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Abstaract − In this paper, the theory of soft topological space generated by L-soft sets is in-
troduced. As a continuation of the study of operations on L-soft sets, the aim of this paper is
to introduce new soft topologies using restricted and extended intersections on L-soft sets and to
study the differences of these soft topologies.
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1 Introduction

A common extension of rough sets and fuzzy sets is named as L-sets in [17] as
a generalization of [37]. The basic ideas of L-set theory and its extensions were
worked in [7].

The first interference to soft set theory was done by Molodtsov [26] in 1999
as a general mathematical tool for dealing with uncertain objects. Hereupon, the
properties and applications of soft sets have been studied increasingly ([3, 9, 19,
23, 35, 36, 38, 40]). Soft set theory has also been studied in terms of the algebraic
structure ([1, 6, 16, 20, 27]). To obtain a new view and applications, the fuzzy set
theory has been embedding in the soft set theory ([2, 4, 15, 21]).

The operations of soft sets are firstly defined by Maji et al. in [22] to work on
detailed theoretical study of soft sets. These soft operations have opened a new
domain. In this regard, Shabir and Naz [30] defined soft topological space over an
initial universe with a fixed set of parameters. Also, they presented the theory of
soft topological spaces and soft separation axioms. Çağman et al. [8] redefined the
operations of soft sets to bring up new results on soft set theory.

The notion of soft set in L-set theory is studied and introduced several operators
of L-soft set theory in [12]. In addition to this, the rough operators on the set of
all L-soft sets induced by the rough operators on Lx is investigated in [13]. The
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main work is [14] that researches on generalizations of soft sets in fuzzy settings and
several operators for L-soft set theory.

By using soft set operations, Çağman et al.[10], introduced a topology on a soft
set called “soft topology”. In this work foundations of the theory of soft topological
spaces are studied. The theory of soft topology has become an important area of
research in recent years ([5, 18, 25, 30, 33, 34, 39]).

In the study of operations on L-soft sets it is proved that the union of L-soft
sets is an L-soft sets and the intersection of L-soft sets is also an L-soft set. So, it
is natural to ask how a soft topology can be defined on a L-soft set? This study
presents a complete answer to this question. This new study area enables us to see
clearly the motivations for developing L-soft set theory and appropriate applications,
leading to an appreciation for the theory of L-soft topology.

The aim of this paper is to derive a relationship between L-soft sets and soft
topology using the operations defined for L-soft set theory. For this purpose, the
foundations of the theory of L-soft topology is presented with defining L-soft open
set, L-soft closed set, L-soft closure, L-soft interior and more than L-soft properties
in soft topological space that are not studied before. There is a difference on the
definitions of restricted soft intersection and extended soft intersection of L-soft sets
that will be proved extremely useful in the section 4.

In the view of extended intersection of L-soft sets, a new soft topology named
as L̃-soft topology (L̃-ST) is introduced and the differences of L-soft topology and
L̃-soft topology are studied. In most of the occasions, the assumptions are illustrated
and substantiated by suitable examples.

2 Background in Works

In this section, an overview of soft sets, L-sets, fuzzy soft sets, rough sets, L-soft sets
and the properties of L-soft sets are studied which can be named as preliminaries
devoted to some main notions for each area, i.e., soft sets [26], L-sets [14], fuzzy soft
sets [24], rough sets [28] and L-soft sets [14]. Apart form definitions and theorems
are numbered, known concepts are mentioned in the text along with the reference
[14].

Firstly, let us introduce definition of soft set that is given by Molodtsov in [26]
as follows;

Let U be an initial universe set and let E be a set of parameters.

Definition 2.1. [10, 26] A pair (f, E) is called a soft set (over U) if and only if f is
a mapping or E into the set of all subsets of the set U .

In other words, the soft set is a parameterized family of subsets of the set U .
Every set f(e), e ∈ E, from this family may be considered as the set of ε-elements
of the soft set (f, E), or as the set of e-approximate elements of the soft set.

From now on, we will use definitions and operations of soft sets which are more
suitable for pure mathematics based on study of ([10]).
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Definition 2.2. [10] A soft set f on the universe U is defined by the set of ordered
pairs

f =
{(

e, f(e)
)

: e ∈ E
}

where f : E → P(U).

We will identify any soft set f with the function f(e) and and we shall use that
concept as interchangeable. Soft sets are denoted by the letters f , g, h, ... and the
corresponding functions by f(e), g(e), h(e), ...

From now on, the set of all soft sets over U will be denoted by S.

Definition 2.3. [11] Let f ∈ S. Then,
If f(e) = ∅ for all e ∈ E, then f is called an empty set, denoted by Φ.
If f(e) = U for all e ∈ E, then f is called universal soft set, denoted by Ẽ.

Definition 2.4. [11] Let f, g ∈ S. Then,
f is a soft subset of g, denoted by f⊆̃g, if f ⊆ g for all e ∈ E.
f and g are soft equal, denoted by f = g, if and only if f(e) = g(e) for all e ∈ E.

Definition 2.5. [11] f, g ∈ S. Then, the intersection of f and g, denoted f ∩̃g, is
defined by

(f ∩̃g)(e) = f(e) ∩ g(e) for all e ∈ E

and the union of f and g, denoted f ∪̃g, is defined by

(f ∪̃g)(e) = f(e) ∪ g(e) for all e ∈ E

Definition 2.6. [11] f ∈ S. Then, the soft complement of f , denoted fec, is defined
by

fec(e) = U \ f(e), for all e ∈ E

Definition 2.7. [10] Let f ∈ S. The power soft set of f is defined by

P(f) = {fi⊆̃f : i ∈ I}
and its cardinality is defined by

|P(f)| = 2
P

e∈E |f(e)|

where |f(e)| is the cardinality of f(e).

Example 2.8. Let U = {u1, u2, u3} and E = {e1, e2}. f ∈ S and

f =
{
(e1, {u1, u2}), (e2, {u2, u3})

}

Then,
f1 = {(e1, {u1})},
f2 = {(e1, {u2})},
f3 = {(e1, {u1, u2})},
f4 = {(e2, {u2})},
f5 = {(e2, {u3})},
f6 = {(e2, {u2, u3})},
f7 = {(e1, {u1}), (e2, {u2})},
f8 = {(e1, {u1}), (e2, {u3})},
f9 = {(e1, {u1}), (e2, {u2, u3})},

f10 = {(e1, {u2}), (e2, {u2})},
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f11 = {(e1, {u2}), (e2, {u3})},
f12 = {(e1, {u2}), (e2, {u2, u3})},
f13 = {(e1, {u1, u2}), (e2, {u2})},
f14 = {(e1, {u1, u2}), (e2, {u3})},
f15 = f,
f16 = Φ

are all soft subsets of f . So |P̃ (f)| = 24 = 16.

Definition 2.9. [14] (L-sets)

For a universe set X, an L-set in X is a mapping Ã : X → L. Ã(x) indicates the

truth degree of “x belongs to Ã”. We use the symbol Lx to denote the set of all
L-sets in X.

Definition 2.10. [24] (Fuzzy Soft Sets)

Let X be a universe and E a set of attributes. Then the pair (̃X, E) denotes the
collection of all fuzzy soft sets on X with attributes from E and is called a fuzzy soft
class.

Definition 2.11. [28] (Rough Sets)

Let X be a universe and E a set of attributes. Then the pair (̃X, E) denotes the
collection of all fuzzy soft sets on X with attributes from E and is called a fuzzy soft
class.

Definition 2.12. [12] (L-soft set)
A pair (F, A) is called an L-soft set over X, if A ⊆ E and F → LX , denoted by
θ = (F, A).

Example 2.13. Suppose X = {x1, x2, x3}, and L = [0, 1] equipped with Gödel
Structure. Let E = {t1, t2, t3, t4}, A1 = {t1, t2, t3} and let F1 : A1 → LX , where
F1(t1) = {0.7/x1}, F1(t2) = {1/x1, 0.5/x2}, F1(t3) = {0.6/x1, 0.2/x2, 0.7/x3}. Then
clearly, (F1, A1) is an L-soft set.

Definition 2.14. [14] Let LS(X) be the set of all L-soft sets over X. On which,
there exist two kinds of special elements: one is called a absolute soft set (1A, A),
∀t ∈ A, 1A(t) = 1̃X , denoted by ΓA = (1A, A); the other is called a null soft set
(0A; A), ∀t ∈ A, 0A(t) = 0̃X , denoted by ΦA = (0A, A).

Second, I give the relation L-order ¹, and L-equivalence relation ≈ are defined
in [14] which correspond the relations ⊆̃; = in classical case. For two L-soft sets
θ1 = (F, A), θ2 = (G,B) ∈ LS(X),

(θ1 ¹ θ2) = S(θ1, θ2) =
∧
t∈A

S(F (t), G(t)),

(θ1 ≈ θ2) = S(θ1, θ2) ∧ S(θ2, θ1).
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Example 2.15. [14] Refer Example 2.13, (F1, A1) is an L-soft set. Let A2 =
{t1, t2, t3, t4} and let F2 : A2 → LX , where F2(t1) = {0.4/x1}, F2(t2) = {0.9/x1, 0.5/x2, 0.3/x3},
F2(t3) = {0.4/x1, 0.2/x2, 0.5/x3}, F2(t4) = {1/x1, 0.7/x2, 0.6/x3}. Then (F2, A2) is
also an L-soft set. Thus we obtain

S((F1, A1), (F2, A2)) =
∧

t∈A1

S(F1(t), F2(t))

=S(F1(t1), F2(t1)) ∧ S(F1(t2), F2(t2)) ∧ S(F1(t3), F2(t3)) = 0.4,

S((F2, A2), (F1, A1)) =
∧

t∈A2

S(F2(t), F2(t)) = 0.

Clearly, we have

θ1⊆̃θ2 ⇔ S(θ1, θ2) = 1 ⇔ A ⊆ B, and ∀t ∈ A,F (t) ⊆ G(t),

θ1 = θ2 ⇔ S(θ1, θ2) = 1, S(θ2, θ1) = 1 ⇔ A = B, and ∀t ∈ A,F (t) = G(t),

So 〈〈LS(X),≈〉,¹〉 is an L-order set (See[14]). When L = 2, the above defini-
tions coincide with [26], when L = [0, 1], the above definition coincides with [24].

Example 2.16. [14] Follows Example 2.13, (F1, A1) is a L-soft set. Let A3 = A1

and let F3 : A3 → LX , where F3(t1) = {0.4/x1}, F3(t2) = {0.9/x1, 0.5/x2}, F3(t3) =
{0.4/x1, 0.2/x2, 0.5/x3}. Then (F3, A3) is also an L-soft set and (F3, A3)⊆̃(F1, A1).

The most important properties of L-soft sets are the soft union and the soft
intersection properties are defined in [14]. There is a difference on the definitions of
restricted soft intersection and extended soft intersection of L-soft sets that will be
proved extremely useful in the next section as follows:

Definition 2.17. [14] Suppose (F,A), (G,B) ∈ LS(X) are two L-soft sets. Then
the soft union of (F, A) and (G,B) is an L-soft set (H, C), where C = A ∪ B, and
for t ∈ C,

H(t) =

{ F (t) if t ∈ A−B
G(t) if t ∈ B − A

F (t) ∨G(t) if t ∈ A ∩B

and written as (F,A)
⋃̃

(G,B) = (H,C).

Definition 2.18. [14] Suppose (F, A), (G,B) ∈ LS(X) are two L-soft sets such that
A∩B 6= ∅. Then the restricted soft intersection of (F, A) and (G,B) is also an L-soft
set (K,D), where D = A ∩ B, and for t ∈ D,K(t) = F (t) ∧ G(t). It is denoted by

(F, A)
⋂̃

(G, B) = (K,D).

Definition 2.19. [14] Suppose (F,A), (G,B) ∈ LS(X) are two L-soft sets. Then
the extended soft intersection of (F, A) and (G,B) is also an L-soft set (J,C), where
C = A ∪B, and for t ∈ C,
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J(t) =

{ F (t) if t ∈ A−B
G(t) if t ∈ B − A

F (t) ∧G(t) if t ∈ A ∩B

and written as (F,A) ũ (G,B) = (J,C).

Definition 2.20. [14] Let E = {t1, t2, . . . , tn} be the set of parameters. The NOT set
of E, denoted by eE, is defined by eE = {¬t1,¬t2, . . . ,¬tn}, where eti = not ti,∀i.
(It may be noted that e and ¬ are different operators).

About the NOT SET OF E, the following proposition holds:

Proposition 2.21. [14]

1. e(eA) = A,

2. e(A ∪B) =eA∪eB,

3. e(A ∩B) =eA∩eB.

Definition 2.22. [14] The complement of an L-soft set (F,A) is denoted by (F,A)c,
and is defined by (F, A)c = (F c, eA), where F c :eA → LX , for every −t ∈eA,

F c(−t) = F ∗(t) = F (t) → 0.

3 L-Soft Topological Spaces

In this section, the notion of L-Soft topological (L-ST) space on a L-soft set is
introduced and its related properties are studied. A relationship between L-soft
sets and soft topology using the operations defined for L-soft set theory is derived.
For this purpose, the foundations of the theory of L-soft topology is presented with
defining L-soft open set, L-soft closed set, L-soft closure, L-soft interior and more
than L-soft properties in L-soft topological space that are not studied before. In
the view of extended intersection of L-soft sets, a new soft topology named as L̃-
soft topology (L̃-ST) is introduced and the differences of L-soft topology and L̃-soft
topology are studied.

Definition 3.1. Let θ ∈ LS(X) and E be a collection of all possible parameters
with respect to X. A L-soft topology on θ, denoted by τLS, is a collection of L-soft
subsets of θ having following properties:

i θ, Φ ∈ τLS,

ii {θi}i∈I ⊆ τLS ⇒
⋃̃

i∈Iθi ∈ τLS,

iii {θi}n
i=1 ⊆ τLS ⇒

⋂̃
n
i=1θi ∈ τLS.

The triple (θ, τLS, E) is called a L-soft topological space.

Definition 3.2. Let (θ, τLS, E) be a L-soft topological space. Then, every element
of τLS is called L-soft open set. Clearly, Φ and θ are L-soft open sets.
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Theorem 3.3. Every L-soft power set of a L-soft set is a L-soft topological space
over the L-soft set.

Proof: Let P(θ) be the soft power set of θ. Then,

i Φ, θ ∈ P(θ)

ii Since θi ⊆ θ then, θi ∈ P(θ), for all i ∈ I. Moreover,
⋃̃

i∈Iθi ⊆ θ it follows that,⋃̃
i∈Iθi ∈ P(θ).

iii Since θi ⊆ θ, for all i ∈ I
′
, I

′
finite soft set, so that

⋂̃
i∈I′θi ⊆ θ. Thus

⋂̃
i∈I′θi ∈

P(θ).

Hence (θ,P(θ), E) is a L-soft topological space which is called the L-soft discrete
topology on θ and is denoted by τ 1

LS contains all soft sets over θ.

Theorem 3.4. (θ, {Φ, θ}, E) is a L-soft topological space over θ.

Proof: For satisfing the following axioms:

i Φ, θ ∈ {Φ, θ}
ii Φ ∪ θ = θ ∈ {Φ, θ}
iii Φ ∩ θ = Φ ∈ {Φ, θ}

(θ, {Φ, θ}, E) is a L-soft topological space. Then, it is called the indiscrete L-soft
topology denoted by τ 0

LS contains only Φ and θ.

Definition 3.5. Let (θ, τLS, E) and θ1 = (F,A) ∈ LS(X). Then, (F,A) is L-soft
closed in τLS if (F, A)c ∈ τLS.

Throughout this work, the collection of L-soft closed sets in (θ, τLS, E) is denoted
by zLS

Theorem 3.6. If zLS is a collection of L-soft closed sets in a L-soft topological
space (θ, τLS, E), then

i E and θc are L-soft closed.

ii Arbitrary soft intersections of members of zLS belongs to zLS.

iii Finitely many unions of members of zLS belongs to zLS.

Proof:

i. Ec = Φ and (θc)c = θ are L-soft open sets.

ii. If {θi : θc̃
i ∈ τLS, i ∈ I ⊆ N} is a given collection of L-soft closed sets, then

(⋂̃
i∈I

θi

)c

=
⋃̃

i∈I
θc

i

is L-soft open. Therefore
⋂̃

i∈Iθi is a L-soft closed set.
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iii. Similarly, if θi is L-soft closed for i = 1, 2, . . . , n, then

(⋃̃n

i=1
θi

)c

=
⋂̃n

i=1
θc

i

is L-soft open. Hence
⋃̃n

i=1θi is a L-soft closed set. ¤

Definition 3.7. Let θ1 = (F, A) ∈ LS(X) be a L-soft subset θ. Then, τLS interior
of (F, A), denoted by ((F,A))◦τLS

, is defined by

((F, A))◦τLS
=

⋃̃
{(F,A) : (G,B)⊂̃(F, A), (G,B) is L-soft open}

The τLS closure of (F, A), denoted by ((F, A))τLS
, is defined by

((F, A))τLS
=

⋂̃
{(G,B) : (F, A)⊂̃(G,B), (G,B) is L-soft closed}

Theorem 3.8. Let (θ, τLS, E) be a L-ST space and θ1 = (F, A) ⊆ θ. Then, (F, A)
is a L-soft open set if and only if (F, A) = ((F,A))◦τLS

.

Proof: If (F,A) is L-soft open set, then the biggest L-soft open set that con-
tained by (F,A) is equal to (F,A). Therefore, (F,A) = ((F,A))◦τLS

.

Conversely, it is known that ((F,A))◦τLS
is L-soft open set, and if (F,A) =

((F, A))◦τLS
, then (F, A) is L-soft open set. ¤

Theorem 3.9. Let (θ, τLS, E) be a L-ST space and θ1, θ2, θ3 ⊆ θ. Then,

i. ((θ1)
◦
τLS

)◦τLS
= (θ1)

◦
τLS

ii. θ1⊆̃θ2 ⇒ (θ1)
◦
τLS
⊆̃ (θ2)

◦
τLS

Proof:

i. Let (θ1)
◦
τLS

= θ3. Then θ3 ∈ τLS if and only if θ3 = (θ3)
◦
τLS

. Therefore ((θ1)
◦
τLS

)◦τLS

= (θ1)
◦
τLS

.

ii. Let θ1⊆̃θ2. From the definition of L-soft interior, (θ1)
◦
τLS
⊂̃ θ1, (θ2)

◦
τLS
⊂̃ θ2.

(θ2)
◦
τLS
⊂̃ θ2 is the biggest L-soft open set that contained by θ2. Hence θ1⊆̃θ2

⇒ (θ1)
◦
τLS
⊆̃ (θ2)

◦
τLS

.

¤

Theorem 3.10. Let (θ, τLS, E) be a L-ST space and θ1 ⊆ θ. Then, θ1 is a τLS-closed
soft set if and only if θ1 = (θ1)τLS

.

Proof: The proof is trivial. ¤

It is time to introduce a new soft topology by L-soft sets, with restricted soft
intersection replaced by extended soft intersection, to obtain L̃-soft topology (L̃-
ST).

The main difference from the case of L-ST is the presence of extended soft inter-
section. For cases of L-soft topology, case 1 and 2 this makes no difference, but for
case 3 it considerably generates L̃-ST is considered below:
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Definition 3.11. Let θ ∈ LS(X) and E be a collection of all possible parameters
with respect to X. A L̃-soft topology on θ, denoted by τ̃LS, is a collection of L-soft
subsets of θ having following properties:

i θ, Φ ∈ τ̃LS,

ii {θi}i∈I ⊆ τ̃LS ⇒
⋃̃

i∈Iθi ∈ τ̃LS,

iii {θi}n
i=1 ⊆ τ̃LS ⇒ ũn

i=1θi ∈ τ̃LS.

The triple (θ, τ̃LS, E) is called a L̃-soft topological space.

4 The Differences Between L-ST and L̃-ST Spaces

with Examples

In this section, in the view of extended intersection of L-soft sets, the differences
of L-soft topology and L̃-soft topology are studied. In most of the occasions, the
assumptions are illustrated and substantiated by suitable examples.

These idempotents provide a useful tool for analyzing the structure of L-soft
topological and L̃-soft topological spaces.

Example 4.1. Suppose X = {x1, x2, x3}, and L = [0, 1] equipped with Gödel
Structure. Let E = {t1, t2, t3, t4}, A1 = {t1, t2, t3} and let F1 : A1 → LX , where
F1(t1) = {0.7/x1}, F1(t2) = {1/x1, 0.5/x2}, F1(t3) = {0.6/x1, 0.2/x2, 0.7/x3}. Then,
θ1 = (F1, A1) is a L-soft set.

Let A2 = {t1, t2, t3, t4} and let F2 : A2 → LX , where

F2(t1) = {0.4/x1},
F2(t2) = {0.9/x1, 0.5/x2, 0.3/x3},
F2(t3) = {0.4/x1, 0.2/x2, 0.5/x3},
F2(t4) = {1/x1, 0.7/x2, 0.6/x3}.

Then θ2 = (F2, A2) is a L-soft set.

Let θ3 = (H,C) = (F1, A1)
⋃̃

(F2, A2), where C = A1 ∪ A2 = {t1, t2, t3, t4} and

H(t1) = F1(t1) ∪ F2(t1) = {0.7/x1}
H(t2) = F1(t2) ∨ F2(t2) = {1/x1, 0.5/x2, 0.3/x3},
H(t3) = F1(t3) ∨ F2(t3) = {0.6/x1, 0.2/x2, 0.7/x3},
H(t4) = F2(t4) = {1/x1, 0.7/x2, 0.6/x3}.

Then θ3 = (H,C) is a L-soft set.

Let θ4 = (K, D) = (F1, A1)
⋂̃

(F2, A2), where D = A1 ∩ A2 = {t1, t2, t3}, and

K(t1) = F1(t1) ∧ F2(t1) = {0.4/x1},
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K(t2) = F1(t2) ∧ F2(t2) = {0.9/x1; 0.5/x2},
K(t3) = F1(t3) ∧ F2(t3) = {0.4/x1, 0.2/x2, 0.5/x3}.

Then θ4 = (K, D) is a L-soft set.

From the definition L-soft topology is generated in Definition 3.1, we get the
L-soft topology on θ;

τLS = {Φ, θ, θ1, θ2, θ3, θ4}.

Then, (θ, τLS, E) is called a L-soft topological space.

All our results can be extended by using same L-soft sets, but considering ex-
tended intersection rather than restricted intersection.

We can make this clear with the following example:

Example 4.2. Follows Example 4.1 and the Definition 3.11 we obtain,

θ5 = (J,C) = (F1, A1) u (F2, A2), where C = A1 ∪ A2 = {t1, t2, t3, t4}, and

J(t1) = F1(t1) ∧ F2(t1) = {0.4/x1}
J(t2) = F1(t2) ∧ F2(t2) = {0.9/x1, 0.5/x2},
J(t3) = F1(t3) ∧ F2(t3) = {0.4/x1, 0.2/x2, 0.5/x3},
J(t4) = F2(t4) = {1/x1, 0.7/x2, 0.6/x3}.

L̃-soft topology is generated in Definition 3.11, we get the L̃-soft topology on θ;

τ̃LS = {Φ, θ, θ1, θ2, θ3, θ5}.

Then, (θ, τ̃LS, E) is called a L̃-soft topological space.

5 Conclusion

In the study of operations on L-soft sets it is proved that the union of L-soft sets is
an L-soft sets and the intersection of L-soft sets is also an L-soft set. So, it is natural
to ask how a soft topology can be defined on a L-soft set? This study presents a
complete answer to this question. In this work, different soft topologies on a L-soft
set are defined and the differences of them are showed by examples. It considers
the topics of a new area of soft sets that were not studied at all and presents the
original result which may be the starting point for soft mathematical concepts and
structures based on L-soft set and L-soft topology and L̃-soft topology.
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