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TRIVARIATE FIBONACCI AND LUCAS POLYNOMIALS

E. GOKCEN KOCER AND HATICE GEDIKCE

ABSTRACT. In this article, we study the Trivariate Fibonacci and Lucas poly-
nomials. The classical Tribonacci numbers and Tribonacci polynomials are the
special cases of the trivariate Fibonacci polynomials. Also, we obtain some
properties of the trivariate Fibonacci and Lucas polynomials. Using these
properties, we give some results for the Tribonacci numbers and Tribonacci
polynomials.

1. INTRODUCTION

In [4], the Tribonacci sequence originally was studied in 1963 by M. Feinberg.
For any integer n > 2, the Tribonacci numbers T,, were defined by the recurrence
relation

Ty=Ty 1+Th o+Th 3 To=0T1=1 Tr =1.

In [2], the author derived the different recurrence relations on the Tribonacci
numbers and their sums and got some identities of the Tribonacci numbers and their
sums by using the companion matrices and generating matrices. In [5], the authors
defined the generalized Tribonacci numbers and derived an explicit formula for the
generalized Tribonacci numbers with negative subscripts. In [6], Lin obtained the
Binet’s formula and De Moivre types identities for the Tribonacci Numbers. In [7],
the author got a formula for Tribonacci numbers by using an analytic method. In
[8], the author obtained some identities for the Tribonacci numbers. Also, Pethe
defined the complex Tribonacci numbers at Gaussian integers. In [10], Spickerman
got the Binet’s formula and generating function for the Tribonacci sequence and
obtained an application for the Tribonacci numbers.

In [1], the authors got the Tribonacci Numbers from Tribonacci triangles and
discussed the properties of functions related to Tribonacci Numbers. Also, Alladi
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and Hoggatt defined the Tribonacci triangle as follows
n\i|0 1 2 3 4 5

0 1

1 11

2 1 3 1

3 15 5 1

4 1 7 13 7 1
5 1 9 25 25 9 1

Tablel: Tribonacci Triangle

It is interesting to note that, the sum of the elements on the rising diagonal lines in
the Tribonacci triangle is 1,1,2,4,7,13,24, .. .which are the Tribonacci numbers.

In 1973, the Tribonacci polynomials was defined by Hoggatt and Bicknell [3].
For any integer n > 2, the recurrence relation of the Tribonacci polynomials is as
follows

tn () = 2%t 1 (x) + 2ty_o (x) + t,_3 (2)
where to (v) = 0, t1 (z) =1, to (z) = 2%
Some of Tribonacci polynomials are 0, 1, 22, z* +z, % +223 4+ 1, 28 4+ 32° +
322, 219 + 427 + 62 + 22, .... It’s clear that t, (1) = T, where T}, is n — th
Tribonacci number.

In [3], the authors gave the generating matrices for the Tribonacci, quadranacci
and r— bonacci polynomials. Also, they obtained the interesting determinantal
properties for these polynomials. In [11], the authors defined the bivariate and
trivariate Fibonacci polynomials and obtained the some properties of these poly-
nomials.

There are different studies associated with the Tribonacci numbers and poly-
nomials. One of them is incomplete Tribonacci numbers and polynomials in [9].
Ramirez and Sirvent defined the Tribonacci polynomial triangle as follows

n\z | 0 1 2 3 4 5
0 1

1 2

2 2t 22341 22

3 25 325 +222 3zt 422 a3

4 28 42" +3z% 628 +62%+1 425 + 322 x4

5 20 529 4425 102® +122° + 322 1027 + 122* + 3z 520 + 423 2P

Table 2: Tribonacci Polynomial Triangle

In this study, based on the definition of Tan and Zhang [11], we make a new
genaralization of the Tribonacci polynomials.
2. TRIVARIATE FIBONACCI AND LUCAS POLYNOMIALS

Definition 2.1. Let n > 2 be integer. The recurrence relation of the trivariate
Fibonacci and Lucas polynomials are as follows

(2.1) H, (z,y,2) =axH,_1(x,y,2) + yHp—2 (z,y,2) + 2Hp_3 (z,9, 2)
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with the initial conditions
Hy(z,y,2) =0, Hy(z,y,z)=1, Hy(x,y,z) =2
and
(2.2) K, (z,y,2) = 2K,_1 (z,y,2) + yKpn—2 (2,9, 2) + 2K, _3 (2,4, 2)
with the initial conditions
Ko (z,y,2) =3, Ky (2z,y,2) =z, Ko(z,y,2)=2a>+2y
respectively.

It is not difficult to see that H, (1,1,1) = T,,, where T,, is n — th Tribonacci
number and H,, (:cQ,x, 1) = t, (), where t, () is n — th Tribonacci polynomial,
are special cases of the trivariate Fibonacci polynomials.

The characteristic equation of the recurrences in (2.1) and (2.2) is as

(2.3) N —azX =y —2=0.

The Binet’s formula for the trivariate Fibonacci and Lucas polynomials are as
follows
an+1 ﬂn+1 ,yn+1

Hy, (r,y,2) = (a_ﬁ)(a_,y)+(5—a)(ﬂ—’y)+(’}/_a)(7_ﬁ)

and
Ky (z,y,2) =" + " +9"
where «, 8 and ~ are roots of the characteristic equation (2.3), respectively.
Now, we show that some of trivariate Fibonacci and Lucas polynomials in Table

3.
n H’Vl (x’y’z) KTL (x7y7 Z)
010 3
111 x
2 |z 2 4+ 2y
3|22 +y 23 + 3zy + 32
4 | 23420y + 2 ot + 4ty + dxz + 2y°
5 | 2* + 322y 4 2x2 + 32 x® + 523y + bxy? + bxz + byz
6 | 2° + 423y + 3zy® + 3222 + 29z | 28 + 62ty + 92%y? + 6232 + 120yz + 293 + 322

Table 3:Trivariate Fibonacci and Lucas Polynomials
The generating functions of the trivariate Fibonacci and Lucas poynomials are
as follows

> t
24 h(t) = H, (z,y,2)t" =
(24) ()= Y Hu(e.2)t" = s
n=0
and
= 3 — 2ut — yt?
2.5 k(t) = K, (x,y,2)t" = .
(25) (0= 3K o) = = 5

Taking = y = z = 1 in (2.4), we obtain the generating function of the Tri-
bonacci numbers. Writing #? instead of x, x instead of y and taking z = 1 in (2.4),
we have the generating function of the Tribonacci polynomials.
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Theorem 2.1. Let H, (x,y,2) and K, (z,y,z) be n — th trivariate Fibonacci and
Lucas polynomials, respectively. Then, we get

(2.6) K, (z,y,2) =xH, (z,y,2) + 2yH, 1 (z,y,2) + 3zH,,_2 (2,9, 2) .

Proof. Using the generating function of the trivariate Lucas polynomials, we have

oo
3 — 2wt — yt?
K " =
D> K (@9,2) 1— ot — yi® — 263

1 t 2

3ZHn+1 (z,y,2 — 2xZH x,Y, 2 —yZHn 1(z,y, 2

n=0

Z (3H 41 (2,9, 2) — 22H, (2,y,2) — yHp—1 (x,y,2)) t".
n=0

From the recurrence relation in (2.1), we can write

oo oo
ZKN (J), Y, Z) t" = Z (an (J?, Y, Z) + 2yHn—1 (37, Y, Z) + SZH’VI—Q (J?, Y, Z)) t".
n=0
Comparing of the coefficients of ", we have the desired result. O

Theorem 2.2. The sum of the trivariate Fibonacci and Lucas polynomials are as
follows

n H 1 I% I .
(2.7) ZH 2,y,2) = nt2 (2,y,2) + (1 —x) Hyyo (2,9, 2) + 2Hy (2,9, 2)

r+y+z—1
and
(2.8)
zn:K 2 y,z) _ Kn+2 (1'7y,Z) + ((E B 1) Kn+1 ($7y72) + ZKn (.’L‘,y,Z) - (3 —2x — y)
c+y+z—1
for x +y+ z # 1, respectively.
Proof. Using the Binet’s formulas, it can be proved. O

Taking x =y = z =1 in (2.7), we have the sum of the Tribonacci numbers as
ZT Toto + Ty — 1

Similarly, we obtain the sum of the Tribonacci polynomials as

zn:ts () = toto (@) + (1= 22) tosr () + 1, (2) — 1.

24

Similar to Table 1 and Table 2, we can give the trivariate Fibonacci polynomial
triangle as follows

3 -2z —
1—xt—yt2—zt3 1—xt—yt2—zt3 yl—xt—th—zt?’

n



251

n\z |0 1 2 3 4
0 1

1 Tz Yy

2 2?2 2y +z y?

3 3 322y +2xz  3xy? + 2yz Y3

4 x* 4xdy + 3222 622y +6ryz 4+ 22 4dayd 4+ 3yPz ot

Table 4: Trivariate Fibonacci Polynomial Triangle
G (n,i,x,y, z) is the element in the n —th row and i — th column of the trivariate

Fibonacci polynomial triangle. Then, we get

(2.9) G(n,iz,y, 2) = Z (Z) (n Z_ j) iy

=0
and
G(n+1,i,z,9,2) =2G(n,i,2,y,2)+yG (n,i — 1, 2,y,2)+2G (n — 1,i — 1, z,y, 2)
where
G (n,0,z,y,2) =z", G(n,n,z,y,2)=y"

The sum of elements on the rising diagonal lines in the trivariate Fibonacci
polynomial triangle is the trivariate Fibonacci polynomial H, (x,y,z). Thus, we
have

L]

Hn(x,yv'z) = Z G(WJ*Z‘*LZ',:L',y,Z).

=0

Consequently, we obtain an explicit formula for the trivariate Fibonacci polynomial
H, (z,y,2) as

(2.10) H, (2,y, 2 ZJZ< > (” i 1) g2y

=0 j5=0

Taking = y = z = 1 in (2.10), we obtain the explicit formula for the Tribonacci
numbers as
R

- E ()

=0 4j=0
Also, we have
n2lj %
H, x , T, 1 Z ( )(n_l_j 1>x2"—3(i+j)—2
=0 45=0

which is the explicit formula for the Tribonacci polynomials in [9].
Similarly, we have an explicit formula for the trivariate Lucas polynomials as
follows

(2.11) (,y, 2 LZZ e < ) (” _f _j)xn—%—jyi—qu

’LO]O
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Theorem 2.3. Let H, (x,y,z) and K, (z,y,z) be n — th trivariate Fibonacci and
Lucas polynomials, respectively. Then, we get

xBKn (7,y,2) N yaKn (z,y,2) n ZE)Kn (7,y,2)
ox dy 0z

Proof. Using partial derivations of the explicit formula of the trivariate Lucas poly-
nomial K, (x,y,z), we have

0Ky, (2,y,2) NG ne2iej i
Ox B 8z ;Zn—z—]<)( i vooE

= anJrl ($7y7 Z) .

= ZZ n2zg)<>(n_?_J)x” 2i—j— lyz Ty
n_l_ 2

=0 j5=0
nl
J ”*Z*J 1 n—2i—j—1,i—j _j
- nzzj ey

=0 4=0
- an (.’IJ, Y, Z) .
Similarly, we obtain
6Kn b b
E;;/yZ) - an—l (xa Z%Z)
and oK
n (a‘xz’ y? Z) — an_Q (:E7 y’ Z) .

Using the recurrence relation (2.1), we have
oK, (z,y, z oK, (z,y,z oK, (z,y,z
@y 2) | 0K (2,y,2) | 0Ky (@.y,2)
ox dy 0z

— nHp (2,9,2).
O

The generating matrix of the Tribonacci polynomials was introduced in [3, 4].
Similarly, the trivariate Fibonacci polynomials are generated by the matrix QQ,where

z 1 0
=y 01
z 0 0
with the help of mathematical induction on n, we get
Hn+1 Hn anl
Qn = yHn +2H,1 yHn—l +zH, 2 yHn—2 +zH, 3 )
zH, zHp 1 z2Hp—2

where H,, is n — th trivariate Fibonacci polynomial, namely H, (z,y,z) = H,,.

Theorem 2.4. Let m and n be positive integers. Then, we get

Hern (xayvz) - Herl (%y,z) Hn (x,yvz)+Hm (‘rayvz) Hn+1 (m,y,z)
+zHp 1 (I’7 Y, Z) H, (937 Y, Z)
(2.12) —xHy, (2,y,2) Hy (2,9, 2).

Proof. It can be proved by using the identity Q"™ = Q"Q™ and matrix equality.
O
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The identity in (2.12) is similar to Honsberger formula for the Fibonacci like
sequences. From the special cases of (2.12), we obtain some identities for the
trivariate Fibonacci polynomials. Therefore, taking m = n in (2.12), we have

H2n (J?, Y, Z) = ZHZ,—I (xv Y, Z) - IH?; (J?, Y, Z) + 2Hn+1 (Z‘, Y, Z) H’n (-Ta Y, Z)
Writing n + 1 instead of m in (2.12), and using the recurennce relation in (2.1), we
obtain

H27L+1 (I7 Y, Z) = H72L+1 (Iv Y, Z) + sz (‘Ta Y, Z) + QZH" (Iv Y, Z) Hn—l (I, Y, Z) .
Theorem 2.5. Let H, (z,y,z) be n — th trivariate Fibonacci polynomial. Then,

we get

Hn+2 (,’1,‘7y72) Hn+1 (QT,y,Z) Hn (l’,y,Z)
(213) Hn+1 (l‘,y,Z) Hn (x,y,z) Hn—l (%th) = _Zn_l'
H, (x7yaz) H, ($7yvz) Hy—o (ﬂl‘,y,Z)
Proof. 1t’s note that det (Q) = z, det (Q™) = 2™. Using the determinants of the
matrices Q) and Q" , we obtain

Hn+1 Hn Hn—l
yHn + ZHn—l yHn—l + ZHn—Q yHn—Z + ZHn—S = 2"
ZHn Zanl ZHn72

Multiplying the first row of Q™ by x and then adding to second row, then, exchang-
ing rows 1 and 2, we have

Hn+2 (x,yvz) Hn+1 (x,y,z) Hﬂ (1’,y,2’)
Hn+1 (%yaz) o, (x,y,z) Hy 4 ($,y,2) = —2"
zHy (2,y,2)  zHn 1 (2,y,2) zHu_o(x,y,2)

From the properties of determinant, we obtain

Hn+2 (xvyvz) Hn+1 (.’E,y72) Hn (.’E,y,Z)
Hn+1 ({L‘7y,Z) Hn (l‘,y7Z) anl ((E7y72) = 72”71'
Hn (m,y,z) Hn—l (xvyaz) Hn—2 (37,%2’)

O

In this way, we obtain the interesting determinantal property for the trivariate
Fibonacci polynomials. The result of the determinant in (2.13) is similar to the
Cassini like identity for the trivariate Fibonacci polynomials. Takingxz =y =2 =1

in (2.13), we obtain the determinantal property for the Tribonacci numbers. Writing

22 instead of z, = instead of i and taking z = 1, we have the determinantal property

for the Tribonacci polynomials in [3].
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