— KONURALP JOURNAL OF MATHEMATICS
VoLuME 3 No. 2 pp. 190-201 (2015) ©KJIM

ON THE INVOLUTES FOR DUAL SPLIT QUATERNIONIC
CURVES

CUMALI EKICI AND HATICE TOZAK

ABSTRACT. In this study, definition of involute-evolute curves for semi-dual
quaternionic curves in semi-dual spaces ]]])‘2l known as dual split quaternion
and ]D)f are given and also some well-known theorems for involute-evolute dual
split quaternionic curves are obtained.

1. INTRODUCTION

The idea of a string involute is due to C. Huygens (1658) who is also known with
his work in optics. He discovered involutes while trying to build a more accurate
clock [4]. Later, the relations Frenet frame of involute-evolute couple in the space
E3 were given in [10].

In recent years, the theory of degenerate submanifolds has been treated by re-
searchers and some classical differential geometry topics have been extended to
Lorentz manifold. For instance, in [23], the authors extended and studied the
spacelike involute-evolute curves in Minkowski space-time ([2], [5], [23]).

The quaternions were first defined in 1843 by Hamilton. The dual quaternions
are extension of the real quaternions by means of the dual numbers [3], [22], and
they were first introduced by Clifford [6]. In D3 and D* dual spaces, Serret Frenet
Formulas had been defined by Sivridag [21]. Inclined curves and characterization
of quaternionic Lorentz manifolds were given in 1999 by Karadag. In 2002, Serret
Frenet Formulas for quaternionic curves in Semi-Euclidean space were defined by
Tuna. The quaternionic inclined curves in the Semi-Euclidean space Ej were given
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in 2004 by Coken and Tuna [8]. The split quaternions were identified with Semi-
Euclidean space E3, while the vector part of split quaternions were identified with
Minkowski 3-space [11]. In 2009, Serret Frenet Formulas for split quaternionic
curves in Semi-Euclidean space E3 were given in [7].

In this paper, we firstly define involute-evolute curve couples in definition of
involute-evolute curves on D3 and Dj. Later, we calculate Frenet frame of the
evolute curve by the help of the frame of the involute curve. We use the methods
expressed in [7]. (In this paper, we consider non-null curves, and a version of this
adapted to null curves can be studied.)

2. PRELIMINARIES

In this section, we will give basic definitions of the dual spaces D and D* and
then the semi-dual spaces D} and Dj.

A dual number has the form a + £a* where a and a* are real numbers and
¢ = (0,1) is the dual unit with the property that &2 = 0. The set of all dual
numbers form a comutative ring over the real number field and denoted by D [25].

D3 dual vector space (D - Module) can be written as

D? = {(A1, Ag, A3) : Ay, Ag, A3 €D }.
The Euclidean inner-product of two dual vectors A, B € D3 is defined as
(y: D’xD® — D
(A,B) — (A,B) = (a,b) +£((a*,b) + (a,b*)).
Given a dual vector A = a + £a*, the norm of A is

1Al = (A, AD? = o] + 42970 420,

lall

The cross-product of two dual vectors A, B € D3 is defined as,
ANB=aAb+&(aNb"+a" AD).
Similarly, D* dual vector space can be written as
D* = {(Ay, Ag, A3, Ay) - A1, Ay, A3, Ay €D }.

The same definitions of inner-product, norm and cross-product are hold for D?.

The Lorentzian inner-product of two dual vectors A = a+£a* and B = b+ &b*,
a, b € R} is given as
(A, B) = (a,b) + &({a”,b) + {a,b"))
with the signature (—,+,+) in R$. The D—module D? with the Lorentzian inner-
product is called the semi-dual space D [24].

On the other hand, a semi-Euclidean inner-product of two dual vectors in D*,
A=a+€a* and B = b+ £b*, a, b € R}, can be defined as

(4, B) = (a,b) +£((a,b) + {a,b%))

with the signature (—, —, 4+, +) in Rj. The dual space D* with the semi-Euclidean
inner-product is called the semi-dual space D3 or dual-split quaternion [12].

Let A be a dual vector in D3. If (a,a) < 0, then A is called timelike, if (a,a) > 0,
then A is called spacelike and if (a,a) = 0, then A is called lightlike (or null) vector.
A smooth curve on the semi-dual space D3 is said to be timelike, spacelike or null
if its tangent vectors are timelike, spacelike or null, respectively. Observe that, a
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timelike curve corresponds to the path of an observer moving at less than the speed
of light while the spacelike curves are faster and the null curves are equal to the
speed of light [17].

A real quaternion consists of a set of four ordered real numbers
a, b, c,d associated with four units eq, es,e3 and 1, respectively. The three units
e1,es and ez have the following properties:

e? =e3=e3=—1,
(1) e X eg = e3, ey X e3 = €1, €3 X €1 = €3
ey X e = —es, ez X eg = —e€1, €1 X €3 = —€3

A real quaternion ¢ may be written as ¢ = aey + besy + ces + d.

Clearly, a quaternion ¢ consists of two parts: the scalar part S, = d and the
vector part V; = ae; + beg + ces. The set of all real quaternions is denoted by Q.

The multiplication of two real quaternions p and ¢ is defined as

(2) pxq:V},/\Vq—(V},,‘/}ﬁ—l—Squ—i-Squ—l-Squ

where (,) and A are the inner-product and the cross-product on R3 | respectively.
The conjugate of the quaternion ¢ is denoted by ag and defined as ag = S — V.
The h—inner-product of two quaternions is defined as

1
(3) h(p,q) = 5(px ag+qxap), p,qeQz
The real number [h(p,p)]'/? is called the norm of the real quaternion p and is
denoted by ||p|| . Hence we obtain that
(4) Ipll* = h(p,q) = a® + b + ¢ + .
It is easy to see that, if p = a1e1 +bi1ea+cre3+dy and ¢ = ase; +boes +coe3+do,
then

(5) h(p,q) = araz + biba + c1co + dids [1].

Given two real quaternions p and p*, we define the dual quaternion as
P=p+¢ p* and denote the set of dual quaternions by Qp. For given A, B,C, D € D,
we can write P = Ae; + Beg + Ces + D. Here Sp = D is called the scalar part of
P and Vp = Aey + Bes + Ces is called the vector part of P.

The multiplication of two dual quaternions P and @ is defined as

(6) PxQ=pxq+&(pxq +p" xq)

where P = p+¢£ p* and Q = ¢+£¢* and x shows the real quaternion multiplication.
It is clear that

(7) PXQZSPSQ—I—SPVQ—I-SQVP—<VP,VQ>+VP/\VQ
where (,) is the inner product and A is the cross-product on D? . If P = Sp + Vp,
then the conjugate of P is defined by aP = Sp — Vp. By using this definition, the
following properties can be easily proved:

(i) alaP)=P,

(1i)) a(P xQ)=a@ x aP.

The symmetric dual-valued bilinear form H is defined as

(8) H(P,Q):%(anQJrQXQP).
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As a result, we obtain the followings :
1- For all elements P, Q of Qp, we have

H(P,Q) = h(p,q) + ¢[h(p, q*) + h(p™, q)]
where h is the symmetric real-valued bilinear form.
2- If P = Aey + Bes + Cez + D, then we have

H(P,P) = A? + B>+ C? 4+ D*.
3-V P € Qp, the norm of P is defined by

h(p,p")
HII’

1Pl =

and so
(9) |P|? = H(P,P) = P x aP.
4-V P € Qp, the scalar part and the vector part of P is

1 1
Sp=5(P+aP),  Vp=_(P—aP).

As a result,
(1) if P4+ aP =0, then P € D — module,
in this case, P is called dual-spatial quaternion
(1) if P—aP =0, then P € D,
in this case, P is called dual-temporal quaternion.

Let P and @ be two dual-spatial quaternion. If H(P,Q) = 0, we say that P
and @ are H—orthogonal[19].

A semi-real quaternion consists of a set of four ordered real numbers a, b, ¢, d
associated with four units e, es,e3 and 1, respectively. The three units e, es and
e3 have the following properties:

i) e; x e; = —g(e;), 1<4i<3
(10) ii) in R}, e; xe; =ele;)e(ej)ek 1<4,5,k <3,
iii) inR3, e; xe; =—c(e;)e(ej)en, 1<4,5,k <3,

where (ijk) is the even permutation of (123).

Notice here that,

e(es) = —1 , e; timelike
Y71 +1 , e; spacelike

As a notation, we denote the semi-real quaternions by @, with an index v = 1,2

such that
0, = g | g=ae; +bes+ces+d, abec,deR
v e1,e2,e3 €RY, hy(ei,e) =e(e;), 1<i<3
The multiplication of two semi-real quaternions p and ¢ is defined as
pXxq=V, ANVy— (Vp, V) + SpSq + SpVy + S,V

where (,) and A are the inner-product and the cross-product on R3, respectively.
The conjugate of the quaternion ¢ is denoted by ag and defined as ag = S, — V,

For every p,q € @,, the h—inner-product h, : @, x @, — D of p and ¢ is
defined as:
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hi(p,0) = 5 E@)0a) (0 x ag) +e(a)elop)(a x ap)]  for B

and
-1
ha(p,q) = —-[e(p)e(aq)(p x ag) + £(g)e(ap)(g x ap)]  for R,
The real number [k, (p, p)]'/? is called the norm of semi-real quaternion p and is

denoted by ||p|| - Hence we see that

2
I2lI” = |hw (p, p)| = [e(p)(p X ap)].
Given q € Q,, if ¢+ ag = 0, then ¢ is called semi-real spatial quaternion. If
q — aq = 0, q is called semi-real temporal quaternion. The set of semi-real spatial

quaternions is isomorphic to R? .
In general, we can write that

1 1
¢=3la+aq+lg—aq.
For p,q € Q,, if h(p,q) = 0, p and ¢ are called h—orthogonal. If the norm of ¢
is unit, then it is called unit semi-real quaternion and denoted by ¢g. So,

N, =lgxaq = V@ =B+ + &

and

_q _ aeptbestces+d
0 Ng  V/]—a%2 = b2+ 2 + d?|

([8],[200)-

Let p and p* be two semi-real quaternions. We define the semi-dual quater-
nion as P = p+ & p* and denote the set of semi-dual quaternions by @p,, with an
index v = 1,2 such that

Q]D),V:{ P‘ P:A€1—|—B€2+C€3+D, A,B,C,DE]D), 61,62,636[@? }

We will use Hy(e;,e;) = e;, i = 0,1,2 for D} and Ha(e;,e;) = (e;), i = 0,1,2,3
for D3 . The multiplication of two dual quaternions P and @ is defined as

PxQ=pxq+&(pxqg"+p*xq) where P=p+¢ p* and Q = ¢+ &¢* and x
shows the quaternion multiplication. It is clear that

(12) P><Q:SPSQ—I—SPVQ-i-SQVp—<VP,VQ>+VP/\VQ

where {,) is the inner product and A is the cross-product on D$ . If P = Sp+ Vp,
then the conjugate of P is defined by aP = Sp — Vp. By using this, the following
properties can be easily proved:
(i) «a(aP)=P,
(11) a(P xQ)=aQ x aP.
For every P, () € Qp,,, we define the symmetric dual-valued bilinear form
Hl/ : Q]D,V X Q]D),V — D as

(18)  Hi(P,Q) = L(P)(aQ)(P x aQ) +=(@)=(aP)(@ x aP)]  for D}
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and
(14)  H(P,Q) = S E(P(a@)(P x 0Q) + £(Q)e(aP)(@Q x aP)]  for DY,

The following results may be obtained:
1- For all elements P, Q of Qp,,, we have

H,(P,Q) = h,(p,q) + &[hu(p,¢7) + hu (", @)

where h is the symmetric real-valued bilinear form.
2-If P = Ae; + Bes + Cez + D, then we have

H,(P,P)=—A? - B? 4+ C? + D*.
3-V P € Qp,, the norm of P is defined by

hIJ b *
1Pl = | +gfpp”p>
and so
(15) |P||* = |H, (P, P)| = |e(P)(P x aP)|.

4-V P € @p,,, the scalar part and the vector part of P are

1 1
Sp=5(P+aP),  Vp=_(P-aP).

As a result,

(1) if P+ aP =0, then P € D — module,
in this case, P is called semi-dual-spatial quaternion
(15) if P—aP =0, then P €D,
in this case, P is called semi-dual-temporal quaternion.
Let P and @ be two semi-dual spatial quaternion. If H,(P,Q) = 0, we say that
P and @ are H,—orthogonal.

Now, we give the Serret-Frenet formulas for a non-null semi-dual quater-
nionic curve in D3.

Consider the smooth curve 3 C D3 , {8 € Q, | B+ af = 0} given by
g ICR — Q,CD3
3
s — B(s) = > Bi(s)e;.
i=1

Let s be the parameter along 8. For any s € I, if {t(s), n1(s), na(s)} is the Serret-
Frenet frame and k(s), r(s) are the curvatures, then we have the following formulas

t = E(nl )k‘nl
(16) ny = e(t)[e(t)e(n1)rne — ki
ny, = —e(n2)rng

where t(s) = t+ £, ni(s) = ny +€nf and na(s) = ng +&nd with the Serret-Frenet
frame {t(s),n1(s),n2(s)} of R3.

If a curve is a non-null semi-dual quaternionic curve, then the Serret-Frenet
formulas in D} are defined as following :
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Consider the smooth curve v C D3,
v : I — Qp,C D4
4
s — y(s)=>_ Bi(s)es, eq=1.
i=1

with B4(s)es = D(s), D(s) = d(s) + £€d*(s). For any s € I, if {T'(s), N1(s), Na(s),
Ns(s)} is the Serret-Frenet frame of dual-split quaternionic curve, then

T’ = €(N1)KN1

17 Ni = e(n1)kNy—e(Ny)e(t)KT

(17) N} = —e(DkN; + e(n)[r — e(T)e(t)e(N1)K]Ns
Ny = —e(na)[r —e(T)e(t)e(N1)K]N2

where T'(s) = T+ET*, Ni(s) = N1+ENT, Nao(s) = Na+EN5 and N3(s) = N3+EN3
with the Serret-Frenet frame {T'(s), Ni(s),
No(s), N3(s)} of R and K = e(Ny) |T']| [7].

3. THE INVOLUTES OF THE SEMI-DUAL CURVES IN D$

Definition 3.1. Let M;, M, C D$ be two curves which are given by (I, ) and
(I, 8*) coordinate neighbourhoods, respectively. Let Frenet frame of M; and My
be {t,n1,n2} and {t*,n},n3}, respectively. My is called the involute of M;(M; is
called the evolute of My) if

(18) Hi(t,t") = 0.

Theorem 3.1. Let (M, M) be the involute-evolute curve couple which are given
by (I,8) and (I,3*) coordinate neighbourhoods, respectively. The distance between
the points B(s) € My and B*(s*) € My is given by

d(B(s),B"(s)) =eo|c—s|, c=dual constant.

Proof. If Ms is the involute of M7, we have

(19) B*(s) = B(s) + A(s)t(s)
Let us derivate both side with respect to s:
dpg* dp
2 2,22 had
(20) ds  ds + ds b+ )\
Because of ﬂ =t = e1knq,
ds

dag* d\

(21) dﬁs (1+ Is —)t + Aerkng

where s and s*are arc parameters of M; and Ms, respectively.
Thus we have

ds* dA
22 * =14 — .
(22) o = (L )t Aerkm
By using the equation (22), we have
ds* dX
(23) Hl(t,t*) ds (1+d7)H1(t t)+)\€1]€H1(t Tll).
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From the definition of the involute-evolute curve couple, Hy(t,t*) = 0. Thus we
obtain

dA
(24) 1+ e 0Oand A=c—s, c¢=dual constant.
s

From the definition of the distance on Lorentzian space, we easily find

(25) d(B(s), B*(s)) = 118"(s) = B(s)ll

=eglc—s|.

O

Theorem 3.2. Let (M, Ms) be the involute-evolute curve couple which are given
by (I,B) and (I,5*) coordinate neighbourhoods, respectively. Let Frenet frames of
My and My in the points 5(s) € My and B*(s*) € My be {t,n1,n2} and {t*,nf,ni},
respectively. For the curvature and torsion of curve Ms, we have
5*
k* = ——1/|eok? 2],
(c— )k [£0k® + €27
Proof. If M is the involute of M7, we have
B*(s) = B(s) + A(s)t(s).

Let us derivate both side with respect to s. From equations (22) and (24), we obtain

d *
(26) ¢ ;S = (c— s)erkny
where s and s*are arc parameters of M; and Ms, respectively. We can find
d *
(27) dis =¢le1(c—9)k.

Thus we have

(28) t* =egna.

Hence {t*(s), n1(s)} is linear dependent. That’s why we consider that
(29) t*(s) = ni(s).

By derivating t* and using equations (16), (27) and (29), then we get
EDEL
(c—9)k
Then, by the norm of the both side of the equation (30), we have

S
m \/ |50k2 —+ 827”2‘.

(30) erk*ny = [eo[eoerirng — kt]] .
(31) k* =

O
Theorem 3.3. Let (M, Ms) be the involute-evolute curve couple which are given

by (I, «) and (I, ) coordinate neighbourhoods,respectively. Let Frenet frames of M
and My in the points 5(s) € My and p*(s*) € Ma be {t,n1,n2} and {t*,n3,n}},
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respectively, and let the curvature and torsion of curves My and My be k, r and k*,
*

r*, respectively. We have

: cics

ny = [eo(e0e1rng — kt)]
b Ve k)

1

ny = (eart + e1kns)
P VR ek
. 62(]{7/7” - k:r/)

T =

(ear? +e0k?)(c — s)k’

Proof. By using equation (30) and (31), we get

« €160
32 ny = colegerirng — kt)] .
(32) Y = ) [e0(e0e1mn2 — Kt)]
From ng = goe; (t X ny), we find
ny = ehel (t* xn))
* * ok ETES
ne = €p&; | N1 X eo(eperrng — kt
o ( e e ”)
1
(3.1) ny = (eart + 1kna).

Vet (212 + £0k?)]
By derivating n3 and using this result in equation (16), we obtain
eretesea(k'r — k')

(34) = (ear? + gok?)(c — 8)k~

4. THE INVOLUTES OF THE SEMI-DUAL CURVES IN D}

Definition 4.1. Let M;, My C D3 be two curves which are given by (I, ) and
(I, 8*) coordinate neighbourhoods, respectively. Let Frenet frame of M; and Mo
be {T,N1, N2, N3} and {T*,N;, N5, N5}, respectively. My is called the involute of
M (M; is called the evolute of My) if

(35) Ho(T, T*) = 0.

Theorem 4.1. Let (M, Ms) be the involute-evolute curve couple which are given
by (I,7v) and (I,v*) coordinate neighbourhoods, respectively. The distance between
the points y(s) € My and v*(s*) € Ms is given by

d(v(s), v*(s)) = |e—s|, ¢ = dual constant.

Proof. If My is the involute of M, we have

(36) 7" (s) = v(s) + A(s)T(s).
Let us derivate both side with respect to s:

dv*  d dA dr
(37) LA

ds  ds ds ds
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dar ,
Because of o= T =¢e(Ny)K Ny,
s

dvy* d\
(38) i 1+ E)T—F)\E(Nl)KNl
where s and s*are arc parameters of M7 and Mo, respectively. Thus we have
ds* dX
T =(1+—)T N1)K Nj.
(39) = (1 DT+ (VDK Ny
Taking inner product with ¢ this equation’s both side, we have
ds* dA
(40) Hy(T, T2 = (1 + S5V Hy(T, T) + Aey KH(T, Ny).

ds ds
From the definition of the involute-evolute curve couple, Ho(T,T*) = 0. Thus we
obtain

X

(41) 1+ T = 0and A =c—s, c=dual constant.
From the definition of the distance on Lorentzian space, we easily find
) 406, 76 = () =0

(]

Theorem 4.2. Let (M, Ms) be the involute-evolute curve couple which are given
by (I,v) and (I,v*) coordinate neighbourhoods, respectively. Let Frenet frames of
My and My in the points v(s) € My and v*(s*) € My be {T, N1, Ny, N3} and
{T*,N{, N5, N3}, respectively. For the curvature and torsion of curve My, we
have

_ e V]e(N2)k? + e(T) K2
(c—s)K '

Proof. If My is the involute of M7, we have

7" (s) = (s) + A(s)T(s).

Let us derivate both side with respect to s. From equations (39) and (41), we obtain

(43) T* (ii: =¢e(Ny) (c—8) KNy

where s and s*are arc parameter of My and Ms, respectively. We can find
(44) B )l le - s K

Thus we have

(45) T* = [e(T")| e(N1)N1.

Hence {T™(s), N1(s)} is linear dependent. We consider that

(46) T*(s) = Ni(s).

By derivating 7% and using equations (17), (44) and (46), then we get
(47) e(N7)K*Ny = HCCIE (e1kNy — e(Ny)e1 KT).

[(c—s)|k
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Then, by the norm of the both side of equation (47), we have

_ eV VIe(N2)k? + 6(T) K2
(c—s)K

(48) K*(s")
O

Theorem 4.3. Let (M, M) be the involute-evolute curve couple which are given
by (I,v) and (I,v*) coordinate neighbourhoods, respectively. Let Frenet frames of
My and My in the points y(s) € My and v*(s*) € My be {T,N1, N2, N3} and
{T*,Ny, N3, N3}, respectively, and let the curvature and torsion of curves My and
Ms be K, v,k and K*, r*, k ,respectively. we have

e(NT) [e(V)|

Ny = e1kNy — e(N1)e1 KT
T TR ey TSR ED
e(T*)
N = €960 Ny + e(T)KT
’ \/|51‘(€27“2+50k2)|(20 2+ (DR
* 6(11*)6260
N (—e(T)T + £1kNy).

VIei(e2r? + eok?)]

Proof. By using equations (47) and (48), we get
Ny N

(49) Nik — 6( 1 )2|€( 1)| -

VIe(N2)[ k2 + [e(T)] K2

From equalities No = &(T') (ny X T'), na X N1 = e162No and ¢t x Ny = —e(T)T,
we find

(ElkNg — E(N1)€1KT) .

Ny = e(T")(ni xT")
T* * %
(4.1) N; STEIE(opeor Ny + e(T)RT).50

Vet (e2r2 + gok?)]

If we use similar step as equation (50) and equality N3 = ¢(T') (ne x T'), then
N = e(T")(n5xT")

e(T*)eaeq

Ny = —e(T)T + e1kNa).
’ \/|5f(52r2+50k2)|( @) 1kh)
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