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Abstract

The present paper deals with the study of Kenmotsu manifolds equipped with a semi-
symmetric metric connection. The properties of η−parallel Ricci tensor, globally symmetric
and φ−symmetric Kenmotsu manifolds with the semi-symmetric metric connection are
evaluated. In the end, we construct an example of a 3−dimensional Kenmotsu manifold
admitting semi-symmetric metric connection and verify our some results.

1. Introduction

The notion of curvatures play a central role in the differential geometry and physics. For instant, the magnitude of a force required to move
an object at constant speed along a curve path is, according to Newton’s laws, a constant multiple of the curvature of the trajectory. The
motion of a body in a gravitational field is determined, according to Einstein, by the curvature of spacetime [1]. The space of constant
curvature also plays a key role in differential geometry and mathematical physics (specially in the theory of relativity and cosmology). In
1926, Cartan ([2], [3]) introduced the notion of a locally symmetric Riemannian manifold which is the natural generalization of manifolds of
constant curvature. The condition of local symmetry is equivalent to the fact that at every point x ∈M, the local geodesic symmetry F(x) is
an isometry [4]. The idea of locally φ−symmetric Sasakian manifold was introduced by Takahashi [35] in 1977. Since then, the properties
of such manifolds have been studied by several geometers on different spaces.
The study of odd dimensional manifolds with contact and almost contact structures were initiated by Boothby and Wong [5] in 1958 rather
from topological point of view. Sasaki and Hatakeyama [6] re-investigated them using tensor calculus in 1961. In 1972, K. Kenmotsu
studied a class of almost contact metric manifolds and call them Kenmotsu manifold [7]. He proved that if a Kenmotsu manifold satisfies
the condition R(X ,Y ).R = 0, then the manifold is of negative curvature −1, where R is the Riemannian curvature tensor of type (1,3) and
R(X ,Y ) denotes the derivation of the tensor algebra at each point of the tangent space T (M). The properties of Kenmotsu manifolds have
been noticed in ([9] - [17]) and by others.
The notion of a semi-symmetric linear connection on a differentiable manifold has been introduced by Friedmann and Schouten [20] in 1924.
Hayden [21] in 1932, introduced and studied the idea of semi-symmetric linear connection with torsion on a Riemannian manifold. After a
long interval, Yano [22] started the systematic study of a semi-symmetric metric connection on a Riemannian manifold in 1970. Since then
the properties of semi-symmetric metric connection on different spaces have studied in ([27]-[32]) and the references therein.
Motivated from the above studied, authors start the study of the properties of Kenmotsu manifold equipped with a semi-symmetric metric
connection. We organize the present paper as follows: Section 2 contains the basic known results of Kenmotsu manifolds and η−parallel
Ricci tensor. The brief results of the semi-symmetric metric connection on a Kenmotsu manifold are given in section 3. Section 4 deals the
study of η−parallel Ricci tensor with respect to the semi-symmetric metric connection on the Kenmotsu manifold and find some geometrical
results. The properties of concircular and projective curvature tensors endowed with a semi-symmetric metric connection are investigated in
section 5. In last section, we construct an example of Kenmotsu manifold equipped with semi-symmetric connection and verify our results.
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2. Preliminaries

An odd dimensional differentiable manifold M (dimM = n = 2m+1) of class C∞ is said to have a (φ ,ξ ,η)−structure or almost contact
structure if it admits a tensor field φ of endomorphisms of the tangent spaces, a vector field ξ , and a 1−form η satisfying

η(ξ ) = 1 and φ
2 =−I +η⊗ξ , (2.1)

where I denotes the identity transformation [25]. From (2.1), it can be easily see that φξ = 0, η ◦φ = 0 and rank φ = n−1. A Riemannian
metric g of type (0,2) is said to be compatible with the almost contact structure (φ ,ξ ,η) if the relation

g(X ,Y ) = g(φX ,φY )+η(X)η(Y ) (2.2)

holds for arbitrary vector fields X and Y . An almost contact structure (φ ,ξ ,η) equipped with a compatible Riemannian metric g is known as
almost contact metric structure (φ ,ξ ,η ,g) and the manifold M endowed with the almost contact structure is called an almost contact metric
manifold. If moreover,

∇X ξ = X−η(X)ξ , (2.3)

holds for all X on M(φ ,ξ ,η ,g), then the manifold is said to be Kenmotsu manifold [7]. Here ∇ denotes the Levi-Civita connection of the
metric g. For proving our main results in next sections, we are going to recall some basic known results of Kenmotsu manifold as:

(∇X φ)(Y ) =−η(Y )φX−g(X ,φY )ξ , (2.4)

(∇X η)(Y ) = g(X ,Y )−η(X)η(Y ), (2.5)

S(φX ,φY ) = S(X ,Y )+(n−1)η(X)η(Y ), (2.6)

η(R(X ,Y )Z) = η(Y )g(X ,Z)−η(X)g(Y,Z), (2.7)

R(X ,Y )ξ = η(X)Y −η(Y )X , (2.8)

R(ξ ,X)Y = η(Y )X−g(X ,Y )ξ , (2.9)

S(X ,ξ ) =−(n−1)η(X). (2.10)

A Kenmotsu manifold M is said to be η−Einstein if its Ricci tensor S takes the form

S(X ,Y ) = ag(X ,Y )+bη(X)η(Y ), (2.11)

for arbitrary vector fields X and Y , where a and b are smooth functions on (M,g) [7]. If b = 0, then η−Einstein manifold becomes Einstein
manifold. It is well known that in a Kenmotsu manifold a+b =−(n−1) (see [7], p. 97).
The notion of η−parallelism on a Sasakian manifold was introduced by M. Kon [26]. A Ricci tensor S of an n−dimensional Kenmotsu
manifold M is said to be η−parallel if it satisfies the tensorial relation

(∇X S)(φY,φZ) = 0 (2.12)

for all X , Y , Z ∈ χ(M).

3. Semi-symmetric metric connection

Let M be an n−dimensional Kenmotsu manifold and ∇ denotes the Levi-Civita connection on it. A linear connection ∇̃ on M is said to be a
semi-symmetric if the torsion tensor T̃ of type (1,2) defined as

T̃ (X ,Y ) = ∇̃XY − ∇̃Y X− [X ,Y ]

satisfies

T̃ (X ,Y ) = η(Y )X−η(X)Y (3.1)

for all vector fields X and Y on M. If moreover, the semi-symmetric connection ∇̃ holds the relation

∇̃g = 0 (3.2)
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is called semi-symmetric metric connection. A semi-symmetric connection ∇̃ is said to be non-metric if ∇̃g 6= 0. A relation between a
semi-symmetric metric and Levi-Civita connections is given by the relation

∇̃XY = ∇XY +η(Y )X−g(X ,Y )ξ , (3.3)

for all vector fields X , Y ∈ χ(M) ([22], p. 15). With the help of equations (2.1), (2.2), (2.3), (2.4) and (3.3), we can easily observe that

(∇̃X η)(Y ) = (∇X η)(Y )−η(X)η(Y )+g(X ,Y ) (3.4)

and

(∇̃X φ)(Y ) =−g(X ,φY )ξ −2η(Y )φX . (3.5)

If R and R̃ denote the curvature tensors with respect to the Levi-Civita and semi-symmetric metric connections of the manifold M respectively,
then it is related by the relation

R̃(X ,Y )Z = R(X ,Y )Z +θ(X ,Z)Y −θ(Y,Z)X +g(X ,Z)LY −g(Y,Z)LX (3.6)

for all X , Y , Z ∈ χ(M), where

θ(X ,Y ) = g(LX ,Y ) = (∇X η)(Y )−η(X)η(Y )+
1
2

g(X ,Y ) (3.7)

is a symmetric tensor of type (0, 2) on M. In consequence of (2.1), (2.5) and (3.7), equation (3.6) assumes the form

R̃(X ,Y )Z = R(X ,Y )Z−3g(Y,Z)X +3g(X ,Z)Y +2η(Y )η(Z)X−2η(X)η(Z)Y +2η(X)g(Y,Z)ξ −2η(Y )g(X ,Z)ξ . (3.8)

The contraction of equation (3.8) along the vector field X gives

S̃(Y,Z) = S(Y,Z)− (3n−5)g(Y,Z)+2(n−2)η(Y )η(Z), (3.9)

which is equivalent to

Q̃Y = QY − (3n−5)Y +2(n−2)η(Y )ξ , (3.10)

where Q̃ and Q denote the Ricci operators corresponding to the connections ∇̃ and ∇ respectively and defined as S̃(Y,Z) = g(Q̃Y,Z) and
S(Y,Z) = g(QY,Z). Let {ei, i = 1,2,3, ...,n} be an orthonormal basis of the tangent space at each point of the manifold M. Setting Y = Z = ei
in (3.9) and taking summation over i, 1≤ i≤ n, we get

r̃ = r−n(3n−7)−4, (3.11)

where

r̃ =
n

∑
i=1

S̃(ei,ei) and r =
n

∑
i=1

S(ei,ei)

represent the scalar curvatures with respect to the connections ∇̃ and ∇ respectively. In view of equations (2.1), (2.10) and (3.9), we can find
that

S̃(Y,ξ ) =−2(n−1)η(Y ). (3.12)

With the help of (2.1), (2.8), (2.9) and (3.8), we can easily calculate the following:

R̃(ξ ,Y )Z = 2{η(Z)Y −g(Y,Z)ξ} (3.13)

and

R̃(X ,Y )ξ = 2{η(X)Y −η(Y )X}. (3.14)

The equation (3.14) shows that the manifold M equipped with ∇̃ is regular.

4. η−parallel Ricci tensor with respect to semi-symmetric metric connection

In this section, we study the geometrical properties of η−parallel Ricci tensor with respect to the semi-symmetric metric connection ∇̃. In
[8], authors studied the properties of η−parallel Ricci tensor and proved several results. Analogous to the definition of η−parallelism given
by M. Kon [26] on Sasakian manifolds, we define

Definition 4.1. A Ricci tensor S̃ of an n−dimensional Kenmotsu manifold M endowed with a semi-symmetric metric connection ∇̃ is said to
be η−parallel for ∇̃ if it satisfies the relation (∇̃X S̃)(φY,φZ) = 0, for arbitrary vector fields X, Y and Z.
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From (3.3), it is obvious that

∇̃X (Q̃Y ) = ∇X (Q̃Y )+g(Q̃Y,ξ )X−g(X , Q̃Y )ξ .

With the help of (2.1), (2.5), (3.3) and (3.10), we can find

∇̃X (Q̃Y ) = (∇̃X Q̃)(Y )+Q(∇XY )+2(n−1)g(X ,Y )ξ +η(Y )QX +2(n−2){η(∇XY )−η(X)η(Y )}ξ − (3n−5){∇XY +η(Y )X},

and

∇X (Q̃Y ) = (∇X Q)(Y )+Q(∇XY )− (3n−5)∇XY +2(n−2)[{η(∇XY )−η(X)η(Y )+g(X ,Y )}ξ +η(Y ){X−η(X)ξ}].

From the above results, we obtain

(∇̃X Q̃)(Y ) = (∇X Q)(Y )−η(Y )QX−g(X ,QY )ξ −8(n−2)η(Y )η(X)ξ +(3n−7){η(Y )X +g(X ,Y )ξ}.

In view of (2.1), (2.10) and (∇̃X S̃)(Y,Z) = g((∇̃X Q̃)(Y ),Z), above relation assumes the form

(∇̃X S̃)(Y,Z) = (∇X S)(Y,Z)−η(Y )S(X ,Z)−η(Z)S(X ,Y )+(3n−7){η(Z)g(X ,Y )+η(Y )g(X ,Z)}−8(n−2)η(X)η(Y )η(Z).

Replacing the vector fields Y by φY and Z by φZ in (??) and then using (2.1), we obtain

(∇̃X S̃)(φY,φZ) = (∇X S)(φY,φZ). (4.1)

In view of (2.12), (4.1) and Definition 4.1, we can state the following:

Theorem 4.2. Let M be an n−dimensional Kenmotsu manifold equipped with a semi-symmetric metric connection ∇̃. Then the Ricci
tensor S̃ on M is η−parallel with respect to the connection ∇̃ if and only if the manifold has η−parallel Ricci tensor S for the Levi-Civita
connection ∇.

The straight forward calculations from the equations (2.1), (2.2), (2.6) and (3.9) give

S̃(φY,φZ) = S̃(Y,Z)+2(n−1)η(Y )η(Z) (4.2)

for all X , Y ∈ χ(M). Differentiating (4.2) covariantly along the vector field X , we have

(∇̃X S̃)(φY,φZ) = ∇̃X S̃(φY,φZ)− S̃(∇̃X (φY ),φZ)− S̃(φY, ∇̃X (φZ)).

With the help of equations (2.1), (3.3), (3.4), (3.5), (3.12) and (4.2), last equation assumes the form

(∇̃X S̃)(φY,φZ) = (∇̃X S̃)(Y,Z)+2{η(Y )S̃(X ,Z)+η(Z)S̃(X ,Y )}+4(n−1){η(Y )g(X ,Z)+η(Z)g(X ,Y )}. (4.3)

Let us suppose that the manifold M equipped with a semi-symmetric metric connection ∇̃ has η−parallel Ricci tensor S̃ for the connection
∇̃, i.e. (∇̃X S̃)(φY,φZ) = 0, then from (4.3), we obtain

(∇̃X S̃)(Y,Z) =−2{η(Y )S̃(X ,Z)+η(Z)S̃(X ,Y )}−4(n−1){η(Y )g(X ,Z)+η(Z)g(X ,Y )}. (4.4)

Thus, we can state the following:

Theorem 4.3. An n−dimensional Kenmotsu manifold M endowed with a semi-symmetric metric connection ∇̃ has η−parallel Ricci tensor
for the connection ∇̃ if and only if the relation (4.4) holds on M.

Let {ei, i = 1,2,3, ...,n} be an orthonormal basis of the tangent space at any point of the manifold M. Setting Y = Z = ei in (4.4) and taking
summation over i, 1≤ i≤ n, we get

dr̃(X) = 0

for all X ∈ χ(M). This shows that the scalar curvature r̃ is constant with respect to the connection ∇̃. Hence we state:

Corollary 4.4. If the Ricci tensor S̃ of an n−dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection ∇̃ is
η−parallel, then the scalar curvature for the connection ∇̃ is constant.

From (3.11) and Corollary 4.4, it is obvious that

dr̃(X) = dr(X) = 0,

∀ X ∈ χ(M), which implies that the scalar curvature with respect to the Levi-Civita connection is constant. Thus we have,

Corollary 4.5. Let an n−dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection ∇̃ has η−parallel Ricci
tensor S̃. Then the scalar curvature of the manifold is constant.

Moreover, since S̃(Y,Z) = g(Q̃Y,Z), we can find from (3.3) that

∇̃X |Q̃|2 = 2
n

∑
i=1

g((∇̃X Q̃)ei, Q̃ei) = 0,

which implies that |Q̃|2 =constant. Thus we have
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Corollary 4.6. If an n−dimensional Kenmotsu manifold endowed with a semi symmetric metric connection ∇̃ has η−parallel Ricci tensor,
then the length of Ricci operator with ∇̃ is constant on M.

Let us suppose that the Ricci tensor S̃ on an n−dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection ∇̃ is
Codazzi type, i.e., (∇̃X S̃)(Y,Z) = (∇̃Y S̃)(X ,Z). Thus in view of this definition and equation (4.4), we obtain

η(Y )S̃(X ,Z)−η(X)S̃(Y,Z) = 2(n−1){η(X)g(Y,Z)−η(Y )g(X ,Z)}.

Setting Y = ξ in last expression and using (2.1) and (3.12), we find

S̃(X ,Z) =−2(n−1)g(X ,Z),

which is equivalent to

S(X ,Z) = (n−3)g(X ,Z)−2(n−2)η(X)η(Z). (4.5)

This shows that the manifold M is an η−Einstein manifold with the scalars a = n−3 and b =−2(n−2). It is obvious that a+b =−(n−1)
[For instant, see [7], p-97]. Conversely, if we suppose that the manifold M satisfies (4.5), then we can easily find that the Ricci tensor with
respect to the semi-symmetric metric connection ∇̃ is of Codazzi type. Thus we can state:

Corollary 4.7. Let an n(> 3)−dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection ∇̃ has η−parallel
Ricci tensor for ∇̃. Then the Ricci tensor S̃ on M to be of Codazzi type if and only if the manifold M is Einstein for ∇̃ or an η−Einstein for
Levi-Civita connection.

Again, we consider that the Ricci tensor S̃ with respect to a semi-symmetric metric connection ∇̃ is cyclic parallel, i.e.,

(∇̃X S̃)(Y,Z)+(∇̃Y S̃)(Z,X)+(∇̃Z S̃)(X ,Y ) = 0.

In view of (4.4), above relation converts into the form

η(X)S̃(Y,Z)+η(Y )S̃(Z,X)+η(Z)S̃(X ,Y )+2(n−1){η(X)g(Y,Z)+η(Y )g(X ,Z)+η(Z)g(X ,Y )}= 0.

Putting Z = ξ in last expression and using (2.1) and (3.12), we get (4.5). Hence we can state:

Corollary 4.8. Let M be an n(> 3)−dimensional Kenmotsu manifold endowed with a semi-symmetric metric connection ∇̃, has η−parallel
Ricci tensor S̃, then the Ricci tensor with respect to the connection ∇̃ to be cyclic parallel if and only if the manifold is η−Einstein.

5. Concircular curvature tensor with semi-symmetric metric connection ∇̃

It is well known that a geodesic circle (a curve whose first curvature is constant and second curvature is identically zero) does not transform
into a geodesic circle by the conformal transformation

gi j = ψ
2gi j, (5.1)

where gi j denotes the fundamental tensor. Yano [18] proved that a conformal transformation, defined in (5.1), satisfying the partial differential
equation

ψi; j = φgi j (5.2)

alters a geodesic circle into a geodesic circle. Such a transformation is known as concircular transformation and the geometry deals with such
transformation is called the concircular geometry [18]. A tensor field C of type (1,3) on a Riemannian manifold, which remains invariant
under the concircular transformation, defined by

C(X ,Y )Z = R(X ,Y )Z− r
n(n−1)

{g(Y,Z)X−g(X ,Z)Y}, (5.3)

where R is the curvature tensor and r denotes the scalar curvature, is known as concircular curvature tensor [19]. Analogous to the definition
of (5.3), we can define

Definition 5.1. Let M be an n−dimensional Kenmotsu manifold equipped with a semi-symmetric metric connection ∇̃. A concircular
curvature tensor C̃ with respect to the connection ∇̃ on M is a tensor field of type (1,3) and satisfies the relation

C̃(X ,Y )Z = R̃(X ,Y )Z− r̃
n(n−1)

{g(Y,Z)X−g(X ,Z)Y}, (5.4)

for all vector fields X, Y , Z ∈ χ(M). Here R̃ and r̃ are the curvature tensor and scalar curvature of the manifold M corresponding to the
connection ∇̃ respectively.

Definition 5.2. Let M be an n−dimensional Kenmotsu manifold equipped with a semi-symmetric metric connection ∇̃. A projective curvature
tensor P̃ with respect to the connection ∇̃ on M is a tensor field of type (1,3) and satisfies the relation

P̃(X ,Y )Z = R̃(X ,Y )Z− 1
(n−1)

{S̃(Y,Z)X− S̃(X ,Z)Y}, (5.5)

for all vector fields X, Y , Z ∈ χ(M). Here R̃ and S̃ denote the curvature and Ricci tensors of the manifold M corresponding to the connection
∇̃ respectively.
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Let M be an n(> 3)−dimensional Kenmotsu manifold admitting a semi-symmetric metric connection ∇̃ has η−parallel Ricci tensor S̃ for
∇̃. If additionally, Ricci tensor S̃ is either Codazzi type or cyclic parallel, then equation (4.5) holds on M. Let {ei, i = 1,2,3, ...,n} be an
orthonormal basis of the tangent space at any point of the manifold M. Setting Y = Z = ei in (4.5) and taking summation over i, 1≤ i≤ n,
we get r̃ =−2n(n−1). By considering this fact and equations (5.4) and (5.5), we find that

C̃(X ,Y )Z = P̃(X ,Y )Z. (5.6)

Conversely, if the relation (5.6) holds, then from (5.4) and (5.5), we can easily obtain

S̃(X ,Z)Y − S̃(Y,Z)X =
r̃
n
{g(Y,Z)X−g(X ,Z)Y},

which is equivalent to

S̃(X ,Z)η(Y )− S̃(Y,Z)η(X) =
r̃
n
{g(Y,Z)η(X)−g(X ,Z)η(Y )}.

Putting Y = ξ in last equation and using (2.1) and (3.12), we get

S̃(X ,Z)+2(n−1)η(Z)η(X) =
r̃
n
{η(Z)η(X)−g(X ,Z)}.

Let {ei, i = 1,2,3, ...,n} be an orthonormal basis of the tangent space at any point of the manifold M. Setting X = Z = ei in the last equation
and taking summation over i, 1≤ i≤ n, we immediately get r̃ =−2n(n−1) and hence from (5.4) and (5.5), we obtain (4.5). From the above
discussion, we can state the following corollary:

Corollary 5.3. Let M be an n(> 3)−dimensional Kenmotsu manifold equipped with a semi-symmetric metric connection ∇̃ has η−parallel
Ricci tensor for ∇̃. Then the concircular and projective curvature tensors for ∇̃ coincide if and only if the Ricci tensor S̃ is either Codazzi
type or cyclic parallel.

From the Corollaries (4.7), (4.8) and (5.3), we observe the following:

Corollary 5.4. If the Ricci tensor S̃ of an n(> 3)−dimensional Kenmotsu manifold M endowed with a semi-symmetric metric connection ∇̃

is η−parallel . Then the following results on M are equivalent
(i) Ricci tensor S̃ is of Codazzi type,
(ii) Ricci tensor S̃ is cyclic parallel,
(iii) S̃ =−2(n−1)g(Y,Z),
(iv) C̃(X ,Y )Z = P̃(X ,Y )Z,
(v) r̃ =−2n(n−1).

Let us suppose that the manifold M equipped with a semi-symmetric metric connection ∇̃ is either concircularly or projectively flat with
respect to the connection ∇̃, then in consequence of (4.5), (5.4), (5.5) and (5.6), we find that

R̃(X ,Y )Z =−2{g(Y,Z)X−g(X ,Z)Y}, (5.7)

which shows that the manifold M equipped with ∇̃ is of constant curvature. Therefore we have:

Remark 5.5. The idea of constant curvature plays a central role in the theory of relativity and cosmology. The simplest cosmological
model can be constructed by assuming that the universe is isotropic and homogeneous. This is known as cosmological principle. When we
translated this principle to Riemannian geometry, professes that the three dimensional position space is a space of maximal symmetry [24],
i.e., a space of constant curvature whose curvature depends upon time. The cosmological solutions of Einstein equations which contain a
three dimensional space like surfaces of a constant curvature are the Robertson-Walker metric, while four dimensional space of constant
curvature is the de Sitler model of the universe ([23], [24]).

In consequence of (3.8) and (5.7), we immediately get

R(X ,Y )Z = {g(Y,Z)X−g(X ,Z)Y}+2{η(X)η(Z)Y −η(Y )η(Z)X−η(X)g(Y,Z)ξ +η(Y )g(X ,Z)ξ}, (5.8)

which shows that it is a certain class of generalized Sasakian space form (for instance, see [33], [34]). From (5.8), it is obvious that f1 = 1,
f2 = 0 and f3 = 2. Also, if we suppose that the manifold M equipped with ∇̃ satisfies (5.8), then equations (3.8), (5.4), (5.5) and (5.8) give
C̃ = P̃ = 0. Kim [34] proved that a generalized Sasakian-space form is conformally flat if and only if f2 = 0. Thus from (5.8) and result of
Kim, we have the following theorem:

Theorem 5.6. Let M be an n(> 3)−dimensional Kenmotsu manifold endowed with a semi-symmetric metric connection ∇̃. Then the
manifold is conformally flat if and only if it is either projectively or concircularly flat for ∇̃.

Taking covariant derivative of (5.4) with respect to the semi-symmetric metric connection ∇̃ along the vector field W , we get

(∇̃W C̃)(X ,Y )Z = (∇̃W R̃)(X ,Y )Z− dr̃(W )

n(n−1)
{g(Y,Z)X−g(X ,Z)Y}. (5.9)

Let us suppose that the Kenmotsu manifold M equipped with a semi-symmetric metric connection ∇̃ has η−parallel Ricci tensor, i.e.,
(∇̃X S̃)(φY,φZ) = 0. Thus from the Corollary 4.4, equation (5.9) assumes the form

(∇̃W C̃)(X ,Y )Z = (∇̃W R̃)(X ,Y )Z. (5.10)

Before going to discuss our results, we define the following definitions as:
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Definition 5.7. An n−dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection ∇̃ is said to be a global
symmetric Kenmotsu manifold with respect to the connection ∇̃ if its non vanishing curvature tensor R̃ satisfies

(∇̃W R̃)(X ,Y )Z = 0,

for arbitrary vector fields X, Y , Z and W.

Definition 5.8. An n−dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection ∇̃ is said to be a global
concircularly symmetric Kenmotsu manifold with respect to the connection ∇̃ if its concircular curvature tensor C̃ satisfies

(∇̃W C̃)(X ,Y )Z = 0,

for arbitrary vector fields X, Y , Z and W.

Definition 5.9. An n−dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection ∇̃ is said to be a globally
φ−symmetric Kenmotsu manifold with respect to the semi-symmetric metric connection ∇̃ if its non vanishing curvature tensor R̃ satisfies

φ
2((∇̃W R̃)(X ,Y )Z) = 0,

for arbitrary vector fields X, Y , Z and W.

Definition 5.10. An n−dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection ∇̃ is said to be a globally
φ−concircularly symmetric Kenmotsu manifold with respect to the semi-symmetric metric connection ∇̃ if its concircular curvature tensor C̃
satisfies

φ
2((∇̃W C̃)(X ,Y )Z) = 0,

for all X, Y , Z, W ∈ χ(M).

In consequence of equation (5.10) and Definitions 5.7 and 5.8, we can observe the following:

Theorem 5.11. Let M be an n−dimensional Kenmotsu manifold with a semi-symmetric metric connection ∇̃ and the Ricci tensor S̃ of M is
η−parallel. Then M is globally symmetric if and only if it is globally concircularly symmetric with respect to the connection ∇̃.

Operating φ 2 on both sides of (5.10), we have

φ
2(∇̃W C̃)(X ,Y )Z = φ

2(∇̃W R̃)(X ,Y )Z.

Thus, with the help of above equation and Definitions 5.3 and 5.4, we can state:

Theorem 5.12. If an n−dimensional Kenmotsu manifold M equipped with a semi-symmetric metric connection ∇̃ has η−parallel Ricci
tensor S̃, then the manifold M to be globally φ−symmetric if and only if it is globally φ−concircularly symmetric.

It is observed that a globally φ−concircularly symmetric Kenmotsu manifold M equipped with a semi-symmetric metric connection ∇̃ is an
η−Einstein manifold. Thus, by considering this fact and Theorem 5.12, we have

Corollary 5.13. If an n−dimensional Kenmotsu manifold M endowed with a semi-symmetric metric connection ∇̃ has η−parallel Ricci
tensor S̃, then it is an η−Einstein manifold.

6. Example

In this section, we construct an example of the Kenmotsu manifold admitting a semi-symmetric metric connection and after that we validate
our results.

Example 6.1. Let

M3 = {(x,y,z) ∈ R3 : x,y,z(6= 0) ∈ R},

be a three dimensional smooth manifold, where (x,y,z) denotes the standard coordinate of a point in R3. Let us suppose that

e1 = ez
(

∂

∂x
+

∂

∂y

)
, e2 = ez ∂

∂y
, e3 =−

∂

∂ z

be a set of linearly independent vector field at each point of the manifold M3 and therefore it form a basis for the tangent space χ(M3). We
also define the Riemannian metric g of the manifold M3 as g(ei,e j) = δi j, where δi j denotes the Kronecker delta and i, j = 1,2,3. Let us
consider the 1−form η defined by η(Z) = g(Z,e3) for any Z ∈ χ(M3) and a tensor field φ of type (1,1) defined by

φ(e1) =−e2, φ(e2) = e1, φ(e3) = 0.

By the linearity properties of φ and g, we can easily verify the following relations

φ
2X =−X +η(X)e3, η(e3) = 1, g(φX ,φY ) = g(X ,Y )−η(X)η(Y )

for arbitrary vector fields X ,Y ∈ χ(M3). This shows that ξ = e3 and the structure (φ ,ξ ,η ,g) defines an almost contact metric structure on
M3. If ∇ represents the Levi-Civita connection with respect to the Riemannian metric g, then with help of above, we can easily calculate that

[e1,e2] = 0, [e1,e3] = e1, [e2,e3] = e2.
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We recall the Koszul’s formula as

2g(∇XY,Z) = Xg(Y,Z)+Y g(X ,Z)−Zg(X ,Y )−g(X , [Y,Z])−g(Y, [X ,Z])+g(Z, [X ,Y ])

for arbitrary vector fields X ,Y,Z ∈ χ(M3). It is obvious from Koszul’s formula that

∇e1 e1 =−e3, ∇e1 e2 = 0, ∇e1 e3 = e1, ∇e2 e1 = 0, ∇e2 e2 =−e3, ∇e2 e3 = e2, ∇e3 e1 = 0, ∇e3 e2 = 0, ∇e3 e3 = 0.

From the above calculations, we can observe that ∇X ξ = X −η(X)ξ , for ξ = e3. Thus the manifold (M3,g) is a Kenmotsu manifold of
dimension 3 and the structure (φ ,η ,ξ ,g) denotes the Kenmotsu structure on the manifold M3.
It is obvious from the above results that

R(e1,e2)e3 = 0, R(e1,e3)e3 =−e1, R(e3,e2)e2 =−e3, R(e3,e1)e1 =−e3, R(e2,e1)e1 =−e2,

R(e2,e3)e3 =−e2, R(e1,e2)e2 =−e1, R(e3,e1)e2 = 0, S(e1,e1) =−2, S(e2,e2) =−2,

S(e3,e3) =−2, S(φe1,φe1) =−2, S(φe2,φe2) =−2, S(φe3,φe3) = 0, S(φei,φe j) = 0, f or all i, j = 1, 2, 3 (i 6= j).

From the above relations, we can easily calculate that (∇X S)(φei,φe j) = 0 for all X ∈ χ(M3) and i, j = 1,2,3. Hence the manifold M3 is
η−parallel.
In consequence of (3.3) and above results, we can find that

∇̃e1 e1 =−2e3, ∇̃e1 e2 = 0, ∇̃e1 e3 = 2e1, ∇̃e2 e1 = 0, ∇̃e2 e2 =−2e3,∇̃e2 e3 = 2e2, ∇̃e3 e1 = 0, ∇̃e3 e2 = 0, ∇̃e3 e3 = 0

and also the components of torsion tensor T̃ are

T̃ (ei,ei) = ∇̃ei ei− ∇̃ei ei− [ei,ei] = 0, f or i = 1,2,3 and T̃ (e1,e2) = 0, T̃ (e1,e3) = e1, T̃ (e2,e3) = e2.

These equations show that T̃ 6= 0 and therefore by equation (3.1), we can say that the linear connection defined in (3.3) is a semi-symmetric
connection on (M3,g). By the straight forward calculation, we can also find

(∇̃e1 g)(ei,e j) = 0, (∇̃e2 g)(ei,e j) = 0, (∇̃e3 g)(ei,e j) = 0

for all i, j = 1,2,3. This demonstrates that the equation (3.2) holds on M3 and hence the linear connection defined in (3.3) is a semi-
symmetric metric connection on M3. Thus we can say that the manifold (M3,g) be a three dimensional Kenmotsu manifold equipped with a
semi-symmetric metric connection ∇̃ defined in (3.3).
With the help of above discussions, we can calculate the curvature and Ricci tensors with respect to the semi-symmetric metric connection ∇̃

as

R̃(e1,e2)e3 = 0, R̃(e1,e3)e3 =−2e1, R̃(e3,e2)e2 =−2e3, R̃(e3,e1)e1 =−2e3, R̃(e2,e1)e1 =−4e2, R̃(e2,e3)e3 =−2e2,

R̃(e1,e2)e2 =−4e1, R̃(e3,e1)e2 = 0, S̃(e1,e1) =−6, S̃(e2,e2) =−6, S̃(e3,e3) =−4, r̃ =−16

and other components can be calculated by symmetric and skew-symmetric properties. We can easily observe that the equations [(3.8) -
(3.14)] are verified. Also,

S̃(φe1,φe1) =−6, S̃(φe2,φe2) =−6, S̃(φe3,φe3) = 0, S̃(φei,φe j) = 0, f or all i, j = 1,2,3(i 6= j).

It is clear from the above discussions that (∇̃X S̃)(φei,φe j) = 0 for all X ∈ χ(M3) and i, j = 1,2,3. Hence the manifold M3 equipped with
a semi-symmetric metric connection ∇̃ has η−parallel Ricci tensor for the connection ∇̃. From the above discussions, we come to the
conclusion:

”If the manifold M3 has η−parallel Ricci tensor with respect to Levi-Civita connection ∇, then it contains also η−parallel Ricci tensor with
respect to the semi-symmetric metric connection ∇̃”.
Hence the statement of the Theorem 4.2.
It is obvious from the above relations that r̃ =−16(constant) and hence the Corollary 4.4 is satisfied on M3.
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