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Abstract

In this paper, first we define the notion of a saturated fuzzy soft filter. Afterwards, we introduce the notion of a fuzzy soft uniformity as a
generalization of uniformity in the sense of Lowen [22]. Also, we show how a fuzzy soft topology is derived from a fuzzy soft uniformity.
Then, we give a new kind of fuzzy soft neighborhood system and investigate its relationship with a fuzzy soft uniformity. Finally, we show
that a fuzzy soft uniformly continuous mapping is a fuzzy soft continuous.
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1. Introduction

In 1999, Molodtsov [29] introduced the concept of a soft set theory as a new mathematical tool for dealing with uncertainties. This theory
provides a very general framework with the involvement of parameters. The parameters can be expressed in the form of words, sentences, real
numbers and so on. Hence, soft set theory has attractive applications in other disciplines and real life problems, most of these applications
was shown by Molodtsov [29]. Recently, researchers are contributing a lot regarding soft set theory and its applications [14,16,26,28,33,40].

Maji et.al. [27] combined the concept of fuzzy set and soft set and introduced the new notion of the fuzzy soft set. Roy and Maji [32] presented
some results on an application of fuzzy soft sets in decision making problem. Then, Tanay and Kandemir [36] initiated the concept of a fuzzy
soft topology and gave the some basic properties of it by following Chang [8]. Also, the fuzzy soft topology in Lowen’s sense [21] was given
by Varol and Aygün [38]. In recent years, there have been considerable advances in fuzzy soft sets and their applications [1, 3, 11–13, 19, 30].

Uniformity is a very important concept close to topology and a suitable tool for an investigating of topology. Many authors have obtained the
concept of fuzzy uniformity in different approaches. Using the entourage approach of Weil [39], Lowen [22] and Höhle [15] defined the
fuzzy uniformities in many-valued setting and lattice-valued setting, respectively. Fuzzy uniformity in Lowen’s sense has been accepted
by many authors and has attracted wide attention in the literature [2, 4–7, 18, 23–25, 35]. It should also be pointed out that there are other
approaches such as the uniform covering approach of Tukey [37] and uniform operator approach articulated in Kotze [20], which was first
given in the fuzzy setting by Hutton [17]. Then, Shi [34] introduced the theory of pointwise uniformities on fuzzy sets. Zhang [41] presented
a comparison of various uniformities in fuzzy topology.

Extensions of uniform structures to the soft sets and also fuzzy soft sets have been studied by some authors. By using soft sets, Çetkin and
Aygün [9] defined soft uniform spaces. As distinct from Çetkin and Aygün’s definition, Demir and Özbakır [31] introduced a new concept of
soft uniformity and studied its basic properties. Then, Çetkin and Aygün [10] proposed Shi’s uniformity in the context of fuzzy soft sets.
In this work, with the help of fuzzy soft sets, we define the concept of a saturated fuzzy soft filter and investigate some of its properties. By
using this, we introduce the notion of a fuzzy soft uniformity on the base of the axioms suggested by Lowen [22] and obtain some results
analogous to those that hold for Lowen’s uniformity. Also, we compare it to a fuzzy soft topology and a fuzzy soft neighborhood system.
Moreover, we establish that a fuzzy soft uniformly continuous mapping is a fuzzy soft continuous.

2. Preliminaries

In this section, we recall some basic notions regarding fuzzy soft sets which will be used in the sequel. Throughout this work, let X be an
initial universe, IX be the set of all fuzzy subsets of X and E be the set of all parameters for X.
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Definition 2.1 ( [27]). A fuzzy soft set f on the universe X with the set E of parameters is defined by the set of ordered pairs

f = {(e, f (e)) : e ∈ E, f (e) ∈ IX}

where f is a mapping given by f : E→ IX .

Throughout this paper, the family of all fuzzy soft sets over X is denoted by FS (X,E).

Definition 2.2 ( [27]). Let f ,g ∈ FS (X,E). Then,

(i) The fuzzy soft set f is called a null fuzzy soft set, denoted by ∅̃, if f (e) = 0X for all e ∈ E.

(ii) The fuzzy soft set f is called an absolute fuzzy soft set, denoted by X̃, if f (e) = 1X for all e ∈ E.

(iii) f is a fuzzy soft subset of g if f (e) ≤ g(e) for all e ∈ E. It is denoted by f v g.

(iv) The union of f and g is a fuzzy soft set h defined by h(e) = f (e)∨g(e) for all e ∈ E. h is denoted by f tg.

Definition 2.3 ( [1]). Let f ,g ∈ FS (X,E). Then, the intersection of f and g is a fuzzy soft set h defined by h(e) = f (e)∧g(e) for all e ∈ E. h is
denoted by f ug.

Definition 2.4 ( [38]). Let f ∈ FS (X,E). Then, the complement of f is denoted by f c, where f c : E → IX is a mapping defined by
f c(e) = 1X − f (e) for all e ∈ E. Clearly, ( f c)c = f.

Definition 2.5 ( [1]). Let J be an arbitrary index set and let { fi}i∈J be a family of fuzzy soft sets over X. Then,
(i) The union of these fuzzy soft sets is the fuzzy soft set h defined by h(e) =

∨
i∈J fi(e) for every e ∈ E and this fuzzy soft set is denoted by⊔

i∈J fi.
(ii) The intersection of these fuzzy soft sets is the fuzzy soft set h defined by h(e) =

∧
i∈J fi(e) for every e ∈ E and this fuzzy soft set is denoted

by
�

i∈J fi.

Theorem 2.6 ( [38]). Let J be an index set and f , g, fi ∈ FS (X,E) for all i ∈ J. Then, the following statements are satisfied.
(i)

(�
i∈J fi

)c
=

⊔
i∈J f c

i .
(ii)

(⊔
i∈J fi

)c
=
�

i∈J f c
i .

(iii) If f v g, then gc v f c.

Definition 2.7 ( [19]). Let FS (X,E) and FS (Y,K) be the families of all fuzzy soft sets over X and Y, respectively. Let ϕ : X → Y and
ψ : E→ K be two mappings. Then, the mapping ϕψ is called a fuzzy soft mapping from X to Y, denoted by ϕψ : FS (X,E)→ FS (Y,K).

(i) Let f ∈ FS (X,E). Then ϕψ( f ) is the fuzzy soft set over Y defined as follows:

ϕψ( f )(k)(y) =


∨

x∈ϕ−1(y)

(∨
e∈ψ−1(k) f (e)

)
(x), if ψ−1(k) , ∅, ϕ−1(y) , ∅;

0, otherwise.

for all k ∈ K and all y ∈ Y.
ϕψ( f ) is called a image of a fuzzy soft set f .

(ii) Let g ∈ FS (Y,K). Then ϕ−1
ψ (g) is the soft set over X defined as follows:

ϕ−1
ψ (g)(e)(x) = g(ψ(e))(ϕ(x))

for all e ∈ E and all x ∈ X.
ϕ−1
ψ (g) is called a pre-image of a fuzzy soft set g.

The fuzzy soft mapping ϕψ is called injective, if ϕ and ψ are injective. The fuzzy soft mapping ϕψ is called surjective, if ϕ and ψ are surjective.

Theorem 2.8 ( [19]). Let f1, f2, fi ∈ FS (X,E) and g1,g2,gi ∈ FS (Y,K) for all i ∈ J where J is an index set. Then, for a fuzzy soft mapping
ϕψ : FS (X,E)→ FS (Y,K), the following conditions are satisfied.
(i) If f1 v f2, then ϕψ( f1) v ϕψ( f2).
(ii) If g1 v g2, then ϕ−1

ψ (g1) v ϕ−1
ψ (g2).

(iii) ϕψ
(⊔

i∈J fi
)

=
⊔

i∈J ϕψ( fi).
(iv) ϕ−1

ψ

(⊔
i∈J gi

)
=

⊔
i∈J ϕ

−1
ψ (gi).

(v) ϕ−1
ψ

(�
i∈J gi

)
=
�

i∈J ϕ
−1
ψ (gi).

Theorem 2.9 ( [38]). Let f ∈ FS (X,E) and let g ∈ FS (Y,K). Then, for a fuzzy soft mapping ϕψ : FS (X,E)→ FS (Y,K), the following
conditions are satisfied.
(i) f v ϕ−1

ψ (ϕψ( f )).
(ii) ϕψ(ϕ−1

ψ (g)) v g .

Definition 2.10 ( [36]). Let τ be the collection of fuzzy soft sets over X. Then, τ is said to be a fuzzy soft topology on X if
(FST1) ∅̃, X̃ belong to τ.
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(FST2) the union of any number of fuzzy soft sets in τ belongs to τ.
(FST3) the intersection of any two fuzzy soft sets in τ belongs to τ.
(X, τ,E) is called a fuzzy soft topological space. The members of τ are called fuzzy soft open sets in X. A fuzzy soft set f over X is called a
fuzzy soft closed in X if f c ∈ τ.

Definition 2.11 ( [36]). Let (X, τ,E) be a fuzzy soft topological space and f ∈ FS (X,E). The fuzzy soft interior of f is the fuzzy soft set
f o =

⊔
{g : g is a f uzzy so f t open set and g v f }.

Definition 2.12 ( [30, 38]). Let (X, τ,E) be a fuzzy soft topological space and f ∈ FS (X,E). The fuzzy soft closure of f is the fuzzy soft set
f =
�
{g : g is a f uzzy so f t closed set and f v g}.

Theorem 2.13 ( [38]). Let us consider an operator associating with each fuzzy soft set f on X another fuzzy soft set f such that the following
properties hold:
(FSO1) f v f ,

(FSO2) f = f ,
(FSO3) f tg = f tg,

(FSO4) ∅̃ = ∅̃.

Then, the family

τ = { f ∈ FS (X,E) : f c = f c }

defines a fuzzy soft topology on X and for every f ∈ FS (X,E), the fuzzy soft set f is the fuzzy soft closure of f in the fuzzy soft topological
space (X, τ,E).

This operator is called the fuzzy soft closure operator.

Definition 2.14 ( [38]). Let (X, τ1,E) and (Y, τ2,K) be two fuzzy soft topological spaces. A fuzzy soft mapping ϕψ : (X, τ1,E)→ (Y, τ2,K) is
called fuzzy soft continuous if ϕ−1

ψ (g) ∈ τ1 for every g ∈ τ2.

Theorem 2.15 ( [38]). Let (X, τ1,E) and (Y, τ2,K) be two fuzzy soft topological spaces and ϕψ : (X, τ1,E)→ (Y, τ2,K) be a fuzzy soft mapping.
Then, the following conditions are equivalent:
(i) ϕψ is fuzzy soft continuous.
(ii) For every f ∈ FS (X,E), ϕψ( f ) v ϕψ( f ).

Definition 2.16 ( [11]). A fuzzy soft filter F on X is a nonempty collection of subsets of FS (X,E) with the following properties:
(FSF1) ∅̃ < F .
(FSF2) If f ,g ∈ F , then f ug ∈ F .
(FSF3) If f ∈ F and f v g, then g ∈ F .

If F1 and F2 are two fuzzy soft filters on X, we say that F1 is finer than F2 (or F2 is coarser than F1) iff F1 ⊇ F2.

Definition 2.17 ( [12]). A collection B of subsets of FS (X,E) is called a base for a fuzzy soft filter on X if the following two conditions are
satisfied :

(FSB1) B , ∅ and ∅̃ < B,
(FSB2) If f ,g ∈ B, then there is an h ∈ FS (X,E) such that h v f ug.

If B is a base for a fuzzy soft filter on X, then the collection

〈B〉 = { f ∈ FS (X,E) : there exists an h ∈ B such that h v f }

is a fuzzy soft filter on X. We say that the fuzzy soft filter 〈B〉 is generated by B

Theorem 2.18 ( [12]). Let ϕψ : FS (X,E)→ FS (Y,K) be a fuzzy soft mapping and let F be a fuzzy soft filter on X. Then, {ϕψ( f ) : f ∈ F } is a
base for a fuzzy soft filter ϕψ(F ) on Y.

3. Saturated Fuzzy Soft Filters

Now, we define the concept of a saturated fuzzy soft filter which will play a crucial role in the next section and obtain its some related
properties.

Throughout this paper, [0,1] and (0,1] are denoted by I and I0, respectively.

Definition 3.1. Let f ∈ FS (X,E) and ε ∈ I. Then, the mappings ( f + ε) : E→ IX and ( f − ε) : E→ IX is the fuzzy soft sets on X defined as
follows:

( f + ε)(e)(x) = ( f (e)(x) + ε)∧1 and ( f − ε)(e)(x) = ( f (e)(x)− ε)∨0

for all e ∈ E and all x ∈ X.
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Let F be a fuzzy soft filter base on X. We define

F̂ =
{⊔
ε∈I0

( fε − ε) : fε ∈ F f or all ε ∈ I0}

Then, we get the following properties.

Theorem 3.2. Let F and G be two fuzzy soft filter bases on X. Then,
(i) F ⊆ F̂ .

(ii) If for all ε ∈ I0 we have ( f + ε) ∈ F , then f ∈ F̂ .

(iii) F̂ is a fuzzy soft filter base on X.

(iv) If F ⊆ G, then F̂ ⊆ Ĝ.

(v) F̃ = 〈̂F 〉, where F̃ = 〈F̂ 〉.

(vi) ̂̂
F ⊆ F̃ .

(vii) If F ⊆ G, then F̃ ⊆ G̃.

(viii) If F is a fuzzy soft filter on X, then F̃ = F̂ .

Proof. (i) Let f ∈ F and take fε = f for all ε ∈ I0.Then, we get⊔
ε∈I0

( fε − ε) =
⊔
ε∈I0

( f − ε) = f ∈ F̂ .

(ii) Let ( f + ε) ∈ F for all ε ∈ I0. Thus,⊔
ε∈I0

(
( f + ε)− ε

)
= f ∈ F̂ .

(iii) We shall show that F̂ satisfies conditions (FSB1)-(FSB2).

(FSB1) is obvious.
(FSB2) Let f ,g ∈ F̂ . Then, there exist two families { fε : ε ∈ I0} and {gε : ε ∈ I0} of F such that f =

⊔
ε∈I0 ( fε − ε) and g =

⊔
ε∈I0 (gε − ε).

Therefore, for all e ∈ E and x ∈ X, we have
( f ug)(e)(x) =

(∨
ε∈I0 ( fε − ε)(e)(x)

)
∧

(∨
ε∈I0 (gε − ε)(e)(x)

)
=

∨
ε∈I0

(
( fε − ε)(e)(x)∧ (gε − ε)(e)(x)

)
≥

∨
ε∈I0

(
( fε ugε )− ε

)
(e)(x).

Because F is a fuzzy soft filter base on X, there exists a family {hε : ε ∈ I0} of F such that hε v fε ugε for all ε ∈ I0. Thus,
⊔
ε∈I0 (hε − ε) ∈ F̂

and we obtain

f ug w
⊔
ε∈I0

(
( fε ugε )− ε

)
w

⊔
ε∈I0

(hε − ε).

(iv) It is clear from the definition of F̂ .

(v) Let f ∈ F̃ = 〈F̂ 〉. Then, for some g ∈ F̂ , we have g v f . Therefore, there exists a family {gε : ε ∈ I0} of F such that g =
⊔
ε∈I0 (gε − ε) v f .

For all ε ∈ I0, we get gε v ( f + ε) and hence ( f + ε) ∈ 〈F 〉. Thus,⊔
ε∈I0

(
( f + ε)− ε

)
= f ∈ 〈̂F 〉.

Conversely, let f ∈ 〈̂F 〉. Then, there exists a family { fε : ε ∈ I0} of 〈F 〉 such that f =
⊔
ε∈I0 ( fε −ε). Therefore, there exists a family {gε : ε ∈ I0}

of F satisfying gε v fε for all ε ∈ I0. Thus, from the fact that
⊔
ε∈I0 (gε − ε) v f it follows that f ∈ 〈F̂ 〉.

(vi) Let f ∈ ̂̂
F . Then, there exists a family { fε : ε ∈ I0} of F̂ such that f =

⊔
ε∈I0 ( fε − ε). Similarly, for all ε ∈ I0, there exists a family

{ f δε : δ ∈ I0} of F such that fε =
⊔
δ∈I0 ( f δε −δ). Therefore, we have

f =
⊔
ε∈I0

(⊔
δ∈I0 ( f δε −δ)− ε

)
=

⊔
ε∈I0

⊔
δ∈I0

(
( f δε −δ)− ε

)
=

⊔
ε∈I0

⊔
δ∈I0

(
f δε − (δ+ ε)

)
.

Now, take a gα =
⊔
ε,δ∈I0 f δε ∈ 〈F 〉 where α = δ+ ε. Since

f =
⊔
α∈I0

(gα −α)

we get f ∈ 〈̂F 〉 = F̃ .

(vii) and (viii) are clear from (iv) and (v), respectively.

Definition 3.3. A fuzzy soft filter F on X is called a saturated fuzzy soft filter if F = F̂ .
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Theorem 3.4. Let F be a fuzzy soft filter on X. Then, the following conditions are equivalent:

(i) F is a saturated fuzzy soft filter.

(ii) If ( f + ε) ∈ F for all ε ∈ I0, then f ∈ F .

Proof. (i)⇒ (ii) It is clear by Theorem 3.2(ii).

(ii) ⇒ (i) It follows from Theorem 3.2(i) that F ⊆ F̂ . Conversely, let f ∈ F̂ . Then, there exists a family { fε : ε ∈ I0} of F such that
f =

⊔
ε∈I0 ( fε − ε). Therefore, we have fε v ( f + ε) for all ε ∈ I0. Since F is a fuzzy soft filter, we obtain ( f + ε) ∈ F for all ε ∈ I0. Thus, from

hypothesis it follows that f ∈ F .

In view of Theorem 3.4, we shall give an example of a saturated fuzzy soft filter.

Example 3.5. Let Fc be a filter on X in classical meaning. Then, for any α ∈ I0

F α
c = { f ∈ FS (X,E) : f β ∈ Fc f or all β < α}

where

f β = {x ∈ X : f (e)(x) ≥ β f or all e ∈ E}

is a saturated fuzzy soft filter on X.

Theorem 3.6. Let F be a fuzzy soft filter on X. Then, the following statements are satisfied.

(i) F̂ = { f ∈ FS (X,E) : ( f + ε) ∈ F f or all ε ∈ I0}.

(ii) F̂ is a saturated fuzzy soft filter on X.

Proof. (i) Let f ∈ F̂ . Then, there exists a family { fε : ε ∈ I0} of F such that f =
⊔
ε∈I0 ( fε − ε). Therefore, we get fε v ( f + ε) for all ε ∈ I0.

Hence, since F is a fuzzy soft filter, we obtain ( f + ε) ∈ F for all ε ∈ I0. On the other hand, let ( f + ε) ∈ F for all ε ∈ I0. It follows from
Theorem 3.2(ii) that f ∈ F̂ .

(ii) By Theorem 3.2(v) and (viii), it is clear that F̂ is a fuzzy soft filter on X. Now, we shall show that F̂ =
̂̂
F . It follows from Theo-

rem 3.2(i) that F̂ ⊆ ̂̂
F . To prove the converse inclusion, let f ∈ ̂̂

F . By (i), we have ( f + ε) ∈ F̂ for all ε ∈ I0. Again from (i), we get
( f + ε) +δ = f + (ε +δ) ∈ F for all ε ∈ I0 and all δ ∈ I0. Thus, f ∈ F̂ .

Theorem 3.7. If F is a fuzzy soft filter base on X, then F̃ =
˜̃
F .

Proof. It is clear from Theorem 3.2(v), (viii) and Theorem 3.6(ii).

4. Fuzzy Soft Uniformity

In this section, on the basis of the notion of saturated fuzzy soft filters, we introduce a fuzzy soft uniformity, which is a fuzzy soft version of
uniformity which is proposed by Lowen [22]. Also, we present the concept of a fuzzy soft neighborhood system and investigate its relation
with fuzzy soft uniformity.

Definition 4.1. (i) Let f ∈ FS (X×X,E). A mapping fs : E→ IX×X is a fuzzy soft set on X×X defined as follows:

fs(e)(x,y) = f (e)(y, x)

for all e ∈ E and all (x,y) ∈ X×X.

(ii) Let f ,g ∈ FS (X×X,E). A mapping f ◦g : E→ IX×X is a fuzzy soft set on X×X defined as follows:

( f ◦g)(e)(x,y) =
∨
z∈X

(
g(e)(x,z)∧ f (e)(z,y)

)
for all e ∈ E and all (x,y) ∈ X×X.

Definition 4.2. The non-empty familyU ⊆ FS (X×X,E) is called a fuzzy soft uniformity on X if the following axioms are satisfied:
(FSU1)U is a saturated fuzzy soft filter.
(FSU2) If f ∈ U, then we have f (e)(x, x) = 1 for all e ∈ E and x ∈ X.
(FSU3) If f ∈ U, then we have fs ∈ U.
(FSU4) If f ∈ U and ε ∈ I0, then there exists a g ∈ U such that (g◦g) v ( f + ε).

The triplet (X,U,E) is called a fuzzy soft uniform space on X.

Remark 4.3. The above definition coincides with Lowen’s uniformity when the parameter set E is a singleton set.
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Example 4.4. Let X be a non-empty set and E be a set of parameters for X. Then, the family

U =
{
f ∈ FS (X×X,E) : f (e)(x, x) = 1 f or all e ∈ E and x ∈ X

}
is a fuzzy soft uniformity on X.

It is enough to show thatU satisfies (FSU4), since the other axioms are readily verified.

(FSU4) Let f ∈ U and ε ∈ I0. Then, since for all e ∈ E and (x,y) ∈ X×X

( f ◦ f )(e)(x,y) =
∨
z∈X

(
f (e)(x,z)∧ f (e)(z,y)

)
≤ f (e)(x,y) ≤

(
f (e)(x,y) + ε

)
∧1

it follows that ( f ◦ f ) v ( f + ε).

Definition 4.5. The non-empty family B ⊆ FS (X×X,E) is called a fuzzy soft uniform base on X if the following axioms are satisfied:

(FSUB1) B is a fuzzy soft filter base.
(FSUB2) If f ∈ B, then we have f (e)(x, x) = 1 for all e ∈ E and x ∈ X.
(FSUB3) If f ∈ B and ε ∈ I0, then there exists a g ∈ B such that g v ( fs + ε).
(FSUB4) If f ∈ B and ε ∈ I0, then there exists a g ∈ B such that (g◦g) v ( f + ε).

Example 4.6. Let X be a non-empty set and E be a set of parameters for X. Then, the family

B =
{
fε ∈ FS (X×X,E) : ε > 0

}
is a fuzzy soft uniform base on X, where

fε (e)(x,y) =

{
1, if x = y;(
|x− y| − ε

)
, if x , y

for all e ∈ E and (x,y) ∈ X×X.

Definition 4.7. A family B of subsets of FS (X×X,E) is called a base for a fuzzy soft unifomityU on X if the following two conditions are
satisfied :

(i) B is a fuzzy soft filter base.

(ii) B̃ =U.

Example 4.8. Let X be a non-empty set and E be a set of parameters for X. Let us define an f ∈ FS (X×X,E) by

f (e)(x,y) =

{
1, if x = y;
1
2 , if x , y

for all e ∈ E and (x,y) ∈ X×X. Then, the family B = { f } is a base for some fuzzy soft uniformity on X. Indeed, it is easily verified that B is a
fuzzy soft filter base. Now, we shall show that the family

{̃ f } = 〈 f̂ 〉 =U =
{
g ∈ FS (X×X,E) :

⊔
ε∈I0

( f − ε) v g
}

is a fuzzy soft uniformity on X.

(FSU1) It is clear thatU is a fuzzy soft filter. Let (g +δ) ∈ U for all δ ∈ I0. Then, since ( f − ε) v (g +δ) for all ε ∈ I0 and all δ ∈ I0, we have
f v g. Therefore, from the fact that f ∈ U andU is a fuzzy soft filter it follows that g ∈ U. Thus, by Theorem 3.4,U is a saturated fuzzy soft
filter.

(FSU2) and (FSU3) are obvious.

(FSU4) If g ∈ U, then we have
⊔
ε∈I0 ( f − ε) v g. Thus, since for all ε ∈ I0 we get ( f ◦ f ) = f v (g + ε), this axiom is also satisfied.

Theorem 4.9. If B is a fuzzy soft uniform base on X, then B̃ is a fuzzy soft uniformity on X with B as a base.

Proof. The last part of the theorem is obvious. We shall show that B̃ satisfies axioms (FSU1)-(FSU4).
(FSU1) and (FSU2) are clear.

(FSU3) Let f ∈ B̃ and ε ∈ I0. Then, there exists a family {hδ : δ ∈ I0} of B such that⊔
δ∈I0

(
hδ −δ

)
v f .

In particular, take an hε/2 ∈ B satisfying
(
hε/2 − ε

2
)
v f . By hypothesis, there exists a gε/2 ∈ B such that gε/2 v

(
hε/2

)
s + ε

2 . Therefore, we
obtain

gε/2 v
((

hε/2
)
s +

ε

2

)
v

(
fs + ε

)
.

From the fact that B ⊆ B̃ it follows that
(
fs + ε

)
∈ B̃. Thus, by Theorem 3.4, we get fs ∈ B̃.



Konuralp Journal of Mathematics 327

(FSU4) Let f ∈ B̃ and ε ∈ I0. Then, there exists a family {hδ : δ ∈ I0} of B such that⊔
δ∈I0

(
hδ −δ

)
v f .

Choose an hε/2 ∈ B with
(
hε/2 − ε

2
)
v f . By hypothesis, there exists a gε/2 ∈ B such that

(
gε/2 ◦gε/2

)
v

(
hε/2 + ε

2
)
. Also, since B ⊆ B̃, we

have gε/2 ∈ B̃. Thus, there exists a gε/2 ∈ B̃ such that

(
gε/2 ◦gε/2

)
v

(
hε/2 +

ε

2

)
v

(
f + ε

)
,

which completes the proof.

Theorem 4.10. If B is a base for a fuzzy soft uniformityU on X, then B is a fuzzy soft uniform base on X.

Proof. Since the other axioms are easily verified, it suffices to show that B satisfies (FSUB3) and (FSUB4).

(FSUB3) Let f ∈ B and ε ∈ I0. Then, we have
(
f + ε

2
)
∈ B̃ =U and so that

(
fs + ε

2
)
∈ B̃. Therefore, there exists an hε/2 ∈ B such that(

hε/2 − ε
2
)
v

(
fs + ε

2
)
, which shows that hε/2 v

(
fs + ε

)
as required.

(FSUB4) Let f ∈ B and ε ∈ I0. Then, we have
(
f + ε

3
)
∈ B̃ =U. By the definition ofU, there exists a g ∈ B̃ such that

(
g◦g

)
v

(
f + ε

3
)
+ ε

3 .
Also, for an hε/3 ∈ B, we get

(
hε/3 − ε

3
)
v g, that is, hε/3 v

(
g + ε

3
)
. Thus, we obtain

(
hε/3 ◦hε/3

)
v

((
g◦g

)
+
ε

3

)
v

(
f + ε

)
,

which proves (FSUB4).

Theorem 4.11. Let (X,U,E) be a fuzzy soft uniform space. Then, the family

B =
{
f ∈ U : f = fs

}
is a base forU.

Proof. It is easy to verify that B is a fuzzy soft filter base. Now, let us show that B̃ =U. Let f ∈ B̃. Then, there exists a family {hε : ε ∈ I0} of
B such that

⊔
ε∈I0 (hε − ε) v f . SinceU is a saturated fuzzy soft filter, it follows from B ⊆U that f ∈ U.

Conversely, let f ∈ U. By (FSU3), we have fs ∈ U and so
(
f u fs

)
∈ U. Because

(
f u fs

)
s =

(
f u fs

)
, we obtain

(
f u fs

)
∈ B. Also, since(

f u fs
)
v f , this means that f ∈ 〈B〉. Thus, from the fact that 〈B〉 ⊆ 〈̂B〉 = B̃ it follows that f ∈ B̃.

Let f ∈ FS (X×X,E) and h ∈ FS (X,E). Then, we define a fuzzy soft set f 〈h〉 ∈ FS (X,E) by

f 〈h〉(e)(x) =
∨
y∈X

(
h(e)(y)∧ f (e)(y, x)

)
for all e ∈ E and all x ∈ X.

Lemma 4.12. Let (X,U,E) be a fuzzy soft uniform space and let f ,g ∈ U and h,h′ ∈ FS (X,E). Then, the following properties are satisfied.

(i) h v f 〈h〉.

(ii) For all ε ∈ I, ( f + ε)〈h〉 v f 〈h〉+ ε.

(iii) f 〈hth′〉 = f 〈h〉t f 〈h′〉.

(iv) f 〈h〉tg〈h′〉 w ( f ug)〈hth′〉.

(v) f 〈g〈h〉〉 = ( f ◦g)〈h〉.

Proof. (i) It is clear from the definition of f 〈h〉.

(ii) Let ε ∈ I. For all e ∈ E and x ∈ X, we obtain(
f + ε

)
〈h〉(e)(x) =

∨
y∈X

(
h(e)(y)∧ ( f + ε)(e)(y, x)

)
≤

∨
y∈X

(
h(e)(y) + ε

)
∧

(
f (e)(y, x) + ε

)
=

(∨
y∈X

(
h(e)(y)∧ f (e)(y, x)

))
+ ε

= f 〈h〉(e)(x) + ε,

which proves ( f + ε)〈h〉 v f 〈h〉+ ε.

(iii) For all e ∈ E and x ∈ X, we have

f 〈hth′〉(e)(x) =
∨

y∈X
(
(hth′)(e)(y)∧ f (e)(y, x)

)
=

∨
y∈X

((
h(e)(y)∧ f (e)(y, x)

)
∨

(
h′(e)(y)∧ f (e)(y, x)

))
=

(∨
y∈X

(
h(e)(y)∧ f (e)(y, x)

))
∨

(∨
y∈X

(
h′(e)(y)∧ f (e)(y, x)

))
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= f 〈h〉(e)(x)∨ f 〈h′〉(e)(x)

=
(
f 〈h〉t f 〈h′〉

)
(e)(x).

This proves our assertion.

(iv) Let e ∈ E and x ∈ X. Then,

f 〈h〉(e)(x)∨g〈h′〉(e)(x) =

(∨
y∈X h(e)(y)∧ f (e)(y, x)

)
∨

(∨
y∈X h′(e)(y)∧g(e)(y, x)

)
≥

∨
y∈X

(
h(e)(y)∨h′(e)(y)

)
∧

(
f (e)(y, x)∧g(e)(y, x)

)
=

∨
y∈X(hth′)(e)(y)∧ ( f ug)(e)(y, x)

= ( f ug)〈hth′〉(e)(x),

which shows that f 〈h〉tg〈h′〉 w ( f ug)〈hth′〉.

(v) For all e ∈ E and x ∈ X, we have

f 〈g〈h〉〉(e)(x) =
∨

y∈X
(
g〈h〉(e)(y)∧ f (e)(y, x)

)
=

∨
y∈X

(∨
z∈X

(
h(e)(z)∧g(e)(z,y)

))
∧ f (e)(y, x)

=
∨

y∈X
∨

z∈X h(e)(z)∧g(e)(z,y)∧ f (e)(y, x)

On the other hand, for all e ∈ E and x ∈ X, we have(
f ◦g

)
〈h〉(e)(x) =

∨
z∈X

(
h(e)(z)∧ ( f ◦g)(e)(z, x)

)
=

∨
z∈X h(e)(z)∧

(∨
y∈X

(
g(e)(z,y)∧ f (e)(y, x)

))
=

∨
z∈X

∨
y∈X h(e)(z)∧g(e)(z,y)∧ f (e)(y, x)

Thus, we obtain f 〈g〈h〉〉 = ( f ◦g)〈h〉 and the proof is concluded.

We induce a fuzzy soft topology from a given fuzzy soft uniformity by using the fuzzy soft closure operator as shown in the following theorem.

Theorem 4.13. Let (X,U,E) be a fuzzy soft uniform space and h ∈ FS (X,E). Then, the mapping h→ h satisfies the conditions (FSO1)-(FSO4),
where

h =
�
f∈U

f 〈h〉.

Therefore, the family

τU =
{
h ∈ FS (X,E) : hc = hc}

is a fuzzy soft topology on X.

Proof. We shall show that the mapping h→ h has the properties (FSO1)-(FSO4).

(FSO1) By Lemma 4.12(i), it is clear.

(FSO2) It follows immediately from (FSO1) that h v h. To prove the reverse inclusion, let f ∈ U and ε ∈ I0. Then, there exists a g ∈ U such
that (g◦g) v ( f + ε). Therefore, for all e ∈ E and x ∈ X,

f 〈h〉(e)(x) =
∨

y∈X h(e)(y)∧ f (e)(y, x)

≥
∨

y∈X h(e)(y)∧
(
(g◦g)(e)(y, x)− ε

)
=

∨
y∈X h(e)(y)∧

(∨
z∈X g(e)(y,z)∧g(e)(z, x)− ε

)
=

∨
y∈X

∨
z∈X h(e)(y)∧g(e)(y,z)∧g(e)(z, x)− ε

≥
∨

z∈X g(e)(z, x)∧
(∧

g′∈U
∨

y∈X h(e)(y)∧g′(e)(y,z)
)
− ε

=
∨

z∈X g(e)(z, x)∧h(e)(z)− ε

= g〈h〉(e)(x)− ε,

which shows that∧
f∈U

f 〈h〉(e)(x) ≥
∧
g∈U

g〈h〉(e)(x)− ε.

Since the above result holds for all ε ∈ I0 it follows that∧
f∈U

f 〈h〉(e)(x) ≥
∧
g∈U

g〈h〉(e)(x),

that is, h(e)(x) ≥ h(e)(x). Thus, we get h w h.

(FSO3) Let h,h′ ∈ FS (X,E). Then, for all e ∈ E and x ∈ X, we have(
hth′

)
(e)(x) =

∧
f∈U f 〈hth′〉(e)(x)
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=
∧

f∈U
(
f 〈h〉(e)(x)∨ f 〈h′〉(e)(x)

)
≥

(∧
f∈U f 〈h〉(e)(x)

)
∨

(∧
f∈U f 〈h′〉(e)(x)

)
= h(e)(x)∨h′(e)(x) =

(
hth′

)
(e)(x),

which shows that hth′ w hth′. Conversely, we know that(
hth′

)
(e)(x) =

(∧
f∈U f 〈h〉(e)(x)

)
∨

(∧
g∈U g〈h′〉(e)(x)

)
=

∧
f ,g∈U

(
f 〈h〉(e)(x)∨g〈h′〉(e)(x)

)
.

Since f ′ =
(
f ug

)
∈ U, by Lemma 4.12(iv), we have(

hth′
)
(e)(x) ≥

∧
f ′∈U

f ′〈 hth′〉(e)(x) =
(
hth′

)
(e)(x).

Thus, we obtain hth′ w hth′.

(FSO4) It is clear that ∅̃ = ∅̃.

Then, it is called the fuzzy soft uniform topology induced by the fuzzy soft uniformityU.

Example 4.14. It is easily verify that the fuzzy soft uniform space defined in Example 4.4 induces the fuzzy soft topological space τ = FS (X,E)
on X.

Theorem 4.15. If B is a base for a fuzzy soft uniformityU, then for all h ∈ FS (X,E), we have

h =
�
f∈B̂

f 〈h〉 =
�

f∈〈B〉

f 〈h〉 =
�
f∈B

f 〈h〉.

Proof. Since B ⊆ B̂ ⊆ U and B ⊆ 〈B〉 ⊆ U, it is sufficient to show the following. Let h ∈ FS (X,E) and ε ∈ I0. Then, since for all f ∈ U
there exists a g ∈ B such that (g− ε) v f , it follows that

h =
�
f∈U

f 〈h〉 w
�
g∈B

(
g− ε

)
〈h〉 w

�
g∈B

g〈h〉− ε,

which proves that h w
�

g∈B g〈h〉.

Definition 4.16. A collection {Nx}x∈X , where Nx ⊆ FS (X,E) for all x ∈ X, is called a fuzzy soft neighborhood system on X if the following
axioms are satisfied for all x ∈ X.

(FSNS1) Nx is a saturated fuzzy soft filter.

(FSNS2) For all h ∈ Nx and e ∈ E, we have h(e)(x) = 1.

(FSNS3) For all h ∈ Nx and ε ∈ I0, there exists a family {hz : z ∈ X} such that hz ∈ Nz for all z ∈ X and such that∨
z∈X

(
hx(e)(z)∧hz(e)(y)

)
≤ h(e)(y) + ε

for all e ∈ E and y ∈ X.

Nx is called a fuzzy soft neighborhood filter on X and the elements of Nx are called fuzzy soft neighborhoods of the point x

Let f ∈ FS (X×X,E) and x ∈ X. Then, we define a fuzzy soft set f 〈x〉 ∈ FS (X,E) by

f 〈x〉(e)(y) = f (e)(y, x)

for all e ∈ E and all y ∈ X. Then, we get the following theorem.

Theorem 4.17. Let (X,U,E) be a fuzzy soft uniform space. If for all x ∈ X we define

Ux =
{
f 〈x〉 : f ∈ U

}
,

then
{
Ux

}
x∈X is a fuzzy soft neighborhood system on X.

Proof. We shall show that
{
Ux

}
x∈X satisfies axioms (FSNS1)-(FSNS3).

(FSNS1) Let x ∈ X. First, let us show thatUx is a fuzzy soft filter.

It is clear thatUx , ∅ and ∅̃ <Ux.

Let f 〈x〉, g〈x〉 ∈ Ux. Then, we get f ,g ∈ U. Thus, from the fact that f ug ∈ U and f 〈x〉ug〈x〉 =
(
f ug

)
〈x〉 it follows that f 〈x〉ug〈x〉 ∈ Ux.

Let f 〈x〉 ∈ Ux and f 〈x〉 v h. Then, we have f ∈U and f (e)(y, x) ≤ h(e)(y) for all e ∈ E and y ∈ X. Now, take a fuzzy soft set g ∈ FS (X×X,E)
such that

g(e)(x1, x2) =

{
f (e)(x1, x2), if x2 , x;
h(e)(x1), if x2 = x
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for all e ∈ E and all (x1, x2) ∈ X×X. Therefore, f v g and so that g ∈ U. Thus, by g〈x〉 = h, we obtain h ∈ Ux.

Next, we prove thatUx is a saturated fuzzy soft filter. To see this, let
(
f 〈x〉+ ε

)
∈ Ux for all ε ∈ I0. Because

(
f 〈x〉+ ε

)
=

(
f + ε

)
〈x〉 for all

ε ∈ I0, we have
(
f + ε

)
∈ U for all ε ∈ I0. From (FSU1) it follows that f ∈ U and therefore we obtain f 〈x〉 ∈ Ux. Thus, by Theorem 3.4,Ux

is a saturated fuzzy soft filter.

(FSNS2) is clear.

(FSNS3) Let x ∈ X and let f 〈x〉 ∈ Ux and ε ∈ I0. Since f ∈ U, by (FSU4), there exists a g ∈ U such that (g◦g) v ( f + ε). Now, let us take a
family

{
g〈z〉 : z ∈ X

}
such that g〈z〉 ∈ Uz for all z ∈ X. Therefore, for all e ∈ E and y ∈ X, we have∨

z∈X
(
g〈x〉(e)(z)∧g〈z〉(e)(y)

)
=

∨
z∈X

(
g(e)(z, x)∧g(e)(y,z)

)
=

(
g◦g

)
(e)(y, x)

≤ f (e)(y, x) + ε

= f 〈x〉(e)(y) + ε.

Thus,
{
Ux

}
x∈X is a fuzzy soft neighborhood system on X.

5. Fuzzy Soft Uniformly Continuous Mapping

Our task in this section is to define the notion of a fuzzy soft uniformly continuous mapping and investigate its connection with fuzzy soft
continuous mapping.

Definition 5.1. Let (X,U,E) and (Y,V,K) be two fuzzy soft uniform spaces. A fuzzy soft mapping ϕψ : (X,U,E)→ (Y,V,K) is called a fuzzy
soft uniformly continuous if for all f ∈ V, there exists a g ∈ U such that

(
ϕ×ϕ

)
ψ(g) v f (Here, the mapping ϕ×ϕ : X×X→ Y ×Y is defined

by
(
ϕ×ϕ

)
(x1, x2) =

(
ϕ(x1),ϕ(x2)

)
for all (x1, x2) ∈ X×X).

This is obviously equivalent to saying that for all f ∈ V,
(
ϕ×ϕ

)−1
ψ ( f ) ∈ U.

Example 5.2. Let (X,U,E) be a fuzzy soft uniform space which is defined in Example 4.4. Then, the fuzzy soft mapping ϕψ : (X,U,E)→
(X,U,E) is a fuzzy soft uniformly continuous, where ϕ : X→ X and ψ : E→ E are arbitrary mappings.

Proposition 5.3. The composition of two fuzzy soft uniformly continuous mappings is a fuzzy soft uniformly continuous mapping.

Proof. We can easily prove it by using the definition of fuzzy soft uniformly continuous mapping.

Theorem 5.4. Let (X,U,E) and (Y,V,K) be two fuzzy soft uniform spaces and let B and C be two bases forU andV, respectively. Then, a
fuzzy soft mapping ϕψ : (X,U,E)→ (Y,V,K) is a fuzzy soft uniformly continuous if and only if for all f ∈ V and ε ∈ I0 there exists a g ∈ B
such that (g− ε) v

(
ϕ×ϕ

)−1
ψ ( f ).

Proof. Let f ∈ V and ε ∈ I0. By applying Theorem 3.6(i), we get
(
f + ε

2
)
∈ V. From the hypothesis it follows that there exists a g′ ∈ U = B̃

such that

g′ v
(
ϕ×ϕ

)−1
ψ

(
f +

ε

2

)
=

(
ϕ×ϕ

)−1
ψ ( f ) +

ε

2
.

Therefore, we obtain a g ∈ B satisfying
(
g− ε

2
)
v g′. Thus, since

(
g− ε

)
v

(
ϕ×ϕ

)−1
ψ ( f ), the necessity is proved.

To prove the sufficiency, let f ∈ V = C̃. Then, there exists a family { fδ : δ ∈ I0} of C such that
(
fδ − δ

)
v f for all δ ∈ I0. Let ε ∈ I0. By

hypothesis, we obtain
(
gε − ε

)
v

(
ϕ×ϕ

)−1
ψ ( fε ) for some gε ∈ B. Therefore,

gε v
(
ϕ×ϕ

)−1
ψ ( fε ) + ε v

(
ϕ×ϕ

)−1
ψ ( f + ε) + ε =

(
ϕ×ϕ

)−1
ψ ( f ) + 2ε,

that is, we have(
gε −2ε

)
v

(
ϕ×ϕ

)−1
ψ ( f ).

As the above result holds for all ε ∈ I0 it follows that g =
⊔
ε∈I0

(
gε −2ε

)
v

(
ϕ×ϕ

)−1
ψ ( f ). Thus, since g ∈ B̂ ⊆ U, the proof is concluded.

Corollary 5.5. Let (X,U,E) and (Y,V,K) be two fuzzy soft uniform spaces. Then, a fuzzy soft mapping ϕψ : (X,U,E)→ (Y,V,K) is a fuzzy
soft uniformly continuous if and only if for all f ∈ V and ε ∈ I0 there exists a g ∈ U such that (g− ε) v

(
ϕ×ϕ

)−1
ψ ( f ).

Proof. It follows immediately from Theorem 5.4 and the fact that every fuzzy soft uniformity is a base for itself.

Theorem 5.6. If a fuzzy soft mapping ϕψ : (X,U,E)→ (Y,V,K) is fuzzy soft uniformly continuous, then the fuzzy soft mapping ϕψ :
(X, τU ,E)→ (Y, τV,K) is fuzzy soft continuous.

Proof. By Theorem 2.15, it suffices to show that ϕψ(h) v ϕψ(h) for all h ∈ FS (X,E). Let h ∈ FS (X,E). For all k ∈ K and y ∈ Y , where
ψ−1(k) , ∅ and ϕ−1(y) , ∅, we have

ϕψ(h)(k)(y) =
∧

f∈V f 〈ϕψ(h)〉(k)(y)
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=
∧

f∈V

(∨
z∈Y ϕψ(h)(k)(z)∧ f (k)(z,y)

)
=

∧
f∈V

∨
z∈Y

(∨
x∈ϕ−1(z)

∨
e∈ψ−1(k) h(e)(x)∧ f (k)(z,y)

)
.

Then, for all e ∈ ψ−1(k), we get

ϕψ(h)(k)(y) ≥
∧

f∈V
∨

x∈X

(
h(e)(x)∧ f

(
ψ(e)

)(
ϕ(x),y

))
.

On the other hand, since ϕψ is fuzzy soft uniformly continuous, for all f ∈ V, there exists a g ∈ U such that g v
(
ϕ×ϕ

)−1
ψ ( f ). Therefore, for

all x′ ∈ ϕ−1(y), we obtain

ϕψ(h)(k)(y) ≥
∧

f∈V
∨

x∈X

(
h(e)(x)∧ f

(
ψ(e)

)(
ϕ(x),ϕ(x′)

))
≥

∧
g∈U

∨
x∈X

(
h(e)(x)∧g(e)(x, x′)

)
= h(e)(x′).

Thus, from the fact that

ϕψ(h)(k)(y) ≥
∨

x′∈ϕ−1(y)
∨

e∈ψ−1(k) h(e)(x′)

it follows that ϕψ(h) w ϕψ(h).
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