 0=0 and
u) > (z). Puty =0 in (F)), we get

L((x#0) # x) = min{g(z * ((x *0) * x)), 4(2)}
40 % x) = minf{u(z # (0% x)), 4(2) }= min{u(z * x), 1(2)}
() = min{u(0), 1(2) }= u(z)

Lemma 3.6. Let p be a fuzzy implicative ideal of KU-algebra X, if the inequality
z+X <yhold in X, Then p (x) > min {u (y), u (z)}.

Proof. Assume that the inequality y «x < z holds in X, then
M(z#x) 2 p(y)

by (Lemma 3.5). Put x =y in (F,), we have u((x*x)*x)= min{,u(z *((x*x)*x)),,u(z)}

i.e. p(x) 2 minfu(z#x), ()}, but  p(z#x)2p(y),  thenu(x) 2 minfu(y), u(2)},  this
completes the proof.

Proposition 3.7. The intersection of any set of fuzzy implicative ideals of KU-algebra X is
also fuzzy implicative ideal.
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Proof. Let {y;} be a family of fuzzy implicative-ideals of KU-algebra X, then for any
x,y,z€ X,

(Nui) (0) = inf (u; (0)) > inf (u; (x)) = (Npi)(x)
and

(M) (¢ y)*x ) = inf (i((x + y)*x)) = inf (min {5 (Z*((x = y)*x), i (2)})
= min {inf (u; Z*((x » y)*™)), inf (u; (2))
= min {(NW) (Z*((x = )*%)), (Ni(2)}.

This completes the proof.

Theorem 3.8. A fuzzy subset p of KU - algebra X is a fuzzy implicative-ideal of X if and
only if, for every t € [0,1], pis either empty or an implicative ideal of X.

Proof. Assume that u is a fuzzy implicative - ideal of X, by (F1), we have pu (0) > u (x) for
all x € X therefore u (0) > (x) > tforx € ptand so 0 € ..

Let z* ((x = y) * X)€ utand z € ut, then p( z*((x =y) = X)) >tand p (z) > t, since u is a
fuzzy implicative - ideal it follows that p( (x = y)*x) > min {u(z* ((x = y) = X)), 4 ()} >t
and therefore (x = y)*x € u.. Hence y.is an KU-ideal of X.

Conversely, we only need to show that (F;) and (F,) are true. If (F;) is false then there exist
x € X such that pu (0) < u(x"). If we take t'= (u (x7) pu (0))/2, then p(0) <t and 0 <t < p

(x) <1,thusx’€ pand pu # ¢ As p is an KU—-implicative ideal of X, we have 0 € u¢
and so p (0) > t". This is a contradiction.

Now, assume (F,) is not true,then there exist X, y" and z* such that,
M (CF ) X)) <min {p (22 F(s y) X0, p (2)

Putting t'={ p (X * y)* x")+min{u (z° *(X*+ y )« X)), u (z)}} /2, then p (X * y)*x) <t
and 0 < t <min {p (z° *(X+y )+ x), u (z)}} /2<1 ,hence p (z- *(X*+y )= x ) >t and u
(z°) > t',which imply that (x™+ y )« x) € u (') and z" € p, since . is an implicative-ideal, it
follows that (x*+ y )+ X*) € up and that p (X'« y)« X)) > t°, this is also a contradiction.
Hence p is a fuzzy implicative ideal of X.

Corollary 3.9. If a fuzzy subset u of KU-algebra X is a fuzzy implicative-ideal, then for
every t € Im (u), Y is an implicative-ideal of X.

Definition 3. 10. [32] Let f be a mapping from the set X to a set Y. If Hisa fuzzy subset of
X, then the fuzzy subset B of Y defined by

sup (). if £7(3)=(xe X.f(1)=y) %0
f(;u)(y):B(y):{xef(‘)(y) o Y X X y

otherwise

is said to be the image of H under f.
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Similarly if B is a fuzzy subset of Y, then the fuzzy subset u = o f in X (i.e the fuzzy
subset defined by u (x) = B (f (x)) for all x € X) is called the primage of B under f.

Theorem 3.11. An onto homomorphic preimage of a fuzzy implicative-ideal is also a
fuzzy implicative-ideal.

Proof. Let f : X — X be an into homomorphism of KU-algebras, B a fuzzy implicative-
ideal of X" and p the preimage of B under f, then B (f (x)) =p (x), forall x € X.

Letx € X, thenp (0)=B (f(0))>p (f (X)) =p (x). Now let x, y,z € X then

H((x = y)*x) =B (F (x = y)*x))=P((f (x) = £ (y)* f (X))
> min {B (f(z) *(f (x) = £ (y))* £ (x))),p(f (2))}
=min {p (f (z* (x » y) = X)), B (f (2))}
=min {u(z* ((x +y) = x)), 4 (2)}.

The proof is completed.

Definition 3.12. [31] A fuzzy subset p of X has sup property if for any subset T of X, there
exist to€ T such that u(z,) =sup u(z).

teT
Theorem 3.13. Let X — Y be a homomorphism between KU-algebras X and Y. For every
fuzzy implicative ideal pin X, f (p) is a fuzzy implicative-ideal of Y.

Proof. By definition

B(y)= f(u)(y)= sup u(x) forall y’eY and supg=0
xef700)

We have to prove that B((x"# y") #*x") > min{B(z"*(x"*y")*x"),B(z)}, V x",y, 2 €Y.

Letf: X — Y be an onto a homomorphism of KU - algebras, | a fuzzy implicative - ideal
of X with sup property and  the image of p under f, since p is a fuzzy implicative - ideal of

X, we have p(0) > u(x) for all x€ X. Note that 0 € ' (0%), where 0, 0" are the zero of X

and Y respectively. Thus, B(0)) = sup (1) = u(0)> u(x),for all xe X , which implies
e f7(0)

that B(0)> sup u(t)=B(x"),forany x’eY . Foranyx’,y,z' €Y, let
ref(x)

e X)L yvefTO) L zef(@)
be such that

H(zZy *((xg * yo) ¥ X)) = sup (1) , M(zy)= sup u(r)

1e £ (29 #(x0#y0 )¥x9)) ref(2)

and

H(zo *((xg * 99) % x0)) = B{f (2g # ((xg % yy) * x) } = B(2"* ((x"* y') ¥ X))
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= sup H(zo (X0 * yp) * X)) = sup ().

20*(Xg*yg Vixg e T (2H(x 5y yxx) te (2 (X xy)x')

Then

B((x"#y)*x")= sup (1) = u((xy * yy) * xy) Zmin{(z, * (xy * yo) *x,)), U(zy) } =

te f (xxy)xx')

min{ sup  u(t),  sup ﬂ(t)} = min{B(z"*((x"* y) *x)) , B(z)}.

te £ (2 H(x"%y)xx")) ref

Hence B is a fuzzy implicative -ideal of Y.

4. Cartesian Product of Fuzzy Implicative-ideal
Definition 4.1. [1] A fuzzy p is called a fuzzy relation on any set S, if u is a fuzzy subset
u:SxS — [0,1]

Definition 4.2. [1] If u is a fuzzy relation a set S and [ is a fuzzy subset of S, then p is
fuzzy relation on B if u (x, y) <min {B (x), B (y)}, V X,y € S.

Definition 4.3. [1] Let pu and B be fuzzy subset of a set S, the Cartesian product of u and 3
is define by (u % B) (x, y) =min {p (x), B (¥)}, V x,y € S.

Lemma 4.4. [1] let u and 3 be fuzzy subset of a set S then,
(i) p x P is afuzzy relation on S.

(i1) (U X B)= ux Pi for all t € [0,1].

Definition 4.5. [1] If B is a fuzzy subset of a set S, the strongest fuzzy relation on S, that
is, a fuzzy relation on P is g given by pg (x, y) =min {B (x), B (y)}, ¥ X,y € S.

Lemma 4.6. [1] For a given fuzzy subset S, let ug be the strongest fuzzy relation on S the
for t € [0,1], we have (up)= B¢ x B .

Proposition 4.7. For a given fuzzy subset B of KU- algebra X, let ug be the strongest fuzzy
relation on X. If g is a fuzzy implicative ideal of X x X, then B (x) < (0) for all x € X.

Proof. Since pgis a fuzzy implicative ideal of X x X, it follows from (F;) that
pp (x, x)=min {B (x), B (x)} < (0, 0) =min {p (0), B (0)}
where (0, 0) € X x X, then B (x) < (0).

Remark 4.8. Let X and Y be KU-algebras, we define » on X x Y for every (x, y), (u, V)€ X
xY,(X,y)=(,v)=(xx*u,y V), then clearly (X «y, %, (0, 0) ) is a KU-algebra.

Theorem 4.9. let pu and P be a fuzzy implicative-ideals of KU - algebra X, pu x f is a fuzzy
implicative-ideal of X x X.
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Proof. for any (x, y) € X x X, we have,

(1 x B) (0,0) =min {p (0), B (0)} =min {u (x), B (X)} = xB) (x,y).

Now let (x1, X2), (y1, ¥2), (21, 22) € X x X, then,

(1 x B) ((x1 +y1) = X1), ((X2 * y2) * X2))

min {p ((x1 = y1) = X1)), B (X2 « y2) = X2))}

min {min {p (z1+ (X1 = y1) «X1))), u(z1) }}, min {B ((x2 = y2) = X2)), B (z2)} }
min {min {u (z1+ (X = y1) = X1)), B (22 = (X2 + y2) = X2)) }, min { u(z1), B(z2) } }
min {(u X B) (z1+ (X1 = y1) = X1), Z2 = (X2 # y2) = X2)),( 1 X B)(z1, 22)}.

v

Hence p x B is a fuzzy implicative ideal of X x X.

Analogous to [28], we have a similar results for implicative-ideal, which can be proved in
similar manner, we state the results without proof.

Theorem 4.10. let u and B be a fuzzy subset of KU-algebra X,such that u x B is fuzzy
implicative -ideal of X x X, then

(1) eitherp (xX)<p (0) or B (x) <P (0) forall x € X,

(i1) if p (x) < (0) for all x € X, then either p (x) < B (0) or B (x) < B(0),

(i) if B (x) <P (0) for all x € X, then either p (x) < (0) or B (x) < u(0),

(v) either p or B is a fuzzy implicative - ideal of X.

Theorem 4.11. let  be a fuzzy subset of KU-algebra X and let pug be the strongest fuzzy
relation on X, then P is a fuzzy implicative ideal of X if and only if pg is a fuzzy
implicative-ideal of X x X.

Proof. Assume that B is a fuzzy implicative-ideal X, we note from (F;) that

up (0, 0) =min {B (0), B (0)} =min {B (x), B (y) } =up(x,y)

Now, for any (X1,X2), (Y1,¥2),(z1,22) € X x X, we have from (F,)

up (X1 y1) = X1, (X2 #Yy2)=X2)

min {B ((X1 = y1) = X1), B (X2 + y2) = X2)}

min {min{p (z;« (X1 = y1) = X1)), B (z1)}, min {B (z2 « (X2 = y2) = X2)), B(z2)} }
min{min{ B(z;+ (X1 = y1) = X1)), B (22 = (X2 = y2) = X2)) }, min { B(z1), P(z2)} }
min {pg (= (X1 = Y1) = X1), Z2 = (X2 * ¥2) = X2)), Mg (Z1, Z2) }.

v i

Hence pp is a fuzzy implicative-ideal of X x X.

Conversely: for all (x, y) € X x X, we haveMin {f (0), B (0) } = pg(x, y) = min {B (x), B
(y)} It follows that B (0) > B (x) for all x € X, which prove (F)).

Now, let (X1, X2), (Y1, ¥2), (Z1, 22) € X x X, then

min {B (((X1 = y1) = X1), B (X2 + y2) = X2)} = up (X1 y1) = X1), (X2 *y2) * X2))
>min {up ((z1, 22) = (X1, X2) * (Y1, ¥2)) * (X1, X2) ), Mp (Z1,22)) }
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=min {pg (Zi= (X1 = Y1) = X1), Z2 = ((X2 * ¥2) = X2)), Up (21, Z2)}
=min {min {B (z;+ (X1=y1) = X1)), B (z2 = (X2 = y2) * X2))}, min {B (z1), B (z2)} }
=min {min {B (z;+ (X1 = y1) = X1)), P (z1)}, min {P(z2 « (X2 = y2) * X2)), B (z2) } }

In particular, if we take x, = y, = 7, =0, then, B ((X; = y1) * X1) = min { B (z;= (X1 = y1) * X1)),

B(z1)}.

This prove (F;) and completes the proof.
5. Conclusion

we have studied the fuzzy of implicative ideal in KU-algebras. Also we discussed few
results of fuzzy of implicative ideal in KU-algebras under homomorphism, the image and
the pre- image of fuzzy implicative ideal under homomorphism of KU-algebras are
defined. How the image and the pre-image of fuzzy implicative ideal under homomorphism
of KU-algebras become fuzzy of implicative ideal are studied. Moreover, the product of
fuzzy implicative ideal to product fuzzy implicative ideal is established. Furthermore, the
main purpose of our future work is to investigate the foldedness of other types of fuzzy
ideals with special properties such as a bipolar intuitionistic (interval value) fuzzy n-fold of
implicative ideals in some algebras.
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