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Asimptotik konform egri ile simirh bolgelerde dtizgiin ve noktasal polinom
esitsizlikleri

Ozet: Bu ¢alismada, asimptotik konform egri ile sinirlt sonlu ve sonsuz bolgelerde Nikolskii ve Bernstein
tipinde polinom esitsizliklerini Lebesgue uzaylarinda incelemegi devam ediyoruz.

Anahtar Polinomlar, Nikolskii esitsizligi, Bernstein esitsizligi, Konform déniisiim, Asimptotik konform
kelimeler: egri.
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1. INTRODUCTION

Let £ be a complex plane, and £ =£ u{oo}; L c £ be a closed rectifiable curve, G :=intL
with L:=0G and 0eG; Q :=extL. Let ¢, denotes the class of arbitrary algebraic
polynomials P, (z) of degree at most n e ¥.

Let 0< p <. For a rectifiable Jordan curve L and a weight function h(z) defined on a certain
neighborhood of L we introduce:

Up
”Pn ||p = ”Pn ||Lp(h,L) = [J‘h(z)“:)n (Z)|p |dz|j ) 0< p <oo;
L

Rl =R

n

Loy = nngX|Pn(Z)|' p=oo.

Clearly, ||| s the quasinorm (i.e. anorm for 1< p<co anda p—norm for 0< p <1 ). For ease

of writing, we will use the word "norm" in both cases

Denoted by w = ®(z), the univalent conformal mapping of Q onto A = {w : |w| >1} with

normalization ®(w) =co, lim,_ *2>0and ¥ =@ For t>1 we set

L ={z: |®(z)|=t}, L=L, G, =intL, Q =extL,.
Throughout the article, we will use consider a so-called generalized Jacobi weight function h(z)

being defined as follows. Let {z, }L be a fixed system of distinct points on curve L which is

located in the positive direction. For some fixed R;, 1<R, <, and z e G , we define:

h(z) = ho(z)f[|z—zj|“ , (1.1)

where y; >-1, forall j=1, 2,.., m, and there existsa constant ¢, =, (GRO) > 0 such that
forall z e GRO

h,(z) > ¢, > 0.
In this paper, our first goal is to continue studying the Nikolskii-type inequality:
||Pn||Lq(hy L, SCA(L, h, op, q)||Pn||Lp(h’ ,r 0<p<g=o, (1.2)

where ¢ =c¢(G, p, q) >0 is the constant independent of n and P,, and A (L, h, p, q) > x,
n — oo, depending on the geometrical properties of curve L and weight function h and of p. In
such a formulation of the problem for different p and g, 0 < p < g <, with respect to different
norms, were the objects of the studying of many authors. First result of (1.2)-type, in case
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h(z)=1 and L={z :|z|=1} for 0<p<oo was found in [19]. The another results, similar to

(0.2), for the sufficiently smooth curve, was obtained in [36] ( h(z)=1 ), and in [33, Part 4 (
h(z) #1 ). The estimation of (1.2)-type for 0< p<e and h(z)=1 when L is a rectifiable
Jordan curve was investigated in [33], [34], [35], [22], [23], [25, pp 122-133], [31]. In [10,
Theorem 6] obtained identical inequalities for more general curves and for another weighed
function. There are more references regarding the inequality of (1.2)-type, we can find in
Milovanovic et all. [24, Sect.5.3].

Further, analogous estimates of (1.2) for some regions and the weight function h(z) were
obtained: in [2] (p>1) and in [26] (p>0,h=h,) for regions bounded by rectifiable
quasiconformal curve having some general properties; in [4] (p >1) for piecewise Dini-smooth
curve with interior and exterior cusps; in [3] (p >1) for regions bounded by piecewise smooth
curve with exterior cusps but without interior cusps; in [5] (p>0) for regions bounded by
piecewise rectifiable quasiconformal curve with cusps; in [6] (p > 0) for regions bounded by
piecewise quasismooth (by Lavrentiev) curve with cusps.

Second our goal is a continue investigation estimation of the following type:

P.(2)|<cn, (L, h, d(z L), p)R| [e@)", zeQ p>0, (1.3)
where ¢ =c(L, p)> 0 isaconstant independent from n, z, P,, and 7, (L, h, d(z, L),
p) — o (in general!) as n — oo, depending on the geometrical properties of curve L, weight
function h and parameter p.

The results of the (1.3) type starts from the work of Bernstein [37]. Analogous results of (1.3)-
type for some norms, weight function h(z) and for different unbounded regions were obtained

by Lebedev, Tamrazov, Dzjadyk, Shevchuk (see, for example, [14]), Stylianopoulos [32] and
others. Corresponding results (1.3) for some regions and the weight function h(z) defined as in
(0.1) with y; >-1 were also obtained: in [4] for p>1 and in [27] for p >0, for regions
bounded by piecewise Dini-smooth boundary with interior and exterior zero angles; in [5] for
p >0 and for regions bounded by piecewise quasiconformal boundary with interior and exterior
zero angles; in [3] for p>1 and for regions bounded by piecewise smooth boundary with
exterior zero angles (without interior zero angles); in [6] for p >0 and for regions bounded by
piecewise quasismooth boundary with interior and exterior zero angles and in others.

In this work, we investigate similar problem for asymptotically conformal curve L, weight
function h defined in (1.1) and for all p>0 and q=o0. Finally, combining obtained estimates

for |P,(z)| on G and Q, we get the evaluation for P, (z)| in whole complex plane, depending on
the geometrical properties of the region G, weight function h(z) and p.
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2. DEFINITIONS AND MAIN RESULTS

Throughout this paper, ¢, ¢,, ¢, C,,.. arepositiveand ¢&,, &, &,,.. are sufficiently small

positive constants (generally, different in different relations), which depends on G in general
and, on parameters inessential for the argument; otherwise, such dependence will be explicitly
stated.

Let the function ¢ maps G conformally and univalently onto B = {W : |W|<1} which is
normalized by ¢(0)=0, ¢'(0)>0 ,and v =¢ .

Following [28, pp. 286-294], we say that a bounded Jordan curve L is called a x -quasicircle
(or x -quasiconformal curve) 0<x <1, if any conformal mapping y can be extended to a
K -quasiconformal, K =%, homeomorphism of the plane £ onthe £ . In that case the

region G with L =0G iscalleda x -quasidisk. The curve L (region G ) is called

a quasicircle (quasidisk), if itis & -quasicircle ( x« -quasidisk) for some 0<x <1 . A Jordan
curve L is called a quasicircle or quasiconformal curve, if it is the image of the unit circle under
a quasiconformal mapping of £ (see: [20, p.105], [28, p.286]). On the other hand, in them was
given some geometric criteria of quasiconformality of the curves (see, [8, p.81], [29, p.107], [28,

p.286], [21, p.341]). We give one of them. Let z, z, be an arbitrary points on L and

L(z,, z,) denotes the subarc of L of shorter diameter with endpoints z, and z, . The curve
L isaquasicircle if and only if the quantity

|zl—z|+|z—22|

2.1
7z (2.1)

is bounded forall z,, z,eL and zel(z, z,).Lesley[21, p.341] said that the curve L as

"c-quasiconformal”, if there exists the positive constant ¢ , independent from points z, , z,
and Z such that

|zl—z|+|z—22|

<c. 2.2
7z (2.2)

The Jordan curve L is called asymptotically conformal if
|z, - 2| +|z- 2,

max
zel(zy, 7,) |Zl — ZZ|

-1 |z -z,|->0 (2.3)

Some various properties of the asymptotically conformal curves has been studied, for instance, by
Anderson, Becker and Lesley [9]. Dyn'kin [15], Pommerenke, Warschawski [30], Gutlyanskii,
Ryazanov [16], [17], [18] and others. According to the geometric criteria of quasiconformality of
the curves ([8, p.81], [29, p.107]), every asymptotically conformal curve is a quasicircle. Every
smooth curve is asymptotically conformal but corners are not allowed. It is well known that
quasicircles can be non-rectifiable (see, for example, [12], [20, p.104]). The same is true for
asymptotically conformal curves.
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In this work, we study a similar problem to (1.2) with respect to ||Pn||p , p>0, forregions with
asymptotically conformal boundary. Now, we start to formulate the new results.

Theorem 1. Let p>0, L=0G be a rectifiable asymptotically conformal curve and h(z) is
defined as in (1.1). Then, forany P, egp,, ne¥ | j =1 m and arbitrarily small ¢ >0 there
exist ¢, =¢;(G, p, 7;, ¢)>0, i=1 2 suchthat

<n IR, (2.4)
and, consequently,
IR, <cn® R, (2.5)
where y = max{O; Vi jzl,_m} .
For any fixed p>1 wedivide Q2 as Q Ln:J , Where Q’ defined below in (4.8).

Theorem 2. Let p>0, L=0G be a rectifiable asymptotically conformal curve and h(z) is
defined as in (1.1). Then, forany P, egp,, ne¥ , R =1+2, j=1 m and arbitrary small
£>0 thereexists ¢, =¢,(G, p, y;, ¢)>0 such that

|Pn(z)|£c3(d(\/7 ] IR], @@, zeqy, (2.6)
where forany j=1 m, u, defined as:
n®, if y; <l-g, forall j=1, m
ty =yn°Inn, if 3, y; =1-¢,andfor j= j, y; <l-g; (2.7)
N7 if 3y, y, >1-eandfor j = j, y, <l-e.

According to the Bernstein Lemma [37], the estimation (2.5) also is true for the z e 6R1, with
another constant. Therefore, combining estimation (2.5) (for the z e ERl ) with (2.6), we obtain
an estimation on the growth of |Pn (z)| in the whole complex plane:

Corollary 3. Under the assumptions of Theorems 1 and.2 following is true:

2eGpr,

P.@)|<ci R :
4 p ( \/#—n )p|(I)(Z)|n+l, ZGQ%,

(2.8)
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where ¢, =¢,(G, p)>0.

Corollary 4. For any compact subset F cQ and P, egp,, ne¥ ,wehave

|Pn(z)|SC5[d(\£’fl—”L)} IR [e@)[™, zeF, (2.9)

where ¢, =c.(G, F)>0.

3. SHARPNESS OF ESTIMATES

The sharpness of the estimations (2.4)-(2.9) can be discussed by comparing them with the
following result.

Remark 5. a) The inequalities (2.4), (2.5) are sharp. For the polynomials P;(z) =1+z+..+2",
a) h'(2)=1,b) h"(@)=[z-1", y>0, and L :={z:|z|=1}, there exists a constant
C =C(p)>0 and c, =c,(h™, p)>0 such that:

1
P >cyn* ||P,

a)

2, 2, L)’ p>1

* LA *
P
P P

n

b)

>N

) NPT p>y+1.

SOME AUXILIARY RESULTS

Throughout this paper, for a>0 and b >0 , we use the expression a p b (order inequality), if
a <ch. The expression a #b means that ap b and b p a " simultaneously.

Forany k>0 and m >k, notation i=k, m means i=k, k+1,..., m.

We give some facts from the theory of quasiconformal mapping, which will be used throughout
of all proof below.

Let L be a K —quasiconformal curve, then there exists a quasiconformal reflection y(.) across
L such that y(G)=Q, y(@)=G and y(.) is fixed the points of L [8]. There exists a
quasiconformal reflection of y(.) satisfying the following condition [8], [11, p.126]:

V) -2p|c -7, zel, e<|¢]<t,

&

volplyelpt e<l<=, (3.)

v pvOF . Iel<a [y |plel®. k==,
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and for the Jacobian J, =|yz|2 —|y2|2 of y(.) the relation ‘er <-:J, is hold, where

k= Eij . Such quasiconformal reflection of y(.) is called regular quasiconformal reflection
across L.

Let L be a quasicircle and y(.) be a regular quasiconformal reflection across L. For any R >1,
we put L' =y(L;), G" =intl’, Q" :=extL", and denote by @, the conformal mapping of
B 50 and let ¥, =D
Moreover, for any t >1, we set L; ::{z : |CDR(z)|:t}, G, =intl;, Q; =extl;. According to

[10], forall ze L' and teL suchthat |z—t|=d(z, L), we have

d(z, L)pd(t, Ly)pd(z, L).
@, (2)| <|@ (1) <1+c(R-1).

Q" onto A with the normalization @, () =00, lim

3.2)
Lemma 1. [1] Let L be a quasicircle, zel,z, z,eQn{z:|z-z|<d(z, L)}
w; :CI)(zj), j=1 2, 3.Then

e The statements |z, - z,| p |z, — z;| and |w, —w,|p |w, —w;| are equivalent.

Soare |z,—z,|~|z, -z, and |w, —w,|~|w —w,|.

e If |z,-7,|p|z, -z, then

where £<1, ¢c>1 L ={¢ :|p({)|=1r, 0<r <1} and 1, =r(G) is a constant,
dependingon G .
Lemma 2. [21, p.342] Let L be an asymptotically conformal curve, Then, ® and ¥ are Lipa
forall @ <1 in Q and A , correspondingly.
Lemma 3. Let L be an asymptotically conformal curve, Then,

1+e
i)

|lP(W1) - \P(Wz)| f |W1 - W,

forall w, w,eA and Ve > 0.

This fact follows from Lemma 2. We also give estimation for the ¥  (see, for example, [11.
Th.2.8]):

d(¥(7), L)

|‘P'(T)| p |r|——1 (3.3)
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Lemma 4. [7, Lemma 2.3] Let L be a quasicircle. For arbitrary R >1, there exist numbers p,,
P, - p<p,, and p;, p, . p, < p, such that the following conditions are satisfied:

G, cG, GcG,, and G, cGr, Gr =G,
pi=1p p,=1p p;-1p p,-1p R-1.
Let {z. }m be a fixed system of the points on L and the weight function h(z) is defined as
=z
in (1.1).

Lemma 5. [3] Let L be arectifiable Jordan curve, P, ep,, n€e¥ , p>0 and R>1.Then,
the following inequality holds:

IR, <R IR
where y =max{y; : j=1 m}.
4. PROOF OF THEOREMS
4.1. Proof of Theorem 1.
Let R=1+%. Forthe & =4, let us set: R =1+82% Let {¢}, 1<j<m<n, zeros of
P.(z) lyingon Q (if such zeros exist) and
O(z) - D(g;)
B, (2) —1_[g (2) = H—
i1 1-0(g;)P(z)

denote a Blaschke function with respect of zeros of P,(z) .Forany p>0 and ze(Q, letus
set:

(4.1)

(R Y )
Fn,P(Z) ._{Bm(Z) (Dm—l(Z)J ' (4 )

The function F, ,(z), F, ,(%)=0, isanalytic in Q, continuous on Q and does not have zeros

in Q. We take an arbitrary continuous branch of the F, _(z) and for this branch we maintain the
same designation. Cauchy integral representation for the region Q is given as:

1

= - =
n'p(z) 27

F. (<) gd_gz, 2eQ,.

Since |Bm(§)|=1, for ¢ elL, then, for arbitrary &, O<e<g, there exists a circle

w|=1+%, suchthatforany j=1 m the following is satisfied:
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Bi¢)>1-2

Then, |B,()|>@-&)" f1for {el, and |B (z)]<1, for zeQ,. On the other hand,
|©($)|=R, >1, for {el,. Therefore, forany zeQ, we have:

1 jd¢]
Fnyp(z)|£ELRl RO g
So that:
:_[Ba@ @"”(z)zﬂ P(&) [ lag]

P (2)

27

2 1B.(&) ") ¢ -1

: 3 |dg

(4.3)
q)n+1 (Z)

Y

Multiplying the numerator and the denominator of the last integrand by h*?(¢) , replacing the
variable w = ®(z) and applying the Holder inequality, from (4.3) we obtain:

jdg] : |dd]
P ———=1|h P e 1 L
L{l 2 (£) -7 Lf )R (¢) O -7 (4.4)
s( [ her@)[p, (v |#'0) |dt|] L [ RO/
ey i, O () () =¥ (w)|
» Y'(t) |dt :
”Pn”Ep(h,LRl)'[J | | | | 2} :
2, NCP ()W (1) — ¥ (W)
According to Lemma 5, we get:
IR o PRI (45)
Then, from (4.3), (4.4.) and (4.5), we have:
e, () [t T
P.(z) p|@"" (2)]" |[P,| = - (4.6)
) ”"[tjal h(¥ ()P () — ¥ (W)

Applying Lemma 1 and Lemma 3, from (3.3), for arbitrary small & >0, we obtain:

w'O)p (-1 p e,

and so, from (4.6), we get:
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2
2

“plomi@)| R 0t A () (A7)

F.(2)

for arbitrary small & >0 and

Pn

nor=| [ |
12, NP (D)W (1) — W (W)

To estimate the integral A, (w), forany fixed p>1 we introduce:

w, =d(z;), ¢, =argw;, U =LNQ’, L = meﬁ,ﬂ, j=1 m, (4.8)

where Q) =¥(A;), Q) =¥(A,(p) , A, =4A,(1) ,and

i

Al(p)::{t=rei‘9 > p, _(pm;-(ﬂl £0<—¢l;¢2},

, L, o + .
Aj(p):z{t:re'g S r>p, % S9<%}, j=2, m-1,

Am(p)::{t:reig LT > p, Pns T On £9<—(pm;(pl}.

Then, we get

: at
At) = 2 4.9
) t-le h(¥ (©) [ (1) - ¥ (W) (4.9)
N d
P> | - il |
o) }:[J‘P(t) - ‘P(Wj )| ! |\P(t) — \}f(W)|

m |dt| m

pY | . =>A (W),

oy [ PO - ) PO -v@) T

since the points {zj}rf1 e L are distinct. It remains to estimate the integrals A, .(w) for each
j=1 +

J=1 m. Firstly, we assume that z e L, . For simplicity of our next calculations, we assume

3
that m=1. Weput: ®(L;)=UK;(R,), where
i=1
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K (R) = {t ed(Ly): ft-w|< %}

K,(R) = {t e d(Ly): %§|t—wl| < cz}

Ky(R)={ted(Ly): ¢, <[t-w|<c, <diam G}

3
and @(L,)=UK,(R), where
i=1

K,(R) —{z’ed)(Ll |T—W1|<£},
n

2
K,(R) —{z'ed)(L1 C1§|r—w1|<c2},
n

K,(R) = reCD(Ll) ¢, <|r—w|<c, < diam 6}.

Let we ®(Ly) arbitrary fixed point. We will estimate the following integral for each cases with

weK.(R) and teK.(R), i=1 2, 3.

A= | ot :
oty [P O =P (W)™ [ () - ¥ ()|
=S o (4.10)
iz—llKi'([Rl) W) - w)|* () - P W)
= ZA:1(W)

Case 1. Let we K,(R). Weput Kj(R):={ted(Ly): [t-w|<[t-w]},
KJ.Z(Rl) =K,;(R) \ Kj(R), j=1, 2. Then, according to Lemma 3 and Lemma 4, we get
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2 |

Am,l(W)::;K{(IRl)HJ(t) W (w)[* [P () - P W)

|dt| |dt]
p prwe T
K!Rl) =W, |2 e '!.Ri) |'[‘W|2 ’

p Nty >0, Ve>0.
2 [P - P(wy)| " ]

A:wl,l(w) :z I

Taw  [PO-PW)

7

it I [t —w, | |dt]

) j t—w, .

t 2+e
Kll(Rl) | - Wl

et (2 et
- 4| = R S
p ,[ t W 24+ +e n Klz.!.Rl) |t —Ww 2+e

KiR) |* 1|

p Nty <0, Ve >0.

2+¢

KZ(R) |t -

) 2 d]
(W) =
' ;K{!‘Rl) Y(t) - ¥ (w)|" ‘P(t)—‘I’(W)IZ
|dt] |dt]
p o T oo
Kz!&) |2 8 KZ !Ri) |t_W|2 "

p Nttty >0, Ve>0,
W(t) - (w)|[ ™ |dt Pt) —P(w)[ ™ |dt
AZ (W) = j | (t) (W1)| 2| |+ J' | (t) (W1)| 2| |
Ki(R) |\P(t)_‘"P(W)| KZ(Ry) |\P(t)_l{l(w)|
i W (t) — W (w)| " |dt] i W (1) — P (w)| " |dt]
) [PO-FYW ww |[PO-FPW[

|dt] |dt
p —4.4.5—'— +yte
K;E[Rl) t—wf" KZZ'!.Rl) t-w™"
p N1ty <0, Ve>0.
Since [t-w|>c, and ft—w|>[t—w|-|w-w>c,-2f 1 for teK,(R) and

we K, (R), then we obtain:

GERVASNE MANAS Journal of Engineering, Volume 6 (Issue 1) © 2018 www.journals.manas.edu.kg

37


http://www.journals.manas.edu.kg/

Ozkartepe P., Uniform and Pointwise Polynomial Inequalities in Regions with Asymptotically Conformal Curve

|

nte

7z P I |dt]?|K,(R)|p L 7 >0;

K3(R)

3 o= |dt|
(W) p (diamG) " [ — 1
Fual) P (H1EME) Kg'([Rl) P(t) - ¥(w)

p [ [dpL 5 <0, Ve>0.

Ks(Ry)

Case 2. Let we K,(R).

A.wp

k(R U= t—w

|

nte

2+e

A w)p |

kiry [E— W [t —w

1 .
dt I+y+e , 0’
"Ry () g o

t—w, [ |dt
A w)p | - — |
Ki(R) -
c -n-¢ n 2+¢&
P —1] (—} dt|p n"**, 5 <0, Ve>0.
(n 2¢, K12[R1>| | '
: feid
AL (w) =
1 EKJ@) W) - P w)| ¥ W)

|dt

Ky [t =W kit [t =W
W (t) - ¥ (w,)

24y +&

n n

dt|

dt Y(t) - W(w
K= | ], rO-wo
Ki(Ry) |\P(t)_\1’(W)| KZ(R) |‘I’(t)—‘I’(W)|
|dt] |dt|
—+ —_—
K;_('.Rl) t_W2+;/1+£ K%!Rl) t_W2+;/1+£

p ntnte 7, <0, Ve>0.

Since [t—w|>c, and [t-w|>1, for teK,(R) and weK,(R), thenwe obtain:

GERVASNE MANAS Journal of Engineering, Volume 6 (Issue 1) © 2018 www.journals.manas.edu.kg

38


http://www.journals.manas.edu.kg/

Ozkartepe P., Uniform and Pointwise Polynomial Inequalities in Regions with Asymptotically Conformal Curve

feid
AL (W)=
1 !> () P ()" [ ) - P W)
dt
i [E= w7 e =
nte
P (iJ j |dt|2+g pn*, >0 Ve>O0;
C, k(R [t =W
P(t)—¥(w)| ™ |dt
AL (w) = j W (1) - ¥ (w,) |

Wy PO —PW)’

p (diamG) 7* J' Lz
K3(R) |IP(t) - IP(W)|

|dt| 1+&
p | __pnt, 5, <0, Ve>0.
K3(Ry) t—w

Case 3. Let we K,(R) .

dt
Af,l(w) p K,([R) t—Ww }/1|+£ |t_W2+g p n}’ﬁfl }/1 >01
1R 1
dt|
" |
A‘yl( )p Kl,([Rl) |t_W2+71+g

2¢, )"
p(cz—le J' dtjp1, <0, Ve>0.

Ki(R)

dt
A2, (W)p -
1 KZ‘!R1) W (t) - ¥ (w,) o
dt
p —2?n1+;/1+s’ 71 > 0,
katry [t =W

2C —2-¢ s
Afyl(w)p(cz—le (c,)” j dtjp1, <0, Ve>o.

K2 (R)
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dt|
* (w |
A‘!l( ) P K3!R1)|t_wl nte t—WZM
1Y |dt| ,
P|— ————j;plﬁ”, 7, >0;
(Czj K3.!‘R1)|t—W2 !
o iy e [ L
A (W) p (diamG) ™ | __p1, 7,<0, Ve>0.
K3(R1)|t_w

By combining the estimates obtained in the Cases 1-3 with (4.7), (4.9) and (4.10), forany p >0
andall zel,, we obtain:

P.(2)pIT, ()R, Ve>0, (4.11)
where
yj+1
m +& . . -
>n P , if y; = 0 for at least one j=1,m
' (e):= =1
) -
nP if v, =0, forall j=1,m

The estimation (4.11) satisfied for all ze L, . We show that it is also carried out on L. For
R>1 let w=g¢,(z) denotes the univalent conformal mapping of G; onto B normalized by
9.(0)=0, ¢,(0)>0, andlet {&}, 1<j<m<n, zerosof P (z), lyingon Gg. Let

o0 2 (2) = [Tore 0 =[] 222251

11— (‘):J ) (2)

denotes a Blaschke function with respect to zeros {gj } 1<j<m<n, of P (z) .Clearly,

(4.12)

b, » ()| =1 zely |b, < (2)|<Ll z€G.

Forany zeGg, the function

N, (Z) = " (Z)

by, v (2) @13

is analytic in G, continuous on Gr and does not have zeros in G;. Then, applying maximal
modulus principle, we have:
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RO sl )
LG e S R(é)‘ <max|P, (<)

pr. ()R], Ve>0, vzel,

and, therefore, we find:

max|P,2)| pn* [P, Ve>0, p>0,

where y = max{O; 7 1=1 m}, and the proof (2.5) is completed.

Now, we will begin to proof (2.4). Under the notations where we used in beginning of the proof
of Theorem 1, we see that the function h,  is analytic in Gg, continuous on G, and does
not have zeros in  G,. We take an arbitrary continuous branch of the h,  (z) and for this

branch we maintain the same designation. Using Cauchy integral representation for the region
Gp ,for z=1z;, we have:

® 1 2 dg
hn,p(zj)=2—mLJ;hn,p(C) = 2 €Gy, (4.14)
Since bm'R(g”)|:1, for {el,, and bmyR(z)|£1, for zeG,. Therefore, from (4.14), we
get:
3 5 ld¢
P.(z) . (¢) |_Z|_|- (4.15)

Therefore, multiplying the numerator and the denominator of the integrand by h*?(¢), applying
the Holder inequality and Lemma 5, we obtain:

P (2| PRl x 1o (4.16)
where
1/p
jd¢]
L. =] | = —
1 Lj;l-__[|§_ 127J
j=1

Since the points {zj }m e L are distinct, by using designations from (4.8), we get:

oo ldd] Lo ldgl 3
() Zkﬁ|§—zz+“p;!|§ [ Zl: @.17)
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Therefore, it remains to estimate the integrals 1., for each i=1 m. In this case, we also

assume that m=1. By applying (3.3), according to [21], ¥ e Lip(1—¢), for arbitrary small
& >0, we obtain:

e [ 9O, i

n, 1 2+7, 2+y;
lR -7 ' [0} 1R \P(T)_lP(W) 1(T_l)
1 |¢ -z o o | D (7] (4.18)
p ng I y1+2+e nyl+1+£ ’ vg > O
o) [T — W,

By combining the relations (4.16)-(4.18), we obtain:

n+l+e

P (zl)| pn R . ve>0,

and, according to our assumption m =1, we complete the proof (2.4)

4.2. Proof of Theorem 2

Let zeQg be an arbitrary fixed point ~ Then, zeQ; forsome j=1, m. From (4.3) we
have:

B |q)n+l(z)§
P 2
(2 d(z, L)

P
2

J

La,

R (¢)

d<]. (4.19)

Analogously to the estimations (4.4)-(4.11), foreach j=1, m we obtain:

oY ) P(t)| |dt
[IawrdQJMRMI o]

W) - W)

p 4y [,

Therefore, from (4.19) we get:

2

e (G AR

d(z, Ly

and we obtain the proof of (2.6).
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