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Abstract

In this paper, we build the inexact proximal point algorithm of Mann-type and Ishikawa-type iteration
based on the variational inequality in Hadamard spaces and prove A—convergence to a fixed point of the
nonexpansive mapping.
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1. Introduction

Let (X, d) be a metric space[l]. A geodesic path joining = € X to y € X (or, more briefly, a geodesic from
x toy)isamap f from a closed interval [0,/] C R to X such that f(0) =z, f(I) =y and d(f(¢), f(t')) = [t—1/|
for all t,¢' € [0,1]. In particular, f is an isometry and d(z,y) = [. The image a of f is called a geodesic
(or metric) segment joining x and y. When it is unique this geodesic is denoted [z,y]. The space (X,d) is
said to be a geodesic space if every two points of X are joined by a geodesic, and X is said to be uniquely
geodesic if there is exactly one geodesic joining x and y for each x,y € X. A subset Y C X is said to be
convex if Y includes every geodesic segment joining any two of its points.
A geodesic space (X,d) is a CAT(0) space if it satisfies the following C' N-inequality for z, 29, 21, 22 € X
such that d(zo, 21) = d(20, 22) = 3d(21, 22):

1 1 1
dQ(x,zo) < §d2(a:,zl) + §d2([£,22> — ZdQ(zl,zg).

A complete CAT(0) space is called a Hadamard space.
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Berg and Nikolaev[3] introduced the concept of quasi-linearization in CAT(0) space X. They denoted a
vector by ab for (a,b) € X x X and defined the quasi-linearization map (-,-) : (X x X) x (X x X) - R as
follow:

(ab, ) = 31 (a,d) + @ (b,) — (0, ¢) — (b, )],
for a,b,c,d € X. We can verify <$, %) = d*(a,b), <£,&>l> = 7<%, z@, and <%, ;D = (ae, ;l> + @, E>z> for
all a,b,c,d,e € X. For a space X, it satisfies the Cauchy-Schwarz inequality if

(ab, ed) < d(a,b)d(c, d)

for all a,b,c,d € X.It is known|3] that a geodesically connected metric space X is a CAT(0) space if and
only if it satisfies the Cauchy-Schwarz inequality.

Let (X, d) be a complete CAT(0) space. K is convex and closed in X and 7" : K — X is a nonexpansive
mapping. We formulate the variational inequality problem in a Hadamard space X associated with the
nonexpansive mapping T as follows[I]: Find « € K, such that

<T_>m:ﬁ> >0, VzeK. (1.1)

Hadi Khatibzadeh and Sajad Ranjbar|2] have introduced the existence of solutions for the variational
inequality problem and approximate a solution of (1.1) by the inexact proximal point algorithm. By the
Lemma 2.8, the solution of the auxiliary problem (2.1) is unique but we may not be able to obtain the
sequence (z,,) exactly. Therefore, they suppose that in each step a computational error occurs. Then, they
proved the A—convergence of the inexact proximal point algorithm

{ xo € K, (An) C (0,00), (g,) C [0, 00)

— 1.2
<T-'Enl'n - ixn$n717m> > —&p, VzE€X, ( )

with certain conditions on the parameter sequence A, and the error sequence €, to a solution of the variational
inequality problem (1.1), which is also a fixed point of the nonexpansive mapping 7. Meanwhile, they also
proved the strong convergence of the Halpern-type regularization

u,x1 € K,(\y) C (0,00), () C [0,1], (e,) C [0, 00)
<Tynyn — ﬁynwmy?> > —en, VzE€X, (1.3)
Tnt1 = opu @ (1 — o)y,

with suitable assumptions on the parameter sequences «,, and \,, to a fixed point of the nonexpansive
mapping, which solves the variational inequality problem (1.1).
In this paper, we build the Mann-type and Ishikawa-type regularization as follow, Mann-type:

xg € K,
— s
<Tynyn - iynxnayn > = _%17 Vz € X, (1-4)

Tptl = QpTy D (1 - an)yna

with (\,) C (0,00), () C [0,1], (g,) C [0, 00) and Ishikawa-type:

( xo € K,
s N
<Tynyn - ﬁynxm?m> > _67”7 Vp € X,
Up = anZn O (1 — an)Yn, (1.5)

— ,
<Twnwn - n%wnunym> > *%a Vg € X,
Tpt+1 = ﬁna:n @ (1 - ﬁn)wna

with (A,) C (0,00), (n,) C (0,00), () C [0,1], (Bn) C [0,1], (e5) C [0,00) and () C [0,00). Therefore,
we prove the two sequences generated by the algorithm (1.4) and (1.5) are A—convergent to a fixed point of
the nonexpansive mapping 7. Then, we improve and extend their results.
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2. Preliminaries

Definition2.1/2/ A sequence (z,) in a complete CAT(0) space (X,d) is said to be A—convergent to
x € X if A((zn,)) = {x} for every subsequence (z, ) of (x,).

Lemma2.2/7/ Every bounded sequence in a complete CAT(0) space has a A—convergent subsequence.

Lemma2.3[j/ Let (X, d) be a CAT(0) space. Then

d((1-t)x@ty,z) < (1 —t)d(z,2) +td(y, 2)

for all z,y,2 € X and t € [0, 1].
Lemma2.4[j] Let (X, d) be a CAT(0) space. Then

d2((1 —tx dty,z) < (1 — t)dQ(x, z) + td*(y, z) —t(1— t)dQ(x, Y)

for all t € [0,1] and z,y,z € X.

Lemma2.5/5/ Let (X,d) be a CAT(0) space and and let (x,) be a sequence in X. If there exists a
nonempty subset F' of X verifying the following conditions:

(i) for each z € F, limpd(zy, z) exists,

(i1) if a subsequence (xp;) of (x,) is A—convergent to x € X, then x € F, then (z,) A—converges to an
element of F'.

Lemma2.6/2/ Let K be bounded. Then there exists a solution of the variational inequality problem
(1.1).

Lemma2.7/2] Let = € int(K) (interior of K) be a solution of problem (1.1), then z € F(T).

Lemma2.8/2/ For each x € K and each A > 0, there exists a unique y € K such that

|
<T—yg>; - Agﬁ,y?> >0, Vze X, (2.1)

Lemma2.9/6/ Suppose that {a,} and {b,} are two sequences of nonnegative numbers such that a,4+; <
ap +b, foralln>1. If Zn b, converges, then lim,a, exists.
3. Main results

Theorem3.1 Let X be a Hadamard space. K C X is convex and closed and T : K — X is a nonexpansive
mapping and F(T) # (. The sequence {x,} is generated by (1.4) and let the conditions hold: limsup, a, < 1,
liminf, A\, > 0 and ) e,A, < 0co.Then the sequence {x,} is A—convergent to a fixed point of T

Proof. Let z € F(T'), then by (1.4), we have

= 1 N €
<Tynyn - Ayn$n7m> P _?n‘
n

Hence, we can obtain

— 2
= d2(z, Tyn) - d2(yn, Tyn) - d2(yn7 Z)

B )\17L(d2(yn7 z) + d2<ym$n) - dQ(x”’ z)).

By the nonexpansiveness of T', we get

Mad® (Y, Tyn) + d*(Yn, 2n) < d* (20, 2) — d*(Yn, 2) + Endn, (3.1)
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which implies
d*(yn, 2) < d*(@n, 2) + EnAn. (3.2)
By the lemma 2.4, we have

(1, 2) = A (ann & (1 - an)yn: 2)
< andQ(xn, z)+ (1 — an)d2(yn7 z) —ap(l - an)dz(mm Yn)
< and?(2n, 2) + (1 — an)(d*(2n, 2) + €n)n)
= d2($n’ 2)+ (1 — ap)epn
<--- < d2(x1, 2) + Ei:l (1 — a;)eiN.

Therefore, according to the lemma 2.9, we know that {x,} and {y,} are bounded and lim,d(z,, z) exists.
Then, let lim,d(z,,z) = a. If a = 0, it denotes that the sequence {x,} is strongly convergent to a fixed
point of T'; if a > 0, consequently, by (3.2), we have

(d(yn, 2) = d(@n, 2))(d(yn, 2) + d(2n, 2)) < EnAn,

which means

Entn
d(Yn, 2) + d(zy, 2)

d(Yn, z) < d(xp,2) + < d(xp, 2) + Mep A,

where

1
M =
s%p{ d(yn, z) + d(xp, 2)

Since lim,d(z,, z) exists and by the lemma 2.3, we obtain

0= liTan(d(a:nH, z) —d(xp, 2))

.

< limninf(and(a:n, 2) + (1 — an)d(yn, 2) — d(zp, 2))
= lin%inf(l — ap)(d(yn, 2) — d(xn, 2))
< hmnSUP(l — an)(d(Yn, 2) — d(zn, 2))

< limsup(1 — o) Mep Ay, = 0.

n

By the assumptions limsup,, o, < 1, we get
lir?l(d(yn, z) —d(zp,2)) =0.
Also, by the assumptions and (3.1), we have
lirlgnd(yn, Ty,) =0, liTILnd(yn, xn) = 0.
Therefore, by the nonexpansiveness of T', we may obtain
liénd(xn, Tx,) < liﬁn(d(ﬂ:n, Yn) + d(Yn, Tyn) + d(Tyn, Txy))
< lim(d(zn, yn) + d(Yn, Tyn) + d(yn, 7n)) = 0,

which implies
limd(x,,, Txy,) = 0.
n

Thus, if a subsequence {zy;} of {z,} is A—convergent to ¢ € X, then
d(xn;, Txn;) — 0.

Hence, by A—demiclosedness of nonexpansive mappings, we have ¢ € F(T'). Finally, by the lemma 2.5, the
sequence {z,} is A—convergent to z € F(T'). This completes the proof. O
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Theorem3.2 Let X be a Hadamard space. K C X is convex and closed and T': K — X is a nonexpansive
mapping and F(T) # (). The sequence {x,,} is generated by (1.5) and let the conditions hold: limsup,, 8, < 1,
liminf, A, > 0, liminfn, >0, > e\, < oo and >, d,n, < co.Then the sequence {z,} is A—convergent
to a fixed point of T?

Proof. Let z € F(T), then by (1.5), we have

— 1 €
<Tynyn - )\ynxmm> P ——.
n

Hence, we can obtain

— 2 N
—€n < 2 <Tynyn, y?> - )\7 <ynxn7 y?>
= dQ(Z, Tyn) - d2(yna Tyn) - dQ(ym Z)

- i(d2(yn72) + d2(yn7$n) - d2(m”’ z)).

An
By the nonexpansiveness of T, we get
M@ (Yns Tyn) + d*(yn, 2n) < d* (20, 2) — d*(yn, 2) + €ntn, (3.3)
which implies
d*(Yn, 2) < d*(2n, 2) + Endn. (3.4)
Similarly, we obtain
N d? (Wn, Twy) + d2 (ty, wy) < d?(up, 2) — d*(wn, 2) + Ontin, (3.5)
which also implies
d?(wp, 2) < d*(Un, 2) + Ontin. (3.6)

By the lemma 2.4, we get

dz(wn—l-la z) = d2(6nxn + (1 = Bn)wn, 2)
< ﬁnd2(xna Z) + (1 - Bn)dQ(wm Z) - ﬁn(l - ﬁn)dZ(xmwn)
< Bndz(mnv Z) + (1 - ﬁn)dZ(unv Z) + (1 - ﬁn)(snnna

and

d?(un, 2) = d*(anzy + (1 — an)yn, 2)
< and?*(2n, 2) + (1 = an)d*(Yn, 2) — an(1 — ) d* (20, Yn)
< and*(xn, 2) + (1 — o) (d? (20, 2) + €nn)
= d*(zpn, 2) + (1 — an)enin,

then, we obtain

d*(2n11,2) < Bud® (@, 2) + (1= Bn) (d*(Tn, 2) + (1 = an)endn) + (1 = Bn)nin
= d2(xn, z)+ (1= 6n)(1 - O‘n)gn)‘ + (1 = Bn)dnnn
<- d2 xh +Z 1 _Bz - 51)\ +Z 1771-
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Therefore, according to the lemma 2.9, we know that {z,,}, {yn}, {un} and {w, } are bounded and lim,,d(x,, 2)
exists. Then, let lim,d(zy,2) = a. If a = 0, it denotes that the sequence {z,} is strongly convergent to a
fixed point of T'; if a > 0, consequently, by (3.4) and (3.6), we have

(d(yn, 2) — d(@n, 2))(d(Yn, 2) + d(zn, 2)) < EnAn
and
(d(wn, 2) — d(un, 2))(d(wn, 2) + d(un, 2)) < dntn,

which mean

Entn
d(Yn, 2) + d(zn, 2)

d(yn, z) < d(zp, 2) + < d(zp, 2) + MigpAn

and 5
nin
mny < d 9 < d 9 M (STL n»
d(wp, 2) (u z)+d(wn,z)+d(un,z) (Un, 2) + M2,
where . X
M, = Mo = )
T e M TS G S d )

In the following, we consider three possible cases for the sequence {ay,}.
(D)lim sup,,a,, < 1.
Since lim,d(zy,, z) exists and by the lemma 2.3, we obtain

0= lim(d(wnH, z) —d(xp, 2))

d(Tn, 2) + (1 = Bn)d(wn, 2) — d(zy, 2))

(Bn
= lim 1nf(1 Br)(d
(
(

hm inf (S

(wn, 2) — d(zn, 2))
hmlnf 1 — Bn)(d(
1= Bn)(and(zn, 2) + (1 — an)d(yn, z) + Madpn, — d(xn, 2))

M25n77n)
1—a,
M25n77n

1—a,

Un, 2) + Madpny, — d(xp, 2))

= lirr}hbinf(l — Bn)(1 — an)(d(yn, 2) — d(zpn, 2) +

< limnsup(l - Bn)(l - an)(d(ym Z) - d(.%’n, Z) +

Mob,1,,
< limsup(l = B,)(1 = an) (Migpha + = 20nT

)

) =0.

_an

By the condition lim sup, s, < 1 and assumption limsup,, 8, < 1, we get
liTlgn(d(yn, z) —d(zp,2)) = 0.
Also, by the assumptions and (3.3), we have
lirgnd(yn, Ty,) =0, lirlgnd(yn, xn) = 0.
Therefore, by the nonexpansiveness of T', we may obtain

limd(zy,, Txy) < Um(d(zn, yn) + d(Yn, Tyn) + d(Typn, Txy))

n

< hm(d(l’na yn) + d(yna Tyn) + d(ym xn)) =0,

n

which implies
limd(xy,, Txy) = 0.
n
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Thus, if a subsequence {z;} of {z,} is A—convergent to ¢ € X, then
d(xn;, Txyn;) — 0.

Hence, by A—demiclosedness of nonexpansive mappings, we have ¢ € F/(T). Finally, by the lemma 2.5, the
sequence {z,} is A—convergent to z € F(T).

(2)lim sup,, o, = 1.

Hence, there exists a {an, } of {an} satisfied limsup;a;,; < 1. Similar to (1), there exist a subsequence
{zn,} of {x,} and a subsequence {yn;} of {y,} such that

hm(d(ynj I Z) - d(wnj ) Z)) = 0
J
Also, by the assumptions and (3.3), we still have

lim d(ynj ) Tynj) = 0,lim d(ynjal'nj) =0.
J J

Therefore, we also obtain

lim d(zy,,;, Twy,) = 0.
J

Thus, if the subsequence {z,,} of {z,} is A—convergent to ¢ € X, then
d(xn;, Txn;) — 0.

Hence, by A—demiclosedness of nonexpansive mappings, we have ¢ € F(T'). Finally, by the lemma 2.5, the
sequence {z,} is A—convergent to z € F(T).

(3)limy,a, = 1.

Since lim,d(z,, z) exists and by the lemma 2.3, we obtain

0= lién(d(a:nﬂ, z) —d(xp, 2))
< Timnf (Bud(n, 2) + (1~ fu)d(wn, ) — d(zn, 2))
= lim inf(1 — 5, 2) — d(n, 2))
<liminf(1 - 5,) z) + Mabpny — d(zn, 2))
< lim Sup(l — Bn)(d(tn, 2) + Mabpny — d(xp, 2))

(d(wn,
(d(un,
)

< limsup(1 — 8y) (and(xn, 2) + (1 — an)d(yn, 2) + Madpn, — d(xn, 2))
< limsup(1 = fn)(1 = an)(d(yn, 2) — d(@n, 2)) + limsup(l — B5) Moo
( )

1 — Bn)Madpn, = 0.

By the assumption limsup,,8, < 1, we get
lim(d(uy, 2) — d(zn, 2)) = 0.
n

In fact, it is easy to prove
lim(d(wp, 2) — d(xn, 2)) =0,
n

hence, we may obtain
lim(d(wp, 2) — d(un, z)) = 0.
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Then, by the assumptions and (3.5), we have
lim d(wy, Twy,) = 0,lim d(u,, wy,) = 0.
n n
Therefore, by the nonexpansiveness of T', we may obtain

li7rln d(xp, Txy) < Um(d(zn, up) + d(uy, wy) + d(wn,, Twy,) + d(Twy, Txy,))
<Im((1 — ap)d(Tn, yn) + d(tn, wy) + d(wp, Twy,) + d(wp, 2,))
< Um(1 — ap)d(xn, yn) + 1iTan d(up, wp) + 1iTan d(wp, Twy,)

+ lim sup d(wp,, Tr,)
= limsup d(wp, xp,).
By the lemma 2.4 again, we have
& (2011, 2) = & (Bptn + (1 = Bo)wp, 2)
< Bnd?(n, 2) + (1 = B)d*(wn, 2) = Ba(L — Ba)d*(zn, wn),

which implies
Bn(1 — Bn)dg(xmwn) < /BndQ(xm z)+(1— Bn)dQ(wna z) — d2($n+17 z)
= d2(:cn, z) — dz(xn_i_b 2)

+ (1 = B ) (d*(wp, 2) — d*(z,, 2)).
Then, we have

liqun Br(1 = Br)d* (2, wn) < liTan(dQ(a:n, 2) — d*(zpy1, 2))
+ liﬁn(l — Bu)(d*(wn, 2) — d*(2n, 2)),

which implies
0 < lim B (1 — Bn)d?(wn, wn) <O,

therefore, we obtain

lim 3, (1 — Br)d* (2, wy) = 0.

By the assumption, we know limsup, 3, < 1. Hence, as long as limsup, 3, # 0, then there exists a
subsequence {8y, } of {#,} such that liminf;3,, > 0, we have

h]I,n Bn]‘ (1- /an)d2(xnj)wnj) =0,

which implies

lim d(zy,,wn;) = 0.
J

Thus, there also exists a subsequence {x,,} of {x,} satisfied
limd(zy,,, Twy,) < limsup d(wy,, Tn;)
J J

= lim d(wp;, Tn;) = 0,
J
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which implies

lim d(zy,,;, Try,) = 0.
J

Thus, if the subsequence {z,} of {z,} is A—convergent to ¢ € X, then

d(xn;, Txn;) — 0.

Hence, by A—demiclosedness of nonexpansive mappings, we have ¢ € F(T'). Finally, by the lemma 2.5, the
sequence {z,} is A—convergent to z € F(T'). This completes the proof. O
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