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THE MINKOWSKTI’S INEQUALITIES UTILIZING NEWLY
DEFINED GENERALIZED FRACTIONAL INTEGRAL
OPERATORS

FUAT USTA, HUSEYIN BUDAK, FATMA ERTUGRAL, AND MEHMET ZEKI SARIKAYA

ABSTRACT. Motivated by the recent generalized fractional integral operators
proposed by Tunc et. al. [22], we establish a generalization of the reverse
Minkowski’s inequalities. Within this context, we provide new upper bounds
of inequalities utilizing generalized fractional integral operators and show and
state other inequalities related to this fractional integral operator.

1. INTRODUCTION

Recently, a number of scientist in the field of mathematics have introduced differ-
ent results about the fractional derivatives and integrals such as Riemann-Liouville
fractional derivative, Riemann-Liouville fractional integral operator, Hadamard in-
tegral operator, Saigo fractional integral operator and some other, and applied them
to some well-know inequalities with applications [I]-[22]. In this paper the authors
will provide the some reverse Minkowski’s inequalities by means of the generalized
fractional integral operators.

The overall structure of the study takes the form of four sections including in-
troduction. The remaining part of the paper proceeds as follows: In Section 2, we
introduce generalized k-fractional integrals of a function with respect to the another
function which generalizes different types of fractional integrals, including Riemann-
Lioville fractional, Hadamard fractional integrals, Katugampola fractional integral,
(k, s)-fractional integral operators and many others. In section 3, we provide the
main results involving the reverse Minkowski’s inequality with the help of frac-
tional integral operators while in section 4 discussing other inequalities using this
fractional integral operators. Finally concluding remarks summarize the article.
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2. NEW GENERALIZED FRACTIONAL INTEGRAL OPERATORS

In this section we will review the concept of the generalized k-fractional integrals
of a function with respect to the another function introduced by Tunc et.al.[22].

Definition 1. In [8] Diaz and Pariguan have defined k -gamma function Ty that
is generalization of the classical gamma. Ty is given by formula

n!k™(nk)% !

I (z) = lim ———————

k> 0.

k
It has shown that Mellin transform of the exponential function e~ F is the k-gamma
function, clearly given by

Ty (a) ::/ e~ F 1ot
0
Obviously, Ty (x + k) = 2Ty (z), T'(z) = %Lrlll Tk (z) and Ty, (z) =kt~ T(%).

Definition 2. Let define the function

o,k - g (m)
) — E m A .
fﬂ)\ (1’) Pt ka (pkm + )\).’E (pv > Oa ‘.’E| < R)’

where the coefficients o (m) (m € Ng = NU{0}) is a bounded sequence of positive
real numbers and R is the set of real numbers.

Definition 3. For k > 0, let g : [a,b] — R be an increasing and positive monotone
function having a continuous derivative g'(x) on (a,b). The left and right sided
generalized k-fractional integrals of f with respect to the function g on [a,b] are
defined, respectively, as follows:

Tt = [ o ) g1 2> 21

and

b
ok x) = g(®) Fokiy —g(z))? dt, ©<b .
Tt = [ o P e a0 10 s <b @2)

x

where X\, p >0, w € R.

Remark 1. The significant special cases of the integral operators and
are mentioned below:

1) For k =1, operator in leads to generalized fractional integral of f with
respect to the function g on [a,b]. This relation is given by

0,9 ) = [ gl(t) 7w ) — 4 x a
Tl @)= [ s Pl ) ~ 01 S0 > a

a
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2) For g(t) = t, operator in leads to gemeralized k-fractional integral of f.
This relation is given by

x

T ) = /(x )P R o (r— 1] FO)d, 7> a
Py, a+w - PN ’ .
3) For g(t) = Int, operator in leads to generalized Hadamard k-fractional
integral of f. This relation is given by

T

Wt @= [0 mt o (02) 50, o>

a

ts+1

4) For g(t) = S35, s € R —{=1} operator in leads to generalized (k,s)-
fractional integral of f. This relation is given by
.’I}S+1 _ ts+1

p
STl ) }f(t)dt,x>a.

A
SJZ’Ak,aJr;wf(x) — (3+1)1—% / ($s+1 _ ts-i-l) 2 1757'fo [w <

Remark 2. Similarly, all above special cases can also be seen for operator ,

Remark 3. For k = 1 and g(t) = t, operators in and reduce to the
following generalized fractional integral operators defined by Raina [21] and Agarwal
et. al [1], respectively:

Tonasd @ = [ @=0" " Fa o010, 5 >0 (23

b
Tonsl@ = [ (¢ =a) 7 Fos ot =) O, w<b (24)

Remark 4. One can obtain other new generalized fractional integral operators with
different choices of g.

Remark 5. For A\ = a, 0(0) = 1, w = 0 in Definition [3, then we have the
generalized fractional operators defined by Akkurt et al. in [3].

Remark 6. Let A\ = «, 0(0) =1, w =0 in Definition @

1) Choosing k = 1, then we have fractional integrals of a function f with respect
to function g. [12].

2) Choosing g(t) = t, then we have k-fractional integrals [15].

3) Choosing k = 1 and g(t) = Int, then we have Hadamard fractional integrals
[12].

4) Choosing g(t) =
operators [1§].

5) Choosing k = 1 and g(t) =
fractional integral operators [9].

%, s € R — {1}, then we have (k,s)-fractional integral
ts+1

10 8 € R—{~1}, then we have Katugampola



THE MINKOWSKI INEQUALITIES... 689

6) Choosing k = 1 and g(t) = t, then we have Riemann-Lioville fractional
integral operators [12].

3. REVERSE MINKOWSKI FRACTIONAL INTEGRAL INEQUALITY NEW
GENERALIZED FRACTIONAL INTEGRAL OPERATORS

Theorem 1. Let u,v € XP(a,x) two positive functions in [0,00), such that Va >
a, J'f}\’f;q+;wup(x) < oo and JU’A’f;q+;va(x) < oo. Let g:[a,b] — R be an increasing

P P
and positive monotone function having a continuous derivative ¢'(x) on (a,b). If
0<m< ™) < M and Vit € [0, 2], then we have the following reverse Minkowski’s

v(t)
inequality associated with the generalized k-fractional integrals with respect to the
function g

ks
|:‘7;;T,/\,ag+;wup(‘r):|

+ |:‘7;;7,-,/\kj;19+;va($):| < G {jp(f,’)\]f;lg+;w(u +v)P(z)

S0
10
=

M(m+1)+M+1

where C]_ = m

andp>1, A\, p>0, weR.

Proof. Since % < M, t € [a,z], we deduce that
u(t) < M [u(t) +v(t)] — Mu(t)
which yields

(1) < (Mﬂi 1) fu(t) + v(t))” . (3.1)

Then multiplying by

g'(t) o,
o wg(@) - g(1)"]
(9(z) —g(t))*
both sides of (3.1)) and integrating on [a, z], we get

>

[T mr (o) - g6
(9(z) —g(t))*

a

N S N S
< (379 / T 0 g0 ) () + (0 b

As a result, we deduce that

. 3 M 5
o,k, P o,k, P
|:‘7p,)\,ag+;wup(x):| < M4+1 I:jp,)\,ang;w (U + U)p(m) . (32)
On the other hand, as m < Zgg, t € [a, z], we have
1 P
o)< () )+ 53)
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Similarly, multiplying by

g'(t) Fok p
o lw(g(x) —g(t
@) — () A w(g(x) —g(t)"]

both sides of (3.3]) and integrating on [a, z], we get

- » 1 - ’
[Tt @)]” < — [Tt 0 @] (3.4)
Then adding the inequalities (3.2) and (3.4)), the desired result has been obtained.
(]

Corollary 1. We assume that the conditions of Theorem [1] hold.
1) Fork=1in Theorem we have the following reverse Minkowski’s inequality
associated with the generalized fractional integrals with respect to the function g

1

T (@) an T8 a?(@)] e T wrau+ 0y (@)

2) For g(t) =t in Theorem we have the following reverse Minkowski’s inequality
associated with the generalized k-fractional integrals

1 1 1
s o,k o,k o,k
|:jpa>\’a+;wup($):| ! + |:‘7p,)\,a+;va(x):| ! < Cl |:‘7p,/\,a+;w(u + U)p($):| ? .

3) For g(t) =1nt in Theorem we have the following reverse Minkowski’s inequal-
ity associated with the generalized Hadamard k-fractional integrals

1 1 1
s o,k P o,k P o,k P
[Hm)\,aﬂwup(m)} + [Hp,/\a-i-;va(x)} = [Hﬂa)uu-‘r;w(u + v)p(x)} :

4) For g(t) = %, s € R—{-1} in Theorem we have the following reverse
Minkowski’s inequality associated with the generalized (k, s)-fractional integrals

1

1 1
,k k k
° |:S pg,)\,a—&-;wup(:t)] ’ + |:S /:)\,a-',-;va(x)] ! S Cl [S po:)\,a-‘r;w(u + v)p(m.)} ’ .

Theorem 2. Let u,v € XP(a,x) two positive functions in [0,00), such that Y >

a, j;’/\lf;lg+;wup(x) < o0 and jg;\’f;zg+;va(x) < o0. Let g : [a,b] — R be an increasing

and positive monotone function having a continuous deriwative g'(z) on (a,b). If

0<m< % < M and ¥Vt € [0,x], then we have the following reverse Minkowski’s
inequality associated with the gemeralized k-fractional integrals with respect to the

function g

T o
3

1
+ |:‘7pg,))\k,;q+;va(x)i| Z 02 |:‘-7;;T,7)\k,;q+;wup(m):| ! |:‘70’)\If;q+;va(m):|

Ly
|:‘7pg,)\,aq+;wup(x)i| 0,

whereC&:%—? andp>1, A\, p>0, wER.
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Proof. From the inequalities (3.2)) and (3.4), we have

QLM D [y, @) [780,00@) " < [F788 0+ 0P@)]

Then, thanks to the Minkowski’s inequality, we get

2 1 1\ 2
o,k, P o,k, P o,k, P
jp,A,ag+;w(u+v)p(m)] = ({jp,hagﬁwup(m)} + {jﬂ’kvagﬂva(x)] > . (3.6)
Consequently, by substituting (3.6]) into (3.5]), we obtain the desired result. O

Corollary 2. We assume that the conditions of Theorem[d hold.
1) Fork=1in Theorem@ we have the following reverse Minkowski’s inequality
associated with the generalized fractional integrals with respect to the function g

2 2 1
Tt @] 4 [T @) 2 o [T P @) [T " @]

2) For g(t) =t in Theorem@ we have the following reverse Minkowski’s inequality
associated with the generalized k-fractional integrals

2 2 1 1
k P k B k B k B
Tt @] 4 [T @) 2 O [T P @) [T @]

3) For g(t) =1nt in Theorem@ we have the following reverse Minkowski’s inequal-
ity associated with the generalized Hadamard k-fractional integrals

2 2 1 1
ok Jk k k
[Hg,k,a—k;wup(‘r)} ’ + |:HZ,)\,a+;va(x)} ' Z CQ [HZ,A,a+;wup(x):| ’ [HZ,A,a+;va(x):| ! .
4) For g(t) = %, s € R—-{-1} in Theorem@ we have the following reverse
Minkowski’s inequality associated with the generalized (k, s)-fractional integrals

2 2 1 1
ok ke & k
[S [:)\,a+;wup($):| ’ + [S ;)\,a—i-;va(x)} ’ 2 02 |:S /:)\,a-l—;wup(x)] ' |:5¥7/:)\,a+;va(x):| ’ .

4. ALTERNATIVE FRACTIONAL INTEGRAL INEQUALITIES WITH NEW
GENERALIZED FRACTIONAL INTEGRAL OPERATORS

Theorem 3. Let u,v € XP(a,z) two positive functions in [0,00), such that Va >
a, J;::\’f’(lg+;wup(x) < o0 and J:;\’f;g+;wv”(x) < 0. Let g : [a,b] — R be an increasing
and positive monotone function having a continuous derivative ¢'(x) on (a,b). If

0<m< % < M and ¥Vt € [0,z], then we have the following inequality associated

with the generalized k-fractional integrals with respect to the function g

1

1
- v | gk, E ks
[jfikvagﬂwup(x)} ' [jrjk,agﬂw”p(x)] LS G {jgx,ag+;w(u + v)p(x)]

=

1

wherngz(%)ﬁ, +=2=1,p>land X, p>0,weR.

1
q

SA
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Proof. Since % < M, t € [a,z], we deduce that

which yields

Multiplying by

g'(t ok

O Fok o (ol@) - a0
(9(z) —g(t))*

both sides of and integrating on [a, x], we get

L Z a.k,g o.k.g i i
M jp,)\,a+;wu(x) < jp,)\,a+;wup (.’L‘)’U‘l (.’IJ),
i.e.
1 ;,171 o,k,g % o,k,g 1 S %
(57) [ttcw]” < [Tt ad@io] . a2
More over, as m < %, t € [a,z], we have

1 1

mrob (t) < us(t)

which gives

mro(t) < ur (t)i (t) (4.3)
Then, multiplying by
IO 57k (g(a) - 9(t))"

Y
(9(x) —g(t)'*
both sides of (4.3) and integrating on [a, z], we get

1 1
man [T @) < [T e @i )] (4.4)
Considering the inequalities (4.2)) and (4.4)), we obtain the required result. O

Corollary 3. We assume that the conditions of Theorem[3 hold.
1) For k = 1 in Theorem @ we have the following inequality associated with the
generalized fractional integrals with respect to the function g

(779100 @)]” [T’ @) < Ca [Tt 0P @]

2) For g(t) =t in Theorem@ we have the following inequality associated with the
generalized k-fractional integrals

Tt @] [Tt @] <G [Tl o)

3=
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8) For g(t) = Int in Theorem [, we have the following inequality associated with
the generalized Hadamard k-fractional integrals

1 1
o,k P o,k P
K @) MR (e ﬂ < Cy M7} 4 lut o) ()]
4) For g(t) = %, se€R—{-1} in Theorem@ we have the following inequality
associated with the generalized (k, s)-fractional integrals

[Tt @)” [T @) < O [T lnt P @)

Theorem 4. Let u,v € XP(a,x) two positive functions in [0,00), such that Vo >
a, jas\k;ﬂ LUP(x) < 00 and jgs\k;ﬂ LUP(x) < o00. Let g:[a,b] — R be an increasing
and positive monotone function having a continuous deriwative g'(x) on (a,b). If
0<m< E ; < M and ¥t € [0,z], then we have the following inequality associated
with the generalized k-fractional integrals with respect to the function g

Tod, wu@(@) < Cad il (P +0P) (@) + Cs T8 (uf 4+ 07) ()

_ P - q
where Cy = 2pp1 (%) , C5 = 2qq1 (ﬁ) , %—l—%:l,le and X\, p > 0,
w € R.
Proof. Multiplying by
IO o
DY
(9(x) —g()' %

both sides of (3.1]) and integrating on [a, z], we get

o, M P g
Totet?@) < (3107 ) Tokulut 0P (@) (15)

Asm < Zgg, t € [a, ], we have

v%ﬂ<(1>[wﬂ+v@P. (4.6)

m+1
Similarly, multiplying by

/
3 o
g ( ) — }-M,k
(9(z) —g(t)) *
both sides of (4.6) and integrating on [a, z], we get
ok, 1 ! ok,
Toiter) = (27 ) Tt sut o) @)
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Applying the Young inequality, we have

P(t a(t
() < W L O (4.8)
p q
and multiplying by
g'(t) y
T [wg(x) = g(t)"]
(9(z) —g(t)) %
both sides of (4.8) and integrating on [a, z], we get
ks kK, k,
‘7;;7,)\,0,!]+§W (wv) (z) < pj;,A 9P (@) + ja)\ 2 V(@) (4.9)
Then, by substituting the inequalities (4.5) and ( into , we obtain
ko< () It (m+ l)qﬂ;’,f,*f+;w<u+v>q<w>- (o

Using the fact that (a,b)” < 2"~!(a" +b"), r > 1, a,b > 0 in the right hand side of
the inequality (4.10]), we have

1 M P 1 q
ST ) (@) < ;<M+1> Js_"){c,'g+;w('u+v)p(m)+;<m+1) TEEI L w0
1 M P 1 1 q
= 7(M+1> I +“p)(z)+7< +1) 2T D (@),
P g \m
Thus, the proof is completed. O

Corollary 4. We assume that the conditions of Theorem []] hold.
1) For k = 1 in Theorem |4}, we have the following inequality associated with the
generalized fractional integrals with respect to the function g

Ty arat@0(@) < CoT 7 oW+ 07) (@) + CsT7 3 (u 4 0) (2):

2) For g(t) =t in Theorem[{, we have the following inequality associated with the
generalized k-fractional integrals

j;;’fawu( Jo(x) < CuT? e (U0 0P (@ )+ CsJ7 o (W ) ().

3) For g(t) = Int in Theorem !, we have the following inequality associated with
the generalized Hadamard k-fractional integrals

HR apieoti0)0(2) < CaMES (P 4 0P) () + O5HE Y o (uf 4 07)(2).
4) For g(t) = %, se€R—-{-1} in Theorem we have the following inequality
associated with the generalized (k, s)-fractional integrals

TN arwtl(@)o(@) < CLTT (0P +0P) (@) + CE T o (u + 07) (2).
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Theorem 5. Let u,v € XP(a,x) two positive functions in [0,00), such that Vo >

a, ;:\If;lg+;wup(x) < oo and J;:\If;lg+;va(:c) < 0. Let g : [a,b] — R be an increasing

and positive monotone function having a continuous deriative g'(x) on (a,b). If

0<n<mc< % < M and ¥Vt € [0,z], then we have the following inequalities
associated with the generalized k-fractional integrals with respect to the function g

1 1 1

M+1 o,k P o,k P o,k P
T [T @) =@ < [T @)+ [T @)
m + 1 ok, %
< T [t (ul@) — no(@)]
where p>1and X\, p>0, weR.
Proof. From the assumption 0 < n < m < % < M, we have
< u(t) — no(t) <M—n
=T S
which yields
(u(t) —no(t)” (u(t) —nv(t)”
(M —n)? oP(t) < (m—n)? (4.11)
Similarly, we obtain
o(t) 1 1 1 o) 1 _1 1 m-n_ul)—-nvit) M-n
—<—=<—=>—="—< —=——< ——— = < <
M~ult) " m M n~ult) n~m n mn nu(t) Mn
which yields
MP mP
O =n) (u(t) = nu(t))? <uP(t) < (m—ny (u(t) — no(t))” . (4.12)
Multiplying by
g/(t) o,k
— o [w(g(@) —g(t)"]
(g9(z) —g(t)) "+
both sides of (4.11)) and integrating on [a, z], we get
o 1_ S ST CICOR m(z))f’}% < [J,‘,’;f;jﬁqu(z)}% < [T (u@) ~ m(z))vﬁ BENCRED
Following the similar steps for (4.12)), we obtain
s th - (700, () - nv(z))ﬁ]% < [];’f:f+;wuq(z)}% < (700, (u) - m(z))P]% RCRYS

m —c

Considering the inequalities (4.13)) and (4.14)), we obtain the required result.

In order to validate our result we can show that % < gﬁi That is, from the

assumption 0 < n < m < 58 < M, we have

M+1 <m+1
M-n~"m-n
(]

mn+m < mn+M < Mn+M = (M+1)(m—n) < (m+1)(M—n) =
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Corollary 5. We assume that the conditions of Theorem[§ hold.
1) For k = 1 in Theorem @ we have the following inequality associated with the
generalized fractional integrals with respect to the function g

M+1 1 |: 1

7 [ Tonats (@) = nv(x))p] To< j;’,ﬁawup(x)} e [jg‘,ﬁaqu(:c)]

S

1

IN

m+1 o P
T T e (u(@) — ()’

2) For g(t) =t in Theorem@ we have the following inequality associated with the
generalized k-fractional integrals

S

M +1 o o % o %
i [T e @) = mo@) " < [T @)+ [Tt @)]
m-+1 ok %
< T (T3 s () — ()]

3) For g(t) = Int in Theorem [5, we have the following inequality associated with
the generalized Hadamard k-fractional integrals

M + 1 k i k 1 & 1
T_n [Hg,))\,a+;w (’LL(.’E) - m)(x))p} < [H;’)\,a—l-;wup(x)} + [HZ:)\,a—i-;qu(x)}
m+1 o.k v
< o [Hp:/\)aer (u(x) — m(x))ﬂ v
4) For g(t) = %, seR—-{-1} in Theorem@ we have the following inequality
associated with the generalized (k, s)-fractional integrals
M + 1 S (oa ]i) % S g k? % S (o2 k}
M —n [ jp,))\,a—i-;w (’LL(.’IJ) - nv(aj))p} S |: jp,l\,a—&-;wup(x)} + |: jp,S\,a—Q— qu(‘r):|
m + 1 s 4ok i
< p— [ T atw (WE) — m/(x))p] "

Theorem 6. Let u,v € XP(a,x) two positive functions in [0,00), such that Y >
a, jg’/\lf;lg+;wup(x) < o0 and jg;\’f;zg+;va(a:) < o0. Let g : [a,b] — R be an increasing
and positive monotone function having a continuous deriwative g'(z) on (a,b). If
0<y<ul®) <T,0< ¢ <o(t) <P and Vt € [0,z], then we have the following
inequalities associated with the generalized k-fractional integrals with respect to the
function g

=

1 1
|:‘7/;T’Alf;1g+;wup(x)i| ’ + |:‘7;;T,,/\k,;19+;qu (‘T)i| ’ S Cﬁ |:‘7:7)\k,’ag+;w (u + U)p (l‘)

C(v+®)+®(p4T)
(7+@)(¢+T)
Proof. From the assumptions of 0 < v < w(t) < T and 0 < ¢ < v(t) < P, we

deduce that
u(t) T
< —= < —
2

v(t)

where Cg = p>land A\, p >0, weR.

<—= <

1
o) S e

Sl
€=
=2
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which yields
VP (t) < () (u(t) +v(t))” (4.15)

and
WP () < (F) (u(t) + o(t))" . (4.16)
Multiplying by
PO o ola) - 90}
(9(z) —g(1))

both sides of (4.15)) and (4.16)), then integrating on [a, x|, we get

1 (I) 1
okg q ]P < [ o.kg P ]1’ 41
[t @) < g [T w0 @) (417)
and
o,k % r o,k,g p %
Tt @] < g [T e o @] (4.18)
respectively. Adding the inequalities (4.17) and (4.18)), we obtain the desired result.
([l

Corollary 6. We assume that the conditions of Theorem[g hold.
1) For k = 1 in Theorem @ we have the following inequality associated with the
generalized fractional integrals with respect to the function g

(7080 @)] + [T @] < Co [T (0P @)

2) For g(t) =t in Theorem@ we have the following inequality associated with the
generalized k-fractional integrals

[T @]+ [Tt @)] < Co [T 0 @)

3) For g(t) = Int in Theorem @ we have the following inequality associated with
the generalized Hadamard k-fractional integmls

[H;’;Wr;wup(x)] % + [HZ i a+; w? ( )} < Cﬁ [Hp A a+;w (u + U) (x)] % .

4) For g(t) = %7 seR—{-1} in Theorem@ we have the following inequality
associated with the generalized (k, s)—fractz'onal integrals

1

08 @)+ [T @) < Co [P T (w0 @]

Theorem 7. Let u,v € XP(a,x) two positive functions in [0,00), such that Vo >
a, jg’/\k;ﬂ LUP(z) < oo and jol\k;lg+ LUP(z) < oco. Let g: [a,b] — R be an increasing
and positive monotone function having a continuous deriwative g'(x) on (a,b). If
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0<m< u(t) < M andVt € [0,x], then we have the following inequalities associated

v(t)
with the generalized k-fractional integrals with respect to the function g

T3 (00 (2) € o s T (w0 (@) € I () @)
where A\, p >0, w € R.
Proof. From the assumption 0 < m < % < M, we get

(m+1v(t) <u(t) +o(t) < (M4 1)ov(t). (4.19)
Also we have,

Mz\; L) < u@) +o(t) < " Lug), (4.20)

From the inequalities and , we deduce that
%u(t)v(t) < m < %u(t)v(t). (4.21)

Multiplying by
g'(t) ok

o) — g —F e 0~ g O]
g\r)—g z

both sides of (4.21]), then integrating on [a, x], we obtain the required result. (I

Corollary 7. We assume that the conditions of Theorem[7 hold.
1) For k = 1 in Theorem @ we have the following inequality associated with the
generalized fractional integrals with respect to the function g

1 o, 1 o, 2 1 o,

M p,Ag,a+;w (’LLU) ($) < (m + 1)(M + 1) jp,)\g,a-&-;w (’LL + U) ({E) < Ejp,kg,a-&-;w (U’U) ((E)
2) For g(t) =t in Theoremm we have the following inequality associated with the
generalized k-fractional integrals

1 ok 1 ok 2 1 ok
A e atiw (w) (z) < mjp,)\,a+;w (u+v)” (z) < EJP,A,H;W (w) (z).
3) For g(t) = Int in Theorem @ we have the following inequality associated with
the generalized Hadamard k-fractional integrals

Lo 1 o
MHp:f,aJr;w (U’U) (.’L‘) < m}{p:f,a+;w (U + ’())2 (37) < m p,f,a%»;w (UU) (SL’)

4) For g(t) = i_:ll, seR—-{-1}in Theorem@ we have the following inequality

associated with the generalized (k, s)-fractional integrals

1% 1 s
17 et () (@) < CESNES) T s (w4 0)* (@) <
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Theorem 8. Let u,v € XP(a,x) two positive functions in [0,00), such that Vo >
a, ;:\If;lg+;wup(x) < oo and J;:\If;lg+;va(:c) < 0. Let g : [a,b] — R be an increasing
and positive monotone function having a continuous deriwative g'(x) on (a,b). If
0<m< % < M and ¥Vt € [0,z], then we have the following inequality associated
with the generalized k-fractional integrals with respect to the function g

1 1 1
0.k, ] P 0.k, P 0.k, P
TPt @)+ [T P @)] " <2 [T P (@), o(@))]
where

h(u(z),v(zr)) = max {M [(Z + 1) w(z) — MU($>] , (m+ M)v(x) — u(gc)}

m

withp>1and A\, p >0, weR.

Proof. From the assumption 0 < m < % < M, we have

u(t)
0 <M — 4.22
<m < +m () ( )
By the inequality (4.22)), we get

(m + M)v(x) — u(x)

v(t) < - < h(u(t),v(t)). (4.23)
On the other hand, we have
1 1 1 o)
S T 4
M~ M m u()
which yields
M
u(t)y < M [( + 1) u(z) — Mv(:c)} < h(u(t),v(t)). (4.24)
m
Then, using the inequalities (4.23) and (4.24)), we obtain
uP(t) + 0P (t) < 2hP(u(t), v(t)). (4.25)

Multiplying by

IO Frk o (g(2) - g(6))]
(9e) — g(0))

both sides of (4.25)), then integrating on [a, z], we obtain the desired result. O

>

Corollary 8. We assume that the conditions of Theorem[§ hold.
1) For k = 1 in Theorem @ we have the following inequality associated with the
generalized fractional integrals with respect to the function g

(708t @] + [Tt @] < 2T (0l0). ()]
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2) For g(t) =t in Theorem[§, we have the following inequality associated with the
generalized k-fractional integrals

(70 et @] + [Tt @] < 2[00 ul0), ()]

3) For g(t) = Int in Theorem [8, we have the following inequality associated with
the generalized Hadamard k-fractional integrals

{Hg”§7a+;wup(x)} » + {H;’f’aﬁva(a:)} ’ <2 {Hg”§7a+;whp(u(x), U(.’E))} » .

s+l

4) For g(t) = 5, s e R—{-1} in Theorem@ we have the following inequality
associated with the generalized (k, s)-fractional integrals

1 1 1
s ~o0,k P s 70,k » s 70,k P
(T st @]+ [T @)] <2 [T b ), ()]

5. CONCLUDING REMARKS

In this research we introduced the generalization of the reverse Minkowski’s in-
equalities using generalized fractional integral operator. In order to validate that
their generalized behavior, we show the relation of our results with previously pub-
lished ones.
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