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1 Introduction

Many problems in medical science, engineering, environments, economics etc. have
several uncertainties. To skip these uncertainties, some types of theories were given like
theory of fuzzy sets [19], rough sets [15], intuitionistic fuzzy sets [1], i.e., which we can
use as mathematical tools for dealing with uncertainties. Most of these present for
computing and formal modeling are crisp. In 1999, Molodsov [14] introduced the concept
of soft set theory, which is a completely new approach for modeling vagueness and
uncertainty. The concept of fuzzy soft sets was defined by Maji et al. [12] as a fuzzy
generalizations of soft sets. Then in 2011, Tanay and Kandemir [17] were gave the concept
of topological structure based on fuzzy soft sets.

In 1966, Cech [3], was introduced the concept closure spaces and then various notions in
general topology have been extended to closure spaces. After Zadeh introduced the concept
of fuzzy sets, in 1985 Mashhour and Ghanim [13] present the concept of Cech fuzzy

closure spaces. They exchanged sets by fuzzy sets in the definition of Cech closure space.
In 2014, Gowri and Jegadeesan [4] and Krishnaveni and Sekar [7], used the concept of soft

sets to introduced and investigate the notion of soft Cech closure spaces. Recently,
motivated by the concept of fuzzy soft set and fuzzy soft topology Majeed [9] was defined

the concept of Cech fuzzy soft closure spaces. After that, Majeed and Maibed [10]
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introduced some structures of Cech fuzzy soft closure spaces, they show that every Cech
fuzzy soft closure space gives a parameterized family of Cech fuzzy closure spaces.

The separation axioms in closure spaces were introduced by Cech [3]. Gowri and
Jegadeesan [4, 5] studied separation axioms in soft Cech closure spaces. In our previous
paper [11] we have introduced and discussed some properties of lower separation axioms
in Cech fuzzy soft closure spaces. In the current work, we introduced and studied a new
types of higher separation axioms like quasi regular, semi-regular, pseudo regular, regular,
semi-normal, pseudo normal, normal and completely normal in Cech fuzzy soft closure
spaces.

2 Preliminaries

In this section, we review some basic definitions and their results of fuzzy soft theory and
Cech fuzzy soft closure spaces that are helpful for subsequent discussions, and we expect
the reader be familiar with the basic notions of fuzzy set theory. Throughout paper, X
refers to the initial universe, I = [0,1], I, = (0,1], I* be the family of all fuzzy sets of X,
and K the set of parameters for X.

Definition 2.1 [16, 18] A fuzzy soft set (fss, for short) 2, on X is a mapping from K to I*,
i.e,Ag:K =1 where A,(h) =0 ifh€eASKand A, (k) =0if h € K — A, where 0 is
the empty fuzzy set on X. The family of all fuzzy soft sets over X denoted by F.. (X, K.

Definition 2.2 [18] Let A, ug € F. (X, K). Then,

1. A, is called a fuzzy soft subset of g, denoted by A, € ug, if A,(h) < ug(h), for
allh e K.

2. 2, and pg are said to be equal, denoted by A, = ug if A, S pgand pg € A,.

3. the union of A, and pg denoted by A, U pug is the fss oy, 5 defined by
Orays () =2, (h)V pg(h), forall h e K.

4. the intersection of A, and ug, denoted by A, N pg is the fss o ,n5 defined by
Orans(h) = A (h)Apg(h), forall h € K.

5. the complement of a fss A, € F (X, K), denoted I, — 2,, is the fss defined by
(Iz— A4)(h)=1 — A (h) foreachh € K. ltisclearthat 1, — (1, — A,) = A,.

Definition 2.3 [18] The null fss, denoted by O, is a fss defined by 0, (h) = 0, for all
h € K, where 0 is the empty fuzzy set of X.

Definition 2.4 [18] The universal fss, denoted by 1, is a fss defined by 1,(h) = 1, for all
h € K, where 1 is the universal fuzzy set of X.

Definition 2.5 [8] Two fss's A,, pg € F. (X, K) are said to be disjoint, denoted by
Agnpg =04, if A,(R)npg(h) =0forallh €K,

Definition 2.6 [2] A fss 4, € F..(X,K) is called fuzzy soft point, denoted by x,*, if there
exist x € X and h €K such that A,(h)(x) =t (0=<t=1) and O otherwise for all
veX— {x}
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Definition 2.7 [2] The fuzzy soft point x,™ is said to be belongs to the fss 4., denoted by
x,* € A, if forthe element h € K, t < A, (h)(x).

Definition 2.8 [17, 18] A fuzzy soft topological space (fsts, for short) (X, 7, K) where X is
a non-empty set with a fixed set of parameter and t is a family of fuzzy soft sets over X
satisfying the following properties:

1. 05 1, €1,
2. IfA, puzeT, thend, npuy 1,
3. If(4,); €1, then U, ;e (Aa); ET.

T is called a topology of fuzzy soft sets on X. Every member of 7 is called an open fuzzy
soft set (open-fss, for short). The complement of an open-fss is called a closed fuzzy soft
set (closed-fss, for short).

Definition 2.9 [9] An operator &: .. (X, K) — F..(X,K) is called Cech fuzzy soft closure
operator (C-fsco, for short) on X, if the following axioms are satisfied.

(C1) 8(0g) = g,
(C2) A, S B(A,), forall A, € F (X, K),
(C3) B(A, U pg) = B(A) VB (uy), forall Ay, up € For (X K).

The triple (X, 8, K) is called a Cech fuzzy soft closure space ( CF-fscs, for short).
A fss A, is said to be closed-fss in (X,8,.K) if A, = 8(A;). And a fss 24 is said to be an
open-fssif 1, — A, isa closed-fss.

Proposition 2.10 [9] Let (X, &, K) be a CF-scs, and A4, gz € For (X, K). Then,

1. 0f Ay S pg, then 8(4,) € 6(ug).
2. 8(AzNpg) S O(A,) N 0(py,).

Definition 2.11 [9] Let (X,8,K) be a CF-scs, and let A, € F._ (X, K). The interior of 24,
denoted by Int( %) is defined as Int(A,) =1, — (8(1, — 2.)).

Proposition 2.12 [9] Let (X, 8, K) be a CF-scs, and let A,, pg € Fo. (X, K). Then,

Int(0y) = 0y and Int(1y) = 1.
Int(X,) © A,

Int( A4 Npg) =Int( A, ) Nint{ug).

If A, € pg, then Int( A, ) € Int(pg).
Aglisanopen-fss = Int(A,) = A,.
Int( A,)UInt(pg) S Int( A, Ung).

ok wnkE

Definition 2.13 [9] Let V' be a non-empty subset of X. Then ¥, denotes the fuzzy soft set
Vi over X for which V(h) =1, for all h € K, (where I,,:X — I such that T,(x) =1 if
xeEVand1,(x)=0if x&V).
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Theorem 2.14 [9] Let (X,8,K) be a CF-scs, V€ X and let 8,: F,.(V,K) = F..(V,K)
defined as 8, ( 2,) = ¥, NB(4,). Then &, is a CF-sco. The triple (V,&;, K) is called Cech
fuzzy soft closure subspace (CF-sc subspace, for short) of (X, 8, K).

Proposition 2.15 [9] Let (V, &, K) be a closed CF-sc subspace of CF-scs (X, 8, K) and 4,
be a closed-fss in (V,8,, K). Then 4, is a closed-fss in (X, 8, K).

Proposition 2.16 [11] Let (X,6,K) be aCF-scs and let (V,8;,,K) be a closed CF-sc
subspace of (X.6,K). If A, is an open-fss of (X, €,K). Then 1,N¥; is also open-fss in
(V,6,.K).

Theorem 2.17 [9] Let (X, 8, K) be a €F-scs and let 7, S F,. (X, K), defined as follows

Tg ={1xg— Aa: 00 A= A}
Then 15 is a fuzzy soft topology on X and (X,t5,K) is called an associative fsts of
(X,6,K).

Next the definition of fuzzy soft closure (respectively, interior) of a fss in the associative
fsts of (X. 7. K) is given.

Definition 2.18 [11] Let (X 75, K) be an associative fuzzy soft topological space
of (X,6,K) and let A, € F..(X,K). The fuzzy soft topological closure of A with respect
to 0, denoted by T5-cl(4,), is the intersection of all closed fuzzy soft supersets of 1. i.e.,

Tg-cl(A) =n{p. : 1, € p. and B(p.) = p- }- (2.1)

And, The fuzzy soft topological interior of A with respect to 0, denoted by T4- int( 1) is
the union of all open fuzzy soft subset of 4,. i.e.,

Tg- int( A,) = Ulpc:ipe © Ay and 8(Ig —pc) = Ig —pc) (2.2)

From Theorem 2.17, it is clear that T5-cl(4,) (respectively, T4- int( 4,)) is the smallest
(respectively, largest) closed- (respectively, open-)fss over X which contains (respectively,
contained in) 4, .

Proposition 2.19 [11] Let(X.75.K)be an associative fsts of (X,6,K)and let
AA:F‘_E‘ Eﬁs(XrK]Then,

1. 14- el (04)=0g and r,-cl( 1) = 1.

2. Ay S 1ga-cl(d,).

3. ifA, € pug, then tg-cl(A,) € 15-cl(pg).

4, tg-cl(AyUpg) = 1g-cl(A)Utg-cl(pg).

5. 1g-cl(tg-cl(A,)) = 15-cl(4,).

6. A,isaclosed-fssifandonly if A,_15-cl(4,).

Proposition 2.20 [11] Let (X.75.K) be an associative fsts of (X,6,K) and
let 4,15 € F.(X,K). Then,

1. 14-int(0;) = 0y and 1g- int( 1) = 1.
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Ta-int(A,) € A,.

if A, € pg, thenzy-int(A,) € 14- int(pg).

Tg-int( A Npg) = 1g-int( 1) N 1g-int(ug).
Tg-int(tg-int(A,)) = 14-int(d,).

A4 is an open fuzzy soft set if and only if A, = 14-int(4,).

ok wn

The next theorem gives the relationships between the Cech fuzzy soft closure operator &
(respectively, interior operator Int) and the fuzzy soft topological closure tg-cl
(respectively, interior 14 -int).

Theorem 2.21 [11] Let (X, 8,K) be CF-scs and (X, 75, K) be an associative fuzzy soft
topological space of (X,8,K). Then forany A, € F, (X, K)

To-int(2,) € Int(4) € 1, € O( 1) € 7o-cl(R,). (2.3)

Definition 2.22 [18] Let F.. (X, K) and 7. (Y, R) be a families of fuzzy soft sets over X and
¥, respectively. Let w:X—=Y¥Y and p:K—+R be two functions. Then
fupt Fes (X, K) = F (Y, R) is called fuzzy soft mapping.

1.If 1, € 7 (X, K), then the image of 4, under the fuzzy soft mapping £, is the fuzzy
soft set over ¥ defined by £, ,(1,), Where ¥ r € p(K),¥y €Y,

fup (A () (¥) = V ( v (Aa() | G) if x€uw (),

__U:x:l:}- -pl:h:l:;u-
0 otherwise.

2. If ug € F (Y, R), then the pre-image of ug under the fuzzy soft mapping f,, is the
fuzzy soft set over X defined by £, (uz), Where vh € p™*(R), Vx € X,
fR U B = (e W)) forp®) € 5

0 atherwise.
The fuzzy soft mapping f,, is called surjective (respectively, injective) if w and p are
surjective (respectively, injective), also it is said to be constant if « and p are constant.

Theorem 2.23 [6] Let X and ¥ crisp sets 4,4, (44); € Fo. (X, K) and pg, (15); € Fou(Y. R)
forall i € J, where J is an index set. Then,

If (12)1 S (A2)2 then £, ((Aa)1) € fup ((La)2):

If (1g)y € (ug),, then ﬁ.a;i((‘lﬂjlj = :.;,ui ((Aq)2)-

If A, S fip' (fup (A4)), the equality holds if £, is injective.
If £, (fip (#5)) S g, the equality holds if £, is surjective.

e

Definition 2.24 [9] Let (X,6.K) and (Y,8%R) be two CF-scs's. A fuzzy soft mapping
fup: (X,8,K) — (Y,6%,R) is said to be Cech fuzzy soft continuous (CFs-continuous, for
short) mapping, if £, (8(44))< 8*(f,,(44)), for every fuzzy soft set 4, of F, (X, K).
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Theorem 2.25 [9] Let (X, 6,K) and (Y,8%R) be two CF-scs's. If f,,: (X.6,K)
— (Y,8%,R) isa CFc-continuous mapping, then ﬁd;lu_qj Is an open (respectively, closed)-
fss of (X,8,K) for every open (respectively, closed)-fss fuzzy soft set 4, of (¥,8%,R).

Definition 2.26 [9] Let (X,8,K) and (¥,8",R) be two CF-scs's. A fuzzy soft mapping £,
(X,6,K) = (¥,6%,R) is said to be Cech fuzzy soft open (CFs-open, for short) mapping, if
fun(44) is an open fuzzy soft set of (¥,8%,R) whenever 4, is an open fuzzy soft set of

(X,6,K).

3 Regularity in Cech Fuzzy Soft Closure Spaces

This section is devoted to introduce and study some new types of regularity axioms,
namely quasi regular, semi-regular, pseudo regular, regular in both CF-scs’s and their
associative fsts and study the relationships between them. We show that in all these types
of axioms hereditary property satisfies under closed CF-sc subspace of (X, 8, K).

Definition 3.1 A CF-scs (X, 8, K) is said to be a quasi regular-CF-scs, if for every fuzzy
soft point x* disjoint from a closed-fss g there exists an open-fss 4, such that x € 4, and
8(24)Npe = 0.

Example 3.2 Let X={a,b}, K={h,, h,}. Define 8: F_ (X, K) = F__ (X, K) as follows:

Ok if A, = 0O,
o1 = | (e (o vEDY  if A S (e, (hyay Vb)),
4 {(hy,by)} if A, € {(hy, b))
1 otherwise.

To show that (X, &, K) is a quasi regular-CF-scs, we must find all closed-fss's in (X, 8, K)
and all fuzzy soft points which are disjoint from these closed-fss's. Thus, we have the
following cases:

1- A,={(hy,a,),(hy,a; v by)} is a closed-fss and (b, s = 0} be the set of all fuzzy
soft points which is disjoint from A,.For any s = 0, there exists an open-fss

pe = {(hy,b,)} such that bZ* € p. and 8(p.) N 1,=0p.

2- A,={(h,, b;)]} is a closed-fss and the fuzzy soft points which is disjoint from 4, are:
{a;*, t; > 0}, {a;?, t, > 0} and {b 7,5, > 0}. For all these fuzzy soft points there
exists an open-fss pe ={(hy,a,),(hya, vb)} such that a'* &p. and
8(p.) N 4i,=0g, a’;: E p- and 8(p.) n A,=0; and b_ff: E pe and 9(,.::;] NA,=0.
Hence, (X,8,K) is quasi regular-CF-scs.

Theorem 3.3 Every closed CF-sc subspace (V, &, K) of a quasi regular-CF-scs (X, 8, K)
is a quasi regular-C F-sc subspace.
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Proof. Let x] be a fuzzy soft point in (V, &,,, K) and p- be a closed-fss in (V, 8, K) such
that x*Np,. = O, this implies x”* & p.. By Proposition 2.15, we have g be a closed-fss in
(X,8,K) not contains x*. But (X, 8, K) is a quasi regular-CF-scs. This yield, there exists an
open-fss 4, such that x* € 4, and 8(1,)Np,. = D,. From Proposition 2.16, A,N7, is an
open-fss in (V,68,,K) and x[ € A,NV,. That is mean we found an open-fss A,NV in V
contains x{. Now, it remain only to show 8, (1,N7,)Np, = 0 .

By (A NV )N =V NE (A, NV ) N, (By Theorem 2.16)
S V. NE(A)NE(V ) Np, (By Proposition 2.11(2))
= Ve N6(A)Np,
= 0,.

Hence, (V. 8, K) is a quasi regular- CF-sc subspace. u

Definition 3.4 An associative fsts (X, 74, K) of (X,8,K) is said to be quasi regular-fsts, if
for every fuzzy soft points x* disjoint from a closed-fss p- in (X, 74, K), there exists an
open-fss A, in (X, 74, K) such that x* € 4, and T5-cl(A,) Npo, = 0.

Theorem 3.5 If (X, 74, K) is a quasi regular-fsts, then (X, 8, K) is also a quasi regular-CF -
SCS.

Proof. Let x! be a fuzzy soft point disjoint from a closed-fss p- in (X, &, K). That means
x! & p-. Since p. is a closed-fss in (X,8,K). Then p. is a closed-fss in (X, 14, K). But
(X,74,K) is a quasi regular-fsts. Therefore, there exists t4-open-fss 4, such that x}* € 4,
and tg-cl(4,) Np, = 04. From Theorem 2.21, we get 8(4,)Np- = 0. Hence, (X,6,K) is
a quasi regular-CF-scs. n

Definition 3.6 A CF-scs (X, 8, K) is said to be semi-regular-CF-scs, if for every fuzzy soft
points x disjoint from a closed-fss g, there exists an open-fss 4, such that p- 4, and
xf & 6(4,).

Example 3.7 Let X={a.b}, K={hy, h,}, and let (1,); € F..(X. K).i = 1,2,3.4, such that
(A)={(hy agg ). (hy,ay Vb)Y, (Ay)o={(hy, ay),(hy ay V by),
[‘A'Aj:i:{(hlf E-'“1:]} and (A4) 4:{(.&1, g V bljr [hzrﬂ’l v blj ).

Define 8: F,_(X, K) — F._(X, K) as follows:

( ﬁK I’f ":LA = ﬁjf.!
(Aa)1 if € ()1
_ ) (Aa): if(Ag)1 © A3 € (Aa)2
7R =1 (), if 24 S (s
(Aa)s (Ao # A2 € (Ag)s

L1 otherwise.
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To show that (X, 8, K) is semi-regular-CF-scs, we must find all fuzzy soft points which is
disjoint from a closed-fss's in (X, &, K). Thus we have the following cases:

1- (A)={(hy,apz).(hyaq v by)} is a closed-fss and {bs?if,si = 0} be the set of all
fuzzy soft points which is disjoint from (4,)},. For any s; = 0, there exists an open-
fss  (14),={(hy, ay),(hy ay v by)] such that (4,), € (4,), and b & 6((44)2).

2- (A,),={(hy,a,),(h,,a; v b,)} is a closed-fss and {b:‘-,si = 0} be the set of all
fuzzy soft points which is disjoint from (4,),. For any s, = 0, there exists an open-
fss (A,),={(hy a,),(h,a, Vv b,)}suchthat (1), € (1,),and b2* & 8((1,),).

3- (A4)3=t(hy, b )] is a closed-fss and the fuzzy soft points which is disjoint from
(ha)s are: {a/*,t; >0}, {a;?,t, > 0} and {b;7, s, > 0}. For all these fuzzy soft
points there exists an open-fss (4,)5 satisfied the required conditions of semi-
regular- CF-scs. Then (X, 8, K) is semi-regular- CF-scs.

Theorem 3.8 Every closed CF-sc subspace (V, 8, K) of a semi-regular-€ F-scs (X, 8, K) is
a semi-regular-C F-sc subspace.

Proof. Let x/* be a fuzzy soft point in (V, 8, K) and p- be a closed-fss in (V, &, K) such
that xNp. = 0, then x! & p.. By Proposition 2.15, p- is a closed-fss (X,8,K) not
contains x/. But (X, 8, K) is a semi-regular-CF-scs. Then there exists an open-fss 4, such
that p. S A, and x* € 8(4,). Now, p- S 4, and p. E ¥, this implies p, € A,NV, which
is an open-fss from Proposition 2.16. Next, we must show x[ & 8,(4,NV,). Suppose,
€6, (A,NV,) =V NB(ANV) €V, NE(A)NE(7), it follows x* € 8(4,) which is a
contradiction. Hence (V, 8., K) is a semi-regular-CF-sc subspace. u

Definition 3.9 An associative fuzzy soft topological space (X, 74, K) of (X, 8, K) is said to
be a semi-regular-fsts, if for every fuzzy soft points x disjoint from a closed-fss p. in
(X, 74, K), there exists an open-fss 4, in(X, 74, K) such that p- € 4, and x[* & 14- cl(4,).

Theorem 3.10 If (X, 74, K) is a semi-regular-fsts, then (X, &, K) is also a semi-regular-CF -
SCS.

Proof. Let x be a fuzzy soft point disjoint from a closed-fss p- in (X, &, K). That means
x! & p-. Since p- is a closed-fss in (X,8,K). It follows that o~ is a closed-fss in
(X,74.K). But (X,74.K) is a semi-regular-fsts. It follows, there exists 75-open-fss 4, such
that p- S 4, and x[ & 75- cl(4,). From Theorem 2.21, we get x! & &(1,). Hence,
(X,8,K) is a semi-regular-CF-scs. =

Definition 3.11 A CF-scs (X, 8, K) is said to be pseudo regular-CF-scs, if it is both quasi
regular-CF-scs and semi-regular-CF-scs.

Example 3.12 In Example 3.2, (X, 8,K) is pseudo regular-CF-scs.

The next theorem follows directly from Theorem 3.3 and Theorem 3.8.
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Theorem 3.13 Every closed CF-sc subspace (V, &, K) of pseudo regular-CF-scs (X, 8, K)
is pseudo regular-€ F-sc subspace.

Definition 3.14 An associative fsts (X, 75, K) of (X, 8, K) is said to be pseudo regular-fsts,
If it is both quasi regular-fsts and semi-regular-fsts.

Theorem 3.15 If (X, 7y, K) is a pseudo regular-fsts, then (X, 8, K) is also a pseudo-regular-
CF-scs.

Proof. The proof follows directly from Theorem 3.5 and Theorem 3.10. =

Definition 3.16 A CF-scs (X, 8,K) is said to be regular-CF-scs, if for every fuzzy soft
points x! disjoint from a closed-fss p., there exist open-fss's A, and wuz such that
xF €A, pe S pgand A,Nuy = 0.

Example 3.17 Let X={a,b}, K={h,, h,} and (4,),, (1,), € F.. (X K) such that
(":I’Aj 1:{('&1! bj_jr (h‘zr CI':|_ V bi]} and (‘:I’A:]EZE[hj_r ﬂfj_] }

Define 8: F,_(X, K) — F._(X, K) as follows:

ﬁK I‘f “:I’Az ﬁ}g’r
(Ag)1 if A4S (A4
U’*‘ljf if A, € (4,),,

1, other wise.

8( 41;1] =

Then (X, 8, K) is regular CF-scs.

Theorem 3.18 Every closed CF-sc subspace (V. 8;, K) of a regular-CF-scs (X,6,K) is a
regular-CF-sc subspace.

Proof. Let x? be a fuzzy soft point in (V, &, K) and p- be a closed-fss in (V, 8, K) such
that xNp. = 0, then x! & p.. By Proposition 2.15, p- is a closed-fss in (X, 8, K) not
contains x. But (X, 8, K) is regular-CF-scs. Then there exist open-fss's 4, and pg such
that x* E4,, pr S pg and 1,Nug = 0, Thus, we have x! E A,NV; and p, S pg NP
and from Proposition 2.16, 4,MNV, and pzNV;, are open-fss's in (V. &, K). Moreover, it is
clear that (1, N )N (s NV )= 0. Hence, (V, 8, K) is a regular-CF-scs. n

Definition 3.19 An associative fsts (X, 75, K) of (X,6,K) is said to be regular-fsts, if for
every fuzzy soft point x disjoint from a closed-fss p., there exist open-fss's A4, pz such
that x* € A;, pr S pg, and ANy = 0.

Theorem 3.20 An associative fuzzy soft topological (X, t4, K) is regular-fsts if and only if
(X,8,K) is reqular-CF -scs.

Proof. Let x be fuzzy soft point disjoint from a closed-fss g in (X, 8, K), Since (X, 74, K)
is regular-fsts, there exist 4, and pz open-fss's in (X, 74, K) such that x! € 4, pr S g,
and A,Nug = 0. From Theorem 2.21, we get 4, and w5 are open-fss's in (X, 8, K) such
that x* € A4, pr S pg, and A,Nug = 0. Thus, (X, 8, K) is regular-CF-scs.



Journal of New Theory 24 (2018) 73-87 82

Conversely, similar to the first direction. =

Definition 3.21 Let (X,8,K) and (Y,8%,R) be two CF-scs's. A fuzzy soft mapping fup:
(X,6,K) — (Y,8*,R) is said to be Cech fuzzy soft homeomorphism (CFs-
homeomorphism, for short) mapping, if £, is injective, surjective, CFs-continuous and
fuz is CFs-continuous mapping.

Proposition 3.22 A fuzzy soft mapping f,,,: (X,8,K) — (¥,8%,R) CFs-homeomorphism
mapping if and only if £, is injective, surjective, CFs-continuous and CFs-open mapping.

Proof. The proof follows directly from the definition of CFs-homeomorphism mapping.

Proposition 3.23 Let f,,: F. (X, K) = F_(¥,R) be a fuzzy soft mapping and let = be a
fuzzy soft point in X. Then the image of x* under the fuzzy soft mapping fup 1S @ fuzzy soft
point in ¥, which is defined as £, (x{) = u(x x)? ™,

Proof. Let x[ be a fuzzy soft point in X. Then from Definition 2.22(1), we have

fup (<)) (3) = { wnrms (Vo= ()@ if z€w*(),

otherwise.

0, ifh+h
otherwise.
ui=z)= }[:xr:] (Zj ifz £ u_l[:}rj’
0 otherwise.
_(t ifx=z
B { if x+ =z
ORI

[m@} (A TO R o)
-lo

Proposition 3.24 Let f,,,: Fo. (X, K) — F__ (¥, R) be a bijective fuzzy soft mapping and let
v. be a fuzzy soft point in ¥. Then the inverse image of ¥. under the fuzzy soft mapping
fup is a fuzzy soft point in X, which is defined as f.,' (vI) = x*, p(h) = r and u(x) = y.

Proof. Let ¥, be a fuzzy soft point in ¥. Then from Definition 2.22(2), we have

nufwm@j{iﬂmﬂﬂﬂ)iz;ii
_rs[u’[x]) I‘f p[h‘] =T
=10k if p(h) # r,
otherwise.
[ U@ =y
0 otherwise.
= x;‘ n

Theorem 3.25 The property of being regular-CF-scs is topological property.
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Proof. Let (X,6,K) and (Y, 6%, R) be any two CF-scs and let f,.,: (X,6,K) = (Y,6%,R) be
a CFs-homeomorphism mapping and (X,8,K) is regular-CF-scs. We want to show
(v, 8% R) is also regular-CF-scs. Let ¥ be a fuzzy soft point in (Y,8*,R) and o be a
closed-fss in (¥.8%R) such that yIMNp. =0gz. Since f,, is CFs-homeomorphism
mapping, then f,.;* (¥7) is a fuzzy soft point and £, ( p¢) is a closed-fss in (X, 8, K) such
that £t (vINf'(pe) = 0. But (X,6,K) is regular-CF-scs this implies there exist
disjoint open-fss's A, and ug such that f;'(¥!) S, and f.'(p;) S ug. It follows,
fup(Fip VI € fip (A0) and £, ( £ (06)) € foup(15). Since f,,, is CFs-homeomorphism
mapping, then f,, is CFs-open mapping, this yields there exist open-fss's fup(44) and
fup(ps) in (Y,8%R) such that ;S f,(4) and p S f,,(#s). Moreover,
fup(Aa)Nfy (15) = Oz Hence, (Y, 6%, R) is also regular-CF-scs. m

4 Normality in Cech Fuzzy Soft Closure Spaces

In this section, some normality axioms, namely semi-normal, pseudo normal, normal and
completely normal in both CF-scs’s and their associative fsts’s and study the relationships
between them, and study their basic properties as in the previous section.

Definition 4.1 A CF-scs (X, 8,K) is said to be semi-normal-CF-scs, if for each pair of

disjoint closed-fss's p- and 15, either there exists an open-fss 4, such that p- & 4, and

6(A,)Nny=0, or there exists an open-fss uz such that n, < iy and &(ug ) Np-=0,.

If the both conditions hold, then (X, 8, K) is said to be pseudo normal-CF-scs.

Example 4.2 Let X={a, b}, K={hy, h,}, and (A4), (A1), € F. (X, K) such that
(A4)1={(hy,a; vby)} and (Ag)o={(hy,a; v by)}.

Define 8: F,_(X, K) — F._.(X, K) as follows:

ﬁK if A= ﬁK,
(Aa)r if Aa S (A
(A2 if 24 € (ada

1, otherwise.

8( AA] =

Then (X, 8, K) is semi-normal-CF-scs. Since the only disjoint closed-fss's are (A,)4, (444
and there exists an open-fss (4;); such that (4;), < (4;); and

O((4a) 1) N(A2)2=(42)1 N(As) 2= O

Theorem 4.3 Every closed CF-sc subspace (V, &, K) of semi-normal-CF-scs (X,8,K) is
a semi-normal-CF-sc subspace.

Proof. Let g and 115 be closed-fss's in (V, 8,,, K) such that o MNn,=0,. Since ¥ is closed-
fss in (X,8,K). Then by Proposition 2.15, p- and 7, are disjoint closed-fss's in (X, 8, K).
But (X,8,K) is semi-normal-CF-scs, it follows there exist an open-fss 4, such that
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pe S A, and (A, )Nny=0,. Since p. S 4,4, then p. €1, N, which is open-fss in
(Vr EV! Kj And

El;-’ U'A HL?K:] nnﬂ :T?IE[_]E' [*’:I'A H?Kj n_nD
€ 7 NB(A,)NB (V) Ny
I-{;E ﬂﬁ"' [-'-'LA:] nnﬂ

= 0,.

Similarly, if there exists an open-fss iz such that n, < pg and 8(uz)Np-=0,. We have
an open-fss u, N 7 in (V, 8, K) such that n, S pz N ¥, and 8, (pz N7, )Np-=0,. Hence
(V, 8, K) is a semi-normal- CF-sc subspace. n

Definition 4.4 An associative fsts (X, g, K) of (X,8,K) is said to be a semi-normal-fsts, if
for each pair of disjoint closed-fss's g and 115, either there exists an open-fss 4, such that
pe € A, and 1g-cl(A,)Nnp=0,, or there exists an open-fss pgz such that 1 < g and 75-
cl(pg) Npe=0p.

Theorem 4.5 If (X, 74, K) is a semi-normal-fsts, then (X, 8, K) is also semi- normal-CF-
SCS.

Proof. Let p. and 1, be disjoint closed-fss's in (X,8,K). Then p- and 1, be disjoint
closed-fss's in (X, 14, K). By hypothesis, there exists an open-fss 4, such that o € 4, and
Tg-cl(A,)Mn,=0,, or there exists an open-fss pug such that n, Spz and 7-
cl(pg)Np-=0,. From Theorem 2.21, we get either there exists an open-fss 4, in (X, 8, K)
such that p- = A, and 8(4,)Nn,=0,, or there exists an open-fss iz in (X, 8, K) such that
Ny € pg and 8(pg) Np-=0,. Hence, (X, 8, K) is semi-normal-CF-scs. u

Definition 4.6 A CF-scs (X, 8, K) is said to be normal-CF-scs, if for each pair of disjoint
closed-fss's p- and 7y, there exist disjoint open-fss's 4, and pg such that p- & 4, and
Mp S Hg.

Example 4.7 Let X={a,b}, K={h,, h,} and let (A,); € F..(X. K), i = 1,2,3,4, such that
(Aa) 1:{[h1, %.5] |8 (AA] 2:{[.&2, %.5] 5,
(“:"A:]!i:{[hir Qg V bn.a]r (h:r a, Vv bi]} and (A4) 4:{[511, a; vV bijx [h:r gz V bu.s] 1.

Define 8: F,_(X, K) — F._.(X, K) as follows:

(0, if A= 04,
(4a)1 if Ay S (A1,
(Aa)2 tf 44 € (Aa)2
CANYUCHE tfha € (A2)1U(4a)2
602 =1 (1), ifa, € (hy.a, vb, ).(hya, Vb, ); ’
t,s, <0.505<t,s, <1
(Aa)s ifd, € (b @, V by, ), (hz, %, V bsz): ,
t,5, < 0505<t,s, =1

\ 1, otherwise.
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Then (X,8,K) normal-CF-scs. Since the only disjoint closed-fss's are (4;)4, (44), and
there exist disjoint open-fss's A, = {(hy,a,¢ V by )} and pg = {(h,, ay 5 V by 5 )} such that
(Ag)1 € Agand (Ag); S ps.

Theorem 4.8 Every closed CF-sc subspace (V,8;,K) of normal-CF-scs (X,8,K) is
normal-CF-sc subspace.

Proof. Similar of Theorem 4.3. [

Definition 4.9 An associative fsts (X, 74, K) of (X,8,K) is said to be normal-fsts, if for
each pair of disjoint closed-fss's p. and 7y in (X, 14, K) there exist disjoint T4-open-fss's
A4, pgin (X, 74, K) such that p S 4, and 75 S pug.

Theorem 4.10 (X, 74, K) is normal-fsts if and only if (X, 8, K) is normal-CF-scs.
Proof. The proof follows from the hypothesis and Theorem 2.21. =
Theorem 4.11 The property of being normal-CF-scs is topological property.

Proof. Let (X,8,K) and (Y, 8%, R) be any two CF-scs and let f,,: (X,6,K) = (¥,8%,R) be
a CFs-homeomorphism mapping and (X,8,K) is normal-CF-scs. We want to show
(¥,8%,R) is also normal -CF-scs. Let p- and 175 be disjoint closed-fss's in (¥, 8%, R). From
hypothesis, f,, is is CFs-continuous mapping and from Theorem 2.25, we get f,;' () and
fuw (mp) are closed-fss's in (X, 8, K) such that £,;' ()N £t (np) = 0. But (X,6,K) is
normal-CF-scs. This implies, there exist disjoint open-fss's 4, and pg such that
fup (pc) E 44 and fi5"(p) S pp. It follows, fo, (£ (pc)) € fup(A) and fo, (fo (np
)) € fup(15). Since f,, is CFs-homeomorphism mapping, then f,, is CFs-open mapping,
this yields there exist open-fss's £, (44) and £, (x5) in (Y, 8%, R) such that o S £, (44)
and 1y < f,,(ug). Moreover, f, (A,)Nf,,(1g) = 0z Hence, (¥,8%R) is also normal-
CF-scs. [

Definition 4.12 A CF-scs (X, 6, K) is said to be completely normal-CF-scs, if for each pair
of disjoint closed-fss's p- and 7, there exist disjoint open-fss's A, and pg such that
pe S Agand np S pg and B(4,) NB(ug)=0.

Example 4.13 Let X={a,b}, K={h,,h,} and let (4,); € F.. (X, K), i = 1,2,3,4, 5, such that
(Ag)1={(hy, a4}, (A4)={(hy, by)}, (A4)3={(hy, By), (hy ay V by},
(Aa)s={(hy, @), (hy,ay v By)} and  (Ag)s={(hy ay vV by}

Define 8: F._(X, K) — F._.(X, K) as follows:
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[0y if A4;= 0,
(Aa)1 if 4 € (A2
(Aa)2 if A4S (Ady)2
B(Ay) =1 (4a)s if(Aa)s # 44 € (Ay)a,
(Aa)s (A # A€ (Aa)s,
(Aa)s if () (Aa)z # A4S (Ao)s,
o1, otherwise.

Then (X, 8, K) is completely normal CF-scs. Since the only disjoint closed-fss's are (44),
(44)- and there exist (4,); and (4,), are disjoint open-fss's such that (4.}, S (4,)4,

(Aa)2 € (Aa)z and B((A4)1) NO((A4)2)=0p.
Proposition 4.14 Every completely normal-CF-scs is normal-CF-scs.

Proof. Suppose (X,8,K) is completely normal-CF-scs and let g, n; be any disjoint
closed-fss's in (X, 8, K) . From hypothesis, there exist disjoint open-fss's 4, and g such
that o S A4, 1y S g and 8(4,) NE(uz)=0.. By using (C2) of Definition 2.9, we have
AyNpg=0,. Thus (X, 8, K) is normal- CF-scs .

Remark 4.15 The converse of Proposition 4.14 is not true, as Example 4.7.

Theorem 4.16 Every closed CF-sc subspace (V,8,,K) of completely normal- CF-scs
(X,8,K) is a completely normal-CF-sc subspace.

Proof. Let p-, 1, be any two disjoint closed-fss's in (V, 8., K). Then by Proposition 2.15,
oc, Mp are disjoint closed-fss's (X, 8, K). But (X, 8,K) is completely normal-CF-scs, then
there exist 4,4, ug disjoint open-fss's such that o S 44, np S and 8(4,) NE(ug)=0,.
By Proposition 2.16, 1,MN¥, and x5z N, are open-fss's in (V, 8, K) such that p. € 1,NT,
and 1, < uzNV,. To complete the proof, we must show 8, (A,NV; )NE, (s NV )= 0.
Now,

Oy (AaNVe ) NGy (5 NV ) = Ty HEE“J"AHT’?};’_} NV ng[ﬂan@f]
c EK”E(VK] NB(A,)NE (Ve ) NE(ug)
= EK”H(AA] N6 (ug)

= 0.

Hence, (V. 8, K) completely normal-CF-sc subspace. =

Definition 4.17 An associative fsts space (X,g,K) of (X,8,K) is said to be completely
normal-fsts, if for each pair of disjoint closed-fss's g~ and n5 there exists disjoint open-fss's

Agand pgin (X, 75, K) such that p S A4, 1y S pg and Tg-cl(A,) N Ta-cl(ig) = 0.

Theorem4.18 If (X, 15, K) is a completely normal-fsts. Then (X, 8,K) is also completely
normal-CF-scs.

Proof. The proof follows from hypothesis and by Theorem 2.21. =
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