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Semi-strongly asymptotically non-expansive
mappings and their applications on �xed point

theory
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Abstract

We study �xed point theory for semi-strongly asymptotically nonexpan-
sive and strongly asymptotically nonexpansive mappings. We consider
these mappings for renormings of l1 and c0, and show that l1 cannot be
equivalently renormed to have the �xed point property for semi-strongly
asymptotically nonexpansive mappings, while c0 cannot be equivalently
renormed to have the �xed point property for strongly asymptotically
nonexpansive mappings. Next and more importantly, we show re�ex-
ivity is equivalent to the �xed point property for a�ne semi-strongly
asymptotically nonexpansive mappings in Banach lattices. Finally, we
give an application of our results in Lorentz-Marcinkiewicz spaces l0w,∞,
and some examples of these new types of mappings associated with a
large class of c0-summing basic sequences in c0.
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1. Introduction

Let (X, ‖ · ‖) be a Banach space. Let C be a non-empty subset of X. We recall that a
mapping T : C → C is nonexpansive if ‖Tx−Ty‖ ≤ ‖x−y‖ for all x, y ∈ C. We say that
a Banach space X has the �xed point property if every nonexpansive mapping T de�ned
from any closed, bounded, convex subset C of X into C has a �xed point. Banach spaces
with this property are said to have the ��xed point property for nonexpansive mappings".
We often abbreviate this to FPP(n.e.). Moreover, (X, ‖·‖) is said to have the �weak �xed
point property for nonexpansive mappings" (w-FPP(n.e.)) if for every weakly compact,
convex (non-empty) subset C of (X, ‖ · ‖), for all nonexpansive mappings T : C → C, T
has a �xed point in C. The sequence spaces (c0, ‖·‖∞) and (l1, ‖·‖1) are both nonre�exive
and possess the w-FPP(n.e.), but do not have the FPP(n.e.).

Alspach [1] provided the �rst example of a �xed point free nonexpansive mapping on
a weakly compact subset of Banach space (X, ‖ · ‖) = (L1[0, 1], ‖ · ‖1). Maurey showed
(c0, ‖ · ‖∞), the Banach space of real-valued sequences that converge to zero (with the
absolute supremum norm ‖ · ‖∞), as well as re�exive subspaces of L1[0, 1], have the w-
FPP. Dowling and Lennard [4] showed every nonre�exive subspace of L1[0, 1] fails the
�xed point property, providing a converse to the second of Maurey's results mentioned
above.

In 2008, P.K. Lin [11] proved that there exists a non-re�exive Banach space (X, ‖ · ‖)
that has the �xed point property for nonexpansive mappings. Lin's example is (`1, ‖ · ‖1)
with an equivalent norm, ‖| · ‖|, where

‖|x‖| := sup
n∈N

γn

∞∑
k=n

|xk| , for all x = (xn)n∈N ∈ `1 .

Here, (γn)n∈N is some sequence in (0, 1) that is strictly increasing to 1. Lin used γn :=
8n/(1 + 8n), for all n ∈ N.

In 2009, Domínguez Benavides [3] proved: [Given a re�exive Banach space (X, ‖ · ‖),
there exists an equivalent norm ‖ · ‖∼ on X such that (X, ‖ · ‖∼) has the �xed point
property for nonexpansive mappings]. In 2014, motivated by work in Nezir [15] (which
we will describe in this paper), Lennard and Nezir [10] used the above-described theorem
of Domínguez Benavides and the Strong James' Distortion Theorems [5, Theorem 8], to
prove the following theorem: [If a Banach space is a Banach lattice, or has an uncondi-
tional basis, or is a symmetrically normed ideal of operators on an in�nite-dimensional
Hilbert space, then it is re�exive if and only if it has an equivalent norm that has the
�xed point property for cascading nonexpansive mappings].

In this paper, we prove that l1 cannot be equivalently renormed to have the FPP for
semi-strongly asymptotically nonexpansive maps. Moreover, by a similar proof to that of
Theorem 10 of Dowling, Lennard and Turett [5], we show that c0 cannot be equivalently
renormed to have the FPP for strongly asymptotically nonexpansive maps. From this,
we conclude that if (X, ‖ · ‖) is a non-re�exive Banach lattice, then (X, ‖ · ‖) fails the
�xed point property for ‖ · ‖-semi-strongly asymptotically nonexpansive mappings.

We strengthen this result to: [If a Banach space is a Banach lattice then it is re�ex-
ive if and only if it has the �xed point property for a�ne semi-strongly asymptotically
nonexpansive mappings].

In �xed point theory, we are interested in Banach spaces (X, ‖ · ‖) that contain sub-
spaces isomorphic to c0. Also, we are interested in Banach spaces that contain �c0-
summing basic sequences." (See Section 5 for the de�nition.) Re�exive Banach spaces
(X, ‖ · ‖) (for example, Lp, 1 < p < ∞, and Hilbert spaces) do not contain c0-summing
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basic sequences. On the other hand, many non-re�exive Banach spaces do. Lorentz-
Marcinkiewicz spaces l0w,∞, to which we will apply our results in this paper, are of this
type. (See Section 5.)

Also in Section 5, for a large family of c0-summing basic sequences (ηn)n∈N in c0, on
the set E = co({ηn : n ∈ N}), we present an example of a �xed point free a�ne semi-
strongly asymptotically nonexpansive mapping. It is the right shift T on E. This is an
interesting and natural example of a �xed point free a�ne semi-strongly asymptotically
nonexpansive mapping that is generally not nonexpansive.

See, for example, [9] and [10] for more de�nitions and other information on �xed point
theory related to this paper. We remark that most of this work forms part of the Ph.D.
Dissertation of the second author [15], written under the supervision of the �rst author.

2. Preliminaries

Let N denote the set of all positive integers. In this paper our scalar �eld is the real
numbers, R. If E is a subset of a Banach space (X, ‖ · ‖), we will denote the convex hull
of E by co (E) and the closed convex hull of E by co (E). As usual, ‖x‖∞ := supn∈N |xn|
for all x = (xn)n∈N ∈ c0; and ‖x‖1 :=

∑∞
n=1 |xn| for all x = (xn)n∈N ∈ `1, the Banach

space of all absolutely summable scalar sequences.

2.1. De�nition. Let E be a non-empty closed, bounded, convex subset of a Banach
space (X, ‖ · ‖). Let T : E −→ E be a mapping.
(1) We say T is a�ne if [for all λ ∈ [0, 1], for all x, y ∈ E, T

(
(1 − λ)x + λ y

)
=

(1− λ)T (x) + λT (y)].
(2) We say T is nonexpansive if [ ‖T (x) − T (y)‖ ≤ ‖x − y‖, for all x, y ∈ E]. Also, we
say that E has the �xed point property for nonexpansive mappings if for all nonexpansive
mappings T : E −→ E, there exists z ∈ E with T (z) = z.
(3) We say T is contractive if [ ‖T (x)− T (y)‖ < ‖x− y‖, for all x, y ∈ E with x 6= y].
(4) We say T is asymptotically nonexpansive if [ ‖Tnx−Tny‖ ≤ kn‖x−y‖, for all x, y ∈ E
and for all n ∈ N]; where (kn)n∈N is some sequence of real numbers converging to 1.
(5) We say T is strongly asymptotically nonexpansive if ∃ {βn,m : n,m ∈ N, n ≥ m ≥
0} ⊆ [1,∞) such that [∀x, y ∈ E and ∀n ≥ m, ‖Tnx − Tny‖ ≤ βn,m‖Tmx − Tmy‖],
[βn,m → 1 as n ≥ m→∞], and [βn,m → 1 as n→∞ ,∀m].
(6) We say T is semi-strongly asymptotically nonexpansive if ∃ {λn,m : n,m ∈ N, n ≥
m ≥ 0} ⊆ [1,∞) such that [∀x, y ∈ E and ∀n ≥ m, ‖Tnx−Tny‖ ≤ λn,m‖Tmx−Tmy‖],
and [λn,m → 1 as n ≥ m→∞].

Note that we may always let βm,m = λm,m = 1 in Conditions (5) and (6) above. Also,
Property (5) implies (4), and (5) implies (6). Generally, (6) does not imply (4) (and
therefore (6) does not imply (5)). To show this we present an interesting example, which
also sheds extra light on Theorems 3.2 and 3.3 below.

2.2. Example. Consider the Banach space (`1, ‖ · ‖1) with an equivalent norm of
the type used by P.K. Lin (see above): ‖|x‖| := supn∈N γn

∑∞
k=n |xk| , for all x =

(xn)n∈N ∈ `1 . Here, (γn)n∈N is any �xed sequence in (0, 1) that is strictly increasing to
1. Let us further assume that the auxiliary sequence (γn+1/γn)n∈N is strictly decreas-
ing, and that γ1 > 1/2. Lin's example of [γn := 8n/(1 + 8n), for all n ∈ N] satis�es
all of these properties. De�ne the closed, bounded, convex subset C of `1 by C :={
x = (xn)n∈N : each xn ≥ 0 and

∑∞
n=1 xn = 1

}
, and the a�ne mapping [T : C −→ C

by Tx := (0, x1, x2, x3, . . . ), for all x ∈ C]. It is easy to calculate that for all integers
n ≥ m ≥ 0, for all x, y ∈ C,

‖|Tnx− Tny‖| ≤ γn+1

γm+1
‖|x− y‖| .
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One can check, using x := e1 and y := e2, that each of the Lipschitz constants λn,m :=
γn+1/γm+1 is smallest possible. Clearly, λn,m −→ 1 as n ≥ m −→ ∞. So, T is semi-
strongly asymptotically nonexpansive. On the other hand, kn := λn,0 = γn+1/γ1 −→
1/γ1 > 1, as n −→ ∞. Thus, T is not asymptotically nonexpansive. (Indeed, T is not
even eventually asymptotically nonexpansive.)

Next, for our main theorems (Theorems 3.4 and 4.2), we need the notion of a Banach
lattice. See, for example, [13] De�nition 1.a.1.

Also, we recall the following proposition that can be found in, for example, [2].

2.3. Proposition. A Banach space E is re�exive if and only if its closed unit ball BE

is weakly compact.

3. Equivalent renormings of l1 and c0, re�exivity and FPP's

It is well-known (Theorems 1.c.12 in [12] and 1.c.5 in [13] ) that a Banach space
with an unconditional basis or a Banach lattice is re�exive if and only if it contains no
isomorphic copies of c0 or l1. Hence, if it can be shown that neither c0 nor l1 can be
equivalently renormed to have a certain �xed point property, it would follow that this
�xed point property in either a Banach lattice or in a Banach space with an unconditional
basis would imply re�exivity.

By strengthening James' Distortion Theorem in [8], Dowling, Lennard and Turett
gave the following theorem, called the Strong James' Distortion Theorem [5, Theorem 8].

3.1. Theorem. A Banach space X contains an isomorphic copy of l1 if and only if, for
every (or, for some) null sequence (εn)n∈N in (0, 1), there exists a sequence (xn)n∈N in
X such that

(†) (1− εk)
∞∑

n=k

|tn| ≤

∥∥∥∥∥
∞∑

n=k

tnxn

∥∥∥∥∥ ≤
∞∑

n=k

|tn| ,

for all (tn)n∈N ∈ l1 and for all k ∈ N.
Also, a Banach space X contains an isomorphic copy of c0 if and only if, for every

(or, for some) null sequence (εn)n∈N in (0, 1), there exists a sequence (xn)n∈N in X such
that

(‡) (1− εk) sup
n≥k
|tn| ≤

∥∥∥∥∥
∞∑

n=k

tnxn

∥∥∥∥∥ ≤ (1 + εk) sup
n≥k
|tn| ,

for all (tn)n∈N ∈ c0 and for all k ∈ N.

We are ready to prove the following fact.

3.2. Theorem. If X is a Banach space containing an isomorphic copy of l1, then there
exists a closed, bounded, convex subset E of X and an a�ne semi-strongly asymptotically
nonexpansive T : E → E such that T has no �xed point. Consequently, l1 cannot be equiv-
alently renormed to have the �xed point property for a�ne semi-strongly asymptotically
nonexpansive mappings.

Proof. Let X be a Banach space containing an isomorphic copy of l1, and �x a null
sequence (εn) in (0, 1). Then by the Strong James' Distortion theorem, there exists a
sequence (xn) in X such that the inequalities (†) above hold.

Next consider E := co({xn : n ∈ N}). Note that E = {
∑∞

n=1 tn xn : 0 ≤ tn, ∀n ∈ N,
and

∑∞
n=1 tn = 1}. Consider the right shift T : E −→ E given by T

(∑∞
j=1 tj xj

)
=∑∞

j=1 tj xj+1.
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Fix arbitrary x, y ∈ E, so that x =
∑∞

n=1 tn xn and y =
∑∞

n=1 sn xn, with each
tn, sn ≥ 0 and

∑∞
n=1 tn =

∑∞
n=1 sn = 1. Let αn := tn − sn. Then, for any n ∈ N,

‖Tn(x)− Tn(y)‖ =

∥∥∥∥∥
∞∑
j=1

αj xj+n

∥∥∥∥∥ ≤
∞∑

k=n+1

|αk−n | =
∞∑
j=1

|αj | .

Now, �x m ∈ N. We have that

‖Tm(x)− Tm(y)‖ =

∥∥∥∥∥
∞∑

j=m+1

αj−m xj

∥∥∥∥∥ ≥ (1− εm+1)

∞∑
k=m+1

|αk−m| .

Thus, for all n > m,

‖Tn(x)− Tn(y)‖ ≤
∞∑
j=1

|αj | ≤
1

(1− εm+1)
‖Tm(x)− Tm(y)‖.

We de�ne λn,m := 1
1−εm+1

,∀n ≥ m ≥ 1. Then λn,m −→ 1 as n ≥ m −→ ∞, while

[ ‖Tn(x) − Tn(y)‖ ≤ λn,m‖Tm(x) − Tm(y)‖ for all x, y ∈ E]. Thus, T is a�ne and
‖ · ‖-semi-strongly asymptotically nonexpansive, and it is easy to check that T has no
�xed point in E. �

3.3. Theorem. If X is a Banach space containing an isomorphic copy of c0 , then
there exists a closed, bounded, convex subset E of X and an a�ne strongly asymptotically
nonexpansive T : E → E such that T has no �xed point. Consequently, c0 cannot be
equivalently renormed to have the �xed point property for a�ne strongly asymptotically
nonexpansive mappings.

Proof. Let X be a Banach space containing an isomorphic copy of c0. Dowling, Lennard
and Turett proved in [5] that a certain right shift mapping is asymptotically nonexpansive
and �xed point free. We will use a similar method to show that a right shift mapping is
strongly asymptotically nonexpansive. By Theorem 8 in [5], there exist a null sequence
(εn)n∈N and a sequence (xn) in X so that the following strengthening of the inequalities
(‡) above hold.

sup
n≥k
|tn| ≤

∥∥∥∥∥
∞∑

n=k

tnxn

∥∥∥∥∥ ≤ (1 + εk) sup
n≥k
|tn| ,

for all (tn)n∈N ∈ c0 and for all k ∈ N. Let E := co({xn : n ∈ N}). Again let

T
(∑∞

j=1 tj xj
)
=
∑∞

j=1 tj xj+1.

Fix arbitrary x, y ∈ E, so that x =
∑∞

n=1 tn xn and y =
∑∞

n=1 sn xn, with each
tn, sn ≥ 0 and

∑∞
n=1 tn =

∑∞
n=1 sn = 1. Let αn := tn − sn. Then, for any n ∈ N,

‖Tn(x)− Tn(y)‖ =

∥∥∥∥∥
∞∑

k=n+1

αk−n xk

∥∥∥∥∥ ≤ (1 + εn+1) sup
j≥1
|αj | .

Fixing m ∈ N, we get

‖Tm(x)− Tm(y)‖ =

∥∥∥∥∥
∞∑

j=m+1

αj−m xj

∥∥∥∥∥ ≥ sup
j≥1
|αj | .

Therefore, for all n > m,

‖Tn(x)− Tn(y)‖ ≤ (1 + εn+1) sup
j≥1
|αj | ≤ (1 + εn+1)‖Tm(x)− Tm(y)‖.

De�ne βn,m := (1 + εn+1),∀n ≥ m ≥ 0. Then [βn,m −→ 1 as n −→ ∞ , ∀m ∈ N],
[βn,m −→ 1 as n > m −→ ∞], and [ ‖Tn(x) − Tn(y)‖ ≤ βn,m‖Tm(x) − Tm(y)‖, for all
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x, y ∈ E]. Thus, T is a�ne and ‖ · ‖-strongly asymptotically nonexpansive, and T has no
�xed point in E. �

We may now conclude the following.

3.4. Theorem. Let (X, ‖ · ‖) be a nonre�exive Banach lattice. Then, (X, ‖ · ‖) fails the
�xed point property for a�ne ‖ · ‖-semi-strongly asymptotically nonexpansive mappings.

Proof. Since (X, ‖ · ‖) is a nonre�exive Banach lattice, X contains an isomorphic copy of
l1 or c0 (by [13] Theorem 1.c.5). Hence, (X, ‖ · ‖) fails the �xed point property for a�ne
‖ · ‖-semi-strongly asymptotically nonexpansive mappings. �

4. Re�exivity i� the FPP for a�ne semi-strongly asymptotically

nonexpansive mappings.

We will use the following interesting theorem of Mil'man and Mil'man [14].

4.1. Theorem. Let (X, ‖ · ‖) be a Banach space and C be a weakly compact convex set
in X. Let U : C → C be an a�ne norm-to-norm continuous map. Then U has a �xed
point in C.

4.2. Theorem. Let (X, ‖ · ‖) be a Banach lattice. Then the following are equivalent:
(1) X is re�exive
(2) For every closed, bounded, convex set C contained in X, for every a�ne semi-strongly
asymptotically nonexpansive mapping U : C → C, U has a �xed point in C.

Proof. First we will prove that [not(1) implies not(2)]. Assume not(1). By Theorem 3.4,
there exists a closed, bounded, convex subset K in X and there exists an a�ne semi-
strongly asymptotically nonexpansive mapping T : K → K such that T is �xed point
free; i.e., not(2) holds.

Now we prove (1) implies (2). Assume (1). Since X is re�exive, its closed unit ball
BX is weakly compact by the Proposition 2.3. Thus, every closed, bounded, convex set C
contained in X must also be weakly compact. Hence, Theorem 4.1 implies the result. �

4.3. Remark. Similarly, the above result is true for every Banach lattice X with an
equivalent norm ‖ · ‖ on X that is not necessarily a Banach lattice norm; as well as for
every Banach space (X, ‖ · ‖) with an unconditional Schauder basis.

5. Examples and an application.

In this section we give examples of semi-strongly asymptotically mappings and strongly
asymptotically mappings. We will not include proofs here. They are available in the
Ph.D. Dissertation of the second author [15], and may also appear elsewhere.

A sequence (xn)n∈N in a Banach space (X, ‖ · ‖) is a c0-summing basic sequence if
there exist constants 0 < A ≤ B <∞ such that for all t = (tk)k∈N ∈ c00,

A sup
n∈N

∣∣∣∣∣
∞∑

k=n

tk

∣∣∣∣∣ ≤
∥∥∥∥∥
∞∑

n=1

tn xn

∥∥∥∥∥ ≤ B sup
n∈N

∣∣∣∣∣
∞∑

k=n

tk

∣∣∣∣∣ .
Here, c00 is the vector space of all �nitely non-zero scalar sequences.

Moreover, whenever the leftmost inequality above holds, we say that (xn)n∈N satis�es
a lower c0-summing estimate.

In 2004 Dowling, Lennard and Turett [6] proved that every non-weakly compact,
closed, bounded, convex subset K of (c0, ‖ · ‖∞) is such that there exists a ‖ · ‖∞-
nonexpansive mapping T on K that is �xed point free. (This is a converse to the �rst
theorem of Maurey described in the Introduction.) In general the mapping in [6] failing
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to have a �xed point is not a�ne. Concentrating on this subject, Lennard and Nezir
investigated whether there exists a �xed point free a�ne nonexpansive mapping on any
non-weakly compact closed, bounded, convex subset of c0. In 2011 they showed in [9]
that very large classes of subsets in c0 fail the FPP for nonexpansive and a�ne mappings.
In particular, they proved: [if a Banach space contains an asymptotically isometric (a.i.)
c0-summing basic sequence (xi)i∈N, then the closed convex hull of the sequence fails the
FPP for a�ne contractive mappings]. We recall now the de�nition of an asymptotically
isometric c0-summing basic sequence in a Banach space (X, ‖ · ‖). (See, for example, [6]
or [9].)

5.1. De�nition. Let (xn)n∈N be a sequence in a Banach space (X, ‖ · ‖). We de�ne
(xn)n∈N to be an asymptotically isometric (ai) c0-summing basic sequence in (X, ‖ · ‖) if
there exists a null sequence (εn)n∈N in [0,∞) such that for all sequences (tn)n∈N ∈ c00,

sup
n≥1

(
1

1 + εn

) ∣∣∣∣∣
∞∑

j=n

tj

∣∣∣∣∣ ≤
∥∥∥∥∥
∞∑
j=1

tj xj

∥∥∥∥∥ ≤ sup
n≥1

(1 + εn)

∣∣∣∣∣
∞∑

j=n

tj

∣∣∣∣∣ .
5.2. Theorem. (See [15]) Let (bn)n∈N and (γn)n∈N be two sequences of positive real
numbers with bn −→

n
1 and γn −→

n
1, such that σ :=

∑∞
n=2 |γn − γn−1| <∞. We de�ne

the sequence (ηn)n∈N in c0 by setting

ηn := γn(b1e1 + b2e2 + b3e3 + b4e4 + ....+ bnen), for all n ∈ N .

Also suppose (ηn)n∈N satis�es a lower c0-summing estimate. Let E := co({ηn : n ∈ N}).
Then (ηn)n∈N is an asymptotically isometric c0-summing basic sequence; and so there
exists an a�ne contractive map U : E → E without a �xed point.

Generally, U is not the right shift mapping T : E −→ E, since T may fail to be
nonexpansive. Of course T is �xed point free and a�ne.

Moreover, T is always ‖ · ‖∞-semi-strongly asymptotically nonexpansive. Further, if
bn ↓n 1 and γn ↓n 1, then T is ‖ · ‖∞-strongly asymptotically nonexpansive.

Next, for all x ∈ c0, we will de�ne x? := (x?n)n∈N to be the so-called decreasing
rearrangement of |x| := (|xn|)n∈N. See, for example, [6] for more details about decreasing
rearrangements.

5.3. De�nition. Fix an arbitrary sequence w = (wn)n∈N such that wn > 0, ∀n ∈ N,
and 1 = w1 ≥ w2 ≥ w3 ≥ · · · ≥ wn ≥ wn+1 ≥ . . . . Also assume wn −→ 0 as
n −→ ∞ and

∑∞
n=1 wn = ∞. E.g., wn = 1

n
, ∀n ∈ N. For all x = (xn)n∈N ∈ c0, let

‖x‖w,∞ := supn∈N

∑n
j=1 x?

j∑n
j=1 wj

, and

l0w,∞ :=

{
x = (xn)n∈N ∈ c0

∣∣∣∣ lim sup
n−→∞

∑n
j=1 x

?
j∑n

j=1 wj
= 0

}
.

The Banach space (l0w,∞, ‖ · ‖w,∞) is an analogue of (c0, ‖ · ‖∞). In particular, l0w,∞
is separable. For more on the Lorentz-Marcinkiewicz spaces, l0w,∞, see (for example)

Lindenstrauss and Tzafriri [12]. In Nezir [15] it is proven that (l0w,∞, ‖ · ‖w,∞) has the
weak �xed point property for nonexpansive mappings, but fails the �xed point property
for nonexpansive mappings.

5.4. Theorem. (See [15]) Let Y be any closed, non-re�exive vector subspace of l0w,∞.
Then Y contains an isomorphic copy of c0, and so (by Theorem 3.3 above) (Y, ‖ · ‖w,∞)
fails the �xed point property for strongly asymptotically nonexpansive maps.
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