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at each point of the ruled surface lies on the corresponding polar plane. We determine
the invariants of a such normalized ruled surface and we study some properties of the
Tchebychev vector field and the support vector field of a polar normalization. Furthermore,
we study a special polar normalization, the relative image of which degenerates into a curve.

1. Introduction

In 1989 FE. Manhart introduced the one-parameter family of relative normalizations <“>y of a hypersurface with non-vanishing Gaussian
curvature K in the Euclidean space "1 which are characterized by the support functions <“)q = |E |, a € R and called Manhart’s
normalizations (see [2]).

G. Stamou and A. Magkos in [9] and G. Stamou, St. Stamatakis and I. Delivos in [10] studied ruled surfaces in the Euclidean space E3
which are equipped with Manhart’s normalizations. Later, S. Stamatakis and I. Kaffas studied in [5] the asymptotic relative normalizations of
aruled surface @, that is, relative normalizations such that the relative normals at each point P of @ lie on the corresponding asymptotic
plane of &.

Following this idea the authors introduced in [7] three special relative normalizations:

1. the central normalizations, i.e, relative normalizations such that the relative normals at each point P of @ lie on the corresponding
central plane,

2. the polar normalizations, i.e, relative normalizations such that the relative normals at each point P of @ lie on the corresponding polar
plane and finally

3. the right normalizations, that is relative normalizations of & whose relative images @ are also ruled surfaces with the additional
property that their generators are parallel to those of ®. Some of these relative normalizations degenerate into a curve.

The central and the right normalizations were studied thoroughly in [7] and [8], respectively. In this paper we will study the polar
normalizations.

2. Preliminaries

A brief discussion of some definitions, results and formulae of relative Differential Geometry of surfaces and Differential Geometry of ruled
surfaces in the Euclidean space E3 appears in this section. We refer the reader to [3] and [4].

In the three-dimensional Euclidean space E3 let @ = (U,X) be a ruled C"-surface of nonvanishing Gaussian curvature, r > 3, defined by
an injective C’-immersion X = X(u,v) on a region U := I x R (I C R open interval) of R, We introduce the so-called standard parameters
uecl,veRof @, such that

X(u,v) =5(u) +ve(u), 2.1
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and
e =le'|=1, (,¢)=0,

where the differentiation with respect to u is denoted by a prime and (,) denotes the standard scalar product in E3. Here I :5 = 5(u) is the
striction curve of @ and the parameter u is the arc length along the spherical curve € =2 (u).
The distribution parameter §(u) := (5',¢,¢), the conical curvature x(u) := (€,¢,€") and the function A (u) := coto, where o (u) := <((e,5)
is the striction of @ (—% <o< %, sign o = sign §), are the fundamental invariants of & and determine uniquely the ruled surface @ up to
Euclidean rigid motions. We also consider the central normal vector 7i(u) := € and the central tangent vector Z(u) := € x 7. It is known that
the vectors of the moving frame 2 := {e,7,z} of @ fulfil the following equations [3, p. 280]

¢d=n #=-e+xz, 7 =-Kn. 2.2)
Then we have
¥ =81e+6z (2.3)

We denote partial derivatives of a function (or a vector-valued function) f in the coordinates uli=u,u?=v by fi, fyi; ete. Then from (2.1)
and (2.3) we take

X/ =0Ae+vi+08z, X, =¢, 2.4)
and thus the unit normal vector & (u,v) to @ is given by

— Shi—vz
&= n vz7 where w:=1/824+12.
w

Let/=g; jduiduj and I = h; jduiduj , 1, j = 1,2 be the first and the second fundamental form of @, respectively, where

g1 =w?+8%A%, g12 =04, gn =1, (2.5)

5
== E =2 =0, 2.6)

The Gaussian curvature K (u,v) and the mean curvature H (u,v) of ® are given by (see [3])

= 8 - Kw? +8'v4 821
K=—— H=—-_-—— " =" 2.7
w4’ w3 2.7
A C*-relative normalization of @ is a C*-mapping y = y(u,v),1 < s < r, defined on U, such that
rank({j/l 72/27y}) =3, rank({x/l ’Y/27y/i}) =2,i=12, V(M7V) el. (2.3)

The pair (®,7) is called a relatively normalized ruled surface in R3 and the straight line issuing from a point P € & in the direction of ¥ is
called the relative normal of (&,¥) at P. The pair @ = (U, ) is called the relative image of (&,y).

The support function of the relative normalization ¥ is defined by ¢(u,v) := (£,7) (see [1]). For ¢ = 1, we have § = &, that is, the
normalization is the Euclidean one.

Due to (2.8), g never vanishes on U. Conversely, when a support function g is given, the relative normalization y of the ruled surface @ is
uniquely determined and can be expressed in terms of the moving frame & as follows [5, p. 179]:

y=yie+yn+y3z, 2.9)
where
8q/1 +q(kw?+8') 82q—w?vq), vg+wq),
v = S o= = (2.10)

For the coefficients G;;(u,v) of the relative metric G(u,v) of (®,¥), which is indefinite, we have
Gij=q "hj. @2.11)
Then, because of (2.6), the coefficients of the inverse relative metric tensor are

2 / 2
11 12 wq 22 Kw +6V75 l
" =o, G >:?, Gl >:qu.

For a function (or a vector-valued function) f we denote by ViG f the covariant derivatives in the direction of i, both with respect to the
relative metric. The coefficients A; jx (1, v) of the Darboux tensor are given by

2.12)

. —1/E vGyG=
Aiji=q (&, VE Vi X))
Then, by using the relative metric tensor G;; for “raising and lowering the indices”, the Pick invariant J(u,v) of (®,5) is defined by

1 g
J = EA,»jkAU".
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As we proved in [7] (see equation (2.2)) the Pick invariant is calculated by

J= W{wz [va+26q/1 +4, (Kw2+5'vf 521)] — 8% (Av=2¢") } (2.13)

The relative shape operator has the coefficients Blj (u,v) given by
¥ = —B]X;. (2.14)
Then, for the relative curvature K (u,v) and the relative mean curvature H (u,v) of (®,¥) we have

1 2
_Bl+B}

K:zdet(B{), H: 2

(2.15)

We conclude this section by mentioning that, among the surfaces of > with negative Gaussian curvature the ruled surfaces are characterized
by the relation

3H—-J—35=0 (2.16)

(see [6]), where S(u,v) is the scalar curvature of the relative metric G of such a surface @, which is defined formally as the curvature of the
pseudo-Riemannian manifold (@, G).

3. Polar normalizations
We concentrate now on the main topic of this paper, namely the polar normalizations of a skew ruled surface @, i.e., relative normalizations

such that the relative normal at each point P of @ lies on the corresponding polar plane {P;7,z}. In [7] it was shown that the support function
of y is of the form

q=f(V), (3.1
where f(V) is an arbitrary C?-function of
V = arctan g —/Kdu. 3.2)

By means of (2.9), (2.10), (3.1) and (3.2) we deduce that the arising relative normalization, i.e., the polar normalization of the given ruled
surface @ is

y= n— zZ, (3.3)
w

where the dot denotes the differentiation with respect to V. Then, from (2.2), (2.4), (2.14) and (3.3), we take the coefficients Bl’ of the relative
shape operator of a polar normalization:

(kw? +8"v) (g +¢)

Bl =—
1 w3

)

I
B = ﬁ{ —® — 824y + 8 [q (KA + 1)+ KAG) + 6v [q (kAv+v+8'A) + A4 (kv + )] }

S I

Hence, by using (2.15) and (2.7b), we obtain the relative curvature K and the relative mean curvature H:

_5@£Q%QEQ,H:g@+@, (3.4)

K=
From (3.4a) we deduce that the relative curvature K of a polar normalization vanishes identically iff
6g—¢gv=0 or g+¢4=0,
or, equivalently, iff

v
g=cev,ceR* or g=cicosV+cpsinV,cy,cp ER,C%—%C%#O.

We reject the first support function since it leads to a non polar normalization. Thus we have the following

Theorem 3.1. Let @ C E3 be a polar normalized ruled surface. The relative curvature K of (®,y) vanishes identically iff the support
function is of the form

g=cicosV+cysinV, cyp,c0 €R, c%+c% #0.
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By taking (2.7b) and (3.4b) into consideration we arrive at

Theorem 3.2. Let & C E? be a polar normalized ruled surface. (®,5) is relatively minimal (H = 0) iff one of the following holds true
(a) the support function is of the form

g=cicosV+cysinV, cyp,c0 €R, c% +c% #0,

(b) (D,y) is a polar normalized right helicoid (§ = ¢ € R* and xk = A =0).

We notice that both the relative curvature K and the relative mean curvature H vanish identically iff the support function is of the form
g=cicosV+cysinV, cp,c0 €R, C%+C%7éo. 3.5)

By using (2.7b) and (2.13) we find the Pick invariant

J 3H
J=(61V+5r1)< EUR +q), 3.6)
v dq
where
3, S2(n 250
Tk — 3 KO KAy + 85 37

282w3
is the Pick invariant of the Euclidean normalization. The Pick invariant vanishes identically iff

Jeux  3H{ _

§G=0 =24
qv+0g . 5q

0,

or, equivalently, iff

« the support function is of the form
P .
g=cied ,ci R or
* @ is not aright helicoid and the support function is of the form

V[K\f3+52(x—l)v+525/]
g=cae 8[K2 487 v+62 ()] o € ]R*,or

* @ is aright helicoid.

We reject the two support functions since they are not polar. Hence, we deduce

Theorem 3.3. Let & C E3 be a polar normalized ruled surface. The Pick invariant J of (®,3) vanishes identically iff ® is a right helicoid.
From (2.16), (3.4b), (3.6) and (3.7) we evaluate the scalar curvature of the relative metric

1
T 282w3q

+8q] [252Av+ (v2 - 52) 5’} G—8 (K‘W2 L8t 521) q}}.

{ - {Kw4 182 [(ﬂ)z n 52) A +25’v] } +82 (KW2 +8% +6’v> e

4. The Tchebychev vector field and the support vector field of a polar normalization

In [5] it was shown that the coordinate functions of the Tchebychev vector T (u,v) of (@,), which is defined by

1.
T:= T’"X/m., where T™:= EAE’",

are given by

. wrq+vg 7 28w2q) +8'q(8° V) TV (kw?+8'v—82A)
- Sw 282w é '

Hence, by using (3.1) and (3.2), we deduce that the coordinate functions of the Tchebychev vector of a polar normalization are

_ @ t8q o q(2ow?—28%0v 4+ 8'w?) —28%09 @.1)

7!
Sw 282w

The divergence div! T of T with respect to the first fundamental form / of @, which initially reads (see [5])

wTi) .
&' T = Q, 4.2)
w
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becomes, on account of (4.1),
= 1
s A7 2 2 2 2
div' T = W{ZW q[<3v +6 ) K—96 l}
+8{[ -8+ 8 (-2av+8) |42 (kw? + 824+ 8) q}}.
The rotation curl! T of T with respect to the first fundamental form / of @, which initially reads (see [5])

(g12T" +g22T2)/1 —(guT! +g12T2)/2

w

curl! T =

, (4.3)

becomes, by taking (2.5) and (4.1) into consideration,

curl T {25’qv2 (2xv+8') + 8% {4(1@ VS 2k A) v 5'2]

1
T 25%w2
+63{q[4v+(1<+7t) (zm+5’)} —q(2Kv+5") }

+5v[21€2z]v2 +3K8'gv+ 82— qv (2K/v + 5”)} 125 [q()d 1) +q] }

Analogously we calculate the divergence and the rotation of 7 with respect to the relative metric of @:

diveT = 52v1v3q {qz{ K + 82 [(Vz - 82> A— 25/\1] P+ 8%¢* (KW2 +8v+ 52),>

+84q{q [252;Lv+5’ (v2 - 52)] Yy (sz +5/v+527t> }},
curlT =0.

Last relation agrees with

(see [6]), where gapr = \K | 1/4 and VG denotes the first Beltrami differential operator with respect to G for which holds VO (f, g) = Glif) 18-
So, we have

Theorem 4.1. Let @ C E3 be a polar normalized ruled surface. The rotation of the Tchebychev vector field with respect to the relative
metric of ® vanishes identically and its potential is given by

T(u,v)zlnﬂ+c, ceR.

|5|1/2
Now let
= 1 _grl_
0:=3v(,7) (44

be the support vector Q(u,v) of (®,¥), which is introduced in [5]. By taking (2.12), (3.1) and (3.2) into consideration we find that the
coordinate functions of the support vector field of a polar normalization are

4 p_5%

1—— =
Q= 4wq’ dwg’

4.5)

By means of (2.7b), (4.2) and (4.5), we find the divergence div/ 0 of 0 with respect to the first fundamental form / of @

aiv' 0 = Py
24
Hence, we derive

Theorem 4.2. Let & C E3 be a polar normalized ruled surface. The support vector field is incompressible with respect to the first
fundamental form of ® (div' Q = 0) iff
(a) the support function is of the form

g=c", ¢ €R, ¢ €R* or

(b) D is a right helicoid.



Universal Journal of Mathematics and Applications 79

By taking (2.5), (4.3) and (4.5) into account we deduce that the rotation curl’ O of O with respect to the first fundamental form / of @ is

—8¢* +q(qv+ 84)
4w2q2

curl/ 0 =
By taking (2.11), (4.2) and (4.5) into consideration we find the divergence div® Q of O with respect to the relative metric of @

divig = 4&173(]2 {afa]-8"2+8% (~20v+8")| ~ 284 (xn? + 8'v+ 522 }

+8q <Kw2 182+ 8’v> }
By using (2.6), (2.11), (3.1), (3.2), (4.3) and (4.5) we have the rotation curl® Q of O with respect to the relative metric of @
curl®0 =0,
which agrees with the relation (4.4). Thus, we have

Theorem 4.3. Let & C E3 be a polar normalized ruled surface. The rotation of the support vector field with respect to the relative metric of
@ vanishes identically and its potential is given by

1
T(u,v) = @-FC, ceR.

5. A special polar normalization

In this section we will study the support function of the form (3.5), which arises when the relative curvature K or the relative mean curvature
H vanishes identically (see Sec. 3). By using (3.3) the corresponding relative normalization takes the form

5= e ) —cosin )|~ s ) cn o)

i.e., the relative normalization degenerates into a curve I'* with curvature
K* = !
ey cos ([ kdu) — ¢ sin ([ xdu) |

and torsion
N —K
o= .
c1cos ([ kdu) — cp sin ([ kdu)

Since
K* 1

ot Tk

)

we deduce that y is a curve of constant slope iff @ is a ruled surface of constant slope.
By means of (3.6) and (3.7) we find the Pick invariant of this normalization:

_3[czcos(f1<du)+clsin(fkdu)] / 5 ) S
J= 267w (c;c0sV 1 casinV) {cos Kkdu [K‘ (sz +2c16v—c6 >

+8 (~c28A+18') | +sin (/Kdu) [ (e1? 26260 —167) 8 (184 +28') | }.

Then by using (2.4) and (4.1) we deduce the Tchebychev vector

T= 2—1;2 (c1cosV +cysinV) (2Kv+5’)é+g {czcos (/k‘du) + ¢y sin (/k‘du)} n

e fra) o )

Finally, by taking (2.4) and (4.5) into consideration we derive the support vector
cysinV —cycosV
4w (cicosV +cysinV)

0= (vii + 8%).
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