
*Nejla Özmen, e-mail: nejlaozmen06@gmail.com 

Research Article                GU J Sci 31(4): 1179-1190 (2018) 

Gazi University 

Journal of Science 
 

http://dergipark.gov.tr/gujs  

Some Generating Functions for a Class of Hypergeometric Polynomials 

 

Nejla OZMEN1*,  Esra ERKUS DUMAN2 

1 Department of Mathematics, Faculty of Art and Science, Düzce University, 81620, Düzce, Turkey  

2 Department of Mathematics, Faculty of Science, Gazi University, 06500, Ankara, Turkey 

 

Article Info 

 

Abstract 

This article concerned with some new features for hypergeometric polynomials ).(),( xSk
  The 

results obtained here contain the various families of multilinear and multilateral generating 

functions, various features and some exceptions for these polynomials. We will also give a 

theorem to families giving certain bilateral generating functions for hypergeometric polynomials 

)(),( xSk
  and generalized Lauricella functions. Finally, we get a few interesting results for this 

given theorem.  
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1. INTRODUCTION 

 

The hypergeometric polynomials )(),( xSk


 defined by [1] 
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These polynomials have the following linear generating function [2]: 
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and the following extended generating function holds true [1]: 
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Here, we expanded the validity region based on the principle of analytic continuation on t . 

The definitions and icons used in last section are presented here as follows: 

Before everything, the four Appell functions of two variables, indicated by 321 ,, FFF  and ,4F  (see [2], 

p. 53), were generalized by Lauricella [3] to functions of n  variables, staded by  ,)(n
AF  

)(n
BF , 

)(n
CF   and  

)(n
DF   (see [3], p. 60), where and  

 

2
)2( FFA  , 3

)2( FFB  , 4
)2( FFC  ,  1

)2( FFD  .                    

 

Further generalization of two-variables hypergeometric function is defined generalized Lauricella function 

as follows (see [3-7]): 
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where for convenience, 
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the coefficients 
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are real constants and  )(

)(

k

kB
b  abbreviates with similar comments for other parameters [8].  

Here,  v  denotes the Pochhammer symbol, since  
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this should be understood as conventional .1:)0( 0    
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The main purpose of this manuscript is to obtain families of multilinear and multilateral generating 

functions, various features and also various special cases for hypergeometric polynomials )(),( xSk


. 

Furthermore, for these polynomials, a theorem is given that gives certain families of the bilateral generating 

functions and generalized Lauricella functions. There are a few interesting results of this theorem. 

 

2. BILINEAR AND BILATERAL GENERATING FUNCTIONS 

 

In this part, bilinear and bilateral generating functions of various families will be obtained for 

hypergeometric polynomials )(),( xSk


 given by (1). Similar studies of the method used in this section are 

[9-12]. 

 

Lemma 1. The following addition formula applies to hypergeometric polynomials :)(),( xSk
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Proof: Replacing  by 21     and    by 21     in (2), we obtain  
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Comparing of the coefficients of 
kt , lemma is proved. 

 

Theorem 1. For a non-vanishing function ),...,( 1 ryy  of r complex variables ryy ,...,1   )( Nr  and 

of complex order  , let  
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Proof: Let S show the first member of the claim (5). Then,  
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Replacing n  by ,pkn  then  
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which completes the proof. 

 

Theorem 2. For a  non-vanishing function ),...,( 1 ryy  of  r  complex variables  ryy ,...,1  )( Nr   

and of complex order  ,  let  
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Proof: Let T  denote the first member of the assetion (6). Then, upon subsituting for the polynomials  

)(),( 2121 xSn

 
  from the (4) of Lemma 1 into the left-hand side of (6), we obtain  
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Theorem 3. For a  non-vanishing function ),...,( 1 ryy of r  complex variables ryy ,...,1  )( Nr   and 

of complex order  ,  let  
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Proof:  Let T denote the first member of the assertion (7). Then,  
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Using the relation (3) and replacing n  by  qkn , then 
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which completes the proof.  

 

3. SPECIAL CASES 

 

),...,( 1 ryyk  ( NrNk  ,0 )  multivariable function, when a variable is expressed in terms of 

more and more simple functions, then we can provide the further embodiment of the above theorems.  

 

By choosing 1r  and 

 

);()( 1 ycy kk     

 

in Theorem 1, where Poisson-Charlier polynomials );( xcn   are generated by [13, 14] 
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We are thus leading to the following conclusion that we provide of bilateral generating functions for 

Poisson-Charlier polynomials );( xcn   and hypergeometric polynomials ).(),( xSn


  

 

Corollary 1. If 
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Remark 1. Using the generating relation (8) for Poisson-Charlier polynomials );( ycn   and getting  
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1

k
ak   ,0  1   in  ( 9), we have 
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By choosing  1r   and 
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in Theorem 2, for hypergeometric polynomials )(),( xSk


, we have the following bilinear generating 

functions. 
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Corollary 2. If  
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Remark 2. Using (4) and taking ,0,1,1  pal  yx  ,1,1   in (10), we have  
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By choosing  1r   and 
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in Theorem 3, where generalized Cesàro polynomials ),()( yg s

k   are generated by [15] 
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for generalized Cesàro polynomials ),()( yg s
n   and hypergeometric polynomials )(),( xSk


, we give a 

family of bilateral generating functions as follows: 

 

Corollary 3. If 
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For the family of hypergeometric polynomials )(),( xSn


 explicitly provided by (1), in addition, for each 

suitable selection of the coefficients ),( 0Nkak   the claims of Theorem 1, Theorem 2, Theorem 3 can be 

applied to obtain the various families of multilinear, multilateral generating functions if  ),...,( 1 rk yy

 Nr  is expressed as an appropriate product of multivariable functions. 

 

4. SOME PROPERTIES OF THE HYPERGEOMETRIC POLYNOMIALS 

 

In this part, we investigate some properties for hypergeometric polynomials given by (1). 

 

Theorem 4. The hypergeometric polynomials )(),( xSn


 have the following integral representation: 
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Comparing  coefficents of 
nt  in last equation, we have desired relation. 

 

We now discusses several recurrence relationship of some of hypergeometric polynomials  )(),( xSn


. If 

we differentiate each member of the generating function (2) with respect to x  and using  
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we arrive at the following (diffrerential) recurrence relations for hypergeometric polynomials  )(),( xSn


, 

respectively: 
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Besides, by differentiating each member of the generating function relation (2) according to t ,  for these 

polynomials, we have another recurrence relationship below: 
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5. BILATERAL GENERATING FUNCTIONS 

 

This section, we will derive several families of bilateral generating functions for the hypergeometric 

polynomials )(),( xSn


 and the generalized Lauricella functions. 
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where, for convenience, 
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Theorem 5. The hypergeometric polynomials )(),( xSn


 have the following bilateral generating function 

representation: 
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where ),...,;( 21 sn uuu  is given by (13). 

 

Proof:  By using the relationship (3), easily seen 
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By appropriately choosing the multiple sequence  ),...,,( 21 smmm   in Theorem 5, for hypergeometric 

polynomials )(),( xSn


 and generalized Lauricella functions,  we obtain interesting results  that give 

bilateral generating functions. 
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B  ... 1 and 0...1  D  

 

in Theorem 5, we arrive at the following result. 

 

Corollary 4. The following bilateral generating function applies: 
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in Theorem 5, we easily get the following result. 

 

Corollary 5. The following bilateral generating function applies: 

 

 

 

       

   
   ,...,,),(

;...;;;1:;:

;1:...;;1:;1:;:,...,:)(

)1(1)1(

,...,,;;,...,,,)(

2

2
)1()1(

1;...;1;1;0:1
1;...;1;1;0:0

212
)(),(

0

))1(1)(1(
1

1
1






































s

s
s

n
ss

s
Dn

n

uu

bb

Ftxt

tuuuabbnaFxS

txt

xtu

t

tu









 

 

where the coefficients 
)(  are given by 
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