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Abstract

Chemical graph theory, is a branch of mathematical chemistry which deals with the nontriv-
ial applications of graph theory to solve molecular problem. A chemical graph is represent a
molecule by considering the atoms as the vertices and bonds between them as the edges. A
topological index is a graph based molecular descriptor, which is graph theoretic invariant
characterising some physicochemical properties of chemical compounds. Dendrimers are
generally large, complex, and hyper branched molecules synthesized by repeatable steps
with nanometre scale measurements. In this paper, we study the (a,b)-Zagreb index of
some regular dendrimers and hence obtain some vertex degree based topological indices.

1. Introduction

A molecule in chemical graph theory generally represented by graph G = (V (G),E(G)) where V (G) denote the vertex set and E(G) is the
edge set of G, the vertices are consider as atoms of the molecule and edges are bonds between them. The degree of a vertex v ∈V (G) is the
number of those vertices in G such that which are adjacent to v and is denoted as dG(v). A topological index of a graph is the real number
obtain from that graph numerically and is same for graph isomorphism. Study of various topological indices for chemical structures of
various molecules play an important role in medical and pharmaceutical fields to predicting biological activity of new molecules and drugs.
Dendrimers is a type of macromolecules that could be synthesized from monomers by reproducible procedures. Generally dendrimers are
large, complex and hyper branch with multiple functional groups on the surface. Dendrimer was first introduced in 1985 by D.A. Tomalia et
al. [1]. Now a days more than forty families of dendrimers are present which are carries unique properties. These specific properties make
dendrimers suitable for various applications in medical and industrial technology. Dendrimers are used in vitro diagnostic cardiac testing,
as contrast agents for magnetic resonance. Magnetic resonance imaging (MRI) is a diagnostic process to producing anatomical images of
organs and blood vessels. Recently, U. Ahmad et al. studied the atom-bond connectivity indices of certain families of dendrimers in [2], Y.
Bashir et al. studied forgotten topological index of some dendrimers structure in [3]. In this paper, we derived the exact expressions of the
generalized Zagreb index or (a,b)-Zagreb index of some regular dendrimers and hence as a special case we obtain some important degree
based topological indices such as Zagreb indices, forgotten topological index, redefined Zagreb index, general first Zagreb index, general
Randić index, symmetric division deg index from using our derived results. Gutman and Trinajestić in a paper, “to study the total π-electron
energy (ε) of carbon atoms” introduced the Zagreb indices in 1972 [4] and are defined as

M1(G) = ∑
v∈V (G)

dG(v)
2 = ∑

uv∈E(G)

[dG(u)+dG(v)]

and

M2(G) = ∑
uv∈E(G)

dG(u)dG(v).

We refer our reader to [5, 6], for some recent study about these indices. The “forgotten topological index” or F-index was introduced by
Gutman and Trinajestić [4], in the same paper where Zagreb indices were introduced and is defined as

F(G) = ∑
v∈V (G)

dG(v)
3 = ∑

uv∈E(G)

[dG(u)2 +dG(v)2].
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For further study about this index we refer our reader to [7, 8, 9]. The redefined Zagreb index was first introduced in 2013 by Ranjini et al.
[10] and is defined as

ReZM(G) = ∑
uv∈E(G)

dG(u)dG(v)[dG(u)+dG(v)].

For some recent study about this index we refer our reader to [11, 12]. Li and Zheng was introduced the general Zagreb index in [13], and is
defined as

Mα (G) = ∑
u∈V (G)

dG(u)α

where, α 6= 0, 1 and α ∈ IR. Clearly, when α = 2 we get first Zagreb index and when α = 3 it gives the F-index. In 2001, Gutman and
Lepović generalized the Randić index in [14] and is defined as

Ra = ∑
uv∈E(G)

{dG(u).dG(v)}a

where, a 6= 0, a ∈ IR. The Symmetric division deg index of a graph is defined as

SDD(G) = ∑
uv∈E(G)

[
dG(u)
dG(v)

+
dG(v)
dG(u)

].

For further study about this index, we refer our reader to [15, 16, 17]. Based on some well known vertex degree based topological indices
Azari et al. [18], in 2011 introduced a generalized version of vertex degree based topological index, named as generalized Zagreb index or
the (a,b)-Zagreb index and is defined as

Za,b(G) = ∑
uv∈E(G)

(dG(u)adG(v)b +dG(u)bdG(v)a).

We refer our reader to [19, 20, 21], for further study about this index. It is shown that in table 1 all the topological indices discussed
previously in this paper, are derived from this (a,b)-Zagreb index for some particular values of a and b.

Table 1: Relations between (a,b)-Zagreb index with some other topological indices:

Topological index Corresponding (a,b)-Zagreb index
First Zagreb index M1(G) Z1,0(G)

Second Zagreb index M2(G) 1
2 Z1,1(G)

Forgotten topological index F(G) Z2,0(G)

Redefined Zagreb index ReZM(G) Z2,1(G)

General first Zagreb index Ma(G) Za−1,0(G)

General Randić index Ra
1
2 Za,a

Symmetric division deg index SDD(G) Z1,−1(G)

2. Main Results

In this section, we derived generalized Zagreb index of some dendrimers. First, we consider the regular dendrimer G[n] with exactly n
generations. The edge sets of dendrimer G[n] are divided into three parts and are shown as follows:

E1(G[n]) = {e = uv ∈ E(G[n]) : dG[n](u) = 2 and dG[n](v) = 2}

E2(G[n]) = {e = uv ∈ E(G[n]) : dG[n](u) = 2 and dG[n](v) = 3}
E3(G[n]) = {e = uv ∈ E(G[n]) : dG[n](u) = 2 and dG[n](v) = 1}

note that, |E1(G[n])|= (2n+3−5), |E2(G[n])|= (3×2n+1−6), |E3(G[n])|= 2n+1. The two dimensional structure of a regular dendrimer
G[n] with 6-levels is shown in figure 1.

Theorem 2.1. The (a,b)-Zagreb index of the regular dendrimer G[n] is given by

Za,b(G[n]) = (2n+3−5).2a+b+1 +(3×2n+1−6)(2a.3b +2b.3a)+2n+1(2a +2b). (2.1)

Proof. Applying the definition of (a,b)-Zagreb index, we get

Za,b(G[n]) = ∑
uv∈E(G[n])

(dG[n](u)
adG[n](v)

b +dG[n](u)
bdG[n](v)

a)

= ∑
uv∈E1(G[n])

(2a2b +2b2a)+ ∑
uv∈E2(G[n])

(2a3b +2b3a)+ ∑
uv∈E3(G[n])

(2a1b +2b1a)

= |E1(G[n])|(2a2b +2b2a)+ |E2(G[n])|(2a3b +2b3a)+ |E3(G[n])|(2a1b +2b1a)

= (2n+3−5).2a+b+1 +(3×2n+1−6)(2a3b +2b3a)+2n+1(2a +2b).

Hence, the theorem.
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Figure 2.1: The two dimensional structure of regular dendrimer G[n] for n=6.

Figure 2.2: The two dimensional structure of regular dendrimer H[n] for n = 5.

Corollary 2.2. Using equation 2.1, the following results follows:

(i) M1(G[n]) = Z1,0(G[n]) = 4.2n+3 +18.2n+1−50,

(ii) M2(G[n]) =
1
2

Z1,1(G[n]) = 4.2n+3 +20.2n+1−56,

(iii) F(G[n]) = Z2,0(G[n]) = 8.2n+3 +44.2n+1−118,

(iv) ReZM(G[n]) = Z2,1(G[n]) = 16.2n+3 +96.2n+1−260,

(v) Ma(G[n]) = Za−1,0(G[n]) = (2n+3−5).2a +(3×2n+1−6)(2a−1 +3a−1)+2n+1(2a−1 +1),

(vi) Ra(G[n]) =
1
2

Za,a(G[n]) = (2n+5−5).22a +(3×2n+1−6).2a.3a +2n+1.2a,

(vii) SDD(G[n]) = Z1,−1(G[n]) = 2.2n+3 +18.2n−23.

Now, we consider the regular dendrimer H[n] where, n is the steps of growth. The edge sets of H[n] can be partitioned as follows:

E1(H[n]) = {e = uv ∈ E(H[n]) : dH[n](u) = 2 and dH[n](v) = 2}

E2(H[n]) = {e = uv ∈ E(H[n]) : dH[n](u) = 2 and dH[n](v) = 3}

E3(H[n]) = {e = uv ∈ E(H[n]) : dH[n](u) = 2 and dH[n](v) = 1}

note that, |E1(H[n])| = (5× 2n+2− 19), |E2(H[n])| = (3× 2n+1− 6), |E3(H[n])| = 2n+1. The two dimensional structure of H[n] with
5-levels is shown in figure 2.

Theorem 2.3. The (a,b)-Zagreb index of the regular dendrimer H[n] is given by

Za,b(H[n]) = (5×2n+2−19).2a+b+1 +(3×2n+1−6)(2a.3b +2b.3a)+2n+1(2a +2b). (2.2)
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Proof. Applying the definition of (a,b)-Zagreb index, we get

Za,b(H[n]) = ∑
uv∈E(H[n])

(dH[n](u)
adH[n](v)

b +dH[n](u)
bdH[n](v)

a)

= ∑
uv∈E1(H[n])

(2a2b +2b2a)+ ∑
uv∈E2(H[n])

(2a3b +2b3a)+ ∑
uv∈E3(H[n])

(2a1b +2b1a)

= |E1(H[n])|(2a2b +2b2a)+ |E2(H[n])|(2a3b +2b3a)+ |E3(H[n])|(2a1b +2b1a)

= (5×2n+2−19).2a+b+1 +(3×2n+1−6)(2a3b +2b3a)+2n+1(2a +2b).

Hence, the theorem.

Corollary 2.4. From equation 2.2, the following results follows:

(i) M1(H[n]) = Z1,0(H[n]) = 20.2n+2 +18.2n+1−106,

(ii) M2(H[n]) =
1
2

Z1,1(H[n]) = 20.2n+2 +20.2n+1−112,

(iii) F(H[n]) = Z2,0(H[n]) = 40.2n+2 +44.2n+1−230,

(iv) ReZM(H[n]) = Z2,1(H[n]) = 80.2n+2 +96.2n+1−484,

(v) Ma(H[n]) = Za−1,0(H[n]) = (5×2n+2−19).2a +(3×2n+1−6)(2a−1 +3a−1)+2n+1(2a−1 +1),

(vi) Ra(H[n]) =
1
2

Za,a(H[n]) = (5×2n+2−19).22a +(3×2n+1−6).2a.3a +2n+1.2a,

(vii) SDD(H[n]) = Z1,−1(H[n]) = 10.2n+2 +18.2n−51.

Now, we obtained the (a,b)-Zagreb index for the porphyrin dendrimer DnPn with n-layers. Here n = 2m (m≥ 2) denote the steps of growth.
Note that total number of vertices in DnPn is (96n−10) and (105n−11) edges. The edge sets of DnPn are divided as follows:

E1(DnPn) = {e = uv ∈ E(DnPn) : dDnPn(u) = 1 and dDnPn(v) = 3}

E2(DnPn) = {e = uv ∈ E(DnPn) : dDnPn(u) = 1 and dDnPn(v) = 4}
E3(DnPn) = {e = uv ∈ E(DnPn) : dDnPn(u) = 2 and dDnPn(v) = 2}
E4(DnPn) = {e = uv ∈ E(DnPn) : dDnPn(u) = 2 and dDnPn(v) = 3}
E5(DnPn) = {e = uv ∈ E(DnPn) : dDnPn(u) = 3 and dDnPn(v) = 3}
E6(DnPn) = {e = uv ∈ E(DnPn) : dDnPn(u) = 3 and dDnPn(v) = 4}

where, |E1(DnPn)|= 2n, |E2(DnPn)|= 24n, |E3(DnPn)|= 10n−5, |E4(DnPn)|= 48n−6, |E5(DnPn)|= 13n, |E6(DnPn)|= 8n. The figure
of porphyrin dendrimer DnPn with 16-layers is shown in figure 3.

Theorem 2.5. The (a,b)-Zagreb index of regular dendrimer DnPn is given by

Za,b(DnPn) = 2n(3a +3b)+24n(4a +4b)+(10n−5).2a+b+1 +(48n−6)(2a3b +2b3a)+26n.3a+b +8n(3a4b +3b4a). (2.3)

Proof. From definition of (a,b)-Zagreb index, we get

Za,b(DnPn) = ∑
uv∈E(DnPn)

(dDnPn(u)
adDnPn(v)

b +dDnPn(u)
bdDnPn(v)

a)

= ∑
uv∈E1(DnPn)

(1a3b +1b3a)+ ∑
uv∈E2(DnPn)

(1a4b +1b4a)+ ∑
uv∈E3(DnPn)

(2a2b +2b2a)+ ∑
uv∈E4(DnPn)

(2a3b +2b3a)

+ ∑
uv∈E5(DnPn)

(3a3b +3b3a)+ ∑
uv∈E6(DnPn)

(3a4b +3b4a)

= |E1(DnPn)|(1a3b +1b3a)+ |E2(DnPn)|(1a4b +1b4a)+ |E3(DnPn)|(2a2b +2b2a)+ |E4(DnPn)|(2a3b +2b3a)

+|E5(DnPn)|(3a3b +3b3a)+ |E6(DnPn)|(3a4b +3b4a)

= 2n(3a +3b)+24n(4a +4b)+(10n−5).2a+b+1 +(48n−6)(2a3b +2b3a)+26n.3a+b +8n(3a4b +3b4a).

Hence, the theorem.

Corollary 2.6. Using equation 2.3, we obtain following results as follows:

(i) M1(DnPn) = Z1,0(DnPn) = 542n−50,

(ii) M2(DnPn) =
1
2

Z1,1(DnPn) = 643n−56,

(iii) F(DnPn) = Z2,0(DnPn) = 1666n−118,

(iv) ReZM(DnPn) = Z2,1(DnPn) = 3010n−260,

(v) Ma(DnPn) = Za−1,0(DnPn) = 2n(3a−1 +1)+24n(4a−1 +1)+(10n−5).2a +(48n−6)(2a−1 +3a−1)+26n.3a−1 +8n(3a−1 +4a−1),

(vi) Ra(DnPn) =
1
2

Za,a(DnPn) = 2n.3a +24n.4a +(10n−5).22a +(48n−6).2a.3a +13n.32a,

(vii) SDD(DnPn) = Z1,−1(DnPn) =
826
3

.n−23.
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Figure 2.3: Molecular structure of porphyrin dendrimer D16P16.

finally, we obtained (a,b)-Zagreb index of Zinc-porphyrin DPZn here n is defined the steps of growth (n≥ 1). The Zinc-porphyrin DPZn
consists four similar branches and contains a central core. The total number of vertices in DPZn are (56×2n−7) and (64×2n−4) number
of edges. The edge set of DPZn is partitioned as follows:

E1(DPZn) = {e = uv ∈ E(DPZn) : dDPZn(u) = 2 and dDPZn(v) = 2}
E2(DPZn) = {e = uv ∈ E(DPZn) : dDPZn(u) = 2 and dDPZn(v) = 3}
E3(DPZn) = {e = uv ∈ E(DPZn) : dDPZn(u) = 3 and dDPZn(v) = 3}
E4(DPZn) = {e = uv ∈ E(DPZn) : dDPZn(u) = 3 and dDPZn(v) = 4}

note that, |E1(DPZn)|= 16×2n−4, |E2(DPZn)|= 40×2n−16, |E3(DPZn)|= 8×2n +12, |E4(DPZn)|= 4. The figure of Zinc-porphyrin
DPZn with 4 layers is shown in figure 4.

Theorem 2.7. For (DPZn), the (a,b)-Zagreb index is

Za,b(DPZn) = (16×2n−4).2a+b+1 +(40×2n−16)(2a.3b +2b.3a)+(8×2n +12)2.3a+b +4(3a4b +3b4a). (2.4)

Proof. Using the concept of (a,b)-Zagreb index, we get

Za,b(DPZn) = ∑
uv∈E(DPZn)

(dDPZn(u)
adDPZn(v)

b +dDPZn(u)
bdDPZn(v)

a)

= ∑
uv∈E1(DPZn)

(2a2b +2b2a)+ ∑
uv∈E2(DPZn)

(2a3b +2b3a)+ ∑
uv∈E3(DPZn)

(3a3b +3b3a)+ ∑
uv∈E4(DPZn)

(3a4b +3b4a)

= |E1(DPZn)|(2a2b +2b2a)+ |E2(DPZn)|(2a3b +2b3a)+ |E3(DPZn)|(3a3b +3a3b)+ |E4(DPZn)|(3a4b +4a3b)

= (16×2n−4).2a+b+1 +(40×2n−16)(2a.3b +2b.3a)+(8×2n +12)2.3a+b +4(3a4b +3b4a).

Which is the desired result.

Corollary 2.8. From equation 2.4, we derived the following results,

(i) M1(DPZn) = Z1,0(DPZn) = 312.2n +4,

(ii) M2(DPZn) =
1
2

Z1,1(DPZn) = 376.2n +60,

(iii) F(DPZn) = Z2,0(DPZn) = 792.2n +76,

(iv) ReZM(DPZn) = Z2,1(DPZn) = 1888.2n +440,

(v) Ma(DPZn) = Za−1,0(DPZn) = (16×2n−4).2a +(40×2n−16)(2a−1 +3a−1)+(8×2n +12).2.3a−1 +4(3a−1 +4a−1),

(vi) Ra(DPZn) =
1
2

Za,a(DPZn) = (16×2n−4).22a +(40×2n−16)2a.3a +(8×2n +12).32a +4.3a.4a),

(vii) SDD(DPZn) = Z1,−1(DPZn) =
404
3

.2n− 31
3
.
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Figure 2.4: Molecular structure of dendrimer zinc porphyrin DPZ4.

3. Conclusions

In this study, we obtain some closed expressions of the (a,b)-Zagreb index of some regular dendrimers such as G[n], H[n], porphyrin
dendrimers DnPn and the Zinc-porphyrin DPZn and hence obtain some other important degree based topological indices for some particular
values of a and b from our derived results. For further study the (a,b)-Zagreb index of some other chemical structures can be computed.
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