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COMMUTATIVITY OF WEIGHTED SLANT HANKEL
OPERATORS

GOPAL DATT AND ANSHIKA MITTAL

ABSTRACT. For a positive integer k > 2, the k*"-order weighted slant Hankel
operator D£¢ on L?(B) with ¢ € L*°(B) is defined as Dfd’ = JﬁWkMﬁ7
where J? is the reflection operator given by JPe, = e_,, for each n € Z and
Wy is given by Wien(z) = Bﬂkﬁem(z) if n = km,m € Z and Wien(z) =0
m
if n # km. The paper discusses the product and commutativity of k*"?-order
weighted slant Hankel operators of different order. Compactness and essential
commutativity of these operators are also addressed and it is obtained that the
commutativity of these operators coincides with the essential commutativity.

1. INTRODUCTION

Laurent operators or multiplication operators My(f — ¢f) on L*(T) induced
by ¢ € L>®(T), T being the unit circle, play a vital role in the theory of operators
with their tendency of inducing various classes of operators. The classes of Toeplitz
and Hankel operators are some among them and form two of the most important
classes of operators on Hardy spaces.

The notion of Toeplitz operators defined as Ty = PM,, was introduced by O.
Toeplitz in 1911, where P is an orthogonal projection of L?(T) onto H?(T). Later
in 1964, Brown and Halmos studied algebraic properties of these operators. This
class of operators was flourished to a great extent with the introduction of slant
Toeplitz operators, k'"-order slant Toeplitz operators, A\-Toeplitz operators and es-
sentially A-Toeplitz operators (see [2],[9] and references therein). The study in this
direction becomes very promising as spectral properties of the slant Toeplitz oper-
ators are well connected with the smoothness of wavelets and wavelet transforms
are an alternative for the Fourier transforms, which have many applications in data
compression and to solve the differential equations.
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However, the first appearance of Hankel operators is seen in terms of Hankel
matrix in the dissertation submitted by H. Hankel in 1861, which is a square com-
plex matrix (finite or infinite) that is constant on each diagonal orthogonal to the
main diagonal. A Hankel operator, in abstract terms, is an operator on a Hilbert
space that can be represented by a Hankel matrix with respect to an orthonormal
basis. From the work of Nehari, it became apparent that a Hankel operator on
Hardy spaces is always of the form Hy given by Hy = PJM, for some ¢ € L>(T),
where J denote the reflection operator on L?(T) given by Jf(z) = f(%). This class
of operators further resulted into the study and introduction of essentially Hankel
operators, A\-Hankel operators, slant Hankel operators, k*"-order slant Hankel op-
erators and (A, p)-Hankel operators (see [3],[5],[9] and references therein). A lot of
applications of Hankel operators can be seen in different directions, which makes
the study in this direction more demanding. For example : Hamburger’s moment
problem [10], interpolation problems [1], rational approximation and stationary
processes.

Shields [12], during his study of multiplication operators and the weighted shift
operators, discussed weighted sequence spaces which have the tendency to cover
Hardy spaces, Bergman spaces and Dirichlet spaces. We begin with the following
notational setup needed in the paper.

Let 8 = {8y }nez be a sequence of positive numbers with 5y = 1, r < Bf—il < 1 for

o
n>0andr < 5’3"1 <1forn <0, for somer > 0. Let f(z) = > a,z", a, €C,
" n=—oo

be the formal Laurent series (whether or not the series converges for any values of
z). Define || f| 5 as

oo

171 =D laal*8a>

n=—oo

The space L?(3) consists of all f(z) = > anz™, a, € C for which || f|z < occ.

n=-—oo

The space L?(f3) is a Hilbert space with the norm ||-|| 5 induced by the inner product

(fr9) =D anbuB’,
for f(z) = > anz™, g(z) = > bpz". The collection {e,(z) = 2"/Bn}nez

forms an orthonormal basis for L?(3).

The collection of all f(z) = Y a,z" (formal power series) for which || f||3 =
n=0
o0
S |an|?8n? < o0, is denoted by H?(B). H?(B) is a subspace of L*(j).
n=0

Let L*°(8) denote the set of formal Laurent series ¢(z) = > a,2" such that

n=—oo

#L*(B) C L*(B) and there exists some ¢ > 0 satisfying ||¢f]|s < c||f|| for each f €
L3(B). For ¢ € L*°(3), define the norm ||¢||~ as

Illoc = inf{c > 0:[|¢f]ls < c|f]p for each f € L*(5)}.

L () is a Banach space with respect to || - ||oo. H*°(8) denotes the set of formal
Power series ¢ such that ¢H?(8) € H?(B). Throughout the paper, we consider
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these spaces under the assumption that 8 = {8, }ncz is semi-dual sequence (that
is B, = B_n for each n). We refer [12] as well as the references therein, for the
details of the spaces L?(8), H?(), L>=(83) and various properties of the weighted
multiplication (Laurent) operator M(f(f — ¢f) on L?(B) with the symbol ¢ €
L>(B).

L(et) PP . L?(3) — H?(j) be the orthogonal projection of L%(3) onto H?(3).
Lauric, in the year 2005, discussed the notion of weighted Toeplitz operator Tf =

PﬁMf on H?%(B). The operators of the kind Ag = Wqu on L*(B), where W is

the operator on L%(j3) given by Wey, = [%Len and Weg,_1 = 0 for n € Z, are

discussed in [4] and are named as slant weighted Toeplitz operators. For a positive
integer k > 2, let W, be the operator on L?(3) given by

e if n = km for s €Z
Waen(z) = 4 i em(z) ifn 'm or some m '
0 otherwise

A kth-order slant weighted Toeplitz operator Ulf,d: on L?(B) with ¢ € L*>(p) is
defined as U,i o = WiM, 5 (see [6]). A k'"-order weighted slant Hankel operator
D,f’d) on L?(B) with ¢ € L®(f) is defined as D,f,d, = J5WkM£ (see [8]), where J”
is the reflection operator given by J%e, = e_,, for each n € Z. If 8 = {B,}nez is
such that 5, = 1 for each n € Z, then U;i(z, and Dl/j,qb on L?(B) become kt"-order
slant Toeplitz operator Uy 4 ([2]) and k'"-order slant Hankel operator Dy, 4 ([3]) on
L?(T) respectively. In [11], Liu and Lu has derived relations among the inducing
functions of two slant Toeplitz operators with different orders for them to commute
or essentially commute. In this paper, we are interested to study the product,
compactness and commutativity of weighted slant Hankel operators on L?(3) of
different orders. If we assume 3, = 1 for each n then our results provide results
for k'-order slant Hankel operators. We derive a relation among the symbols of
two k*'-order weighted slant Hankel operators on L?(3) so that their product is a
kth-order weighted slant Hankel operator on L2(3).

The algebra of all bounded operators on the Hilbert space L?(f3) is denoted by
B(L2(8)).

2. COMMUTATIVITY

Let ¢ € L>=(B) be given by ¢(z) = >, anz", a, € C. For an integer k >

n=—oo

2, the symbol ¢(z*) stands for ¢(z¥) = > @,z and by ¢ we mean gzNS(z) =

n—=—oo

o]
> a_nz™. Under the assumption of semi-duality of the sequence 8 = {8, }nez,

n=—oo

we find that 5 € L>°(pB) for each ¢ € L>°(f). We list here some simple facts which
are used in the paper and follows using the definitions of respective operators (see

[8]).
(1) (JP)? = I, the identity operator on L?(3).
(2) JPM) = ngﬁ.
(3) JPW), = Wi JB, if B = {Bn}nez is semi-dual sequence (which is assumed
throughout the paper).
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(4) If ¢ € L>(B) is such that ¢(z*) € L>(B) then M, W), = Wka(zk).
(5) Wi, Wi, = Wik, for k1 and ko > 2. (see [6]).
It is evident, from the definition of reflection operator J? and Wj, that the
kth —order weighted slant Hankel operator D£7¢ given by D£,¢ = JﬂWkMg on
L?(B3) induced by the symbol ¢(z) = i anz™ € L*>(f3) satisfies

n=—oo

1 %)
D]f,q;ej = 67 Z a—nk—jﬂ—nen
J

n=—oo

for each integer j. We use the above mentioned facts to conclude that the product of
two weighted slant Hankel operators of different order is a k"-order slant weighted
Toeplitz operator.

Theorem 2.1. Let ky, ko > 2 and ¢ € L>°(83) be such that ¢(2%2) € L°°(B). Then

for any ¢ € L>=(p), D£1,¢D£z,¢ = Ulflkz,$(zk2)w'

Proof. A simple computation presents that
B 8 _ B B
D; Dy, = I Wi, M T W, M)

k1,6
_ g8 8 s i
=J Wk1J szMg(sz)Mw
_ 8 _pf
= Weaka M50y = Upia gty .

In [8], it is shown that, in case Sk(8) = {f(z) = ioj anz" € L2(B) : f(z¥) =

n—=—oo

> anz*™ € L%(B)} is a closed subspace of L%(3) then ¢(z*) € L>(B) for each

QZ;E L>°(3). Thus an immediate corollary that follows from Theorem 2.1 is the
following.

Corollary 2.1. Let ko > 2 be such that Sk, () is a closed subspace of L*(3). Then
for ¢,9 € L=(B) and ky > 2, D Dy, = U}fle@(zk?)w.

In [8] it is shown that if the sequence 8 = {8, }nez is such that {%}nez is
bounded then ¢(z*) € L>°(B) for each ¢ € L°°(j3). Thus, we have the following.
Corollary 2.2. Let ko > 2 be such that {%}nez is bounded. Then for ¢, €

L>=(B) and ky 22, Dy, ,Dp, = U], = .

Now we can conclude from Theorem 2.1 that two k*"-order weighted slant Hankel

operators, in general, do not commute. In fact, we have D,f ¢>wa = Ulf2 F(F )0 and
B pf _ b ’
D Pro = Upa ganyg

Theorem 2.1 of Liu and Lu [11], which is further extended for slant weighted
Toeplitz operators and states that a k*"-order slant weighted Toeplitz operator is a
mth-order slant weighted Toeplitz operator (k # m) if and only if ¢ = 0 [6] suggests
the following.

Theorem 2.2. The product D,thng%W b, € L>(B) is a k" -order slant weighted
Toeplitz operator if and only if one of the following holds:
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(1) k = kyks.
(2) d(z*2)1h =0, when k # kiks .

As a consequence of this, we have the following.

Theorem 2.3. The product Dy, 4Dy, ¢, € L2(T), of two slant Hankel oper-
ators of different orders is a k' -order slant Toeplitz operator if and only if one of
the following holds:

(1) k = kqks.

(2) ¢(zF2)1h =0, when k # kyks .

Proof. If we take 3, = 1 for each n € Z then Theorem 2.1 provides that Dy, ¢ Dy, =
Uk1 K, B(F2 )0 kiko-order slant Toeplitz operator. Now result follows applying

[Theorem 2.1, 11]. O

Now we check the feasibility for the product of two weighted slant Hankel opera-
tors of different orders to be a kt"-order weighted slant Hankel operator. It is easy
to see that the product Wlefz o is always a ki ko-order weighted slant Hankel op-
erator. In fact it is Dfl ko " Our next result shows that this product is a k**-order
weighted slant Hankel operator, k # k1ko only if it is zero operator.

Theorem 2.4. Let ky,ko > 2 and k # kiko. The operator Wlewa ¢ € L>(B)

is a ki""-order weighted slant Hankel operator if and only if ¢ = 0. Further,
JBW;QDQQ,QJ) is a k1" -order weighted slant Hankel operator if and only if ¢ = 0.

Proof. Let ¢(z) = > anz™ € L*™(B) and WlefM, = ng/) for some (z) =

n=—o0
oo
nzwbnz" € L*(B). Then for each i € Z, Wi, Dy, sei = Dy, e, equiva-
oo oo
lently, ﬁi > a_nklkriﬁ_nklﬁf—:en = ﬂi > bonk,—iB—nen. This gives that
n=-—oo 1 n=-—o0o

G—pkiky—i = b_nk,—i for each ¢,n € Z. This on taking n = 0 gives that a;, = b; for
each ¢ and hence we have ag, +; = Ay ky+i = g k240 = Qpypz i = - Now ap, =0
as n — oo, we get that ag, y; = 0 for each 7. Hence ¢ = 0. The converse is obvious.
Further, along the same lines of proof, we can show that .J# Wk1D£2,¢ is a kt"-order
weighted slant Hankel operator if and only if ¢ = 0. (]

We are now in a position to obtain the following.
Theorem 2.5. Let ky,ky > 2 and k # k1ko. A necessary and sufficient condition
for the product D,fh(bsz’w of be¢ and Df%w, é, € L>(B) to be a kih-order
weighted slant Hankel operator is that (E(Zkz)w =0.

Proof. Proof follows on applying Theorem 2.6 to the fact that D£1,¢D£2,w = JPWy,
B
Dkg,&?(zk?)w‘ =

Now we extend the result [Theorem 2.1, 11] to the weighted slant Hankel oper-
ators. It is apparent to see that the doubly infinite matrix [A; j]; jez of a ktP-order

slant weighted Hankel operator D£7¢7 d(z) = Y, anz™ € L™(B), with respect to

n—=—oo
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the standard orthonormal basis {e,(2) = 2" /B }nez of L?(B) always satisfies

55_]1 Aij = %)\Hl,jw,

where \; ; = <D£’¢ej, €)= %a—ki—j for all 4,7 € Z. Now we have the following.

Theorem 2.6. Let ¢ € L>®(B) and m # k. Then Df’q5 is a m*"-order weighted
slant Hankel operator on L*(3) if and only if ¢ = 0.

o0
Proof. Let ¢(2) = Y, an2z™ € L*°(8) be such that ngb is a m*-order weighted

n=—oo

slant Hankel operator. Then for all i, j € Z, we have

ﬁj B 5j7m
D js€i) =
5—i< k€2 > 5—(i+1)

<D£7¢€j,m, €i+1> (21)

As D£7¢ is a k'-order weighted slant Hankel operator, we have <Dg,¢ej,ei> =
&@7”“<D£ ¢ej,k,ei+1>. Now (2.1) gives that

Bj B_(i+1)
B—i Bj—mk B
D? e e = J D, ei_mk,€itk
< k,p=3 2> ﬁj ﬁf(i+k)< k,p=J—mKry =1 >’
equivalently,
B—i B—i

B O—ki—j = ?j_afk@%)fnmk
for each ¢, € Z. This yields that

A kij = Q_p(itk)—jtmk = O—k(itk—m)—j (2.2)
for each i, j € Z. From (2.2), we get that a_;xx—m| = @0 = Qk|k—m|> O—tk|k—m|+1 =
a1 = Qtklk—m|+1" " 5 O—tk|lk—m|+klk—m|-1 = Oklk—m|-1 = Otk|k—m|+klk—m|—1> for
o0

each natural number t. But ¢ € L*(3) C L?*(B3), so we have > |a,]?> <

n=—oo

(o]
S |an|?Bn® < o0o. Thus, a, — 0 as n — oo, and this helps us to conclude

n=—oo
that ap = a1 = - - -, agjg—m|—1 = 0. As a consequence of this, (2.2) helps to provide
that a,, = 0 for each n € Z, which gives that ¢ = 0.
The converse is straightforward.
O

As the linear mapping ¢ — U,f,qs is one-one between L>(3) and B(L*(3)), we
have the following.

Theorem 2.7. Let ki,ks > 2 and ¢, € L>=(p).
(1) If p(2*2) € L>(B) then DQI’QSDQQW =0 if and only if $(z*)y = 0.
(2) If ¢p(2%2),4(2%1) € L>=(B) then ngﬁ and Dgz,’l/} commute if and only if
(g —(M)p =0.

(3) If k1 < ko and {Bgi"‘ tnez is bounded then Dfl,cb commutes with Di’w if

and only if qg(zk*")w - J(zkl)qﬁ =0.
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Proof. Proof of (1) and (2) are straightforward. However, proof of (3) follows with

the observation that boundedness of { ;kl Ynez is obvious from the boundedness
of {ﬂgsz }oez. Hence, ¢(2%2) and 1(2*1) belong to the space L>(3). Rest of the
proof follows using (2). O

3. COMPACT AND ESSENTIALLY COMMUTING OPERATORS

We say that operators A and B essentially commute if AB — BA is a compact
operator. The aim of this section is to investigate essentially commuting k*-order
weighted slant Hankel operators on L?(3). To discuss the compactness of the

operators, we consider the transformation Vi on L?(B) given by Vie, = ’%”“ €kn

for each n € Z. It is a bounded operator if the sequence = {f,}nez is such
that {%J}nez is bounded. For more properties and applications of this operator,
we refer [9]. In [8], it is shown that a k*"-order weighted slant Hankel operator
le-,dﬂ ¢ € L*°(B) is compact if and only if ¢ = 0 and this result is obtained for
the k'"-order slant weighted Toeplitz operator U, kﬁ o 0 [6]. With the use of these

results along with the linearity of ¢ — Df’ 4 We prove the following without any
extra efforts.

Theorem 3.1. Let 5 = {B,}nez be such that {%}nez s bounded. For ¢, €

L>(5), the product Sng,qp of the weighted Hankel operator Sg(z JBMf) and the
B

kth-order weighted slant Hankel operator Df’w is compact if only if Dk SRy 18

compact.

Proof. Proof follows as Sng’w is compact if and only if J? S(fo , is compact

(being /@ invertible) and JS Dy, = D)~ . . m

Theorem 3.2. Let 8 = {Bn}nez be such that {ﬁgin}nez is bounded. Let ¢, €
L>(B). Then the following are equivalent.

We conclude this study with our next result which proves that the notion of
essentially commuting and commuting coincides for k"-order weighted slant Hankel
operators on L?(3).

Theorem 3.3. Let ¢, € L>=(B) be such that ¢(z%2),(z¥1) € L>(B). Then the
following are equivalent.

(1) ngﬁ and D,iyw essentially commute.

(2) Dfm5 and Difwb commute.

(3) d(z*2)p — go(2F1) = 0.

Corollary 3.1. If2 < ky < kg and 8 = {Bn }nez 1s such that {ﬁgi” bnez is bounded.
Then the following are equivalent for ¢, € L>(3).
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(1) Dfl;(b and Dlgwﬁ essentially commute.
(2) Dgl s and D,iyw commute.

(3) B(*2)y — ph(F1) = 0.
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